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Oscillatory double-diffusive convection (semi-convection)

low temperature

high temperature

® Density variation comes from two different components of the fluid
® Consider a heavy element in the fluid, e.g. salt in seawater, He in H-He mixture

® Let C be the concentration of the heavy element (composition):
p(T,C) = pm[l —ar(T —Tn) + ac(C — C’m)], Qr, e >0

® What distinguishes 7" and C' is their diffusivities: k; > k¢

® Rayleigh numbers: thermal Rar, > 0 (destabilizing), compositional Ra. < 0 (stabilizing)



Possible scenarios of ODDC in Saturn
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~ 6,500 K
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layered structure + compact core (left),
inhomogeneous structure + fuzzy core (right)

Stabilizing compositional gradient may arise inside
Saturn in different ways:

® Helium rain: near the bottom of the molecular
Hs2 envelop, temperature and pressure are such
that H and He become immiscible, the heavier He
falls inward and accumulates above the
He-enriched deep interior (Salpeter 1973; Stevenson
and Salpeter 1977)

® Dilute/fuzzy core: recent observation of
Saturn’s rings by the Cassini mission reveals the
trapping of internal gravity waves in the deep
interior, suggesting an extended region with
stabilizing compositional gradient created by
heavy elements dissolving from an inner core at
the center (Mankovich and Fuller 2021)

There are discussions about whether ODDC can exist
in these layers.

Fortney et al. in “Saturn: The Grand Finale”, K. H. Baines et al., eds., Cambridge University Press



Mathematical model: ODDC in a rotating spherical shell

low temperature Equilibrium profiles (at u = 0)
low concentration

of heavy elements,

Boundary condition

high temperature fixed T" gradient: % < 0 destabilising
o hesey demente or| or| _,
or m, o, % < 0 stabilising
fixed C' gradient: "
oC oC
o ri, o . <0 !

p(TS‘aCS) = pm[l - aT(’Ts - Tm) + aC(Cs - Cm)]
Consider a Boussinesq fluid in a rotating spherical shell of inner radius r; and outer radius r,

g d ar, - d,
Pm ar’ dr 9% gy

#® (equilibrium) buoyancy frequency: Nj = — (T, Cy) = NZ = ga,

acldCy/dr|

® inverse density ratio: R = AT, /dr]
a.|dTs/dr



Governing equations

Non-dimensional equations:
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Numerical simulations using XSHELLS by Nathanaél Schaeffer (Université Grenoble Alpes)



Phase diagram: top-heavy vs. bottom heavy
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® NZ=-— ar T + mr—z, N? < 0: unstable stratification, N? > 0: stable stratification
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® critical Rayleigh number for pure thermal convection ~ 1.77 x 10°



Phase diagram: global stability
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black crosses (x): stable red circles (0): unstable
® Convection occurs for R;l < 1 (overturning convection)
® Convection occurs for R, > 1 at some moderately large |Rac| (double-diffusive effect)

® For a given Rar, system is stable when R, (or |Rac|) is larger than some critical value



Kinetic energy

average kinetic energy Ra,; = 7x107
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For a given Ra:

® KE remains roughly constant for R;l less than some threshold R, > 1
® KE drops sharply at R;l ~ R, and remains small for R;l > R,

X ] R;l < R, : KE is dominated by the axisymmetric (m = 0) velocity

¥ ) R;l > R, : KE is dominated by the non axisymmetric (m # 0) velocity



Field morphology: thermal-like behavior

Rar =3 x 107, Rac = —4.5 x 108

up at r =2.0 and ¢ =1.29200 3 uy at 0 =mw/2 X10°
3.20 1.20
9 2.40 \ 0.90
M 1.60 e 0.60
: . - 0.80 0.30
( ) 0.00 0.00
—0.80 ~0.30
W —1.60 S, ~0.60
e ~2.40 S —0.90
~3.20 ~1.20

® similar to pure thermal (overturning) convection—even though R,

4.00
3.00
2.00
1.00
0.00
—1.00
—2.00
—3.00
—4.00

1>

1084

1074

1064

105 4

10

average kinetic energy

—o—1x10" |
—e—3x107 |
—e—7x107 |

0

ilé
R,




Field morphology: comparing to pure thermal convection

Rar =3 x 107, Rac = —4.5 x 108
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® similar to pure thermal (overturning) convection—even though R;l >1

Pure thermal convection at Rar = 3 x 107
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Field morphology: oscillatory double-diffusive behavior

Rar =3 x 107, Rac = —4.5 x 108
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Rar =3 x 107, Rac = —7.5 x 108
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® overlapping of large-scale pattern and small-scale wave motions
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Buoyancy frequency (Ra, = 3 x 107)

s %107 Ra. = —4.5x10% <108  Ra, = —7.5%x10%
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Force balance (Ra, = 3 x 107)

kinetic energy

forces (volume averaged)
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® transition occurs near R;l = R, where the
strengths of thermal buoyancy and compositional

buoyancy are comparable



Summary

N R;l < 1: thermal-like overturning convection
» 1< R;l < R, : (still) thermal-like overturning convection
® R, : thermal buoyancy ~ compositional buoyancy

2 R;l > R, : oscillatory double-diffusive behavior before the system becomes stable
at large R;l

® Dynamo at R;l > 17 Yes!



