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Oscillatory double-diffusive convection (semi-convection)
low temperature

high temperature

g

Density variation comes from two different components of the fluid

Consider a heavy element in the fluid, e.g. salt in seawater, He in H–He mixture

Let C be the concentration of the heavy element (composition):

ρ(T,C) = ρm
[
1− αT (T − Tm) + αC(C − Cm)

]
, αT , αC > 0

What distinguishes T and C is their diffusivities: κT ≫ κC

Rayleigh numbers: thermal RaT > 0 (destabilizing), compositional RaC < 0 (stabilizing)



Possible scenarios of ODDC in Saturn
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Fig. 4.4.— Sketches of Saturn’s possible internal
structure. Left: traditional layered structure. Right:
Deep interiors with fuzzy core and composition gradi-
ents. In this case Saturn’s deep interior is expected to
be non-adiabatic (adapted from Helled et al. (2020)).

Fig. 4.5.— Phase diagram for a H-He mixture of
a proto-solar composition as predicted by numeri-
cal calculations together with representative P-T pro-
files of Jupiter and Saturn. Green: Calculations from
PBE with non-ideal entropy of mixing (Morales et al.
2009). Orange: demixing region using the vdW-DF
and non-ideal entropy of mixing (Schöttler and Red-
mer 2018). The red line corresponding to the metal-
lization of H as predicted by Mazzola et al. (2018).
Jupiter and Saturn isentropes are labeled. The figure is
modified from Helled et al. (2020).

Fig. 4.6.— Thin-cord model for Saturn’s high-order
gravity harmonics. The red pluses are Jn calculated
for a uniform rotating planet, the grey open circles are
the Jn from thin cord, while orange squares are the
combined gravity signal. The grey filled circles are
the Cassini measurements (plotted up to J10) all larger
than the (vertical) error bars, for clarity.
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Stabilizing compositional gradient may arise inside
Saturn in different ways:

Helium rain: near the bottom of the molecular
H2 envelop, temperature and pressure are such
that H and He become immiscible, the heavier He
falls inward and accumulates above the
He-enriched deep interior (Salpeter 1973; Stevenson

and Salpeter 1977)

Dilute/fuzzy core: recent observation of
Saturn’s rings by the Cassini mission reveals the
trapping of internal gravity waves in the deep
interior, suggesting an extended region with
stabilizing compositional gradient created by
heavy elements dissolving from an inner core at
the center (Mankovich and Fuller 2021)

There are discussions about whether ODDC can exist
in these layers.

Fortney et al. in “Saturn: The Grand Finale”, K. H. Baines et al., eds., Cambridge University Press



Mathematical model: ODDC in a rotating spherical shell
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Equilibrium profiles (at u = 0)
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ρ(Ts, Cs) = ρm[1− αT (Ts − Tm) + αC(Cs − Cm)]

Consider a Boussinesq fluid in a rotating spherical shell of inner radius ri and outer radius ro

(equilibrium) buoyancy frequency: N2
0 = − g

ρm

d

dr
ρ(Ts, Cs) =⇒ N2

0 = gαT

dTs

dr
− gαC

dCs

dr

inverse density ratio: R−1
ρ =

αC |dCs/dr|
αT |dTs/dr|



Governing equations

Non-dimensional equations:

∂u

∂t
+ (u · ∇)u+

2

Ek
ẑ × u = −∇Π+ (Θ− ξ)r r̂ +∇2u,
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Dimensionless numbers:
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RaT =
goαTD

5

roνκT

∣∣T ′
s(ri)

∣∣ and RaC = −goαCD
5

roνκC

∣∣C ′
s(ri)

∣∣
Numerical simulations using XSHELLS by Nathanaël Schaeffer (Université Grenoble Alpes)



Phase diagram: top-heavy vs. bottom heavy
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, N2 < 0: unstable stratification , N2 > 0: stable stratification

R−1
ρ =

τ |RaC |
RaT

, R−1
ρ < 1: unstable stratification , R−1

ρ > 1: stable stratification

critical Rayleigh number for pure thermal convection ≈ 1.77× 105



Phase diagram: global stability
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black crosses (×): stable red circles (◦): unstable
Convection occurs for R−1

ρ < 1 (overturning convection)

Convection occurs for R−1
ρ > 1 at some moderately large |RaC | (double-diffusive effect)

For a given RaT , system is stable when R−1
ρ (or |RaC |) is larger than some critical value



Kinetic energy
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For a given RaT :

KE remains roughly constant for R−1
ρ less than some threshold R∗ > 1

KE drops sharply at R−1
ρ ≈ R∗ and remains small for R−1

ρ > R∗

R−1
ρ < R∗ : KE is dominated by the axisymmetric (m = 0) velocity

R−1
ρ > R∗ : KE is dominated by the non axisymmetric (m ̸= 0) velocity



Field morphology: thermal-like behavior

RaT = 3× 107, RaC = −4.5× 108
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Field morphology: comparing to pure thermal convection

RaT = 3× 107, RaC = −4.5× 108
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Pure thermal convection at RaT = 3× 107

uφ at r =2.0 and t =0.48700
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Field morphology: oscillatory double-diffusive behavior

RaT = 3× 107, RaC = −4.5× 108
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RaT = 3× 107, RaC = −7.5× 108
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Buoyancy frequency (RaT = 3× 107)
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Force balance (RaT = 3× 107)
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∂u

∂t
+(u · ∇)︸ ︷︷ ︸

inertia

u+
2

Ek
ẑ × u︸ ︷︷ ︸

Coriolis

= −∇Π + Θ r r̂︸ ︷︷ ︸
thermal
buoyancy

− ξ r r̂︸︷︷︸
compositional

buoyancy

+ ∇2u︸ ︷︷ ︸
viscous

transition occurs near R−1
ρ = R∗ where the

strengths of thermal buoyancy and compositional
buoyancy are comparable



Summary

R−1
ρ < 1 : thermal-like overturning convection

1 < R−1
ρ < R∗ : (still) thermal-like overturning convection

R∗ : thermal buoyancy ∼ compositional buoyancy

R−1
ρ > R∗ : oscillatory double-diffusive behavior before the system becomes stable

at large R−1
ρ

Dynamo at R−1
ρ > 1? Yes!


