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Spectra: to study properties at different spatial scales

For a potential field (B = −∇Φ) specified by the Gauss coefficients (glm, hlm), the following
spectra have been defined for r ⩾ rcmb:

(1) Lowes spectrum

R(l, r, t) =
(a
r

)2l+4

(l + 1)

l∑
m=0

[
g2lm(t) + h2

lm(t)
]

(a = Earth’s radius)

(2) Secular variation spectrum

Rsv(l, r, t) =
(a
r

)2l+4

(l+1)

l∑
m=0

[
ġ2lm(t) + ḣ2

lm(t)
]

(3) Secular variation time-scale spectrum

τsv(l, t) =

√
R

Rsv
=

√√√√∑l
m=0

(
g2lm + h2

lm

)∑l
m=0

(
ġ2lm + ḣ2

lm

)
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impetus of IGRF-13 is very informative, providing 
insight into which aspects are robust across the various 
approaches and which aspects are more challenging.

Spherical harmonic spectra of the field and its time 
derivatives
Spherical harmonic spectra for the internal field, its first 
time derivative (the SV) and its second time derivative 
(the SA) are displayed, colour coded by epoch, at the 
Earth’s surface and at the core–mantle boundary (CMB) 
in Figs. 11 and 12, respectively. CHAOS-7 and the final 
CHAOS-6 model, CHAOS-6-x9, constructed used data 
up to May 2019, are shown for comparison. The spectra 
for the main field are very similar, but CHAOS-7 shows 
more time-dependence in its high degree SV, particularly 
at degree 14 and above. The SA spectra decrease more 
gradually at the Earth’s surface in CHAOS-7, and at the 

core–mantle boundary they continue to trend upwards in 
contrast to the sharp decrease in the SA spectrum above 
degree 14 seen in CHAOS-6-x9.

The reason for the different behaviour of the high 
degree SA in CHAOS-7 is the decrease in the strength 
of its high degree temporal regularization compared to 
CHAOS-6x9. The relaxation of the temporal regulari-
zation at high degree was made in order to enable the 
study of  high degree SA during the Swarm era; there 
was a concern the strong regularization imposed at 
high degree in CHAOS-6 was preventing such changes 
from being recovered. This change had the desired 
result: the high degree SA since 2014, when Swarm data 
begin to provide constraints, and which was the focus 
for CHAOS-7 in order to provide candidate models 
for IGRF-13, is stable and reasonable. However, prior 
to 2005 the SA at degrees above 10 shows evidence for 
instability. In a more recent updates of the CHAOS 
model, attempts have been made to remedy this by 
increasing the upper limit to the tapering of the tempo-
ral regularization from degree 11 up to 15. 

Maps of the field, secular variation and secular 
acceleration
Figure 13 presents maps of the radial component of the 
main field (MF), its first time derivative (secular varia-
tion, SV) and its second time derivative (secular accel-
eration, SA) from CHAOS-7 at the Earth’s surface, up to 
SH degree 20, in 2019.0. Figure 14 presents similar maps, 
but downward-continued to the CMB and truncated at 
degrees 13, 17 and 15, respectively, for the MF, SV and 
SA.

The surface radial magnetic field component has the 
well known  features of strong high latitude patches and 
a weaker radial magnetic field in the South Atlantic. The 
radial field SV shows the region of largest radial field 
increase lies in the north-east corner of South America. 
On the other hand, there is a band of decreasing radial 
field extending south west from Southern Africa. The 
radial SA at the surface shows an intense localized dipo-
lar structure in the Pacific (seen here at opposite sides of 
the map), with negative acceleration in 2019 in the central 
Pacific, including near Hawaii, and a positive acceleration 
in 2019 in the western Pacific north-east of Australia.

Descending to the CMB involves making the assump-
tion that induction in the mantle plays a minor role on 
the timescales of several years and longer that are cap-
tured by the time-dependent internal  field model. The 
truncation degrees (of, respectively, degree 13 (MF), 17 
(SV) and 15 (SA) were chosen to ensure the maps at the 
CMB in 2019 were stable and well behaved. The strongest 
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CHAOS-6-x9, Core-mantle boundary
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Fig. 12 Spherical harmonic spectra of the time-dependent mean 
square internal vector magnetic field, its Secular Variation, and Secular 
Acceleration at the core–mantle boundary, up to spherical harmonic 
degree 20. Colours indicates the epoch, blue colours for 1999 to 2004, 
green for 2005 to 2013, red for 2014 to 2020. Top is for CHAOS-7, 
bottom is for reference CHAOS-6-x9
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Secular variation time-scale spectrum τsv

τsv(l, t) =

√
R

Rsv
(r ⩾ rcmb)

Characteristic time scale of magnetic field structures with spatial scale characterised by l

τsv is sometimes interpreted as a characteristic time scale of the magnetohydrodynamics
inside the outer core

Question: τsv is defined using the Gauss coefficients derived from B observed at the
Earth’s surface. Do τsv describe the time variation of B inside the outer core?

We investigate using numerical simulations



Generalisation to inside the dynamo region (outer core)

For a magnetic field B (not necessarily potential) at some r, expand in a set of vector spherical harmonics basis,

B(r, θ, ϕ, t) =
∑
lm

[
qlm(r, t)Ŷ lm(θ, ϕ) + slm(r, t)Ψ̂lm(θ, ϕ) + tlm(r, t)Φ̂lm(θ, ϕ)

]
We define the magnetic energy spectrum F (l, r, t) for any r:

∞∑
l=1

F (l, r, t) ≡
1

4π

∮
|B(r, θ, ϕ, t)|2 dΩ =

∞∑
l=1

[
1

(2l + 1)

l∑
m=0

(
|qlm|2 + |slm|2 + |tlm|2

)
(4− 3δm,0)

]

Similarly, define the time variation spectrum FḂ(l, r, t):

∞∑
l=1

FḂ(l, r, t) ≡
1

4π

∮
|Ḃ(r, θ, ϕ, t)|2 dΩ =

∞∑
l=1

[
1

(2l + 1)

l∑
m=0

(
|q̇lm|2 + |ṡlm|2 + |ṫlm|2

)
(4− 3δm,0)

]

Then, the (time-averaged) magnetic time-scale spectrum is defined as:

τ(l, r) =

〈√
F (l, r, t)

FḂ(l, r, t)

〉
t

for any r

• At the CMB r = rcmb: F = R , FḂ = Rsv , τ(l, rcmb) = τsv(l)



A numerical simulation of strong-field geodynamo

Boussinesq, composition-driven, rotating convection of an electrically conducting fluid:

Du

Dt
+ 2

Pm

Ek
ẑ × u = −Pm

Ek
∇Π′ +

(
RaPm2

Pr

)
Cr r̂ +

Pm

Ek
(∇×B)×B + Pm∇2u,

∂B

∂t
= ∇× (u×B) +∇2B

DC

Dt
=

Pm

Pr
∇2C − 1

∇ · u = 0

∇ ·B = 0

Boundary conditions: no-slip for u, fixed-flux for C

Domain: a spherical shell 0.1912 a ⩽ r ⩽ 0.5462 a ≡ rcmb (or ro)

Ra = 2.7× 108 , Ek = 2.5× 10−5 , Pm = 2.5 , P r = 1



Magnetic time-scale spectrum τ (l, r) at different depth

For the large-scale modes (small l),

τ ∼ l−1 at the CMB and τ ∼ l−0.5 in the interior

large-scale modes evolve faster in the interior !

transition occurs inside a thin boundary layer under the CNB

τsv(l) observed at the surface is different from the time scales inside the outer core



Change in the scaling of τ : who causes it?

τ ∼

√
F

FḂ

∼

√
l0

lβ̂2(r)
∼ FḂ

−β̂2(r)/2
FḂ ∼ l =⇒ τ ∼ l−0.5 (interior)

FḂ ∼ l2 =⇒ τ ∼ l−1 (CMB)



Transition in the scaling of FḂ : physical meaning

FḂ(l, r, t) =
1

(2l + 1)

l∑
m=0

(
|q̇lm|2 + |ṡlm|2 + |ṫlm|2

)
(4− 3δm,0)

≡ Fq̇ + Fṡ + Fṫ

Br =
∞∑
l=1

l∑
m=−l

qlmY m
l ,

Bθ =
∞∑
l=1

l∑
m=−l

1√
l(l + 1)

(
slm

∂Y m
l

∂θ
−

tlm

sin θ

∂Y m
l

∂ϕ

)
,

Bϕ =
∞∑
l=1

l∑
m=−l

1√
l(l + 1)

(
tlm

∂Y m
l

∂θ
+

slm

sin θ

∂Y m
l

∂ϕ

)
.

At the CMB (for the large scales):

magnetic boundary condition ties Br, Bθ, Bϕ together

FḂ ∼ Fṡ ∼ Fṫ ∼ l2 =⇒ τ ∼ l−1

In the interior (for the large scales):

Fṡ, Fṫ ≫ Fq̇ =⇒ Ḃ is dominated by (Ḃθ, Ḃϕ)

Fṡ, Fṫ ∼ l and Fq̇ ∼ l2 =⇒ (Bθ, Bϕ) vary faster than Br



Processes controlling the secular variation of (total) B

Ḃ = ∇× (u×B) + η∇2B = C +D

Interior: Ḃ ≈ C ≫ D , FḂ ≈ FC ∼ l (magnetic diffusion negligible)

At the CMB:

C ≈ D ≫ Ḃ (∵ no-slip)

FC ∼ FD ∼ l but FḂ ∼ l2



Processes controlling the secular variation of Br

Ḃr = r̂ · [∇× (u×B)] + η(r̂ · ∇2B) = Cr +Dr

Interior: Ḃr ≈ Cr ≫ Dr , FḂr
≈ FCr

∼ l2 (magnetic diffusion negligible)

At the CMB: Ḃr ≈ Dr (Cr → 0 for no-slip), FḂr
≈ FDr

∼ l2

Inside the CMB boundary layer: sharp transition for both Cr and Dr but Ḃr varies very
weakly despite the switch in the controlling mechanism



Summary

For the large scales, scaling of τ(l, r) with l at the CMB is different from that in the
interior of the outer core:

τ ∼ l−0.5, in the interior

τ ∼ l−1, at the CMB

The transition in scaling occurs within a thin boundary layer under the CMB.

FḂ is responsible for the transition (τ =
√
F/FḂ)

FḂ ∼ l in the interior to FḂ ∼ l2 near the CMB, meaning Ḃ ∼ (Ḃθ, Ḃϕ) ≫ Ḃr in the
interior

mechanism controlling Ḃr changes “stealthily” from induction to diffusion as r → rcmb

from below
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