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Forced-dissipative 2D Systems

Conducting fluid layer
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f(x, £) ~ I(t) X B(x)

bottom wall friction



Forced-dissipative 2D Systems

Conducting fluid layer
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Forced-dissipative 2D Systems

Conducting fluid layer Soap film The Ocean

Top View
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intense mixing over
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driving belt wind forcing,
fx 1) ~ 1(t) X B(x) iInduced motion lunisolar tide
bottom wall friction drag from sea floor drag,

surrounding gas Instabilities



Forced-dissipative 2D Systems
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Energy Injection Rate

Pulling a block on a rough surface by a constant force

o m F
Newton’'s second law,
dov
F — = M—
LT
Steady state velocity, r
U =—
u

Energy injection rate (Power input),
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Dependence of eon u

Forced harmonic oscillator

5c'+a)§x = —ux + Acos wt

Instantaneous Eint(t) = x(t) A cos wt

1 T
averaged : €= — f Et(t) dt’
I Jo



Dependence of eon u

Forced harmonic oscillator

5&+ng = —ux + Acos wt

Instantaneous Eint(t) = x(t) A cos wt

1 T
averaged : €= — f Et(t) dt’
I Jo




Two-dimensional turbulence

Ct+u-VC=f(x,t)—pC+vV2C u=(u,v)

C=0y— Uy = Vng
Energy injection rate

e=—(f)

Power Integral (conservation of energy)

€ = g(u2+vzz + (%)
Ey

Cu

-2
f

# drag is the main dissipative mechanism: ¢, > ¢,

» small-scale forcing: f = 7% cos(kfx), kjjl < box size
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Numerical Model

Ct+u~VC=cosx—yC—vV8C

vorticity at time = 100.0
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e ={(Ccosx)

cint(t) = Ccos X



Instantaneous energy injection rate
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Energy Injection Rate vs. Drag
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Theory: The Model

~

forced mode, {(x,t)

€= (kf/Tf)2 <CAcos(kfx)>
Random Sweeping Model

Ce + Ul + Véy = Tj?z cos(ksx) — ‘uCA -nC (1)

e ~ w(U? + V2 =~ 2u(U?) (2)



Theory: The Model
C(x, y,t) = A(t) cos(ksx) + B(t) sin(ksx) + C(x,y,t)

~

forced mode, {(x,t)

€= (kf/Tf)2 <CAcos(kfx)>
Random Sweeping Model

ét + Ué\x + Véy = Tj_fz COS(kfX) — ‘Ué — T]é
e ~ w(U? + V2 =~ 2u(U?)

® advection by large-scale eddies (U, V)
® isotropic: (U?%) =(V?) = U2,

® vary on scales > k!

f
® large-eddy turnover time ~ y‘l > Urmskf

(1)



Theory: The Model
C(x, y,t) = A(t) cos(ksx) + B(t) sin(ksx) + C(x,y,t)

~

forced mode, {(x,t)

€= (kf/Tf)2 <CAcos(kfx)>
Random Sweeping Model

ét + Ué\x + Vé\y = Tj_fz COS(kfX) — ‘Ué — T]é
e ~ w(U? + V2 =~ 2u(U?)

® advection by large-scale eddies (U, V)
® isotropic: (U?%) =(V?) = U2,

® vary on scales > k!

f
® large-eddy turnover time ~ y‘l > Urmskf

#® nonlinear energy transfer out of the forced mode

® N> u>v

(1)



Theory: The Solution
Cr + UG, + VCAy = Tjjz cos(ksx) — uC —nc
Neglect u (n > u) and seek steady-state solution,
Uuc, = 7;2 cos(krx) — nC
Since U(x, y) varies on the large scales,

cos(ksx — @) tan¢ = LI_kf

TJ% \/1]2 + (Uky)? '

A\
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G+ Ul + VCAy — Tjjz cos(kfx) — ‘uCA — 175
Neglect u (n > u) and seek steady-state solution,
Uuc, = TJ?Z cos(krx) — nC

Since U(x, y) varies on the large scales,

( ~ costpx — ) tan o = u—kf
TJZC \/1]2 + (lef)2 , g
RN = N 1
N N
Forcing \\// \\//




Theory: The Scaling Law

roical (M) transfer rate
yP Uks  Uppsky a sweeping rate

[

(n) ~ shear atk; ~ &5 (shear ~ k[KE(k)]?) . . .
L a ~ ud  (anticipate € ~ u3)
Uppsks ~ €272 (e = 2ul?,,)

m



Theory: The Scaling Law

cosical n () _ transferrate _ .
yP Uks  Upmsks ~ sweeping rate
(n) ~ shear atk; ~ &5 (shear ~ k[KE(k)]?) . . .
L a ~ ud  (anticipate € ~ u3)
urmskf ~E2U 2 (8 ~ Zluu%ms)

From definition of ¢,

R n
g~ <CC05(kfx)> ~ <172+(ka)2> -> \
Let U’ = U/U,s and 7’ = n/{(n),

~ P, 7" dU dn’
€ 0. f (@) + U2 u’,n) )




Theory: The Scaling Law

rooical (M) transfer rate
yP Uks  Uppsky a sweeping rate

[

() ~ shear atks ~ €3 (shear ~ k[kE(k)]?) } , N ,
a ~ ud  (anticipate € ~ u3)

1 _1
urmskf ~ezll o2 (8 ~ Z(I’lu ms)
From definition of ¢, ) ////////%///%Zj
1’] + f ,: 7 507

-
.

Let U’ = U/U,,;s and 7’ = n/{n),

P, 1) dU'dn’ \ /

~ urms (0(17/)2 + UIZ

o(U’) as a—0



Theory: The Scaling Law

rooical (M) transfer rate
yP Uks  Uppsky a sweeping rate

[

(n) ~ shear at ks ~ €3 (shear ~ k[kE(k)]?)

L a ~ ub (anticipate ¢ ~ %)
u”mskf ~Ee 2 (e = Zluu%ms) } ’ g "

From definition of ¢,

2 1
e~ {teostim) ~ (i)

Let U’ = U/U,,;s and 7’ = n/{n),
1

an'’
~ P, 0" dU dn’
‘ urmsf @+ ) dldn
6(U’)\a;a—>0

So, ¢ ~ U, and e ~2ulU?,, imply:

1
€ ~ U3




Summary

# study energy injection rate ¢ in two-dimensional turbulence
with drag u and a prescribed small-scale body force

® discover a new scaling regime:
1
e~us as u—0

® random sweeping model suggests energy input is mainly
due to regions with small velocity
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