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Pure thermal convection in a spherical shell

Q Equilibrium profiles (at uw = 0)
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Consider a Boussinesq fluid in a rotating spherical shell of inner radius r; and outer radius r,
® thermal diffusivity: x,

® density: p(T) = pp[l — ar (T —T,)]
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® buoyancy frequency: N2 = — <0 (top-heavy)



Oscillatory double-diffusive convection (ODDC) in a spherical shell
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Consider a Boussinesq fluid in a rotating spherical shell of inner radius r; and outer radius r,
® composition diffusivity: x. < K,
® density: p(7,C) = pm[l — ar(T — T,) + ac(C — Cy)]

ar, - dc,
dr ge dr

® buoyancy frequency: N2 = — 2 — [p(T:,C,)] = N? = ga,



Governing equations of ODDC

Non-dimensional equations:
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Numerical simulations using XSHELLS by Nathanaél Schaeffer (Université Grenoble Alpes).



ODDC at low Rayleigh numbers
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N2 < 0: top-heavy, N? > 0: bottom-heavy

N2 =

Rag = critical Rayleigh number for pure thermal convection

pure thermal convection: unstable when N? < 0 and Ra, > Rag



Phase diagram: Ek = 10—°
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® Expected features:

» at small |Rac|, similar to pure thermal convection

® at large |Rac|, compositional effects stabilise the system
#® Counter-intuitive features (intermediate |Rac|):

# the system can become unstable even when N2 > 0 (bottom-heavy)
» sustained motion is possible at some Ra; < Rag



Ra, = 8 X 10° (< Ray), Rac = 1.8 X 108

® large-scale structures
® retrograde

® only exists at small Fk
(rapid rotation)
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Phase diagram: Ek = 10—°
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® Expected features:

» at small |Rac|, similar to pure thermal convection

® at large |Rac|, compositional effects stabilise the system
#® Counter-intuitive features (intermediate |Rac|):

# the system can become unstable even when N2 > 0 (bottom-heavy)
» sustained motion is possible at some Ra; < Rag
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Thin cylindrical annulus model (Busse 1986)

® cylinderical annulus with top and bottom tilted at a constant angle x
® captures two pieces of physics of the spherical shell
1. rotation

2. curvature of the spherical geometry



Thin cylindrical annulus model (Busse 1986)

Y (periodic)

® rapid rotation: geostrophic balance at leading order (columnar structures)
® integration (average) over height = two-dimensional system

® thin annulus = Cartesian coordinate (z,y)



ODDC on a two-dimensional 3-plane
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Linear stability analysis

Linearised equations:
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Maximum growth rate

Solvability condition:
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® There is always a decaying solution: oo < 0
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Understanding the nonlinear spherical results using o™**
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A1 = 01 +iw: short-wavelength, prograde mode
» unstable when Ra; > Rag2q = critical Ra, for pure thermal convection
® ~ pure thermal convection (modified by compositional effects)
A3 = 03 + iws: long-wavelength, retrograde mode
® can exists at some Ra; < Rap,2q (strong rotation needed)
» a ‘genuine’ double-diffusive effect
there is a range of |Rac| in which the two modes can coexists with minimal interaction



Effects of the Ekman number Ek and diffusivity ratio 7

Ek=1.0x10"%, 7=0.1 Ek=1.0x10"*, 7=0.1 Ek=1.0x107°, 7=0.1
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® unstable ‘tongue’ below Rap 2q disappears at weak rotation (large E'k)



Effects of the Ekman

Ek=1.0x10"%, 7=0.1

10°

00

10°

100

107

108

107

Ek=1.0x10"*, 7=0.01

101

1010 T T T 101
10°F - N2=0 10°
108 Rag2d 108
107 107

S $
10 10f
< s
10° 10°
10 10%F
10° 10°
2 e L L L L L L 2
B T T T R T R TI TRR TT T 102
Fk=1.0x10"2, 7=0.01
T T T T T T T 101
10°H
108+
107
S e
= 10°F
s
10°F
10*F
- 10°F
2 L ot L L L L 2
e 7 100 100 100 0 10° 100 100 10)52

® unstable ‘tongue’ below
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® width of the ODDC unstable region increases as 7 = k. /kr decreases



Role of rotation: linear annulus model and nonlinear spherical simulations

Ek=1.0x10"%, 7=0.1

————— N2=0
—— Rapai

10% 10° 107 10
° o o o o 0 000XX]
° o o ° o o'x x
° o o o o oXXX
S N2 =0
ST ° o o X XX XX X
Rag
XTURKTUR X%
x X XXX
10 10% 10 10
[Rac|

Ek=1.0x10"*, 7=0.1

10° 10°

* & & Coom

*
™ OEIX.
29 X XX OO O O &Xx x

NZ=0
XXO>O O X X

X x X x

i0v 107
[Rac|

&
S 105}

<

Ek=1.0x107°, 7=0.1

109 107

R * £ 8B O OO

S 108
10°F
o

X OO O O O am
“N2=0
XXO O O O O XX

X xOO O XX
XX X XX

100 107
[Rac|

® unstable ‘tongue’ below Rap 2q disappears at weak rotation (large Ek)



