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Ideal	
  gas	
  law	
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kBT
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M
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:	
  no	
  of	
  moles	
  

m :	
  total	
  mass	
  

:	
  molecular	
  mass	
  

:	
  Avogadro’s	
  number	
  

:	
  no	
  of	
  molecules	
  

R = R∗/M :	
  gas	
  constant	
  

R∗ :	
  universal	
  gas	
  constant	
  

NA

:	
  Boltzmann’s	
  constant	
  kB = R∗/NA



Dry	
  air:	
  a	
  mul<ple-­‐component	
  system	
  

total	
  mass	
  =	
  	
  
�

mi

total	
  no.	
  of	
  moles	
  =	
  	
  
� mi

Mi

Apparent	
  molecular	
  mass	
  of	
  dry	
  air:	
  Md =

�
mi� mi
Mi

pressure	
  that	
  would	
  be	
  exerted	
  by	
  the	
  i-­‐th	
  cons<tuent	
  
gas	
   if	
   it	
   alone	
  was	
   to	
  occupy	
   the	
   same	
  volume	
  at	
   the	
  
same	
  temperature	
  as	
  the	
  whole	
  system	
  

pi =

Par<al	
  pressure	
  



Dry	
  air:	
  a	
  mul<ple-­‐component	
  system	
  

Each	
  cons<tuent	
  gas	
  obeys	
  the	
  ideal	
  gas	
  law:	
  

pi = ρiRiT

In	
  par<cular,	
  for	
  water	
  vapor,	
  

vapor	
  pressure:	
   e = ρvRvT

Dalton’s	
  law	
  of	
  par<al	
  pressure	
  

p =
�

i

pitotal	
  pressure	
  :	
  



Moist	
  air	
  =	
  dry	
  air	
  +	
  water	
  vapor	
  
Ideal	
  gas	
  law:	
  p = ρmoistRmoistT

∵ Mmoist < Md

Virtual	
  temperature	
  
p = ρmoistRd Tvirt

⇒ Rmoist =
R∗

Mmoist
>

R∗

Md
= Rd

Tvirt =
T

1− e
p (1− ε)

, ε ≡ Rd

Rv



Moisture	
  parameters	
  
Mixing	
  ra<o	
  (for	
  a	
  given	
  sample	
  of	
  air)	
  

unit:	
  grams	
  of	
  water	
  vapor	
  per	
  kilogram	
  of	
  dry	
  air	
  

Specific	
  humidity	
  

w =
mv

md
=

mass of water vapor

mass of dry air

q =
mass of water vapor

total air mass

=
mv

mv +md
=

w

1 + w

are	
  independent	
  of	
  pressure	
  and	
  temperature	
  w, q



Moisture	
  parameters	
  

•  assume	
  ini<ally	
  the	
  air	
  is	
  completely	
  dry	
  
•  water	
  begins	
  to	
  evaporate	
  
•  vapor	
  pressure	
  increases	
  
•  rate	
  of	
  condensa<on	
  increases	
  
•  vapor	
   pressure	
   at	
   which	
   rate	
   of	
   evapora<on	
   =	
   rate	
   of	
  
condensa<on	
  is	
  called	
  the	
  saturation vapor pressure over 
a plane surface of pure water at temperature T 

Satura<on	
  vapor	
  pressure	
  es(T )

(Wallace	
  &	
  Hobbs	
  2006)	
  



Moisture	
  parameters	
  

Clausius-­‐Clapeyron	
  equa<on	
  (for	
  water	
  vapor	
  in	
  air)	
  

increases	
  with	
  temperature	
  es(T ) T

des
dT

=
Les
RvT 2

es(T ) = es(T0) exp

�
L

Rv

�
1

T0
− 1

T

��

L =	
  specific	
  latent	
  heat	
  of	
  vaporiza<on	
  for	
  water	
  

is	
  some	
  reference	
  temperature	
  T0



Condensa<on	
  can	
  occur	
  in	
  a	
  sample	
  of	
  unsaturated	
  air	
  if	
  
•  more	
  water	
  vapor	
  is	
  added	
  to	
  the	
  sample	
  (e	
  increases)	
  
•  temperature	
  of	
  the	
  sample	
  decreases	
  (T	
  decreases)	
  

temperature, T

vp
ao

r p
re

ss
ur

e,
 e

e s(T
)

vapor

liquid



Moisture	
  parameters	
  
Satura<on	
  mixing	
  ra<o	
  

ws ≡
mvs

md
=

ρvs
ρd

= ε
es

p− es
Rela<ve	
  humidity	
  

r =
w

ws

•  r	
   indicates	
   how	
   close	
   the	
   air	
   is	
   to	
   satura<on,	
   not	
   the	
   actual	
  
amount	
  of	
  water	
  vapor	
  in	
  the	
  air	
  

•  at	
  a	
  given	
  pressure,	
  r	
  varies	
  with	
  (i)	
  the	
  actual	
  amount	
  water	
  vapor	
  
in	
  air	
  mv	
  and	
  (ii)	
  the	
  air	
  temperature	
  T 

•  if	
   mv	
   remains	
   constant,	
   r	
   increases	
   when	
   T	
   decreases	
   and	
  
decreases	
  when	
  T	
  increases	
  



Moisture	
  parameters	
  

Dew	
  point	
  temperature	
  

the	
  temperature	
  to	
  which	
  air	
  must	
  be	
  cooled	
  at	
  
constant	
  pressure	
  for	
  it	
  to	
  become	
  saturated	
  

Td =

•  Td	
  measures	
  the	
  actual	
  moisture	
  content	
  in	
  the	
  air	
  
•  moist	
  air:	
  high	
  Td 
•  dry	
  air:	
  low	
  Td 

Since p � es, ws ≈ ε
es
p

⇒ r =
w

ws
≈ e

es



An	
  example	
  
L = 2.5× 106J kg−1

Rv = 461.5 J kg−1K−1

T0 = 300K

es(T0) = 36 mbar

Take	
  surface	
  pressure	
  to	
  be	
  p = 1 bar

Loca<on	
  A:	
  cold	
  and	
  “wet”	
  

T = −10◦C
r = 100%

which	
  gives	
  

es(T ) = 28.38 mbar

ws = 2 g/kg

w = 2 g/kg

Loca<on	
  B:	
  hot	
  and	
  “dry”	
  

T = 25◦C
r = 20%

es(T ) = 31.89 mbar

ws = 20 g/kg

w = 4 g/kg

which	
  gives	
  

The	
  moisture	
  content	
  at	
  the	
  “dry”	
  loca<on	
  B	
  is	
  higher	
  than	
  at	
  the	
  “wet”	
  loca<on	
  A!	
  



Es<ma<on	
  of	
  Td	
  in	
  terms	
  of	
  T	
  and	
  r 
For	
  an	
  air	
  sample	
  at	
  temperature	
  T	
  with	
  vapor	
  pressure	
  e,	
  the	
  dew	
  
point	
  temperature	
  Td	
  by	
  defini<on	
  sa<sfies:	
  

Integra<ng	
  the	
  Clausius-­‐Claperyon	
  equa<on	
  from	
  Td	
  to	
  T,	
  we	
  obtain	
  

⇒ r ≈ es(T )

e
= exp

�
L

Rv

�
1

Td
− 1

T

��

es(T ) = es(Td) exp

�
L

Rv

�
1

Td
− 1

T

��

es(Td) = e

therefore,	
   Td =

�
1

T
− Rv

L
ln r

�−1



Condensa<on	
  by	
  cooling	
  
•  We	
  have	
  seen	
  that	
  when	
  the	
  temperature	
  of	
  an	
  air	
  sample	
  

decreases,	
  es(T)	
  decreases	
  
•  Condensa<on	
  occurs	
  at	
  a	
  temperature	
  T	
  when	
  e	
  =	
  es(T),	
  or	
  

equivalently,	
  T	
  =	
  Td 
•  Air	
  temperature	
  may	
  decreases	
  because	
  heat	
  is	
  lost,	
  e.g.	
  

radia<on	
  cooling	
  of	
  the	
  ground	
  lowers	
  the	
  air	
  temperature	
  
near	
  the	
  surface	
  and	
  dew	
  or	
  fog	
  is	
  formed	
  

•  Air	
  temperature	
  can	
  also	
  change	
  without	
  heat	
  exchange:	
  
adiaba<c	
  temperature	
  change,	
  e.g.	
  forma<on	
  of	
  cloud	
  

•  Concept	
  of	
  air	
  parcel	
  
1.  thermally	
  insulated	
  from	
  its	
  environment	
  so	
  that	
  

temperature	
  changes	
  adiaba<cally	
  
2.  always	
  remain	
  at	
  exactly	
  the	
  same	
  pressure	
  as	
  its	
  

environment	
  



Adiaba<c	
  cooling	
  
•  air	
   parcel	
   forced	
   to	
   rise,	
   its	
   pressure	
   decreases	
   (since	
   it	
   is	
   assumed	
   to	
   be	
   the	
  

same	
  as	
  the	
  environmental	
  pressure)	
  
•  air	
  parcel	
  expands	
  and	
  cools	
  adiaba<cally	
  
•  rate	
  of	
  cooling	
  for	
  unsaturated	
  air	
  -­‐-­‐-­‐	
  dry	
  adiaba<c	
  lapse	
  rate	
  
•  at	
   the	
   li^	
   condensa<on	
   level	
   (LCL)	
   -­‐-­‐-­‐	
   parcel	
   temperature	
   reaches	
   Td	
   ,	
   air	
   is	
  

saturated	
  and	
  condensa8on	
  occurs	
  
•  above	
   LCL,	
   latent	
   heat	
   of	
   condensa<on	
   absorbed	
   by	
   air	
   parcel,	
   air	
   parcel	
  

con<nues	
  to	
  rise	
  and	
  cool	
  at	
  a	
  lower	
  rate:	
  (wet)	
  saturated	
  adiaba<c	
  lapse	
  rate	
  	
  

Γa

Γs

(Lutgens	
  &	
  Tarbuck	
  2001)	
  



Dry	
  adiaba<c	
  lapse	
  rate	
  (DALR),	
  Γa	
  
Consider	
  a	
  unit	
  mass	
  of	
  unsaturated	
  (not	
  necessarily	
  dry)	
  air,	
  i.e.,	
  no	
  condensa<on	
  occurs.	
  

First	
  law	
  of	
  thermodynamics:	
  

enthalpy:	
  

Hence,	
  for	
  a	
  general	
  thermodynamics	
  process,	
  

where	
  the	
  specific	
  heat	
  capacity	
  at	
  constant	
  pressure,	
  cp =

�
∂H

∂T

�

p

For	
  an	
  adiaba<c	
  process,	
   dQ = 0

dU = dQ− dW

= dQ− p dα (V/m = 1/ρ ≡ α)

H = U + pα

⇒ dH = dQ+ αdp

cpdT = dQ+ α dp

∴ cp
dT

dz
=

1

ρ

dp

dz

Using	
  the	
  hydrosta<c	
  balance,	
  
dp

dz
= −ρg

⇒ Γa ≡ −dT

dz
=

g

cp
≈ 10 K km−1



Saturated	
  adiaba<c	
  lapse	
  rate	
  (SALR),	
  Γs	
  
As	
  a	
  unit	
  mass	
  of	
  saturated	
  air	
  parcel	
  cools,	
  condensa<on	
  occurs.	
  Assume	
  all	
  latent	
  heat	
  
released	
  is	
  given	
  to	
  the	
  air	
  parcel	
  and	
  all	
  condensed	
  liquid	
  water	
  falls	
  out	
  of	
  the	
  parcel.	
  

Latent	
  heat	
  given	
  to	
  the	
  air	
  parcel:	
   dQ = −Ldws (dws < 0)

(Clausius-­‐Clapeyron	
  equa8on)	
  

ws ≈ ε
es
p

⇒ dws

ws
=

1

es

des
dT

dT − dp

p

=
L

RvT 2
dT − dp

p

dQ =
−wsL2

RvT 2
dT + wsL

dp

p
therefore,	
  

cpdT = dQ+ α dpThermodynamic	
  rela<on:	
  

By	
  the	
  ideal	
  gas	
  law	
  and	
  hydrosta8c	
  balance,	
  eliminate	
  dp in	
  favor	
  of	
   dz :	
  

cpdT =
−wsL2

RvT 2
dT − wsL

RmT
gdz − gdz gas	
  constant	
  

for	
  moist	
  air	
  
Rm :

⇒ Γs ≡ −dT

dz
=

g

cp

1 +
wsL

RmT

1 +
wsL2

cpRvT 2

Note	
  that	
  Γs < Γa



Orographic	
  li^ing	
  and	
  the	
  Chinook	
  (“snow-­‐eater”)	
  wind	
  
•  unsaturated	
  air	
  forced	
  up	
  a	
  mountain	
  range	
  cools	
  at	
  the	
  DALR	
  
•  at	
  the	
  LCL,	
  the	
  dew	
  point	
  temperature	
  Td	
  is	
  reached,	
  air	
  becomes	
  saturated	
  
•  condensa8on	
  occurs	
  as	
  the	
  air	
  con<nues	
  to	
  rise,	
  remains	
  saturated	
  and	
  cools	
  at	
  the	
  SALR	
  
•  assume	
  all	
  water	
  vapor	
  that	
  condensed	
  falls	
  as	
  precipita8on	
  
•  suppose	
  the	
  air	
  at	
  the	
  top	
  of	
  the	
  mountain	
  is	
  cooler	
  and	
  denser	
  than	
  the	
  surrounding	
  air	
  

so	
  it	
  starts	
  to	
  flow	
  down	
  the	
  leeward	
  side	
  of	
  the	
  mountain	
  
•  as	
  the	
  air	
  travels	
  downslope,	
  it	
  is	
  compressed	
  and	
  heated,	
  hence	
  its	
  saturated	
  vapor	
  

pressure	
  es	
  increases	
  and	
  its	
  temperature	
  becomes	
  higher	
  than	
  Td	
  
•  the	
  air	
  becomes	
  unsaturated	
  and	
  its	
  temperature	
  increases	
  at	
  the	
  DALR	
  
•  the	
  air	
  at	
  the	
  mountain	
  base	
  on	
  the	
  leeside	
  is	
  warmer	
  with	
  lower	
  rela8ve	
  humidity	
  

(Lutgens	
  &	
  Tarbuck	
  2001)	
  



Atmospheric	
  stability	
  
•  if	
  an	
  air	
  parcel	
  is	
  carried	
  up	
  from	
  z0	
  to	
  z1 ,	
  its	
  pressure	
  decreases	
  and	
  its	
  volume	
  

increases,	
  the	
  parcel	
  temperature	
  Tparcel	
  decreases	
  adiaba<cally	
  
•  if	
  the	
  temperature	
  of	
  the	
  surrounding	
  air	
  at	
  z1 is	
  Tenviron	
  and	
  Tparcel	
  <	
  Tenviron	
  ,	
  the	
  

parcel	
  is	
  denser	
  than	
  its	
  environment,	
  it	
  will	
  tend	
  to	
  fall	
  back	
  to	
  z0 ,	
  i.e.,	
  it	
  resists	
  
ver<cal	
  movement,	
  so	
  the	
  atmosphere	
  is	
  sta8cally	
  stable	
  near	
  height	
  z0 

•  if	
  Tparcel	
  >	
  Tenviron	
  ,	
  the	
  parcel	
  is	
  less	
  dense	
  than	
  its	
  environment,	
  it	
  will	
  con<nues	
  
to	
  rise,	
  then	
  the	
  atmosphere	
  is	
  sta8cally	
  unstable	
  near	
  height	
  z0	
  

•  depending	
  on	
  whether	
  the	
  air	
  is	
  saturated	
  or	
  not,	
  the	
  stability	
  of	
  the	
  atmosphere	
  
can	
  be	
  inves<gated	
  by	
  comparing	
  the	
  environmental	
  lapse	
  rate	
  Γ with	
  Γa or	
  Γs	
  

(Lutgens	
  &	
  Tarbuck	
  2001)	
  



Absolute	
  stability	
  
Γ  <	
  	
  Γs	
  	
  (<	
  Γa )	
  

	
  

the	
  air	
  parcel,	
  saturated	
  or	
  not,	
  is	
  always	
  denser	
  than	
  its	
  surrounding	
  
	
  

(Lutgens	
  &	
  Tarbuck	
  2001)	
  



Absolute	
  instability	
  
Γ  >	
  	
  Γa	
  	
  (>	
  Γs )	
  

•  the	
  air	
  parcel,	
  saturated	
  or	
  not,	
  is	
  always	
  lighter	
  than	
  its	
  surrounding	
  
•  such	
  instability	
  generally	
  do	
  not	
  persist	
  in	
  the	
  free	
  atmosphere	
  except	
  

in	
  the	
  lowermost	
  layer	
  above	
  the	
  ground	
  when	
  it	
  is	
  strongly	
  heated	
  
from	
  below	
  on	
  hot	
  days	
  

(Lutgens	
  &	
  
Tarbuck	
  2001)	
  



Condi<onal	
  instability	
  
Γa	
  	
  > 	
  Γ  	
  >	
  	
  Γs	
  

	
  

a	
  saturated	
  parcel	
  is	
  unstable	
  but	
  an	
  unsaturated	
  parcel	
  is	
  stable	
  

(Lutgens	
  &	
  
Tarbuck	
  2001)	
  


