MATH1400: Modelling with differential equations (Spring 2021)
Examples 4

Section 1: to be covered in tutorials. The solutions (without method) to these examples are given
on the other side of this page, but attempt each one first.

1. Use the Reduction of Order technique to find the general solutions of the following ODEs. For
each example, one solution ¥; to the homogeneous problem is given; verify this is the case.

(a) Using y; = e”, solve: (1 +x)y” + (1 —22)y' + (x —2)y =0

(b) Using y; = z, solve: 2%y" — xy’ +y = 22

(c) Using y; = €%, solve: (1 + z)y” — (2x + 3)y + (z + 2)y = 6e*(1 + x)?
(d) Using y; = e~*/2, solve: 4" + 4y + y = 8e~*/?

2. Solve the following second-order linear constant coefficient ODE:s:

(@ y"+2y =3y =0 (m) y" +2y +y=e"

®) ¥ +4y + 13y =0 () y' =2y +y=e"

©) 4" +4y' +y=0 ) ¥ +y=2a?

@ y"+y —6y=0 (p) y/"+2y’—3y:x2+x,
) y' — 6y +9y =0 with (0) = 5/(0) = 0.
® v +wy=0 @ y"+y —2y=e,

with y(0) = 0 and 3/ (0) = 1.
) y" + 4y = 2z,

(8) ¥ +2y — 8y =sinx
h " 2 /_8 — 2
) y"+2y -8y =x with y(0) = 1 and 3/ (0) = 2.
(1) y” + 2y/ —8y=¢€" 7 :
o / - (s) ¥ + 9y = sin 2z,
0y +2y -8y=e 2 with y(0) = 1 and /(0) = 0.
1 / — T
k) y"+6y + 13y =e (t) v +y = cosx,
M) ' +y — 12y =e** with y(0) = 1 and ¢/ (0) = —1.

3. Solve the following second-order linear constant coefficient ODEs:
(@) vy + 2y + by = 17 cos(2x) ) v’ +vy — 2y = 6cosh(x)
with y(0) = 0 and 3/(0) = 0. with y(0) = 0 and ¢/(0) = 0.

(b) y" + 2y’ + 5y = 17 cos(2x)e
with y(0) = 0 and 3/(0) = 0

(g) ¥ —y=4sinx
with y(0) = 0 and ¢/(0) = 0.

) y'+2y +5y=17e"" (h) y" —y =4sin2x

with y(0) = 0 and ¢/(0) = 0. with y(0) = 0 and 3/(0) = 0.
(d) y" +y —2y = 3e” @) y'+y=4sinz

with y(0) = 0 and ¢'(0) = 0. with y(0) = 0 and 3/ (0) = 0.
e y' +y —2y=3e" (G) v' + vy =4sin2z

with y(0) = 0 and ¢'(0) = 0. with y(0) = 0 and 3/(0) = 0.



Section 2: to be handed in

1. State (proof not required) whether the following pair of functions are linearly independent on the
given interval.

(@ z,z+1 (0<z<l)

b) 1,e* (z < 0)

(c) sinw +cosz,2sin(x 4+ §)  (all x)
(d) ek xekr  (all x)

(e) |z|z, 222 (0<z<1)

2. Which of the following, sinz or cos, is a solution of y” — 2(cot x)y’ + (1 + 2cot?z)y = 0?
Hence, use the Reduction of Order technique to find the general solution of

y" —2(cot x)y’ + (1 +2cot’ x)y = sinx.
3. Solve the following boundary value problem:
y'—2y'+2y=0, y(0)=-3, y(5)=0
4. Solve the following initial value problem:

y' =2 +y=ax+e", y0)=3, y(0)=4

Solutions to section 1.

1. (@ y=(Ci(1+z)2+ Cy)e” (©) y= (22432 + C1(1 + 2)* + Cy)e”
(b) y =a?+ Cyz + Crzlog |z d) y = (2% + Cra + Cy)e/?
2. (a) y=C1e® + Che 3 (k) y = (C) cos2x + Cysin 2x)e 3" + 2i9629”
(b) y = (C cos(3z) + Csin(3a))e > 1) y = Cred + Coe—t 4+ Laed
(©) y = (C1 + Coz)e ™/ (m) y = (C1 + Cox)e ™ + 1€
(d) y=Cie** 4 Coe™™ M) y = (C1 + Coz)e® + sa2e”
() y = (C1 + Coz)e™ (0) y=Cicosx + Cysinx + 2% — 2
() y = Cy cos(wz) + Cy sin(wz) (p) y= %@x — ﬁef?’x _ %ﬁ _ gw _ 3_(7)
(@) y = Cre* + Ohe ™ — % cos T — 8% sinx  (qQ) y= %ex — 56*25’5 + %xex
(h) y = Cre* + Coe™4* — %xQ — %x — 5’—4 (r) y =cos2x + %sin 2 + %x
() y = Cre¥ + Coe™* — Le® (s) y = cos3x — 2 sin3x + Lsin 2z
5 15 5
i) y=Cre® + Coe™ + Lye” (t) y =cosz —sinx + ixsinz
0y 6 Yy 2

3. (@ y=(—cos2zx — gsin 2r)e " 4+ cos2x + (f) y=xe® — %e‘x + %ex + %e_%
4sin 2z

(g) y=¢e*—e* —2sinx
_ (17 : —x
(b) y= (z$ sin ZI) € (h) y = %e‘” — %e_’” — %sin 2z
_ 17 —x
© y=4(1 - cos 2551)6 (i) y = 2sina — 2z cosx
_ z __ 1 =z 1 -2z
(d) y = xe® — 3e" + 3¢ G) y:%sinaj—%sinlr

() y=—32e "+ 1"+



