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INTRODUCTION

Many results of lower level mathematics are given without
proof.

o 1+1=2.
e The sum of the angles in any triangle is 180 degrees.
e The value of wis 3.14159....
e The value of sin and cos does not depend on the triangle.
e For any angle 6, sin®6 + cos26 = 1.
e The area of a circle of radius r is nr?.
Can you explain why these are true?
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PRINCIPIA MATHEMATICA

A 3-volume work on the foundations of mathematics, by A N
Whitehead and Bertrand Russell, published 1910, 1912, 1913.
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PRINCIPIA MATHEMATICA

A 3-volume work on the foundations of mathematics, by A N
Whitehead and Bertrand Russell, published 1910, 1912, 1913.

Extract from Volume I, page 379:
%5443, F:a,Bel.d:anB=A.=.avBe2

Dem.
F.%5426.DFa=tz2.8=1Y.D:avfBe2.=.24y.
[%51-231] = fznty=A.
[¥1312] =.anB=A 1)

F.(1).%111185.D
Fo(ga,y).a=tz.B=1y.D:avBe2.
F.(2).%11'54 . %52'1. D F . Prop
From this proposition it will follow, when arithmetical addition has been
defined, that 1 +1=2.

]

canB=A ®
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PRINCIPIA MATHEMATICA

A 3-volume work on the foundations of mathematics, by A N
Whitehead and Bertrand Russell, published 1910, 1912, 1913.

Extract from Volume I, page 379:
%5443, F:a,Bel.d:anB=A.=.avBe2

Dem.
F.%5426.DFa=tz2.8=1Y.D:avfBe2.=.24y.
[%51-231] = fznty=A.
[¥1312] =.anB=A 1)

F.(1).%111185.D
Fo(ga,y).a=tz.B=1y.D:avBe2.
F.(2).%11'54 . %52'1. D F . Prop
From this proposition it will follow, when arithmetical addition has been
defined, that 1 +1=2.

]

canB=A ®

The proof that 1 +1 =2 is completed in Volume Il, page 86, with
the comment, “The above proposition is occasionally useful.”
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e Take any three-digit integer (not a palindrome like 232).
732
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732 —-237 =495

e Reverse and add (writing 73=073, for example).
495 +594 = 1089

Experiments suggest that answer is always 1089.
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1089

e Take any three-digit integer (not a palindrome like 232).

732

e Reverse it, and subtract the smaller from the larger.
732 —-237 =495

e Reverse and add (writing 73=073, for example).
495 +594 = 1089

Experiments suggest that answer is always 1089.
To be sure, we need a proof.
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Proof.
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Proof.
A number with digits abc is 100a+ 10b+ c.
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Proof.
A number with digits abc is 100a+ 10b+ c.

(100a+10b+c¢)—(100c+10b+a) =99a—99c =99(a— ¢),
a multiple of 99.
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Proof.
A number with digits abc is 100a+ 10b+ c.

(100a+10b+c)—(100c+10b+a) =99a—99c = 99(a— ¢),

a multiple of 99.

These 3-digit multiples of 99 are
198,297,396,495,594,693,792,891.
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Proof.
A number with digits abc is 100a+ 10b+ c.

(100a+10b+c)—(100c+10b+a) =99a—99c = 99(a— ¢),

a multiple of 99.

These 3-digit multiples of 99 are
198,297,396,495,594,693,792,891.

All look like xyz where x+z=9and y =9.
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Proof.
A number with digits abc is 100a+ 10b+ c.

(100a+10b+c)—(100c+10b+a) =99a—99c = 99(a— ¢),

a multiple of 99.

These 3-digit multiples of 99 are
198,297,396,495,594,693,792,891.

All look like xyz where x+z=9and y =9.
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Proof.
A number with digits abc is 100a+ 10b+ c.

(100a+10b+c)—(100c+10b+a) =99a—99c = 99(a— ¢),

a multiple of 99.

These 3-digit multiples of 99 are
198,297,396,495,594,693,792,891.

All look like xyz where x+z=9and y =9.

Finally,
(100x+ 10y +2z)+(100z+ 10y + x) =900+ (90+90) +9

=1089.
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WHY PROOF?

How to shrink wrap 6 cans of beer to get the smallest volume?
[You are not allowed to stack them on top of each other.]

Arranging them in a line gives the smallest volume.

Not true for 7 cans. This is better ...

Exercise. Check this.
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Hint.
It is enough to find area on top. Assume cans have radius=1.
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Hint.
It is enough to find area on top. Assume cans have radius=1.

Blue area = v3— 3 Red area = }(2x2— )
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SAUSAGE PROBLEM

How to shrink wrap 10 snooker balls to get smallest volume?

20/44



SAUSAGE PROBLEM
How to shrink wrap 10 snooker balls to get smallest volume?

Answer. Arrange them in a line, to get a sausage shaped
wrapping.

r %" %" %" YY" YY Y
A A AN AN AN AN AN AN AN
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SAUSAGE PROBLEM
How to shrink wrap 10 snooker balls to get smallest volume?

Answer. Arrange them in a line, to get a sausage shaped
wrapping.

r %" %" %Y"YY"YY Y
A A AN AN AN AN AN AN AN

For 50 balls, the solution is also a sausage.
For 56 balls, the solution is also a sausage.

Not true for 57 balls!

These examples illustrate the need for careful proof to be
sure that a statement is always true.
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ONE MORE EXAMPLE ...

7T

Circle of diameter 1 Circumference =«

Red curve has length 4
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ONE MORE EXAMPLE ...

7T

Circle of diameter 1 Circumference =«

Continue in this way to get &7 =47
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COMMON EQUIVALENCES

Equivalence

Name

p«—q<=(p—q)A(Q—Qq)
p— g+ —-pVq

PP

pPAp< pand pvVp<=p
PAQ<= gApand pVqg<qVp
(PAQ)AT <= PA(QAT)
(PvQ)Vr<=pVv(qVr)
(PAQ)V I <= (pVr)A(qVT)
(PVQ)Ar <= (pPAT)V(qAT)
~(pAQ) <= —pV—q
=(pVQq) < -pA—q
pA(pPV Q) <=p
pV(pPAQ)<=p

p— g+ —p——q

Equivalence law
Implication law
Double Negation law
Idempotent laws
Commutative laws
Associative law |
Associative law I
Distributative law |
Distributativ law |l
De Morgan’s law |
De Morgan’s law |l
Absorbtion law |
Absorbtion law |
Contrapositive law



COMMON RULES OF INFERENCE

Rule of Inference Name

P }:> q Modus Ponens
p—q

4 }:> —p Modus Tollens
p—q

p—q L
= P — I | Transitivity
q—r

PAQ=—>Qq Simplification

p=-pVvq Addition
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Proof by induction is a method of proving that a sequence of
statements are all true.



4. INDUCTION

Proof by induction is a method of proving that a sequence of
statements are all true.

Induction can be used to prove for example that, for all integers
n>A1,

143+5+---+(2n—1)=r?,
or that, for all integers n> 1,

nl<n".



In the first case above the task is to prove that the entries in the
second and third columns of the table below are equal.

sum of first n odd numbers n?

n

1 1 11
2 14+3=4 2x2
3 14+3+45=09 3x3
4 14+3+5+7=16 4x4
5 143+5+7+9=25 5x5
100 14..-4+199 10000
k T4+ (2k-1) K2




THE GENERAL CASE

In both cases, a predicate P(n) is given, and induction is used
to prove
Vne N P(n),

or equivalently
{neN|P(n)} =N

In the first case
P(n)is1+3+5+--+(2n—1)=n?

and in the second case P(n) is

P(n)is nt <n".



THE IDEA
Recall that the set of natural numbers N is the set {1,2,---} of
positive integers.

Induction is based on a fundamental property of N:
THEOREM 4.1

A subset S of N which satisfies both

Q@ 1eSand

@ forallneN, ifne Sthenn+1¢€S;
is equal to N.

[This follows from an axiom for N, called “Well-Ordering”. More
details will be covered in MAS1702.]



THE IDEA

Recall that the set of natural numbers N is the set {1,2,---} of
positive integers.

Induction is based on a fundamental property of N:
THEOREM 4.1

A subset S of N which satisfies both

Q@ 1eSand

@ forallneN, ifne Sthenn+1¢€S;
is equal to N.

[This follows from an axiom for N, called “Well-Ordering”. More
details will be covered in MAS1702.]

Using Theorem 4.1, to check that a given set Sis equal to N, it
is enough to verify that both 4.1.1 and 4.1.2 above hold;
which is what is done in a proof by induction.



THE PRINCIPLE OF INDUCTION

In the Theorem below P(n) is a predicate defined for all
integers n> 1.

For example P(n) might be, “the sum of the first n odd positive
integers equals n?”, as in the first example above,

or it could be “n! < n", as in the second example.
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THE PRINCIPLE OF INDUCTION
In the Theorem below P(n) is a predicate defined for all
integers n> 1.

For example P(n) might be, “the sum of the first n odd positive
integers equals n?”, as in the first example above,

or it could be “n! < n", as in the second example.

THEOREM 4.2

Let P(n) be a predicate defined for all integers n > 1. Suppose
that
(1) P(1) is true, and
(2) For arbitrary k € N,
P(k) = P(k+1).
Then P(n) is true for all n € N.
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PROOF

This follows directly from Theorem 4.1:
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PROOF

This follows directly from Theorem 4.1:

taking S={ne N|P(n)}
4.2.1 implies 1 € S and
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PROOF

This follows directly from Theorem 4.1:

taking S={ne N|P(n)}

4.2.1 implies 1 € S and

since k is arbitrary, 4.2.2, implies that, for all n€ N,
neS=n+1eS.
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PROOF

This follows directly from Theorem 4.1:

taking S={ne N|P(n)}

4.2.1 implies 1 € S and

since k is arbitrary, 4.2.2, implies that, for all n€ N,
neS=n+1eS.

From Theorem 4.1, it follows that S =N, so P(n) is true for all
neN.
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EXAMPLE 4.3

Prove by induction that 1 +2+---4+n= @ for all integers
n>1.

In this case P(n) is 1+2+---4+n= 201,

The first step is to show that P(1) is true.
P(1)is1=(1x2)/2, s0is true.
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EXAMPLE 4.3

Prove by induction that 1 +2+---4+n= @ for all integers
n>1.

In this case P(n) is 1+2+---4+n= 201,

The first step is to show that P(1) is true.
P(1)is1=(1x2)/2, s0is true.

The next step is to show that, for an arbitrary k, if P(k) is true
then P(k+1) is true.
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EXAMPLE 4.3

Prove by induction that 1 +2+---4+n= @ for all integers

n>1.
In this case P(n) is1+2+'~+n=w-

The first step is to show that P(1) is true.
P(1)is1=(1x2)/2, s0is true.

The next step is to show that, for an arbitrary k, if P(k) is true
then P(k+1) is true.

P(k)is 1424+ k = KD,
it's obtained by replacing n by k throughout P(n).

k(k+1)
2

We assume 1+2+...+ k= and must show that

P(k+1)is true: that is
(k+1)((k+1)+1)
5 :

1+2+-4(k+1)=

6R/6K



P(k+1) is true because
The left side equals 1+3+---+k+(k+1)
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P(k+1) is true because
The left side equals 1+3+---+k+(k+1)
= @ +(k+1), (as P(k) is true
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P(k+1) is true because

The left side equals 1+3+---+k+(k+1)
= @ +(k+1), (as P(k) is true
_ K2+k+2(k+1)
=2



P(k+1) is true because

The left side equals 1+3+---+k+(k+1)
= @ +(k+1), (as P(k) is true
_ KPtk+2(k+1)

2
_ Kk®43k+2
= 2



P(k+1) is true because
The left side equals 1+3+---+k+(k+1)
= @ +(k+1), (as P(k) is true
_ KPtk+2(k+1)
_ k2+3ki2
_ (k+12)2(k+2) _ (k+1)((12<+1)+1).

Therefore P(k+ 1) holds.




P(k+1) is true because
The left side equals 1+3+---+k+(k+1)
= @ +(k+1), (as P(k) is true
_ KPtk+2(k+1)
_ eagei2
_ (kD) (k+2) _ (k+1D)((k+1)+1)
- 2 - 2 :
Therefore P(k+ 1) holds.

Conclusion. By induction, P(n) holds for all n > 1.




EXAMPLE 4.4

Prove by induction that
14345+---+(2n-1)=r?

foralln>1.
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EXAMPLE 4.4

Prove by induction that
14345+---+(2n-1)=r?

foralln>1.

Solution. P(n) is the statement

14+3+5+-+(2n—1)=rP.
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Show that P(1) is true. This is the case n=1.



EXAMPLE 4.4

Prove by induction that
14345+---+(2n-1)=r?
forall n>1.

Solution. P(n) is the statement

14+3+5+-+(2n—1)=rP.

Proof by induction takes the following form.
Show that P(1) is true. This is the case n=1.

In this example when n = 1 we have the proposition 1 = 12.



EXAMPLE 4.4

Prove by induction that
14345+---+(2n-1)=r?

forall n>1.

Solution. P(n) is the statement

14+3+5+-+(2n—1)=rP.

Proof by induction takes the following form.

Show that P(1) is true. This is the case n=1.

In this example when n = 1 we have the proposition 1 = 12.

Since this is true the first part of the proof is complete.



The inductive hypothesis (IH)
Assume that P(k) is true. In the example P(k) is

143+ +(2k—1)=K>,

where kK > 1.
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The inductive hypothesis (IH)
Assume that P(k) is true. In the example P(k) is

143+ +(2k—1)=K>,
where kK > 1.

This is obtained by replacing every nin P(n) with k.
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The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2



The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2

This is true because
The left side equals 1+3+---+(2k—1)+(2(k+1)—1)



The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2
This is true because

The left side equals 1+3+---+(2k — 1)+ (2(k+1) —1)
— K24 (2(k+1)—1)
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The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2

This is true because

The left side equals 1+3+---+(2k—1)+(2(k+1)—1)
=k?+(2(k+1)-1)
= k2 42Kk +1



The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2

This is true because

The left side equals 1+3+---+(2k—1)+(2(k+1)—1)
=k?+(2(k+1)-1)
= k2 42Kk +1
= (k+1)2.
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The inductive step
Show that P(k + 1) holds: in this case that

1434+ (2(k+1)—1) = (k+1)2

This is true because

The left side equals 1+3+---+(2k—1)+(2(k+1)—1)
=k?+(2(k+1)-1)
= k2 42Kk +1
= (k+1)2.

Conclusion. By induction, P(n) holds for all n > 1.



EXAMPLE 4.5

Prove by induction that n! < n”, for all integers n > 1.
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EXAMPLE 4.5
Prove by induction that n! < n”, for all integers n > 1.

Solution.

P(n)is nt <n".
Stepi1.lfn=1thenn'=1and n"=1.
So P(1) holds.
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EXAMPLE 4.5

Prove by induction that n! < n”, for all integers n > 1.

Solution.

P(n)is nt <n".
Stepi1.lfn=1thenn'=1and n"=1.
So P(1) holds.

Step 2.
The IH: Assume that P(k) holds, for some k.
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EXAMPLE 4.5

Prove by induction that n! < n”, for all integers n > 1.

Solution.

P(n)is nt <n".
Stepi1.lfn=1thenn'=1and n"=1.
So P(1) holds.

Step 2.
The IH: Assume that P(k) holds, for some k.

That is k! < k.
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EXAMPLE 4.5
Prove by induction that n! < n”, for all integers n > 1.

Solution.

P(n)is nt <n".
Stepi1.lfn=1thenn'=1and n"=1.
So P(1) holds.

Step 2.
The IH: Assume that P(k) holds, for some k.

That is k! < k.

Inductive step:
Show that P(k + 1) holds. That is, show that
(k+ 1) < (k+1)k+1),



SOLUTION, CONT.

(k+1)!

(k')(k+1)
kX(k+1) using k! < kK

IN A

(k+1)K(k+1)*
(k+1)k+1),

Thus (k+1)! < (k4 1)(k+1),
We have shown that P(k) = P(k+1).

Conclusion: By induction, n! <n" foralln>1.
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SOLUTION, CONT.

(k+ 1)1 = (kI)(k+1)
< (k+1)f(k+1)*
= (k+ 1)K+,

Thus (k+1)! < (k4 1)(k+1),

We have shown that P(k) = P(k+1).

Conclusion: By induction, n! <n" foralln>1.

O



SOLUTION, CONT.

(k+1)!

(k"Y(k+1)
kX(k +1) using k! < k¥

IN A

(k+1)K(k+1)*
(k+1)k+1),
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SOLUTION, CONT.

(k+1)!

(k"Y(k+1)
kX(k +1) using k! < k¥

IN A

(k+1)K(k+1)*
(k+1)k+1),

Thus (k+1)! < (k+1)k+1),
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SOLUTION, CONT.

(k+1)!

(k')(k+1)
kX(k+1) using k! < kK

IN A

(k+1)K(k+1)*
(k+ 1)K+,

Thus (k+1)! < (k4 1)(k+1),

We have shown that P(k) = P(k+1).
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SOLUTION, CONT.

(k+1)!

(k')(k+1)
kX(k+1) using k! < kK

IN A

(k+1)K(k+1)*
(k+1)k+1),

Thus (k+1)! < (k4 1)(k+1),
We have shown that P(k) = P(k+1).

Conclusion: By induction, n! <n" foralln>1.

O
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Recap. PROOF BY INDUCTION
Theorem 4.2. Let P(n) be a predicate, defined for all n € N.
Suppose that

P(1) is true, and
P(k) = P(k+1), for arbitrary k € N.
Then P(n) is true for all n € N.
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REMARKS

e In proof by induction we make the assumption that P(k)
holds for an arbitrary kK > 1 and then prove that P(k+1)
also holds. For the proof to be correct we must be sure this
works for all possible values of k (which is what is meant
by “arbitrary”). If it fails for just one value of k then the
proof does not work.



REMARKS

e In proof by induction we make the assumption that P(k)
holds for an arbitrary kK > 1 and then prove that P(k+1)
also holds. For the proof to be correct we must be sure this
works for all possible values of k (which is what is meant
by “arbitrary”). If it fails for just one value of k then the
proof does not work.

e Induction is a powerful method of proof, but sometimes
does not give insight into why a result is true.



REMARKS

e In proof by induction we make the assumption that P(k)
holds for an arbitrary kK > 1 and then prove that P(k+1)
also holds. For the proof to be correct we must be sure this
works for all possible values of k (which is what is meant
by “arbitrary”). If it fails for just one value of k then the
proof does not work.

e Induction is a powerful method of proof, but sometimes
does not give insight into why a result is true.
Can we understand better why Example 4.4 is true?



Example 4.4 says: 1+3+5+---4+(2n—1)=n? foralln>1.
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Example 4.4 says: 1+3+5+--~+(2n—1):n2,for alln>1.

Let s=1+3+---+(2n—-3)+(2n—1) (nterms).
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n—-3)+(2n—1) (nterms).

Write it backwards.
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n—-3)+(2n—1) (nterms).
Write it backwards.
Thens=(2n—-1)+(2n—-3)+---+3+1.
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+--+(2n—3)+(2n—1)

Write it backwards.

Thens=(2n—-1)+(2n—-3)+---+3+1.

Add: 2s=2n+2n+...2n+2n

(n terms).
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n-3)+(2n—1) (nterms).
Write it backwards.
Thens=(2n—-1)+(2n—-3)+---+3+1.

Add: 2s=2n+2n+...2n+2n=2(n+n+...n+n) =2n?
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n-3)+(2n—1) (nterms).
Write it backwards.
Thens=(2n—-1)+(2n—-3)+---+3+1.

Add: 2s=2n+2n+...2n+2n=2(n+n+...n+n) =2

So s=nr?.

100/111



Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n-3)+(2n—1) (nterms).
Write it backwards.
Thens=(2n—-1)+(2n—-3)+---+3+1.

Add: 2s=2n+2n+...2n+2n=2(n+n+...n+n) =2

So s=nr?.

This proof gives more insight.
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Example 4.4 says: 1+3+5+---+(2n—1)=n?foralln>1.

Let s=1+3+---+(2n-3)+(2n—1) (nterms).
Write it backwards.
Thens=(2n—-1)+(2n—-3)+---+3+1.

Add: 2s=2n+2n+...2n+2n=2(n+n+...n+n) =2

So s=r?.
This proof gives more insight.

On the other hand, the proof by induction in Example 4.5 does
shed light on why the result holds.
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SUMMATION NOTATION

Note: to save space, write

n
1+3+5+--+(@2n—-1)=) (2j-1)
j=1
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SUMMATION NOTATION

Note: to save space, write

n
1+3+5+--+(@2n—-1)=) (2j-1)
j=1

in which case P(n) would appear as

n
Y (2j—-1)=

J=1

113/114



SUMMATION NOTATION

Note: to save space, write
n
1+3+5+--+(@2n—-1)=) (2j-1)
j=1
in which case P(n) would appear as

n
Y (2j—-1)=

J=1

This notation is used in exercises.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.
First Step: P(1) is ¥}_;(2j— 1) = 12
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.
First Step: P(1)is ¥/_{(2/—1) =12i.e. 1 =1.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.
First Step: P(1)is /_{(2/—1) =12i.e. 1 =1. True
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.

Assume P(k) holds: Y, (2/—1) = k2.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.

Assume P(k) holds: Y, (2/—1) = k2.

Must show P(k+1) holds: ¥/ (2/ — 1) = (k+1)2.

122/125



Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.

Assume P(k) holds: Y ((2/—1) = k2.
Must show P(k+1) holds: ¥/ (2/ — 1) = (k+1)2.

k+1 K
Y (2j—1) :Z 2j—1)+(2(k+1)—1)
= -

k + 2k + 1 using TH
(k+1)%
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.

Assume P(k) holds: Y ((2/—1) = k2.
Must show P(k+1) holds: ¥/ (2/ — 1) = (k+1)2.

k+1 K
Y (2j—1) :Z 2j—1)+(2(k+1)—1)
= -

k + 2k + 1 using TH
(k+1)%

Therefore ¥/ (2/—1) = (k+1)?, so P(k+1) holds.
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Example. Foralln>1, Y7 ,(2j—1)=n [Repeated!]

P(n)is Y[ 4(2j—1)=nr?.

First Step: P(1)is ¥/_{(2/—1) =12 i.e. 1 =1. True so P(1)
holds.

Assume P(k) holds: Y ((2/—1) = k2.
Must show P(k+1) holds: ¥/ (2/ — 1) = (k+1)2.

x

Kk+1
Y (2j—1) :Z 2j—1)+(2(k+1)—1)
= j=

k® +2k +1 using IH

(k+

1)2.
Therefore ¥/ (2/—1) = (k+1)?, so P(k+1) holds.

Therefore P(n) holds, for all n> 1.
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EXAMPLE 4.6
Prove by induction that, for all n € N,

n(n+1)(2n+1)

12422482+ 4P = 5
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EXAMPLE 4.6
Prove by induction that, for all n € N,

n(n+1)(2n+1)

12422432+ 4P = 5

Call this equation P(n).
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EXAMPLE 4.6

Prove by induction that, for all n € N,

1240282 L2 n(n+1)(2n+1)

6

Call this equation P(n).

P(1) is true since 12 = Mﬁ_
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EXAMPLE 4.6
Prove by induction that, for all n € N,

12402, 52 4o NntD)(@n+1)

6
Call this equation P(n).
P(1) is true since 12 = %_

Assume P(k) is true.
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EXAMPLE 4.6

Prove by induction that, for all n € N,

12492,32 .42 n(n+1)(2n+1)
6
Call this equation P(n).
P(1) is true since 12 = 1011
Assume P(k) is true. That is
k(k+1)(2k+1)

12+22+32++k2:

6
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Must show P(k + 1) holds:

2 _ (k+1)((k+1)+1)(2(k+1)+1)

12422432 4. 4 (k+1) s
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Must show P(k + 1) holds:

k+1)((k+1)+1)@(k+1)+1)
6

12422482+ 4 (k+1)2 = (
The left side of P(k+1) is

12422432 4.+ K2 (k+1)?
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Must show P(k + 1) holds:

2 _ (k+1)((k+1)+1)(2(k+1)+1)

12422432 4. 4 (k+1) s

The left side of P(k+1) is

k(k+1)(2k+1)

k+1)2
5 +(k+1)

12422432+ 4 K2 +(k+1)2 =
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Must show P(k + 1) holds:

1242208 (kg 12— G DD DT 1)

6
The left side of P(k+1) is
12422437+ + K2 +(k+1)2 = k(k+1§2k+1) +(k+1)?
k(k+1)(2k+1)+6(k+1)>

6
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Must show P(k + 1) holds:

1242208 (kg 12— G DD DT 1)

6
The left side of P(k+1) is
12422437+ + K2 +(k+1)2 = k(k+1§2k+1) +(k+1)?
_ k(k+1)(2k+1) +6(k+ 1)
6
(k+1)(k+2)(2k+3)

which simplifies to

6
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Must show P(k + 1) holds:

1242208 (kg 12— G DD DT 1)

6
The left side of P(k+1) is
12422432 .. K2 H(k+1)2= k(k+1§2k+1) +(k+1)2
_ k(k+1)(2k+1) +6(k+ 1)
6
(k+1)(k+2)(2k+3)

which simplifies to

6
This is the right side of P(k+1). So P(k+1) is true.
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Must show P(k + 1) holds:

1242208 (kg 12— G DD DT 1)

6
The left side of P(k+1) is
12422432 .. K2 H(k+1)2= k(k+1§2k+1) +(k+1)2
_ k(k+1)(2k+1) +6(k+ 1)
6
(k+1)(k+2)(2k+3)

which simplifies to

6
This is the right side of P(k+1). So P(k+1) is true.

So P(n) is true for all n € N.
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124221321 ... 4+ 242 = 4900 = 70?

In 1875, the French mathematician Edouard Lucas challenged
his readers to prove this:

A square pyramid of cannon balls contains a square number of
cannon balls only when it has 24 cannon balls along its base.

13R/138



In other words, the only solution of
12422 4. 4P =nf

where m, n are integers greater than 1 is n=24.

°+@+Q+&
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In other words, the only solution of
12422 4. 4P =nf

where m, n are integers greater than 1 is n=24.

°+@+@+%

The first proof was given in 1918 by G. N. Watson.

This looks like a curiosity, but the solution leads to a very dense
packing of spheres in 24 dimensions. It is also used in physics:
bosonic string theory in 26 dimensions.

Key words: Leech lattice, Monster group.
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Why is 24-dimensional space special?
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Why is 24-dimensional space special?

In 2-dimensions the distance from (1,2) to (0,0) is

V12+22 =5,
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Why is 24-dimensional space special?

In 2-dimensions the distance from (1,2) to (0,0) is

V12422 = /5,

In 3-dimensions the distance from (1,2,3) to (0,0,0) is

V12422432 =114,
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Why is 24-dimensional space special?
In 2-dimensions the distance from (1,2) to (0,0) is
ViT122— 5.
In 3-dimensions the distance from (1,2,3) to (0,0,0) is
VP12 1T — \id

In 24-dimensions the distance from (1,2,3,...,24) to
(0,0,0,...,0) is the integer

\/12+22+32+---+242:70.
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Why is 24-dimensional space special?
In 2-dimensions the distance from (1,2) to (0,0) is
ViT122— 5.
In 3-dimensions the distance from (1,2,3) to (0,0,0) is
VP12 1T — \id

In 24-dimensions the distance from (1,2,3,...,24) to
(0,0,0,...,0) is the integer

\/12+22+32+---+242:70.

This only happens in 24-dimensions.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), for all n € N.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), for all n € N.

P(n)is: Xp=n(n+1),forneN.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), for all n € N.

P(n)is: Xp=n(n+1),forneN.
P(1)is x; =1(1+1), which is true.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), for all n € N.

P(n)is: Xp=n(n+1),forneN.
P(1) is x; = 1(1+1), which is true.
Assume P(k) holds: xx = k(k+1).
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.
P(1) is x; = 1(1+1), which is true.
Assume P(k) holds: xx = k(k+1).
Must show P(k + 1) holds.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.
P(1) is x; = 1(1+1), which is true.
Assume P(k) holds: xx = k(k+1).
Must show P(k + 1) holds.

X1 =Xk +2(k+1)
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.
P(1) is x; = 1(1+1), which is true.
Assume P(k) holds: xx = k(k+1).

Must show P(k + 1) holds.

Xki1 =Xk +2(k+1)=k(k+1)+2(k+1)
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.

P(1)is xy =1(1+1), which is true.

Assume P(k) holds: xx = k(k+1).

Must show P(k + 1) holds.

Xki1 =Xk +2(k+1)=k(k+1)+2(k+1)=(k+2)(k+1).
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EXAMPLE 4.7

An infinite sequence xi, X2, X3, ... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.

P(1)is xy =1(1+1), which is true.

Assume P(k) holds: xx = k(k+1).

Must show P(k + 1) holds.

Xki1 =Xk +2(k+1)=k(k+1)+2(k+1)=(k+2)(k+1).
So X1 =((k+1)+1)(k+1),i.e. P(k+1)is true.
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EXAMPLE 4.7

An infinite sequence xi, X2, X3,... of integers is defined by the
rules x; =2 and X1 = x,+2(n+1), for all n > 1. Show by
induction that x, = n(n+1), forall ne N.

P(n)is: Xp=n(n+1), for ne N.

P(1)is xy =1(1+1), which is true.

Assume P(k) holds: xx = k(k+1).

Must show P(k + 1) holds.

Xki1 =Xk +2(k+1)=k(k+1)+2(k+1)=(k+2)(k+1).
So X1 =((k+1)+1)(k+1),i.e. P(k+1)is true.
Therefore P(n) holds for all n € N.
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RECAP: PROOF BY INDUCTION

Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that

(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.
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RECAP: PROOF BY INDUCTION

Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that

(1) P(1)istrue, and

(2) P(k)= P(k+1), for k € N.

Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.
Idea: P(1)true, k=1, P(1)= P(2)

P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
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RECAP: PROOF BY INDUCTION

Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that

(1) P(1)istrue, and

(2) P(k)= P(k+1), for k € N.

Then P(n) is true for all n € N.

Idea:
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
P(4) true, k=4, P(4)= P(5)
P(5) true, k=5, P(5)= P(6)
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
P(4) true, k=4, P(4)= P(5)
P(5) true, k=5, P(5)= P(6)
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
P(4) true, k=4, P(4)= P(5)
P(5) true, k=5, P(5)= P(6)

163/165



RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
P(4) true, k=4, P(4)= P(5)
P(5) true, k=5, P(5)= P(6)
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RECAP: PROOF BY INDUCTION
Theorem 3.2. Let P(n) be a predicate, defined for all n € N.
Suppose that
(1) P(1)istrue, and
(2) P(k)= P(k+1), for k € N.
Then P(n) is true for all n € N.

Idea: P(1)true, k=1, P(1)= P(2)
P(2) true, k=2, P(2)= P(3)
P(3) true, k=3, P(3)= P(4)
P(4) true, k=4, P(4)= P(5)
P(5) true, k=5, P(5)= P(6)

P(n) true, for all n € N.
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
In this case, use the following version of the Principle of
Induction.
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
In this case, use the following version of the Principle of
Induction.

Let s € Z. Assume that P(n) is a predicate, defined for all n > s.
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
In this case, use the following version of the Principle of
Induction.

Let s € Z. Assume that P(n) is a predicate, defined for all n > s.
Assume further

(1") that P(s) is true
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
In this case, use the following version of the Principle of
Induction.

Let s € Z. Assume that P(n) is a predicate, defined for all n > s.
Assume further

(1") that P(s) is true and
(2) thatif P(k) is true then P(k+1) is true, for an arbitrary
k> s.
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CHANGE OF STARTING POINT

It is possible to start induction at some point other than n=1.
In this case, use the following version of the Principle of
Induction.

Let s € Z. Assume that P(n) is a predicate, defined for all n > s.
Assume further

(1") that P(s) is true and
(2) thatif P(k) is true then P(k+1) is true, for an arbitrary
k> s.

Then P(n) is true for all n> s.
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EXAMPLE 4.8
Show that 2" > n3, for all n > 10.
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EXAMPLE 4.8
Show that 2" > n3, for all n > 10.

Note that 2° = 512 < 729 = 93, so the result does not hold
when n=9.

P(10) is true, since 2'% = 1024 > 1000 = 10°.
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EXAMPLE 4.8
Show that 2" > n3, for all n > 10.

Note that 2° = 512 < 729 = 93, so the result does not hold
when n=9.

P(10) is true, since 2'% = 1024 > 1000 = 10°.
Assume P(k), where k >10. So 2k > k3.
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EXAMPLE 4.8
Show that 2" > n3, for all n > 10.

Note that 2° = 512 < 729 = 93, so the result does not hold
when n=9.

P(10) is true, since 219 = 1024 > 1000 = 10°.
Assume P(k), where k >10. So 2k > k3.
Must prove P(k+1): 2KtT > (k41)3.
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The left side of P(k + 1) is 2k+1
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The left side of P(k +1) is 2¢*'and, by P(k),

ok+1 — 0.0k 5 ok3.
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,

The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.

1R0/188%



The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is
(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,

The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

K3 =k-k® > 10k?
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,

The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

kK3 =k-k® > 10k®=3k®+7k?
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

k®=k-k? > 10k®=3k?+7k?®>3k?+7(10k)
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

k®=k-k? > 10k®=3k?+7k?®>3k?+7(10k)
3k? +-3k + 67k
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

k®=k-k? > 10k®=3k?+7k?®>3k?+7(10k)
3k® +3k+67k > 3k?>+3k+1.
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k? + 3k +1.
Since k > 10,

k®=k-k? > 10k®=3k?+7k?®>3k?+7(10k)
3k® +3k+67k > 3k?>+3k+1.

So P(k+1) holds.
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The left side of P(k +1) is 2¢*'and, by P(k),
2fk+1 — 2.2k 5 2k8,
The right side of P(k+1) is

(k+1)% =k®+3k®+3k+1.

Must prove: 2k3 > k3 +3k®+ 3k +1.
That is k3 > 3k?+3k +1.
Since k > 10,

k®=k-k? > 10k®=3k?+7k?®>3k?+7(10k)
3k® +3k+67k > 3k?>+3k+1.

So P(k+1) holds.
Conclusion: P(n) holds for all n > 10.
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.

The first few Fibonacci numbers are

1,1,
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.

The first few Fibonacci numbers are

1,1,2,
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.

The first few Fibonacci numbers are

1,1,2,3,
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.

The first few Fibonacci numbers are

1,1,2,3,5,
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FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
b =1
fn+1 = fn+ fn_'], for n Z 2.

The first few Fibonacci numbers are

1,1,2,3,5,8,13,21,34,55,89,144,233,377,610, ...

104/195



FIBONACCI NUMBERS

The Fibonacci numbers are the elements of the sequence
fi,f, f3,... generated by the rules

o= 1
fr = 1
ﬂ74_1 = fh %‘ ﬂq__1 5 fk)r n Ei 22.

The first few Fibonacci numbers are
1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,...

The sequence is named after the Italian Fibonacci, who
introduced the sequence in 1202 AD, although the it had been
described earlier by Indian musicians (Virahanka, 700 AD). The
sequence appears in many places in mathematics as well as in
biology: DNA, trees, leaves, cones.
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21 anticlockwise spirals.
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21 anticlockwise spirals. 34 clockwise.
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MORE FIBONACCI NUMBERS IN NATURE

e primrose, buttercup

e corn marigold, cineria

e black eyed Susan, chicory
e daisies

@ pine cone spirals

e sunflower spirals

8

13

21

13, 21, 34

8,13
21,34,55,...233.
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EXAMPLE 4.9

If we take every third Fibonacci number we obtain a new
sequence of numbers,

f3, %6, 19, fr2, ...
with values

2.8,34,144,610,2584,10946,46368, 196418, . .
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EXAMPLE 4.9

If we take every third Fibonacci number we obtain a new
sequence of numbers,

f3, 16,19, fr2,. ..
with values
2.8.34,144. 610,2584, 10946, 46368, 196418, . .

Prove, by induction that f3, is even, forall n> 1.
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P(n) is the statement that f3, is even.
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.

B(k+1) = Bk+3
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.

Bk+1) = Bke3 = Fakg2+ Bk
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.

Bk+1) = Bke3 = Fakg2+ Bk
= (f3k41 + fak) + fax 1
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.
Bk+1) = Bke3s = Bri2+ Bk

= (Bks1+fr) + g
= 2f41+24q.

210/21

o)



P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.

Bk+1) = Bke3s = Bri2+ Bk
= (f3k41 + fak) + fax 1
= 2f41+24q.

S0 f3k41) is even. i.e. P(k+1) s true.
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P(n) is the statement that f3, is even.
P(1) is true since f3 = 2.
Assume P(k) is true : so f3x = 2q, for some g € Z.

Must prove P(k+1): that is f3x1) is even.
Bk+1) = Bke3 = Fakg2+ Bk
= (fakg1 + Fak) + Fakt1
= 2f41+24q.
S0 f3k41) is even. i.e. P(k+1) s true.
By induction, P(n) holds for all n> 1.
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A GEOMETRIC EXAMPLE OF INDUCTION

EXAMPLE 4.10

Choose n points on a circle and connect them in order to
produce a polygon. Show, by induction, that the interior angles
add to 180(n—2) degrees, for n > 3.
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A GEOMETRIC EXAMPLE OF INDUCTION

EXAMPLE 4.10

Choose n points on a circle and connect them in order to
produce a polygon. Show, by induction, that the interior angles
add to 180(n—2) degrees, for n > 3.

Let P(n) be the statement about interior angles.
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A GEOMETRIC EXAMPLE OF INDUCTION

EXAMPLE 4.10

Choose n points on a circle and connect them in order to
produce a polygon. Show, by induction, that the interior angles
add to 180(n—2) degrees, for n > 3.

Let P(n) be the statement about interior angles.
P(3) is true: the angles of a triangle add to 180 degrees.
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A GEOMETRIC EXAMPLE OF INDUCTION

EXAMPLE 4.10

Choose n points on a circle and connect them in order to
produce a polygon. Show, by induction, that the interior angles
add to 180(n—2) degrees, for n > 3.

Let P(n) be the statement about interior angles.

P(3) is true: the angles of a triangle add to 180 degrees.
Assume that P(k) is true: the interior angles a polygon with k
vertices add to 180(k — 2) degrees.
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A polygon with k + 1 vertices is obtained from a polygon with k
vertices, by adding an extra vertex.

217/220



A polygon with k + 1 vertices is obtained from a polygon with k
vertices, by adding an extra vertex.
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A polygon with k + 1 vertices is obtained from a polygon with k
vertices, by adding an extra vertex.

This increases the sum of the interior angles by 180 degrees,
giving 180(k — 1) degrees. Therefore P(k + 1) is true.
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A polygon with k + 1 vertices is obtained from a polygon with k
vertices, by adding an extra vertex.

This increases the sum of the interior angles by 180 degrees,
giving 180(k — 1) degrees. Therefore P(k + 1) is true.

So P(n) is true for all n > 3.
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OBJECTIVES

You should now be able to:
(1) understand the principle of proof by induction;

(11) carry out proof by induction, both starting with the integer 1
and starting with an integer other than 1.
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