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0.1 Introduction

0.1 Introduction

0.1.1 Interpolation categories

In this thesis we will discuss the representation theory of the Weyl groups of type B, more
specifically we will discuss categories parameterized by a complex number ¢ that interpolate
the categories of representations Rep(B,,) for different n € N. Such interpolating categories
were first defined by Deligne-Milne in [DM82] for the orthogonal and general linear groups
and by Turaev for certain quantum groups [Tur90]. They were then systematically studied
by Deligne in [Del07] for the Weyl groups of type A, the symmetric groups.

There where different generalisations afterwards, among them by Knop |[KnoO7] and
Etingof [Etil4] and there are now many interpolation or Deligne categories. These Deligne
categories have found applications in the theory of tensor categories, representations of
supergroups |[CH17|[ES21] and invariant theory |[Coulg].

Among the cases studied by Knop were representations of wreath products G1.5,. Knop
constructed interpolating categories in this setting and determined the singular parameters
(those t for which the categories are not semisimple). A different generalisation came from
Mori in [Mor12]. Because the Weyl group B,, is isomorphic to the hyperoctahedral group
H,, = 7515, both theories yield constructions for how to interpolate the representation
categories Rep(B;,) = Rep(H,). Recently Flake and Maasen [FM21] generalised the
ideas of Deligne’s Rep(S;) construction to interpolate the representation categories of easy
quantum groups. Among their examples is yet another interpolation category Rep(H;)
for Rep(H,,). Knop’s construction was taken up recently by Likeng and Savage irﬁSQl],
where they gave a description of interpolation categories for representation categories of
wreath products G S,, using generators and relations.

0.1.2 Main results of this thesis

This thesis started with the observation that the interpolation categories Rep(H;) and
Par(Zsy, t)5" for B, given in [FM21] and [LS21], interpolate the representation categories
for the hyperoctahedral groups in different objects and for different parameters ¢t € C. This
means that the morphisms between the tensor powers of the generating objects in the cate-
gories @O(Hn) and Par(Zs, 2n), the pre-Karoubian envelope versions of the interpolation
categories, mimic the behaviour of the morphism spaces between the tensor powers of the
reflection representation u and of the permutation representation V' respectively. So the
interpolation functors G : Rep(H;) — Rep(H,) and H : Par(Z,2n)*%" — Rep(H,,) are
defined on objects by [k] — u®* and [k] — V& respectively. We compare these different
constructions and formulate and prove for the first time clearly the universal properties of
these categories. For this we derive in Theorem a presentation via generators and
relations for the reflection category Rep(H;).

The main result of this thesis is the following theorem (see Theorem and Corollary

F2S)

Theorem 0.1.1. There is a symmetric monoidal equivalence

Q: Rep(H,,) ~ Par(Zy,2n) "
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such that the diagram
Rep(H,) —S— Rep(H.,)

o l:

Par(Zsy, 2n)kr —H2 s Rep(H,,)

commutes for all n € N. The functor Q descends to an equivalence Q between the semisim-
plifications of the interpolation categories. For the equivalences G and ];AI, the respective
semisimplifications of the interpolation functors G and H, the functor Q corresponds to
the composition H=' o G.

We remark that it was already shown in [LS21] that there is an embedding of Par(Zs, 2n)%e"
into the group Heisenberg category for the group Z/27Z which intertwines the categorical
actions of Par(Zs,2n)% % and Heis(7/27) on modules of the hyperoctahedral group. Using
the equivalence € : Rep(H,,) ~ Par(Zs, 2n)%?" this implies now also that the categorical
actions of Rep(H,,) and the Heisenberg category are compatible.

As another application we obtain in Theorem that the isomorphism classes of
indecomposable objects of Par(Zs, t)K o are parametrized by the set of all bipartitions for
t € C\{0}. This was proven by Knop [Kno07| in the semisimple ¢ # 2n-case (see also
[LS21]).

0.1.3 Structure of the thesis

In Chapter 1, we introduce the categorical framework in which we will work during this thesis
and discuss some relations between important representations of the hyperoctahedral groups.
In Chapter 2 we will introduce the interpolation categories and some of their properties,
as well as their universal properties which can be deduced from their presentations via
generators and relations. We will also give a clear motivation for the definition of these
categories, showing how the morphism spaces correspond to the morphisms between tensor
powers of certain objects in the interpolated representation categories. Our approach
in discussing Rep(S;), Rep(H;) and Par(Zs, t)X" will be one of unifying the language
and the notation as much as possible. We hope that this lays bare the many similarities
between the different interpolation categories and that this juxtaposition gives us new
ideas and proofs. In Chapter 3 we will first discuss a naive way of defining a functor
Rep(H,,) — Par(Z, 2n)% . This will be of limited use, because the functor will neither be
full, nor compatible with the interpolation functors. We construct a functor €2 which does
satisfy these properties and we will show that it is also faithful and essentially surjective,
therefore an equivalence. The result is new and may seem counter-intuitive after a first
look at the involved interpolation categories.

0.1.4 Outlook

It would be interesting to explore whether such equivalences occur in more general situa-
tions. One generalization would be to consider wreath product groups G™ @ S, for other
groups G. Maybe even more interesting would be to look at the complex reflection groups
G(r,p,d) where we have by their definition a reflection representation as well as a permu-
tation representation, and study, whether their categorical incarnations generate the same
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symmetric monoidal category. In general, it seems unclear when the categorical analogues
of two different faithful representations (or tensor generators) give rise to equivalent Deligne
categories. We remark that even in the original article [Del07] Deligne does not use the
reflection representation C" of S, and its tensor powers to build his category.

Another interesting direction is the connections to other settings of stable representation
theory for the hyperoctahedral group. Wilson [Will4] studied this from the perspective of
stable sequences of Weyl group representations. Another setting are tensor representations
of the infinite hyperoctahedral group, the inductive limit of the ascending tower of groups
H, C Hy C ..., similar to Sam-Snowden’s category Rep(Sx) [SS13]. In the symmetric
group case it is known that these different categories are closely related [BEH19|, and one
might expect that an analogous theorem holds for the hyperoctahedral case.

0.1.5 Acknowledgements

I would like to express my deep gratitude to my supervisor Dr. Thorsten Heidersdorf
for his guidance and encouragement during the writing of this thesis. Not only was his
feedback invaluable, I am also very grateful for the interesting insights and topics I got
introduced to under his supervision. It has been an inspiring experience. I would also like
to offer my special thanks to the second examiner Professor Dr. Catharina Stroppel for
her time and effort.



Chapter 1

Background on Monoidal
Categories and Representation
Theory

1.1 Category Theory

This section is mostly inspired on [BW99| and general knowledge of category theory. We
introduce the category theoretic notions and statements which will be relevant for the later
chapters of the thesis. Because this is not proven in the literature, we prove the well-known
fact that the Karoubian envelope of a C-linear spherical rigid symmetric monoidal category
is again a C-linear spherical rigid symmetric monoidal category in Proposition [I.1.20]
Proposition and Proposition

Definition 1.1.1. A monoidal category C is a category with

e a bifunctor ® : C xC — C

e a unit object 1 € C'

« an associator, which is a natural isomorphism a: ((—® —)® =) = (- ® (— ® —))
e a left unitor, which is a natural isomorphism A : (1 ® —) — (—)

e a right unitor, which is a natural isomorphism p: (- ® 1) = (—)
such that he following diagrams commute for all objects A, B,C, D € C:

(A® 1) ® B

l QA1B
ida ® A\p

A® 1® By ——> A ® B

pARidp

Triangle identity
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(A® B) ® (C ® D)

aA®B,C'7 \ABC®D
(A® B) ® C) ® D A ® ( (C ® D))
04,43@@&1& QA B2C.D / ida ® ap,c,p
Ao B®()® D—> A (B D)

Pentagon identity

Remark 1.1.2. In this thesis we will assume for any monoidal category C that End¢(1) = C
if C is C-linear, i.e. the morphism spaces of C are C-vector spaces and the composition
is C-bilinear. The sole reason for this, is that all C-linear monoidal categories we will
encounter in this thesis, will satsify property.

Example 1.1.3. Examples of monoidal categories are the category of vector spaces over
some field K. The bifunctor is the tensor product of vector spaces and the unit object is
the one-dimensional vector space K.

Definition 1.1.4. A symmetric monoidal category C is a monoidal category with a natural
isomorphism Sy p: A® B — B® A for all A,B € C such that the following diagrams
commute for all A, B,C € C:

Ao 1 <
SA,l\I/ A
1 A W

Unit coherence

54,B ®idc
(A®B) @ C ————> (BRA)C
QA B,C QB AC
A® (B () B® (A ()
54,B8C idp ® sa.c

(BeC) A———> B (C®A)
QpB,C A

Associativity coherence
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B® A

SAV ‘B,A

A®B — > A®B
idagB

inverse law

Example 1.1.5. An example of a C-linear symmetric monoidal category is the category
Rep(G) of finite-dimensional representations over a group ring CG for some finite group
G. The monoidal structure is given by the tensor product ®c of the underlying C-vector
spaces and 1gep(g) = C with the trivial G-action, because C@cA = A = A ®c C for all
A € Rep(G). Clearly there is an isomorphism Endgepg)(C) = C, see Remark . For
all A, B € Rep(G) there are isomorphisms

SA’B:A(X)(CB—)B@CA
xRy —>yzxforallz € Aandy € B,

which give the category a symmetric monoidal structure.

Let (M, o,e) be a finite non-commutative monoid, for example the ring of 2 x 2 matrices
over the finite field Fo. Let M be a category with as objects elements in M and formal
tensor products m1®. ..Q@my for m; € M. The morphisms of M are the identity morphisms
and isomorphisms between tensor products if the corresponding products in M are the
same. Then (M, ®,e) is a non-symmetric monoidal category.

Definition 1.1.6. A rigid symmetric monoidal category C is a symmetric monoidal category
with

e a contravariant monoidal endofunctor E| % : C — C. The object A* is called the dual
object of A.

e an isomorphism 74 : A

((A)*)* which is natural in all A € C, so a natural
isomorphism 7 : ide — (( *

—)*)*. If this axiom holds, we call the functor * involutive.
e an isomorphism v : 1 — 1%,
o isomorphisms y4 g : (A ® B)* — B* ® A* which are natural in all A, B € C.

o morphisms called the evaluation and coevaluation

1 A*® A
T eva T coev A
AR A* 1

for all A € C. They satisfy the property that the following diagrams commute for all
AecC:

1See Definition m
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1 eva A® A*
\ \SA®A*
€V A* AR A* coev 4 A*Q A

A*® A /SA*®A 1 461)‘4

duality identities
(aaparea) "
AR (A*®@A) o (ARA)®A

idg ® coevy T leUA ®ida
A A
idg
YA*QARA*
(A*®A) @ A L A e (A AY)
coevg ® idA*T \LidA* ® evy
A* A*
id A~

Triangle identities

A C-linear rigid symmetric monoidal category is a pivotal tensor category in the sense
of [CO11] and we will call it a tensor category. We will also assume the following identities
for rigid monoidal symmetric categories, because they will be needed to prove that the
Karoubian envelope of a C-linear spherical rigid symmetric monoidal category C is also
a C-linear spherical rigid symmetric monoidal category. For all f : A — B the following
diagrams commute:

ida Q f* eva

Morphism identities

Example 1.1.7. The category of vector spaces over a field K is an example of a rigid
symmetric monoidal category. Another example is the category Rep(G) of finite-dimensional
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representations over a group ring CG for some finite group G. Let A € Rep(G) be a finite-
dimensional representation over CG with basis {e1,..., ey, }. Then the dual is defined by
A* := Homc (A, C) with the G-action defined by g- f(z) := f(g~'-z) forallz € A,g € G
and f € A*. It has a dual basis {e], ..., e}, }. The evaluation is the C-linear extension of

evg: AQ A" = C
@ frr f(z).

The coevaluation is defined by the C-linear extension of

coevy : C o A" A
m

1 HZ@Z‘@Q.
i=1

Remark 1.1.8. The assumption of the morphism identities
evpo (f ®idp+) =evao (ida ® f*) and (f* ® idp) o coevp = (ida @ f) o coeva

is not a far-fetched assumption since they hold for example in the category Vectk of vector
spaces over a field K and the category Rep(G) of finite-dimensional representations over a
group ring CG for some finite group G.

Definition 1.1.9. We let a tensor functor F : C — D between tensor categories
be a C-linear strong monoidal functor which respects the given tensor structureeﬂ of
the involved tensor categories. This means that there exists a natural isomorphism
(:Fo(—®c—)— F(—) ®p F(—). The isomorphisms (4 p are called coherence maps for
all A, B € C. There also exists an isomorphism ¢ : F(1¢) = 1p. We want the functor F to
respect the properties of the tensor categories and refer for example to [Eti+15, Section 2.4,
Definition 4.2.5] for more details. As an example we shortly state what it means for the
functor to respect the symmetric structure and unit coherence property, all other structures
and properties can be discussed similarly. Preserving the symmetric structure means that
for all A, B € C we have that

Sg(A),]-'(B) o Ca,B = (p,a0F(sh 4).

This will imply together with the similar statements for the right and the left unitor

Fole(le®—)

= Ap((C o F)(1c), F(=)) = Ap(1p, F(-)) and
Fo(=®pc(le)) )

= pp(F(=),(CoF)(1¢)) = pp(F(—),1p),

that unit coherence triangle of morphisms in C will be send to a triangle of morphisms in
D, which is isomorphic to a unit coherence triangle under the coherence maps.

Definition 1.1.10. We call the above tensor functor F : C — D strict if F(A®B) = F(A)®F (B)

2If we have for example a functor between two tensor categories, which is an equivalence, then this
equivalence induces a tensor structure of one category onto the other. This induced tensor structure
is not necessarily the same as the original one. If we talk about a tensor functor, we assume that it
respects the tensor structures that were considered before defining the tensor functor.
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for all A, B € C, so if all coherence maps are equalities.

Definition 1.1.11. Let C be a C-linear rigid symmetric monoidal category and A € C.
Left and right traces are the C-linear maps Trace;, Trace, : End¢(A) — Ende(1) = C
which are defined for all f € Hom¢(A, A) by the compositions:

Trace,(f)

T

1 — S A'RA ﬁA*(@Aﬁ 1
coev g idg @ f ev g+

Tracey(f)

1 LA QA A A SARA 51
OO e ®idye [ @idas cva

Definition 1.1.12. A C-linear spherical rigid symmetric monoidal category C is a C-linear
rigid symmetric monoidal category for which the left and the right traces coincide. In this
case we denote the trace of morphism f: A — A in C by tr(f).

Remark 1.1.13. Let C be a C-linear spherical rigid symmetric monoidal category and
f:A— Band g: B— A morphisms in C. Then multiple applications of the morphism
identities show us that ¢r(g o f) = tr(f o g). For an object A € C we define the categorical
dimension of A by dim(A) := tr(idy).

Example 1.1.14. An example of a C-linear spherical rigid symmetric monoidal category
is the category Rep(G) of finite dimensional representations over a group algebra CG
for a finite group G. We are interested in the category Rep(S,) of finite dimensional
representations over the group algebra C S, for the n-th symmetric group S, and the
category Rep(H,,) of finite dimensional representations over the group algebra C H,, for
the n-th hyperoctahedral group H,.

Remark 1.1.15. Note that tensor functors F : C — D between C-linear rigid symmetrical
monoidal categories preserve the traces. This holds because the properties of the tensor
functor imply that F(Trace;(f)) = Trace(F(f)) and F(Trace-(f)) = Trace,(F(f))-

Definition 1.1.16. An embedding F : C — D between categories C and D is a functor
which is injective on objects and faithful. A full embedding is an embedding which is full.

Definition 1.1.17. Let C be a C-linear category. We define the additive envelope C*¥ to
be the category with objects formal words A := Ay @ ...® A, with 4; € C for 1 < j < n.
The morphism sets are defined as

Homgeaa (A1 @ ... @ Ap, B1 @ ... ® By,) := @  Home(4;, B;).

1<i<m,1<j<n
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Therefore C%% is C-linear. We write the elements of Homc (A, B) as m x n-matrices [f;],
where f;; € Hom¢(Aj, B;) for all 1 <7 <m and 1 < j < n. This allows us to define the
C-linear composition map

o : Homgaaa (E, 6) ® Homgadd (Z, E) — Homeada (Z, 6)

for some object C:=C1 & ... & Cp and [g;;] € Homeaaa(B, C) as

[9ij] o [fis] == [i gik © fkj]
k=1

Cadd Cadd

The additive envelope
which sends

comes together with an obvious C-linear functor ¢gqq : C —

A A
=7

for all objects A € C and all morphisms f € Home(B,C). Thus t4qq is a C-linear full
embedding.

Definition 1.1.18. A C-linear category C is called additive if t4q9q : C ~ Cdd ig an
equivalence, i.e. it admits all finite biproducts. A functor between additive categories is
called additive if it preserves all finite biproducts.

Remark 1.1.19. Let C be a C-linear category. Then the additive envelope C*¥ satisfies
the following universal property. Let D be an additive category and « : C — D a C-linear
functor. Then there exists a C-linear additive functor o/ : C%4 — D such that o = o 0 14q4.
The functor « is unique up to natural isomorphism.

Cadd

Proposition 1.1.20. The additive envelope of a C-linear spherical rigid monoidal

category C can again be given the structure of a C-linear spherical rigid monoidal category.

Proof. The C-linearity is given by the definition of the additive envelope of C-linear category.
We define the necessary morphisms in terms of corresponding morphisms in C. It will be
clear by these definitions that the necessary equalities and identities follow from the fact that
the corresponding ones hold in C. We define forall A := A1 @ ... ®A,,B:=B1®...® B,
andé::C’l@...@Cp in Codd

e A® B := @i,jzl(Ai ® BJ)

o 10 :=1.

© 0355 = Bijk®(a,B;00) = (A®B)@C = A® (Ba ().

e A =@ Mg, 1@ A— A

o« pri=01 pa, A1 — A
o 555 = ®ijsa,B A®B — BoA

o (A= A7 and (f = [fij] : A — B)*:= Z-*]-}T, where T is taking the transposed
of the matrix. So (f*)]z = (fU)* : Bz* — Aj

10
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o Tqi= @8 T, A= ((A))".
o The evaluation is defined as the map ev; :=: A® A" — 1 so that
evgop;;=evy, forallic {1,...,n},
evgopi; = 0if i # j.
for the inclusions p; ; : A; ® A;f S A A"
o The coevaluation is defined as the map coevz: 1 — A" ® 4 so that
qi,i © coevy := coevy, for alli € {1,...,n},
qi,j o coevy = 0if i # j
for the projections ¢; ; : A4 AF ® Aj.
* Vgadd := V.
* Y25 = Dij(V4,,B;) : (A® B)* - B" ® A", which is again an isomorphism.
o Let f =|f;j] : A — A. The right trace is defined by

Trace,(f) := evg o (id5- ® f) o coevy

o Let f={fij] : A— A. The left trace is defined by
Tracey(f) = evgo (f ®idy+)o (Til ® id4+) o coevy.

Monoidal category: The triangle and pentagon identities follow directly from the defini-
tions and the fact that C is monoidal.

Symmetric Monoidal category: Unit coherence, Associative coherence and the inverse
law follow directly from the definitions and the fact that C is symmetric monoidal.

Rigid Symmetric Monoidal category: The dual and triangle identities follow directly
from the definitions and the corresponding identities for C. We see for example for the first
duality identity that

evg © S1 7 = Di1(eva; © sarw4;)
= Dj_qevar
where we used the first duality identity in C for the second equality. We see that the
morphism identities also hold for f : A — B because
evgo (f ®idg) = (il evp;) o ([frs] @ (BfLyidB:))
= @iy (evp, o ([frs] @ (B]LyidB:))
= &%, @;'nzl (evp; o ([frs] ® ZdB;‘))

11
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n
=@ Ly (evp, 0 (D fin® idp:))
k=1

=@, ) (evp, o (fix ®idp;))
k=1

= Df—1 Z(BUAk o (ida, ® fri))
i=1

m
= Df—1 D=1 (eva,, o (ida; ® Z f3i)
i=1

= (®F=1eva,) o (Bf=1ida;) © [f75]))
= evyo (idx ® f7)

where we applied the first morphism identity in C for the sixth equality. The other mor-
phism identity is proven similarly. Clearly End(1) = C.

Spherical Rigid Symmetric Monoidal category: The fact that the left and right trace
coincide follows directly from the definitions and the fact that C is spherical.
O

Definition 1.1.21. Let C be a C-linear category. The C-linear category C%, called
the idempotent completion of C, has as objects pairs (A, e), where A € ob(C) and
e = e € Home(A, A) is an idempotent. When the context is clear, we will sometimes write
A for (A,id ). The morphism sets are obtained by pre- and postcomposing the morphisms
of the corresponding morphism sets in C with the idempotents of the pairs, thus

Hom ; ((4,€), (B, f)) :== f Homc (A, B)e.

The composition in C % coincides with the composition of morphisms in C. The identity
morphism of (A4,e) € C¥ is id(a,e) := e. The idempotent completion C% comes together
with a C-linear functor ¢ : € — C b given by

A (Ayidy)
f=F

for all A € C and f € Home(B, C). The functor ¢ is a C-linear full embedding.

Definition 1.1.22. A C-linear category C is idempotent complete if Ly C~C h, is an equiv-
alence i.e. all idempotents split. An idempotent e? = e : (A,id4) — (A,id4) splits because
e is the identity of (A, e) and because it factors over the morphisms e : (A,id4) — (A, e)
and e: (A,e) = (A,idy).

Remark 1.1.23. Let C be a C-linear category. Then the idempotent completion Ch
satisfies the following universal property. Let D be an idempotent complete category and
B3 :C — D a C-linear functor. Then there exists a C-linear functor 3’ : C % — D such that
B=po Ly The functor § is unique up to natural isomorphism.

12



1.1 Category Theory

Proposition 1.1.24. The idempotent completion Ch of a C-linear spherical rigid symmetric
monoidal category C can again be given the structure of a C-linear spherical rigid symmetric
monoidal category.

Proof. The C-linearity is given by the definition of the idempotent completion of a C-linear
category. We define the necessary morphisms in terms of corresponding morphisms in C.
It will be clear by these definitions that the necessary equalities and identities follow from
the fact that the corresponding ones hold in C. Let (A4, e), (B, f), (C,g) € Ci. We define:

(A,e)® (B, f) = (A® B,e® f)

by abuse of notation 1 := (1, IC)

QAe)(B.f).(Cqg) = (@ (f®g))oaapco((e® f)®g) which is a map form

(Ae) @ (B, 1)) ® (C,9) to (4,¢) ® (B, ) ® (C, ). Note that by naturality
aspoo(e@f)®g) =(e®(f®g))oaapc:(ARB)®C - A® (B ().

AMae) =eod(le®@e): (1,1c) ® (A,e) — (A, e)
Piae) =eopale®1co): (Ae)®(1,1c) — (A,e)

S(ae)B.f) = (f@e)osapo(e® [f): (Ae)® (B, f) = (B,f) ®(Ae). Note that
bynaturahtysAyBo(e@Jf) (f®e)osap: A®B—-B®A

(A e)* := (A", e*). Note that the dual of an idempotent is again an idempotent.
ev(a,e) = lcoevao (e, ®e*): (Ae) ® (A%, e*) — (1,1¢).

coevig ey = (e* ®e)ocoevygolc.: (1,1c) = (A% e*) ® (A, e).

T(ae) = (€")"oTa0e: (A e) = ((4,e)*)". Note that by naturality

Tace= (") oTy: A— (A")".
So T(4,e) is still an isomorphism with inverse e o 71! o (e*)* because
T(Ae) © T(;{e) = (") oTa0eoeor i o(e") = () oTaoT, o(e)
= (e")" =id((a,e)r)- and
7(741@) O T(Ae) = €O Tilo(e) o(e) otaoe=cor a0 =e= id(ge)-

Vo = lcovolg

Ve, B, = ([T @e)oyapo(eo f) : (A e)® (B, f) — (B, f)" @ (A, e)" Note
that yapo(eo f)" = (f*®e*)oyap: (A® B)" — B*® A* by naturality. Similarly
as for 7(4 ), this implies that v(4 ) (B, ) is still an isomorphism.

Let f =efe: (A,e) = (A, e). The right trace is defined by
Traceb,(f) 1= ev(4,e)- © (idax @ f) 0 coeviye)-
Let f=efe: (A,e) = (A, e). The left trace is defined by
Trace?(f) 1= evge o (f ®idgey) 0 (7(741@) ® id(p,e)+) © COCV(A )+

13



Chapter 1 Background on Monoidal Categories and Representation Theory

Monoidal category: The first triangle identities follows from the naturality of o and the
identities for C:

(id(a,e) ® A(B,£)) © A(A,0),(1,1),(B.)
=(e® [f)o(ida®Ap)o(e®(lc® f))oasipo((e®lc)® f)
=(e® f)o(ida®Ap)oasipo((e®1c)® f)
—(e® f)o(pa®idg)o((e®1c)® f)
= P(Ae) @ Zd(B e)
The other triangle identity and the pentagon identity are proven in a similar way.
Symmetric Monoidal category: The unit coherence axiom is proven by the naturality of

s and the corresponding identity for C:

AAe) © S(Ae),(1,1c) = €0 Aa0 (Ic,e)osa10 (e 1c)
=eoXg0s410 (e 1)
—copole o)

P(Ase)-

The associativity coherence and the inverse law are proven in a similar fashion. Clearly
End((1,1¢)) = C.

Rigid Symmetric Monoidal category: The first duality axiom holds because of the
naturality of s and the corresponding identity for C

€V(Ae) © S(Ae)*,(Ae) = lcoevyo (6 &® 6*) 0 SAx A0 (6* & 6)
=1lcoevgosg- a0 (e Re)
=lcoevg-o(e* ®e)
= 61}(1476)* .

The other duality identity is proven similarly.

The morphism identites in C implies that for some idempotent e? = e : A — A the following
equalities hold:

evgo(e®@e’) =evqo(idg @ (€*)?) = evy o (idy ® €*) and

(e* ® e)coevy = (id g+ ® €%) o coevq = (id g ® €) o coev .

The first of the triangle identities follows from the morphism identities in C, the naturality
of a and the corresponding identity in C:

(ev(a,e) ®id(ae) © (Aae) (e (ae) " © (id(ae) ® coeviay))
=co(evg@ida)o((e®e*)@e)o(asaa) tole® (e ®e)) o (ida® coevy)oe
=co(eva®@ida)o((e®e*)@e)o (aaara) ' o(ida® coev,)oe
=eco(eva®ida)o ((ida®e ) e) o (aa, ax A)*1 o (ida ® coevy) o e
=co(eva®ida)o (anaa) to(ida® (e ®e)) o (ida® coev,)oe

14



1.1 Category Theory

=eo(evg®idy) o (aaaa) to(ida® (idas ®e€)) o (ida @ coevy) o e
=co(evg®@idy)o ((ida @idas) ®e)o (aaaxa) " o(ida ® coevy) oe
=co(eva®e)o (asaa) tol(ids® coev,)oe

=eco(evg ®idy) o (aA,A*,A)fl o (idg ® coevg) o e

=coidgoe

— id4).

The other triangle identity can be proven in a similar way. The first morphism identity
follows for g = fogoe: (A,e) = (B, f) from the morphism identities in C:

ev,p) ° (g ®idpfy) =evpo (f® f7)o(g®idp+)o(e® [*)
=evgo ((fogoe)®idp)o (e, f*)
=evqo(idga® (fogoe))ol(e, fF)
=evao(e,e") o (idga ® g*) o (e, f7)
= €eV(a,e) © (id(a,e) ® g7).
The second one is proven similarly.
Spherical Rigid Symmetric Monoidal category: Let f =eo foe: (A,e) = (A,e) be an

endomorphism, then by the naturality of 7, the morphism identities and the fact that C is
spherical we see that

Tracelhf =evpco(f® id(a,e)+) © (7641 ) ® id(4,e)r ) o COEV( A c)*
=cvpo(e®e*)o(f®ida)o(e®e*)®@((Ta) 't @ida+)o ((€*)* @ e*) o coevas
=cevgo(e®e’)o(f@ida)o(e®e”) @ ((14) @idax) o coeva
—evgo(e@e)o((foe)®idg)® ((14)~ " ®sz*)ocoevA*
=evao(e®ida)o((foe)®@ida)® ((Ta) "t @idax) o coeva
=evqo((eofoe)®@ida)® ((Ta)"F @idas) o coev -

= Trace(efe)

= Trace,(efe)

= evgx o (ida« ® (eo foe))ocoevy

:evA*o(sz*@)e) (idax @ (f o€)) o coevy
(e*®e)o(ida @ (f oe))ocoeva
(e* ®e)o (ida ® f)o (e ®e)ocoevy
= eV(4,e)* © (id(a,e)x ® ) 0 coevy e
:Tracei(f)

:e’l}A* (@]

:e’l}A* (@]

O]

Definition 1.1.25. We define the Karoubian envelope of a C-linear category C by
cKar .— (C”‘dd)h and (g 1= L © Ladd, which is a C-linear full embedding.

Definition 1.1.26. A C-linear category C is Karoubi if txq, : C ~ CKo" = (C%dd)4 is an

15



Chapter 1 Background on Monoidal Categories and Representation Theory

equivalence, i.e. all idempotents split and all finite biproducts exist.

Remark 1.1.27. Let C be a C-linear category. Then the Karoubian envelope CX%" satisfies
the following universal property. Let D be a Karoubi category and v : C — D a C-linear
functor. Then there exists a C-linear additive functor v/ : CX* — D such that v = v otk ar.
The functor v is unique up to natural isomorphism.

Proposition 1.1.28. The Karoubian envelope CKX% of a C-linear spherical rigid symmetric
monoidal category C can again be given the structure of a C-linear spherical rigid symmetric
monoidal category.

Proof. This follows immediately from Proposition [1.1.20| and Proposition ]

Proposition 1.1.29. Let C be a C-linear category. Let D be a Karoubi category and
v :C — D a C-linear functor. Let v : CK% — D be the C-linear additive functor given by
the universal property of the Karoubian envelope such that v = 7' o tgar. Assume that v is
faithful. Then the induced functor ' is also faithful. Assume that ~y is fully faithful. Then
the induced functor ~' is also fully faithful.

Proof. We first assume that ~ is faithful and show the faithfulness of 4'. Because D is
Karoubi, we can replace it by DX, We do this to be able to get a more manageable
description of 7/. The functor 7/ is given up to isomorphism, but we work with the con-
crete choice which sends an object (4, e) € CEX to v'((A,e)) := (v(A),v(e)) € DK, Let
9.1+ (A,€) > (B, f) be morphisms in CK with v'(g) = 7/(h) : (1(A),7(e)) = (v(B),7(f)).
By the fact that the morphisms g, h : A — B also lie in C, 7/ sends the commutative square

(4,e) —2 (B, f)

| 7]

(Aa ZdA) Lh) (Bv ZdB)

in CX to the commutative square

) (9),v(h) .
(v(4), Zdw(A))’Y% (v(B),idy(p))

in D. This shows that

Y(g) =v(fog)=~(f)ov(g) =7'(g9) ov(e)
=7/(h) oy(e) = y(f) oy(h) =~(f o g) = v(h).

Because vy is faithful by assumption, we get g = h. This shows that 7/ is faithful.

Now assume that ~ is fully faithful. Let g : (v(A),7v(e)) — (v(B),v(f)) be a morphism.
Then g is also a morphism (v(A),idy(4)) — (7(B),idy(4)). Because 7 is full there exists a
g+ A — B such that y(¢’) = g. Because

Y(fog oe)=~(f)oy(g)or(e) =~(g)
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1.2 Representation Theory

and v is faithful, we see that ¢’ = fog oe. So ¢ is a morphism (4,e) — (B, f) with
v'(¢’) = g. This shows that +/ is full.
O

Definition 1.1.30. A functor F : C — D is called essentially injective if for all objects
A, B € C with F(A) = F(B), also A = B holds.

Lemma 1.1.31. If F : C — D is a fully faithful functor, then it is essentially injective.

Proof. Let A,B € C with F(A) = F(B). Then there exist a : F(A) — F(B) and
B : F(B) — F(A) such that 8o a =idr4) and ao 8 = idr(p). Because F is full, there
exist o/ : A — B and 8/ : B — A such that F(a/) = a and F(8') = 5. Because F is
faithful, F(8' o ') = Boa = idpa) = F(ida) implies that 4’ o o’ = id4. Similarly we
obtain o/ o 3/ = idp, so A = B, which shows that F is essentially injective. O

Definition 1.1.32. A *—opemtioﬂ on a C-linear monoidal category C is a contravariant
involutive antilinear monoidal endofunctor * : C — C which is the identity on objects.
Involutive means that % o x = Idp.

Definition 1.1.33. A *—categorgﬂ is a C-linear monoidal category with an *-operation.

Definition 1.1.34. A functor between two *-categories is called a x-functor if it preserves
the x-operation.

Definition 1.1.35. A x-operation is called positive if for any morphism f we have that
f*o f=0implies f = 0.

1.2 Representation Theory

The representation categories Rep(S,,) and Rep(H,,) over the complex numbers are C-linear
semisimple categories. This follows from Maschkes Theorem. In this section we want to
take a closer look at some representations of the symmetric and hyperoctahedral groups.

1.2.1 The symmetric and hyperoctahedral groups

Definition 1.2.1. Let n € N. The n-th permutation group 5, is the group of bijective
functions of some set with n elements into itself.

Remark 1.2.2. As is seen in [AA00] the symmetric groups can be described using the
following generators and relations:

Sy = (1,2, .., Tpy_1|z? =1forallic {1,...,n—1},

(zixi41)> =1 foralli e {1,...,n— 2},
(ziwj)? for 1 <i<j—1<n—2).

3This and the following definitions are taken from [FM21, Chapter 3.2]

4See Remark [2.5.23] for an example.
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Chapter 1 Background on Monoidal Categories and Representation Theory

Definition 1.2.3. Let G and H be groups. Let A be a finite set equiped with an H-action
and with cardinality |A| = n. The wreath product G4 H is the semi direct product with
underlying set G™ x H and product given by

(917 -5 9n, h) : (gia e 7g;17 h/) = (9192—1(1)7 cee 79719;1—1(71)7 hh,)
forall g1,...,9n,9%,---,9, € Gand h,h € H.

Remark 1.2.4. The n —th symmetric group S,, is isomorphic to the wreath product 1.5,
where 1 is the group with one element. As a matrix group, it consists of the permutation
matrices of size n x n. Note that 5, is also an example of a complex reflection group,
namely G(1,1,n), see |Tay12).

Definition 1.2.5. The n-th hyperoctahedral group H, is the group of bijective functions
mon{-n,...,—1,1,...,n} where 7(i) = —m(—i) for all i € {—n,...,—1,1,...,n}.

Remark 1.2.6. If we consider Zs as the multiplicative group {—1,1} C C, then we can
describe the group Z% by the following generators and relations:

Zg: <yl7y2)"'7yn’yi2:1 for alle{l n},
(yiyj) =1lforl<i<j<n).

Note that the generators equal y; = (1,...,1, —=1,1,...,1) for all i € {1,...,n}. We will

i—th
sometimes write 1 := (1,...,1) € Z3 for the neutral element of the group. As a wreath
product H, equals Zy! S, = Z% x S,,. The elements are of the form a = (ay,...,ay,0),

with a; € Zs and o € S,,. The product is given by

(al, ‘e ,an,a)(bl, v ,bn,p) = (alb(,q(l), cee ,anbg—l(n),Up).

Then H, can be described using the following generators and relations:

Zo 1 Sn = ((y1,1), (L1, ., (L) (9, 1)(1,21)) ! = 1,

(1,2)(1,2441))> = 1 for all i € {1,. — 2},
(y1,1)2 =1,(1,2;)% =1 for alllE{l,...,n—l},
((y1,1)(1,z))* =1foralli € {2,...,n — 1},

( (1

(
(Lz)(Lx;)) =1for 1<i<j—1<n—2).

This shows that H,, is isomorphic to the Coxeter group of type B

(

(7’1'7’1‘—1-1)3 =1forallie{2,...,n},
(r)?=1forallie{l,...,n},
(rrj)?=1for 1<i<j—1<n-—1).

Remark 1.2.7. There is an injective group homomorphism A : S, — H, given by
AMxz;) = (1,2;). As a matrix group, H,, consists of the permutation matrices of size n x n
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1.2 Representation Theory

with possible entries {—1,1}. Note that H,, is also an example of a complex reflection
group, namely G(2,1,n), see |Tay12].
1.2.2 Reflection and permutation representations
Definition 1.2.8. Let 0 € S, and (c1,...,¢,) € C". The permutation representation
u' = C" is given by

O‘(Cl, cee ,Cn) = (CU—l(l), ce ,Ca.—l(n)).

If ¢, = (0,...,1,...,0) is the canonical basis element with 1 on the i-th place, then
o(ei) = eq(s)-

Lemma 1.2.9. The permutation representation of Sy is a faithful representation and it is
self-dual, i.e. v = (u')* as representations.

Proof. The fact that u' is faithful follows directly from its definition. Let {ef|i € {1,...,n}}
be the canonical basis of (C")*. The action of S, on (u/)* is given by o - (') := 7). We
define the following isomorphism of vector spaces

¢:u — (u)*
e;— ¢ forallie {1,...,n}.

For all o0 € S,, and a = (aq,...,an),¢c = (c1,...,¢,) € u we have that

d(o-a)(c)=¢(o-(a1,...,ap))(c1,. -, cn)
= gb (agq(l), ce ,agq(n)))(cl, .. .,Cn)

Il
iH\g

Q

q
L
~
=
o

S

This shows that ¢ is an isomorphism of representations. ]

Definition 1.2.10. Let a = (ay,...,an,0) € H, and (c1,...,c,) € C". Then the reflection
representation u = C" is defined by

a- (Clv ‘. 'acn) = (alca—l(l)v s ,anco‘_l(n))

where we consider Zs = {—1,1} C C. If ¢; is a canonical basiselement of C", then
Q- € = Qg(;)€a(i)-

Remark 1.2.11. Note that this corresponds to the multiplication of the corresponding
permutation matrices with entries {—1, 1} with vectors of C".
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Chapter 1 Background on Monoidal Categories and Representation Theory

Lemma 1.2.12. The reflection representation of Hy,, is a faithful representation and it is
self-dual, i.e. u = u* as representations.

Proof. The fact that u is faithful follows directly from its definition. Let {e‘|i € {1,...,n}}
be the canonical basis of (C")*. The action of H,, on u* is given by a - (e?) := aa(i)e"(i)
We define the following isomorphism of vector spaces

Yviu— u*
e; e forallic {1,...,n}.
For all @ = (a1,...,an,0) € H, we have that
at= (a;(ll), .. ,a;(ln), o b
= (a0(1)7 -5 Gg(n), 0-71)
and for all b = (by,...,b,),c = (c1,...,¢,) € u we have
Y(a-b)(c) =v((ar,...,an,0) - (b1,...,bn))(c1,. . cpn)
= w((alba_1(1), ceey anbg_l(n)))(cl, ceey Cn)
= Zaiba_1(l)cl
i=1
= 2 bitlo(i)Co(i)
i=1
= ¢((b1,. .., bn))((aa(l)ca(l)v cee 7aa(n)ca(n)))
= 1/1((’?1, . 7bn))((ao(1)v <o Go(n)) 0_1) ) (Clv s ’Cn))
=¢(b)(a"" -¢)
=a-y(b)(c)
This shows that v is an isomorphism of representations. ]
Definition 1.2.13. Let a = (ai1,...,an,0) € H,. The permutation representation

V =C = (CZy)" = o7_,(Ce} ® Ce' ) of H, is defined by the C-linear extension
of the action

i o(d)
a-€f=e, ..

for j € {—1,1} and ¢ € {1,...,n}. Let cé- € Cfor j€Zyandic€{l,...,n}. Then we get

for ¢ = (clel +ctjelq, ... e} +ce™y € V) that

o 11 o 11 o1 o1
a-c= (Ca1~1( )e% + Cal.((,l))el—h - 7Can.1(n)e7f + Can.((le))€7—L1)-

Lemma 1.2.14. The permutation representation of H, is a faithful representation and it
is self-dual, i.e. V=2 V™ as representations.

Proof. The fact that V' is faithful follows directly from its definition.
Let {e!|i € {1,...,n},5 € {—1,+1}} be the canonical basis of V*. The action of H,, on
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1.2 Representation Theory

V* is given by a - (ef) =e ‘(’;)) 7. We define the following isomorphism of vector spaces

p: V=V
el el forallie {1,...,n},j€{-1,1}.

For all a = (al, oy p,0) € Hy b= (bled + b1 ely, ... b7el +b"e™,) € V and
c=(clel +¢ 161 1r---,Clel +c*e”;) € V we have that

p(a-b)(c) = p((a1,...,an,0) - (bleg +b el ... bTel +b"1e™)))(c)
=pr bal_-l el + bal ((11))61 TR ,bg 1(n) 1+ b (("f))eﬁl)(c)

<

-
Ql
M)—‘

zU()
b.] a(r()]

K)'@
m
NHM s

o(1) 1 o(n) o(n) n
0.(1) 1 1 ag(1)'(*1)6_1’. ct a o(n) 1 1 +c a o(n )( )6—1)

C

(

(( 0’(1)7 <5 Qo (n)) 0_1) ’ (c%el + C—lel—b s 701 61 + C—lezl))
b)(a™" )
- p(b)(c)-

This shows that p is an isomorphism of representations. ]

[
S22 =
\./\/\./

Remark 1.2.15. Note that u = @ := @7, C(e] — e’ ;) C V is a subrepresentation.
Another interesting n-dimensional subrepresentation of V is v = @, C(e} + €’ ), this is
the complement of @ in V. By considering S,, as a subgroup of H, via A : .S, — H,, we
see that Resglrzz (u) = /. The induced representation Indg: (u') = CH, ®cs, v has V as a
subrepresentation, as can be seen by the C-linear map

e;'.»—>(1,...,.j .oy 1yidg)) ® e
i—th
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Chapter 2

Interpolation Categories

In this chapter we are defining three interpolation categories for all t € C: the categories
Rep(S;) of Deligne [Del07], Par(Zz,t)%" of Nyobe Likeng-Savage [LS21] and Rep(H;) of
Flake-Maassen [FM21]. The latter two can be seen as different interpolation categories
for the hyperoctahedral groups, respectively modelled by the tensor products of the
permutation representations and the tensor products of the reflection representations.

2.1 Partition Theory

In this section we introduce the notions of partition theory that we will use later. The
general partition theory is based on |[CW12|, but we will introduce the notation in such a
way that it can be made compatible with notions from other sources. We define so-called
permutation partitions in Definition The discussion about the even partitions is
based on [FM21]. In Proposition we show that P,.,e, is closed under the partition
operations and in Proposition that P.yen is generated by a finite set of partitions, They
are assumed in the mentioned source, but not proven. The definitions for the Zs-coloured
partitions and the idea for the proof of Proposition are taken from |[LS21], though
the notation has been adjusted in both cases. Proposition was assumed in the source,
but not proven. We define normal forms for coloured and non-coloured partitions. This
was inspired on the idea of a standard decomposition given in the proof of |[LS21, Theorem
4.4] and the normal form in [Koc03, Remark 1.4.16].

Definition 2.1.1. Let k,l € N. We denote the set of all partitions of the set
{1,...,k,1,...,I'} by P(k,l) and the set of all partitions by P := Uy enP(k,l). Note that
we will add or remove accents in the sets {1,...,k,1’,...,I'} depending on the context we
are working in. We call (k,[) the size of the partitions in P(k,1). The elements of some
partition p € P(k,l) are called components, parts or blocks. For partitions p,q € P(k,!)
we call g coarser as p if every part in p is a subset of some part in g. We can associate a
partition diagram to each partition p € P(k,l) by placing k vertices in a horizontal row
and [ vertices in a horizontal row, above the first one. We label the vertices from left to
right by the elements of the set {1,...,k,1’,...,'}. We draw a line between to vertices in
the diagram if and only if the corresponding labels lie in the same component. We call two
such partition diagrams equivalent if the set partitions are the same.
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2.1 Partition Theory

123 4 23 4

1 2 3 1 2 3

Example: {{1,3,1'},{2,2/,3/,4'}} € P(3,4)

There are some important operations on the sets of partitions.

Horizontal concatenation: Let p € P(k,l) and ¢ € P(m,n), where we let the set of par-
titions contain partitions of {1,...,k,1” ..., "} and {1',...,m/,1"” ..., n"} respectively.
Then we can describe P(k + m,l 4+ n) as the set of partitions of

/ / " n n "
{1,... k1, .oom 17 017 o n )

We define p®q € P(k+m,l+n) by: a€p®qifandonlyifa € poracq.

17 27 7 47 17 2’ ’ 47 7

W W

5 I 2 3 4 5

Example: Horizontal Concatenation

nvolution: Let p € ;1) and let us describe , as the set of partitions o
Invol L Pk, d 1 d be P(l, k h f f
{1,...,U',1,...,k}. We define p* € P(l,k) by: a € p if and only if a € p*.

1’ 27 37 4’ 1’

Example: Involution

Vertical concatenation: Let p € P(k,l) and ¢ € P(l,m) where we let the set of partitions
contain partitions of {1,...,k,1’,... '} and {1',...,I',1”,... m"} respectively. Then we
can describe P(k,m) as the set of partitions of {1,...,k,1”,...,m"”} and define ¢gp by:
{i,7"} C A for some A € gp if and only if there exists A’ € {1’...,1'} such that there exist
B epand C € qwith {i,h'} C Band {I,j"} CC.

The stacking ¢ x p is the diagram which is attained of putting ¢ on top of p.

23
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123 45 6

U 17) 2”
_w 17’ 2”
12 3 e O =
177 27’
1 2 3
NN o

123 45 6

Example: Vertical Concatenation with I(p, q) = 1.

A loop in gp is a subset L C {1’...,l'} satisfying two conditions: firstly it consists of
elements in A’ € {1'...,l'} for which there doesn’t exist an ¢ € {1...,k} and a B € p
such that {i,h'} C B or an element j” € {1”...,m"} and a C € ¢ such that {h, "} C C.
Secondly assume that L is a non-empty loop containing some element h’. Then ¢’ € L if
and only if there exist some B € p such that {h',¢'} C B or C € ¢ such that {I/,¢'} C C.
We denote the number of loops in ¢gp by (g, p).

Before we continue discussing the even partitions we discuss the permutation partitions
and the non-crossing forms of a partition.

Definition 2.1.2. For every n € N, there is an injective monoid homomorphism ¢ : S,, < P(n,n),
which is defined by sending the cycles (1,4) to

1’ i-17 ¥’

X
X
X

|
X
3.

for all 2 <17 < n. The image ¢((1,7)) is the partition

{{1,i'},{2,2'},...{i, 1"}, ..., {n,n'}} € P(n,n).

Because the cycles {(1,4)|2 < i < n} generate Sy, this defines the map ¢. It is well defined
because the image contains all partitions of block size 2 which connect one lower and one
upper vertex, in other words ¢(c) = {{i,0(:)'}|1 < i < n} and this will not depend on
the way we decompose o € S, in transitions. We call the partitions in the image of ¢
permutation partitions.
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2.1 Partition Theory

Definition 2.1.3. Let p € P(k,l) and let By, ..., B; be its blocks, which are respectively
of size (k1,11),. .., (kt,l;). Define the partitions p; := {{1,...,k;, 1',..., ll}} € P(k;,1;) for
all 1 <4 <t. A non-crossing form of p is some horizontal concatenation p;; ® ... ® p;,,

where i1, ...,4; is some permutation of {1,...,t¢}.
K TR FRE
p Examples of non-crossing forms of p

Proposition 2.1.4. Every partition p € P(k,l) can be written as ¢(c) o p’ o ¢(p), where
o €Sy, p € Sk and p' is some non-crossing form of p. We call ¢(c) op’ o ¢(p) a normal

form of p.

Proof. Let p' = p1 ® ... ® p; be some non-crossing form. The upper vertices of every
block p; should be uniquely redistributed along {1’,...,l'} according to how the block is
positioned in p. There is an unique ¢ € .S; which achieves this. Similarly we choose a
p € Sk.

SRR -RRI

p b(0) p o(p)
0

Definition 2.1.5. Let p € P(k,l) and p’ be some non-crossing form of p. Then by
Proposition we can write p = ¢(0) o p’ o ¢(p) for some o € S; and p € Si,. We call
¢(0) op’ o d(p) a normal form of p.

Definition 2.1.6. Let k,l € N. We call a partition p € P(k,[) even if all its components
contain an even number of vertices. We denote the set of all even partitions in P(k,[) by
Peven(k, 1) and the set of all even partitions by Peyen := Ug 1eNPeven(k, 1) C P.

Proposition 2.1.7. P, is closed under involution, vertical concatenation and horizontal
concatenation.

Proof. 1t is clear that the involution of an even partition is again even. The horizontal
concatenation of two even partitions is even because the the blocks of the individual
partitions are kept intact. Let p € Peyen(k,l) and g € Peyen(l,m). Let A € gp be a block
and let us use the notation from above. Assume that #(AN{1,...,k}) is even. This
implies that the number of vertices in the upper row of p connected to AN{1,...,k}, is
even, because p is even. Assume that #(AN{1”,...,m"}) is odd. Because ¢ is even, the
number of vertices in the lower row of ¢ connected to AN{1”,...,m"} is odd. We assume
that the number of vertices in the lower row of ¢ connected to AN{1”,...,m"} is less than
the number of vertices in the upper row of p connected to AN {1,...,k}. Then there is an
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odd amount of vertices in the middle row of ¢ x p which are connected to AN{1,...,k})
but not to AN{1”,...,m"”}. But these vertices cannot form even blocks in ¢ by itself,
because if they are only connected to vertices in the lower row of ¢ which are not connected
to the upper row, we still get odd blocks. So some of them have to be connected in ¢ to
a vertex in {1”,...,m”} which does not lie in A. Which is a contradiction, because by
construction this vertex would be connected to the lower row of A in ¢ x p and thus lie in
A. So the number of vertices in the lower row of ¢ connected to AN {1”,...,m"} is even,
which implies that AN {1”,...,m"} is even, because ¢ is even.

If we assume that the number of vertices in the lower row of ¢ connected to AN{1”,... , m"}
is greater than the number of vertices in the upper row of p connected to AN {1,...,k},
we can proceed the argument analogously.

Similarly we can proof that if #(AN{1,...,k}) is odd, then also #(AN{1”,...,m"})
will be odd. We conclude that gp is even.

O]

Proposition 2.1.8. Every even partition p € Peyen can be constructed by applying the
involution, horizontal and vertical concatenation operations to the partitions

= {1,2),{2.1), bﬁ ={1,2,1,2'}, | ={1,1'} and 1 ={{1,2}}.

Proof. Assume that p € Peyen(k,1).

First note that every permutation partition is an even partition, so im(¢) C Peyen(n, n),
because >< and ‘ lie in P.yen.

We can find o € S and p € S, such that ¢(p) o p o ¢(o) is a noncrossing partition,
meaning that it is a horizontal concatenation of its blocks. The only thing left to prove is
that every even block is obtained by the aforementioned partitions and operations.

Firstly we show that this hold for every block s, containing n vertices in the lower and
upper row. Assume that n = 2m is even and m > 0. Then the block equals the vertical
concatenation

nem)

If n =2m + 1 is odd and m > 0, then the block equals the vertical concatenation
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2.1 Partition Theory

If n =1 we just define s; = {{1,1'}}. Secondly we see that for m > 0 every block t,
with n = 2m 4+ 1 vertices in the lower row and 1 in the upper row equals the vertical
concatenation

IR n-1’ n’

piasgl
|

mERE.

1 2 n-1 -

Let £ > 1 > 1. Now every even block with k vertices in the lower row and n vertices in
the upper row equals the concatenation s;(tx_;j11 ® ‘ R ... ®‘ ). If | > k we can use the
—_——

[ — 1 times
involution and then apply the previous procedure. If k = [ every even block with k lower

and k upper vertices equals of course sy.

To summarize the proof: Let ¢(p)pp(0) = B1 ® ... ® By, where the B; are even blocks.
The partitions ¢(p) and ¢(o) can be constructed using ‘ and >< . The Bj can be

and ’Eﬁ . Sop=9¢(p)(B1®...® B)p(c™ ) can

,X,ﬁandbﬁ. ]

constructed by the partitions 1,

be obtained by applying the partition operations to

Definition 2.1.9. We denote the set of Za-coloured partitions by Pz, = UPy,(k,l). An
element of (p,z) € Pg,(k,l) is pair consisting of a partition p € P(k,l) and a vector
z € (Zo)F*!. Such a Zs-coloured partition can be visualised by a partition diagram with
labeled vertices. Unlabeled vertices will be assumed to be labeled with 1. Two Zs-coloured
partitions are equivalent, denoted by ~, when the the corresponding partition diagrams
are the same and when for each block the labels of one Zs-coloured partition are obtained
by multiplying all labels of the correseponding block in the other Zs-coloured partition by
the same element of Zy = {—1,1}.
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Chapter 2 Interpolation Categories

23 4 23 g 1’23 4

-1 1.1 -1 11 -1 g 11 a1

Example: ({{1,3,1'},{2,2/,3/,4'}},(1,-1,-1,-1,1,1,-1)) € P{Z{Z}}(B,Al)

Involution, horizontal concatenation, and loops are defined for the Zs-coloured parti-
tions as for the non-coloured partitions. For the vertical concatenation we have to be
more careful. Let (p,z1) € Pz,(k,l) and (¢,22) € Pz,(l,m). As for the non-coloured
partitions we let p € P(k,l) and g € P(l, m) with the sets of partitions containing parti-
tions of {1,...,k,1",..., '} and {1',...,I',1”,...,m"} respectively. We label the elements
i’ € {1/,...,I'} in the middle row of the stacking ¢ x p by 2% z5. We call (p,2) and
(q, z2) compatible if for each ', ;" € {1’,...,I'} in ¢ x p that lie in the same connected
component of ¢, we have that zfzél = z{/zgl. In this case the vertical concatenation
(q,22)(p, 21) := (qp, z221) is given by the vertical concatenation of the underlying non-
coloured partitions, which is then labeled by setting (2921) := 2! for i € {1,...,k} and
(zp21)" = zgng for j” € {1”,...,m"}, where g is the labeling of a vertex in the middle
row of ¢ x p which is connected to j” in ¢. If there are no such vertices we set g = 1.

1723 45 6

-1 1 -1 1 1 -1
U 177 257
17? 27?
(pvz{l}):
-1 1 -1 : \
1 2 3
-1
(4, zg2y) * (p, 21y)= ‘ (g, 22)) (P 21y)=
177 277
-1

1

AV 12 3
(q72{2})=)( 1 2 3
[0

-1 -1 1
123 45 6
Example: Vertical Concatenation of compatible diagrams with I(p, ¢) = 1.

Proposition 2.1.10. Let (p, z1), (p, 23) € Pz,(k,l) and (g, 22), (q, z4) € Pz,(l,m), so that
((q,22),(p,21)) is a compatible pair. If (q,22) ~ (q,z4), then also ((q,z41),(p,21)) is a
compatible pair. The analogue statement ’If (p,z1) ~ (p, z3), then also ((q, z2), (p, 23)) is a
compatible pair’ is generally false.

Proof. Assume that (g, 22) >~ (q,24). We show that the compatibility of ((gq,22)(p, 1))
implies that ((q, z4)(p, 21)) is a compatible pair. Let B € ¢ be a connected component.
Because (g, 22) and (p, 21) are compatible, we know that for each i/, € {1’,...,I'} in gxp
that lie in B, the equality %{’zg = 2] 2} holds. Because (¢, 22) ~ (g, 24), there exists a
g € {—1,1}, so that gz4 = 2} for all i’ € B. But this implies that for each i, ' € {1,...,l'}
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2.1 Partition Theory

in ¢ % p that lie in B, the equality

-/

R A A A U L
R1R4 = 21979 = 21 925 = 21 %

holds, which means that ((q, z4)(p, z1)) is compatible.

Now assume that (p, z1) ~ ( 7,23) A possible counter example would be

(p, Zl) = ({{17 1/}7 {2’ 2! }}v (17 )) € Py, (27 2)7 (p, ZS) = ({{1’ 1,}’ {2’ 2/}}’ (1’ L1, 1))
and (¢, 22) = ({{1,2,1"}},1,— 1 1) € Pz,(2,1). The pair ((g,22)(p, z1)) is compatible but
((q,22)(p, z3)) isn’t. O

Proposition 2.1.11. Let (p,z1),(p,23) € Pg,(k,l) and (q,22),(q,24) € Pz, (I,m), so
that ((q, z2), (p,2z1)) and ((q, z4), (p,23)) are compatible pairs. Let (p,z1) ~ (p,z3) and
(q,22) ~ (g, 24), then (q,z2)(p, z21) =~ (q, 24)(p, 23). So equivalences of Zga-coloured partitions
are respected by vertical concatenation.

Proof. We show that (g, 22)(p,21) ~ (q,24)(p,21) and (q,24)(p, z1) =~ (q,24)(p, 23), this
then proves the claim because ~ is an equivalence relation. Note that these vertical
concatenations exist by last proposition. We only prove the first equivalence, the proof for
the second one is similar in nature.

Let B be a component of ¢p, which doesn’t only contain vertices in the upper row of
the stacking g x p, because otherwise checking the conditions for the equivalence on this
component, would follow directly from the equivalence (g, z2) ~ (g, 2z4).

Let us write p € P(k,l) and q € P(l,m) as partitions of the sets {1,...,k,1",...,l'}
and {1’,...,0',1” ..., m"} respectively. Then ¢p can be considered as a partition of
{1,... k1" ... om"}.

We have to prove that there exists a g € {—1,1} such that g(2921)" = (2421)! for all
vertices t € B. If t € {1,...,k} N B we see that 2! = gz!, but because in both cases the
lower rows are just labeled by 21, we get ¢ = 1. Let t € {1”,...,m"} and h € {-1,1}
such that hzl = 2f. By assumption there is a vertex s € {1/,...1'} in the middle row of
g * p which is connected to ¢. It is respectively labeled by z7z5 and 2{z] in the stackings
(g*p,z122) and (q*p, z124). Because (q, z2) ~ (g, 2z4), and s is connected to t we have that
hzi = z§. The vertex t is then labeled in (gp, z122) by 252524 and in (gp, 2124) by

252528 = Z5hashal

_12_s_st
= h Z1R9%9
_ 5.8t
= 1212222
_ s_s_t
= gr1%2%79

which shows that we have found our g for the component B, therefore (gp, z221) ~ (¢p, 2421).
]

Definition 2.1.12. Let (p,z1) € Pz,(k,l) and (¢,22) € Pz,(I,m). We call a pair of
equivalence classes ([(q, z2)], [(p, z1)]) compatible if there exist representatives which are
compatible. We define

[(q7 22)] [(p, Zl)] = [(‘L 22)(])7 Zl)]'
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Chapter 2 Interpolation Categories

Remark 2.1.13. From now on we will consider equivalent Zs-coloured partitions to be
equal.

Remark 2.1.14. We can write every Zg-coloured partition diagram (p, z) in the following

form
2y Rl_aRy

= 111 ere 11

21 Zk—1%k

This will be useful in reducing problems involving Zs-coloured partitions to problems
containing only non-coloured partitions.

Definition 2.1.15. Let (p,z) € Pz,(k,l). We extend the permutation partitions from
Definition to Za-coloured partitions by ¢ : S,, — P(n,n) < Pz,(n,n). If p’ is some
non-crossing form of p such that p = ¢(c) o p’ 0 ¢(p), then we call

2y Rl—1Ry

(p,2) = II I op(a)op og(p)o II I

21 Zk—1%k

a normal form of (p, z).

2.2 Defining the interpolation categories

In this section we define the different interpolation categories and prove their categorical
properties using the notions that were introduced in Chapter 1. We state adjustments of
Proposition for the case that the involved categories are tensor categories and the
involved functors are tensor functors.

2.2.1 Defining the interpolation categories in the permutation
representations for the symmetric groupss

The category Rep(S;) was originally defined in [Del07], but we use the notation from
[CW12, Deﬁniti07n2.1.1]. We base the proof of Proposition except for the part about
sphericality, mostly on the proof given in [CW12, Section 2.2]. We have to adjust it to our
axiomatic setting so that we can apply Proposition afterwards.

Definition 2.2.1. Define the category Rep(.S;) to be the category with objects {[n]|n € N}
and morphism spaces C-linear combinations of partition diagrams, so

Hom%(st)([kL [l]) = (CP(I{Z, l)
for all k,1 € N. The identity of an object [n] is given by

id[n] = {{17 1/}7 ) {na n/}}

and the composition of morphisms is defined on the generating morphisms of the
morphism spaces by

o:CP(l,m) x CP(k,1) — CP(k,m)

30



2.2 Defining the interpolation categories

(g:p) = qop:=t"“Pgp

and then extended C-bilinearly. Note that this is well-defined category, the composition
is associative, because the composition of partitions is associative and the number of
occurring loops doesn’t depend on the order of composition. The category has a tensor
product, which is given on objects by [n]® [m] := [n+m] and on morphisms by a C-bilinear
extension of the horizontal concatenation of partitions.

Proposition 2.2.2. Repy(S:) is a strict C-linear spherical rigid symmetric monoidal
category. S

Proof. The category Repy(S;) is C-linear and strict by definition. When we talk about mor-
phisms we will in general only talk about partition diagrams, instead of their sums, knowing
that all arguments can be C- linearly extended. Define for all [m], [n], [£], [[] € Repy(St)

o [m]® [n] := [m+ n]. For p € Hom([m], [n]) and ¢ € Hom([k], [/]) the tensor product
P ® q is just the horizontal concatenation.

o 1:= [0]

* Ul n], K] = mgnk]-
* A = )

* Plm) = ).

* Sml,[n] DY

1/ 2/ n—1"n' n+1 n4+2 m4n—1m+n’

1 2 [ X X} m—1m m+1m+2 m+n—1m+n

S[m},[n]

o [m|":=[m]and (p:[m] — [n])* := (p* : [n] — [m]) is given by the involution.

o Tim] = iy

o The evaluation evy,, : [2m] — [0] is given by
1 2 e m—1m m+1m+ 2 2m — 1 2m
eV[m]
o The coevaluation coevy,,) : [0] — [2m] is given by

1 o m—1" m’ m+4+1"m+ 2 om — 1/ 2m/
oo

coev [m]
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Chapter 2 Interpolation Categories
o vi=idpg = lc.

* Vmln] = Wimn)-

o The right trace of p € Hom([m], [m])is given by

eoe eee
1/ 9! m—1"m' m+1"m+ 2 2m — 1 2m’
1 2 m—1m m+1m+2 2m — 1 2m
coe oo
Trace,(p)

o The left trace of p € Hom([m], [m])is given by

1/ o m—1m'" m+1m+2 2m—1 2m’
p id[m}
1 2 m-1m  m4lm+2 2m-1 2m
oo oo
Tracey(p)

Monoidal category: The triangle and pentagon identities are trivially satisfied.

Symmetric Monoidal category: Unit coherence is trivially satisfied. Associativty coher-
ence holds because
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2.2 Defining the interpolation categories

17
1 n+1 n+ k" n+k+..1.”m+n+k” " 7"
* e . o o ! n n+1" LR k417 mtn 4k
. . . ° ° .
. . . ° . . —
1/ n n41/ n+mh+m+1 n+m+k
. . . . . . . . . ° ° .
1 moom+1 m4+nm+n+1 m+n+k 1 mooom 41 m4+mm+n+1l m+n+k
Sim) (k] = (1)) © S, k) © (Spml ] @ i)
The inverse law holds because
1/’ 2! m — 1"m"’ m+1"m+2" m+n—1%m+n" 1 m'’ m+ 1" m+n"
eee P o coe
1’ 2/ n—1"n' n+1' n+2/ n+m—1/n+m/_
L eee
1 2 [ X X m—1m m+1m+2 m+n—1m-+n 1 oo m m+1 m—+n

8[nl,[m] © S[m),[n] = “fm-n]

Rigid Symmetric Monoidal category: The duality identities follow trivially from the
definitions. The first triangle identity holds because

ev[m] T i * *
m id[m]
- idp,,
idjm) NS "
COEV[y)

Similarly also the second triangle identity holds. The first morphism identity holds
because for p : [m| — [n] the following diagrams are equal
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1 o n—1"n' n+1"n+2 on — 1/ 2n’
p idpy)
1 2 m—1m m+1lm+2...m+n—1m+n
L] L] L] L] L] L] L] L]
1 o m—1"m' m 4+ 1'm + 2/ om — 1/ 2m/’
. *
= Zd[m} p
1 2 m—-1m m4+1m+2-.em+n—1m+n
L] L] L] L] L] L] L] L]

as can be seen by the fact that in the first diagram the vertex 1 < ¢ < m is connected
to the vertex m +1 < j < m + n if and only if 7 and j — m/ lie in the same block of p
in that diagram. In the second diagram the vertex 1 < i < m is connected to the vertex
m+ 1< j<m+nif and only if m + ¢ and j lie in the same block of p* in the diagram
above. The statement follows from the fact that these conditions are equivalent. One can
easily extend this argument to work for all 1 < 4,5 < m 4+ n. The second morphism identity
is proven similarly. Clearly End([0]) = C.

Spherical Rigid Symmetric Monoidal category: We use the notation from the definition.
Let p : [m] — [m]. We first consider the left trace. Let By, ..., B, be the blocks of p. For
s,t € {1,...,r} we say that blocks Bs; and B; are left related if there exist i € By such
that 7/ € B; or j € By such that j° € B;. We call blocks B ~, 1t By left equivalent if there
exist i1, ...,4y € {1,...,7} such that By is left related to B;,, B;, is left related to B; and
B;; is left related to B;;,, for all j € {1,...,u — 1}. This defines an equivalence relation
on the blocks of p.

Gj41

Vertices 1 < 4,7 < m lie in the same connected component of T'race;(p) if there exist left
equivalent blocks Bs ~ B; such that ¢ € Bs and j € B;. The number of disconnected loops
for the left trace is then the same as the number of left equivalence classes of blocks of p.

Now we consider the right trace. Let Bj,..., B} be the blocks of p*. For s,t € {1,...,r}
we say that blocks B} and Bj are right related if there exist m + ¢ € B} such that
m +1i € Bf or m+ j € By such that m + j/ € Bf. We call blocks B} ~yign: B; right
equivalent if there exist i1,...,4, € {1,...,7} such that B} is right related to Bj, B}, is
right related to B} and B;“j is right related to B;‘H_l for all j € {1,...,u — 1}. This defines
an equivalence relation on the blocks of px. Vertices m + 1 < 4,5 < 2m lie in the same
connected component of Trace,(p) if there exist right equivalent blocks B ~ B such that
i € B} and j € Bf. The number of disconnected loops for the right trace is therfore the
same as the number of right equivalence classes of blocks of px. We remark that the right
equivalence relation on the blocks of p*x induces an equivalence relation on the blocks of p,
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2.2 Defining the interpolation categories

which coincides with the the left equivalence relation on the blocks p. This implies that
Trace(p) = Trace,(p) and that the category is spherical.
O

Definition 2.2.3. We define the Deligne category for t € C by Rep(S;) := (@0(&5))[{”
and denote the corresponding C-linear full embedding by tp : Rep(S:) — Rep(S:). By

Proposition and Proposition [1.1.28 we see that Rep(S;) is a C-linear spherical rigid
symmetric monoidal category.

Remark 2.2.4. It is not too difficult to see that that the C-linear functor ¢z is also a
tensor functor. As a consequence the following adjustement of the universal property
of the Karoubian envelope can be shown. Let D be a C-linear Karoubi tensor category
and 7/ : @0(.5}) — D a strict C-linear tensor functor. Then the universal property of
the Karoubian envelope gives us a C-linear tensor functor v : Rep(S;) — D such that

Y =7voup.

2.2.2 Defining the interpolation categories in the reflection
representations for the hyperoctahedral groups

The definition of Rep(H;) we use, can be found in [FM21, Definition 2.5]. They also
discussed the cat@ical properties of the interpolation categories. We change their
definition of the evaluation and coevaluation, so that they become compatible with the
definitions we gave for the evaluation and coevaluation in Rep(S;) and with our notions
from Chapter 1. e

Definition 2.2.5. Define the category Rep,(H;) to be the category with objects {[n]|n € N}
and morphism spaces C-linear combinations of even partition diagrams, so
Hompep, (1,) ([k], [1]) = C Peven(k, 1).

The identity of an object [n] is given by

Zd[n] = {{L 1/}7 SER) {TL, TL/}}
and the composition by extending

6 : C Payen(l,m) % C Proen(k, 1) — C Payen(k, m)
(¢,p) — qop:=t"@Pgpn

C-bilinearly. Note that this is a well-defined category because the composition is clearly
associative since the composition of partitions is associative and the number of occurring
loops doesn’t depend on the order of composition. The category has a tensor product,
which is given on objects by [n]®[m] := [n+m] and on morphisms by a C-bilinear extension
of the horizontal concatenation of partitions.

Proposition 2.2.6. Repy(H,) is strict C-linear spherical rigid symmetric monoidal cate-
gory.

Proof. One can make the same choices as we did in Proposition for Repy(St), since
all the occuring morphisms consist only of even partition diagrams. O
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Definition 2.2.7. We define the Deligne category for the hyperoctahedral groups in
the reflection representation for ¢ € C by Rep(H;) := (RepO(Ht))K‘”’ and denote the
corresponding C-linear full embedding by ti : Rep,(H¢) — Rep(Hy). As for the case of

the symmetric groups, Proposition and Proposition [1.1.28) show us that Rep(Hy) is a
C-linear spherical rigid symmetric monoidal category.

Remark 2.2.8. Similarly as before, it can be seen that the C-linear functor ¢ is also a
tensor functor. Now the following adjustement of the universal property of the Karoubian
envelope can be shown. Let D be a C-linear Karoubi tensor category and ' : @o(Ht) —D
a strict C-linear tensor functor. Then the universal property of the Karoubian envelope
gives us a C-linear tensor functor 7 : Rep(H;) — D such that v/ =y o.q.

2.2.3 Defining the interpolation categories in the permutation
representations for the hyperoctahedral groups

We use the definition of Par(Zs, )% that is given in [LS21, Definition 3.6]. Except for
the monoidal property, the categorical properties that we state in Proposition [2.2.10] are
not mentioned there.

Definition 2.2.9. Define the category Par(Zas, t) to be the category with objects {[n]|n € N}
and morphism spaces C-linear combinations of equivalence classes of Zs-coloured partition
diagrams, so

HomPar(Zz,t)([]%L [l]) = C Py, (kv l),

where we identify equivalence classes of Zs-coloured partitions, according to Remark [2.1.13]
The identity of an object [n] is given by

Zd[ﬁ] = ({{L 1/}7 SO {n7 n/}}v (17 s 1))
and the composition is given by extending the rule

o (CPZQ(l,m) X (CPZQ(k,l) — (CPZQ(k,m)
(¢,p) = qop:=t"@Pgp.

C-bilinearly. Note that this is well-defined category because the composition is clearly
associative since the composition of partitions is associative and the number of occurring
loops doesn’t depend on the order of composition. The category has a tensor product, which
is given on objects by [A] @ [m] := [n + m] and on morphisms by a C-bilinear extension of
the horizontal concatenation of Zs-coloured partitions.

Proposition 2.2.10. Par(Ze,t) is strict C-linear spherical rigid symmetric monoidal
category.

Proof. One can again make the same choices as we did in Proposition for Repy(Sy),
since every non-coloured partition is also a Zg- coloured partition if we label all the vertices
by 1. These choices are well-defined. The only thing one has to be aware of is that when
one composes with the equivalence class of the identity, not all choices of representatives
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2.3 Motivating the definition of the interpolation categories

will give a compatible pair. Thus the sign of the blocks of the identity morphism have to be
adjusted to the particular case. This also holds for the evaluation and the coevaluation. [J

Remark 2.2.11. Note that for ¢ € 2N the compatibility of certain equivalence classes works

remarkable well in calculating the traces in the corresponding representation categories.
-1

A correspondence we will dicuss more detailed later on. For example Trace( I ) =0,

because the signs of the blocks in the evaluation evyy}, the coevaluation coevy,,, the identity

morphism d,,) and I_l can not be chosen in such a way that all occuring compositions
are compatible. We will later see that for ¢ = 2, this corresponds to the fact that the
endomorphism of the permutation representation of H; given by

1 1
ey e’y

€£1 — 6%,

1
has trace zero, as can be seen by looking at its matrix form <(1) O)’

Definition 2.2.12. We define the Deligne category for the hyperoctahedral groups in
the permutation representation for ¢t € C by Par(Zs, )% %" and denote the corresponding
C-linear full embedding by ¢y : Par(Zs,t) — Par(Zs,t)%%". Proposition and
Proposition imply that Par(Zo, t)K " is a C-linear spherical rigid symmetric monoidal
category.

Remark 2.2.13. The C-linear functor ¢y is also a tensor functor. As a consequence the
following adjustement of the universal property of the Karoubian envelope can be shown.
Let D be a C-linear Karoubi tensor category and +' : Par(Zs,t) — D a strict C-linear
tensor functor. Then the universal property of the Karoubian envelope gives us a C-linear
tensor functor v : Par(Zs,t)%%" — D such that 7/ =y o ¢z.

Remark 2.2.14. The category @O(St) can be considered as a subcategory of Par(Zs, t)
because every non-coloured partition can be considered as a partition where all vertices
are labeled by the unit elements of Zy. As a consequence Rep(S;) can be considered as a
subcategory of Par(Zs, )X . This will be further discussed in Chapter 3.

2.3 Motivating the definition of the interpolation categories

In this section we discuss the morphism spaces between the tensor products of the represen-
tations on which the interpolation categories are modelled. This gives a good motivation
for the definition of the interpolation categories and will make it possible to define interest-
ing functors between the interpolation categories and their corresponding representation
categories.

2.3.1 Morphism spaces between tensor products of the permutation
representations of symmetric groups

In this section we show that the morphism spaces between the tensor products of the
reflection representation u’ = C" of S,,, can be described using the set of partitions P. The
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Chapter 2 Interpolation Categories

structure and ideas of the proof of Proposition are based on [CO11}, Theorem 2.6],
but the notation is changed to fit our conventions. The statement is also proven in [BS09,
Theorem 1.10], but from this source we mainly take the name for the C-linear map 7.

Definition 2.3.1. Let ey, ..., e, be the canonical basis for v’ = C". For all k£,{ € N we
define a C-linear map by its image on the basis elements:

T : CP(k,1) — Homg, ((C")®F, (C™)®!)

p—=1,
where
T, : (C*)®F — (C™)®!
€ ®...Qey = > Gp(i,5)(ej, ®...®ej).
1<j1..1<n
for all 1 <iy,...,4x < n. We use the abbreviation i = (i1, ...,i) and j = (j1,...,1). We

can label the partition diagram of p by ¢ and j in an obvious way: i labels th lower row
from left to right and j the upper row from left to right. By definition d,(4, j) equals 1 if
and only if all vertices in the same block of the partition are labeled by the same number.
Otherwise it equals 0. We call this a good labeling. We call it a perfect labeling when
vertices are labeled by the same number if and only if they are in the same block. Note
that a partition p € P(k,[) with more than n blocks can not have a perfect labeling.

Proposition 2.3.2. The linear map T is well-defined.

Proof. We want to see that each morphism 7}, commutes with the action of S,,. Define
the action from ¢ € S,, on a k-tuple ¢ = (41,...,i;) by o -4 := (0(i1),...,0(ix)). Then
0p(i,7) =1 if and only if 6,(c(i),0(j)) = 1 for all ¢ € S,,. The equality

Tp00(8i1®...®€ik): Z 6p(0'iaj)(€j1®“'®ejl)

1<ji...i<n
1< gisn

= 3 5l oy @ D eapiy)
1<ji...i<n

=oco0Ty(e; ®...Qe;)

shows that T is well-defined. O

By definition every morphism in Homg, ((C")®*, (C")®!) is stable under the S,, action.
This motivates the definition of a certain basis for the morphism space.

Definition 2.3.3. Define the action from S,, on (i, j) € {1,...,n}**' by o(i,5) := (0-i,0,j)

for all o € Sy, write [(i,7)] for an equivalence class under this action and let A be the set
of such equivalence classes. We define a morphism fi(; ), : (C™®k — (C™)®! which sends
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2.3 Motivating the definition of the interpolation categories

€o(ir) @ -+ ® €o(iy) 7 Eo(j1) ® - - D €o(j)

for all o € S, and all other basis elements of (C")®* to 0. This definition is clearly indepen-
dent of the chosen representative and { f(; jy | [(4,7)] € A} is a basis of Homg, ((CM)®k (Cm)®h.
This basis consists of sums of Sy,-orbits of basis elements in Hom((C")®*, (C")®!).

Similarly we want to define a basis for C P(k, ).

Definition 2.3.4. We recursively define a new set of basiselements

Tpi=p— Z zq for p € P(k,1)

q coarser than p

in C P(k,l). They generate C P(k,[) because p = p + 3", coarser than p Lq f0T all p € P(k, 1)
and they form a basis for C P(k,[) because for different p,q € P(k,l), the sums z, and z,
are different linear combinations of elements in P(k,1).

Proposition 2.3.5. The linear map T : C P(k,1) — Homg, ((C™)®F, (C™)®!) is surjective
and has as kernel {x), | p € P(k,l) has more then n parts}. As a consequence T is an
isomorphism in the cases that k +1 < n.

Proof. We associate to a basis element f|; ;) of the morphism space Homyg, ((C™)®¥, (C")®),
see Definition a partition py; j) € P(k,1). We label the vertices by (4,7) and let two
vertices be in the same block if and only if the they are labeled by the same number. Then
the partition py(; ;) has a perfect labeling. Note that 7, Plij) does not equal f but it is
easy to check that Tf"’p[(i,j)] = J{@,j)]- This implies that 7' is surjective.

Now let p € P(k,l) be a partition with less than or equal to n parts. Then there exists
a unique equivalence class of perfect labels [(7, 7)] of p, so p = P[i,j))- We remarked in the
first part of the proof that Ty, = f|; ;) # 0. For a different partition ¢ € P(k,l) with less
than or equal to n parts, T, will be a different basiselement of Homyg, ((C™)®*, (C™)®").
So we have that T is injective on the subspace of C P(k,[) spanned by the partitions with
less than or equal to n parts with image all of Homg, ((C")®*, (C™)®!).

Now assume that p € P(k,l) is a partition with more than n parts. Then we can
argument inductively as follows. First assume that p has n 4+ 1 parts. Then

T, =T,— >, Ty,

q coarser than p

7))

where each T}, in the equation is a linear map f|(; j corresponding to some perfect labeling
of q. But because p has no perfect labeling, T}, will exactly be the sum of all T} for q
coarser as p. This shows then that T, is zero. One can now apply this argument to
inductively prove that T, = 0 for a partition p with m parts, for all m > n.

O]

In [BSO9] this theorem is proven similarly. They also prove that Pg ;) = P(k,[) for

Ps, (k,1) := {p € P(k,1) | T, € Homg, (C™)®* (C™)®"}
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Chapter 2 Interpolation Categories

and that its image under T generates Homg, ((C™)®*, (C™)®!). This means then again that
the morphisms spaces between tensor powers of the reflection representation of S,, can be
described completely by linear combinations of the images of partitions under 7T

<A{T, | p € P(k,1)} >= Homg, ((C™)®* (C™)®").

Remark 2.3.6. Note that these description of the morphism spaces doesn’t depend on
the number n € N. It is this observation that motivated the definition of the interpolation
categories. What does depend on n is the composition of the image under T' of partitions
p € P(k,l) and q € P(l,m):

Top = n_l(q’p)Tq oT), or nl(q’p)qu =T, 07T,
which is proven in [BS09, Proposition 1.9].

Remark 2.3.7. To conclude this section we shortly discuss the dimension of the endomor-
phism algebras in Rep(S,). In [Blo03] they state the dimension of the C algebra Py(t),
which equals our algebra Endgep(s,)([k]) for t € C.

The number of partition diagrams in P(k, k) with [ connected components is the Stirling
number of the second kind S(2k, ). The dimension of Endgeps,)([k]) equals the cardinality
of P(k, k), which equals the Bell number o

2k

B(2k) = 5(2k,1).

=1

Because T is an isomorphism for 2k < n, we see that in this case B(2k) is also the dimension
of the centralizer algebra Endgeps,)((C™)®F).

2.3.2 Morphism spaces between tensor products of the reflection
representations of hyperoctahedral groups

We use and if necessary modify the definitions and proofs of previous section to discuss
the morphism spaces between the tensor products of the reflection representation of H,,.
They can be described by the set of even partitions Peyep.

Definition 2.3.8. Let e1,..., ¢, be the canonical basis for © = C". For all &, € N, with
k +1 even, we define a C-linear map by restricting the map T we defined for the symmetric
group case:

T : C Poyen(k,1) — Homg, ((C™)®k (C™)®)
p— Tp

where
Tp : ((Cn)®k N ((Cn)@)l
€, ©...Q e, — Z dp(i,7)(€j; ® ... ®ej,).

1<g1--Ji<n
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2.3 Motivating the definition of the interpolation categories

for all 1 < i1,...,% < n. The notation is the same as in the case for the symmetric groups.
Proposition 2.3.9. The linear map T is well-defined.

Proof. We want to show that each morphism 7, commutes with the action of H,, for some
P € Peyen(k,l). Let a = (a1,...,an,0) € Hy and 1 < iy,...,i < n. We consider the
equality
Tp o a(eil R...Q €ik) = Tp(aa(il)ea(il) X...Q a(,(ik)ea(ik))
= Qg (iy) " Ao(in) Tp(€a(in) ® - - - @ €o(iy))
Qi) o) D Op(o-i,5)(ej, ® ... ej)

1<j1-.is<n

= o) oly) D, Op(l0T (e @ ®ey)
1<g1...1<n

= Gg(i) () D Op(isd)(€a() @ - @ ()
1<j1-.is<n

= Z 5P(i7j)(a0(j1)60(j1) ®...® a"’(jl)eg(jl))

1<gi..qi<n

=aoTp(e; ®...®ej;).

The second last equality can only be true when a,(;,) - ag,) = Go(jy) " Ao(j,) for all
i ={i1,...,ig} and j = {j1,..., 51} with 0,(4,j) = 1. For this to hold for all a € H,, it is

necessary that every number in {i1, ... i, j1,..., i} occurs an even number of times in
the labeling of the partition p by (i, 7). But this is the case because p is an even partition.
This shows that T is well-defined. O

Let k + 1 be even for k,1 € N. Let (i,5) € {1,...,n}* such that every number
in {i1,...,%,J1,...,71} occurs an even number of times in (i1,...,ix, j1,...,J;) and
[(i,7)] its equivalence class under the S, action. Let B be the set of such equivalence
classes. Then we can see by a similar argument as in the last proof that the morphism

Sy (CM)EF — (C™)® of Definition lies in Homg, ((C™)®*, (C")®!) because each
of its terms does. The set {fi; j) | [(4,7)] € B} then forms a basis of the morphism space.

Definition 2.3.10. We define partitions

Tpi=Dp— Z Tq

q coarser than p

for some p € C P.yen(k, 1) recursively. Note that when ¢ is coarser than an even partition
p, then ¢ is also an even partition, so the xz, form a basis for C Peyen (k,1).

Proposition 2.3.11. The linear map T : C Poyen(k,1) — Homg, ((C™)®F, (C")®Y) is sur-
jective and has as a kernel {x), | p € Peyen(k,l) has more then n parts}. As a consequence
T is an isomorphism in case k 4+ 1 < n.

Proof. We already know that every basis element f(; ;) of the morphism space lies in the
image of zp,, ., which was constructed in the proof of Proposition P[(i,j)] Is an even par-

tition because [(i, )] lies in B. This shows that T : C Poyey(k, 1) — Homp, ((C™)®F, (C™)®)
is surjective.
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Chapter 2 Interpolation Categories

We also showed already that T, = 0 for an even partition p with more than n parts.
Because the T, for partitions with n or less parts, are pairwise different, we know that
T is injective on the subspace of C Peyen(k,() spanned by the partitions with less than or
equal to n parts. So the kernel is indeed {z), | p € Peyen(k,1) has more then n parts}. O

In [BS09] the surjectivity is proven using the results for the symmetric groups, which was
proven in the framework of easy quantum groups. They define for all k£, € N the set

Py, (k,1) == {p € P(k,1) | T, € Homg, ((C")®*, (C™)*")}.
Because S, is a subgroup of H,, we have
Homy, ((C™)®*, (C")®") C Homg, ((C")®*,(C")®') = P(k, ).

This implies that all linear maps commuting with the action of the hyperoctahedral groups
can be described using partitions and the functor 7. A direct calculation, similar as we
did above, then shows that Py, (k,l) = Peyen Or

< AT, | p € Peyen(k,1)} >= Homy, ((C™)®*, (C™)®).

Remark 2.3.12. Note that the description of the morphism spaces doesn’t depend on
the number n € N. It is this observation that motivated the definition of interpolation
categories for the reflection representation of H,. What does depend on n is the composition
of the image under T of even partitions p € Peyen(k, 1) and ¢ € Peyen (I, m):

Top = n*l(q’p)Tq oty or nl(q’p)qu =Ty0T,

Remark 2.3.13. In [Ore07] a formula for the dimension of the centralizer algebra
Endy, ((C™)®*) is given. It equals

k — .
> (22’: B 11> dim(End, ((C™")®*7)).
i=1

For 2k < n, this dimension equals the dimension of Endgepg,)([k]). Because one can

rotate the even partitions this will also equal the dimension of the morphism spaces
Hompgep(m,)(la], [b]) for all a,b € N with a +b =2k <n.

2.3.3 Morphism spaces between tensor products of the permutation
representations of hyperoctahedral groups

In this section we show that the morphism spaces between the tensor products of the
permutation representation V = C?" of H,, can be described using the set of Zy-coloured
partitions Pyz,. We alter the notation that was given in [LS21, Proposition 5.2] and proceed
analogously as in the previous sections to present the proof of Proposition in a
different way as in the literature, although the underlying idea stays the same. Proposition
is also proven in |[LS21, Theorem 5.4] and we will shortly discuss this proof and

write out the involved isomorphisms more explicitly.
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2.3 Motivating the definition of the interpolation categories

Definition 2.3.14. Recall the set of basis elements {e}|1 <i < n,j € {—1,1}} for c?.
For all k,1 € N we define a C-linear map by its image on the basis elements:

T : C Py, (k,1) — Homy, ((C2M)®F, (C2)®!)
(p7 Z) = T(p,z)

where

T(p7z) (6211 ®...Q 621;) = Z 5(p,z)((27 b)7 (.]7 C))(eﬁ ®...0 eg)

1< gisn
Cl...clEZQ

for all (i,b) € {1,...,n}*¥ x (Z2)*. We use the notation (i,b) = ((i1,...,ix)(b1,...,bx))
and (j,¢) = ((j1,---,41), (c1,-.-,¢1)). We can label the partition p by (4,7) and (b,¢) in
an obvious way: ¢ and b label the lower row of p from left to right and j and c label the
upper row from left to right. Then &, .)((4,b), (j,¢)) equals 1 if and only if for vertices in
the same part of p the following two condition hold: the corresponding (7, j)-labels are the
same and the corresponding (b, ¢)-labels multiplied with the corresponding labels of z are
the same. Otherwise it equals 0. We call this a good labeling. We call it a perfect labeling
when it is good and if the vertices have the same (i, j)-labeling if and only if they are in
the same part.

Remark 2.3.15. Note that the definition implies that the image of T" doesn’t depend on
the equivalent classes of the Zs-coloured partitions. This means that we can still identify
equivalence classes of Zs-coloured partitions, see Remark and assume that T is
defined on equivalence classes of Zo-coloured partitions.

Proposition 2.3.16. The linear map T is well-defined.

Proof. We want to see that each morphism 7}, .) commutes with the action of Hy,. Define the
action from a = (ay,...,an,0) € Hyon (i,b) = ((i1,. .., i), (b1, ..., bg)) € {1,...,n}Fx(Za)*

by a- (Z> b) = ((J(il)a s 7U(ik))7 (ao(h)bl’ <o 7aa(ik)bk))' Then 5(p,z)<(2a b)a (]a C)) =1lifand
only if 0(,.y(a - (4,b),a - (j,¢)) = 1 for all @ € H,. The equality

Tip,z) © a(ezl1 ®R...0 eZ’Z) = Z S(p,2) (@ (i,0), (4, c))(egi ®R...0 egi)
1< qisn
c1...ci€EZ2

= Y (@b Gl @ o)

1< gisn
C1...ciEZL2

= Y (b)) (el @ el
1<yt qisn
c1...ciEL2

= aoT(]:,VZ)(eél1 ®...®e§)’;€)

shows that T is well-defined.
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By definition every morphism in Hompg, ((C??)®* (C2")®!) is stable under the H,, action.
This motivates the definition of a certain basis for this morphism space.

Definition 2.3.17. Define the action

a- ((ivb)v (]7 C)) = (CL : (ivb)’a : (]7 C))

for all (i,b) € {1,...,n}* x (Z2)*, (j,c¢) € {1,...,n}! x (Z)! and a € H,. We write
[((7,0), (4,¢))] for an equivalence class under this action and let C' denote the set of such
equivalence classes. We define a morphism fj((; ), (j,c))] : (C2)®F 5 (C?)®! which sends

eo’(i1) ®...® ea(ik) — eo'(jl) R ® eU(jl)

o (iq)b1 Ao (iy,) Ok Ao(j)€1 < T Tagga

foralla = (a1, ..., an,0) € Sy, and all other basis elements of (C*")®* to 0. This definition is
independent of the representative of the equivalent class and { i), ;¢ [((3,0), (J, ¢))] € C}
is a basis of Homp, ((C?")®* (C?")®!). This basis consists of sums over H,,-orbits of basis
elements in Hom((C?")®F (C27)%).

Similarly we want to define a basis for C Pz, (k, ).

Definition 2.3.18. We define the partitions

T(pz) = (P, 2) — Z Z L(q,2")

q coarser than p Z/€Z§+l
with (p,2")~(p,z)

in C Py, (k,1) for (p,z) € Pyz,(k,l) recursively. So after the substracion we want to sum
over all Zg-coloured partitions (g, 2"), where ¢ is can be any partition coarser as p and 2’
can be any labeling of p such that (p, z) ~ (p, z’)H They form a basis for C Pz, (k, ).

Proposition 2.3.19. The linear map T : C Py, (k,1) — Homg, ((C2)®k (C?)®) is surjec-
tive and has as kernel {x(, .y | (p,2) € Pz, (k,l) has more then n parts}. As a consequence
T is an isomorphism in case k + 1 < n.

Proof. We want to associate to some basis element fi(; ) ;)] of the morphism space a
partition (p,z) € Pz, (k,1). We label the k 4 [ vertices by (7,7) and let two vertices be in
the same block if and only if the they are labeled by the same number. We colour the
vertices by setting z = (b1,...,bg, c1,...,¢). Then ((4,b), (j,c)) is a perfect labeling of the
partition (p,z). Note that T(, )y does not equal f((ip),(j.c))> Put T,y = Ti(i0), (e DOLds.
This shows that T is surjective.

Now let (p,z) € Pg,(k,l) be a partition with less or equal than n parts. Then there
exists a unique equivalence class of perfect labels [(4,b), (J, ¢)] of (p, z) because the colour-
ing can be chosen in each part only up to sign, which doesn’t change the equivalence
class. We saw in the first part of the proof that Tz, = J16.b),Giey)) 7 0. For a different

partition (¢,y) € P(k,l) with less or equal than n parts, Ty, = will be a different basise-

lement of Homp, ((C?*)®% (C?")®!). So we have that T is injective on the subspace of

]70)

!Note that (p, z) =~ (p,z’) doesn’t imply that (g, z) ~ (g, ') for q coarser as p!
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C Py, (k,1) spanned by the partitions with less than or equal to n parts, with image all of
HOHlHn (CQn)é@k’ (CQn)Q@l'

Now assume that (p,z) € P(k,[) is a partition with more than n parts. Then we can
argument simlarly as in the symmetric group case as follows. First assume that (p, z) has
n + 1 parts. Then

Tx(p,Z) = T(Paz) o Z Z Tz(%zl)

q coarser than p Z/GZ’;H
with (p,2")~(p,z)

where each Ty, in the equation is a linear map f(;p),(j) corresponding to some perfect
labeling of q. But because (p, z) has no perfect labeling T}, ., will exactly be a sum of all
T, for ¢ coarser as p. This shows then that T, ., is zero. One can now apply this

Z(q,2) ,
argument to inductively prove that T, = 0 for (p, z) with m parts for all m > n.

(p;2)

O

Remark 2.3.20. In [Blo03| they state the dimension of the C-algebra Py(t,Z2), which
equals our algebra Endpq,(z, ) ([k]) for t € C. To see this, one has to show that the notion
of coloured partition diagrams and their composition in [Blo03| corresponds to our notion.
This can be easily done if one sees that the orientation of the edges between vertices is
irrelevant for the Zo-case and that one can label the vertices belonging to an edge with
label 1 equally and label —1 differently.

The number of partition diagrams in Py, (k, k) with [ connected components is 22~5(2k, 1)
because we have to count the non-equivalent labelings. The dimension of Endpar(227t)([k])
equals the cardinality of Py, (k, k)

2k

> " 22klS (2K, 1).

=1

This is also the dimension of the centralizer algebra Endgep Hn)((CQ")‘X’k) in the case
2k < n.

The surjectivity of T can also be derived in a different way, using slightly different nota-
tional conventions. In [LS21][Chapter 5] they associate to each partition (p, z) € Py, (k,1)
a linear map T, .y : V@ 5 V® hetween tensor powers of the permutation representation
V = C?". It is defined on basiselements by

T(pg)(e;-ll R...Q® e;’z) = Z L) (ei,l’ ®...® 6%’)

1<iyr.ip<n
Jyre--Jyr €242

where ¢ = (i1,...,%k,%17,...,0) and j = (J1,..., 7k, j17,---,Jr). We can label the par-
tition p by ¢ and j in an obvious way. Then 5((;’2) equals 1 if and only if for all
c,d € {1,...k,1',...,I'} which lie in the same block of p we have that i = iy and
JeZe = JdZd-

The following proof is based on material in [LS21][Lemma 5.3] and [Com20|[Chapter
2.3].
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Proposition 2.3.21. The morphisms spaces between tensor products of the permutation
representation of Hy, can be descibed using Zo-coloured partitions, more accurately:

<ATpz) | (p,2) € Pgy(k, 1)} >= Homy, (VEF, V).

Proof. The inclusion C can be verified by checking that the linear maps 7{;, .) commute with
the action of the hyperoctahedral groups on V. This follows directly from the definitions.
Because C?" is self-dual, there is an isomorphism

Homgy, (V®F, Ve — Homp, (VE*HD 1)
g — EVy el O (g & idv@l)
with inverse

Homp, (VE*+) 1) = Hompy, (V& V)

h— (h ®idyer) o (idyer @ coevyer).

Similarly there is a bijection

PZQ(k', l) — PZQ(]C + l, 0)
(p,z) — ({{1, 1+ 1}, {2,014+ 2},...{l,2{}},1) o ((p, 2) @ (id;, 1))

with inverse

PZ2(]€ -+ l,O) — Pzz(k, l)
(,2) = ((p2) @ (idy 1)) 0 (i, 1) © ({11 + U}, {2, 1+ 2}, .. {,20'}}, 1),

Here 1 indicates the trivial labeling of the partitions and for m € N we wrote
idm = {{1,1'},...{m,m'}} € P(m,m). After taking the C-linear span, this bijection
becomes an isomorphism. Because the map T commutes with both isomorphisms, we get
a commutative diagram:

C Py, (k1) —=—— CPyg(k+1,0)

I [

Hompy, (VE*, Ve —=— Homp, (VOK*+) 1),

Homy, (V®#+D 1) has as a basis the different morphisms which each send some H,,-orbit
S of a canonical basis element 6;11 ®...0 e;’}z:ll in VO#+) o 1 and everything else to 0.
Such a morphism lies in the image under T of the inductively defined linear combination
of partitions

Py =12 = > Py

q coarser than p

where (p, z) € Pz,(k+1,0) is a representative of an equivalence class of Zs-coloured partitions
representing the orbit S of VE*+)  For example ({{1,3},{2}},(~1,1,1)) represents the
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2.4 Defining functors from the interpolation categories to the representation categories

orbit of €3 ® e ® €2, € (CH®3, but also ({{1,3},{2}}, (1, -1, —1)) represents this orbit.
This implies that the vertical right map is surjective, which then implies that the left
vertical map is surjective, meaning that the image of the Zs-coloured partitions under T'
span the morphism space Homgy, (V& V. O

Remark 2.3.22. Again we have the situation where we have described the morphism
spaces without distinguishing between different n € N. This will be essential in constructing
our interpolation category of the hyperoctahedral group at the permutation representation.
Similarly as before the only difference will occur when one composes the images under
T of compatible Z-coloured partitions. Let (p,z1) € Pz, (k,l) and (q,22) € Pz,(I,m) be
compatible, then

— n~Uer)

l(q, _
T(g,20)(p21) (0.22) © Tipza) O /P T ) = Tz © Tipion)-

2.4 Defining functors from the interpolation categories to
the representation categories

In this section we use the information obtained about the morphism spaces to relate the
interpolation categories to the representation categories. To proof that the interpolation
functors are essentially surjective and full, it suffices to put the results of Section 2.3 in

a category theoretical framework. Proposition is also proven in [BS09, Proposition
1.1.9].

2.4.1 Symmetric groups

In this section we define the interpolation functor F' : Rep(S,) — Rep(S,) and prove that
it is well-defined. This was done in [CW12, Definition 3.8 and Proposition 2.8|, but with
different notation.

Definition 2.4.1. We define a strict C-linear tensor functor
F': Rep,(Sn) — Rep(Sy)

between C-linear spherical rigid symmetric monoidal categories on objects by [k] — (u/)®*

and on the morphisms by the C-linear extension of the rule p — T}, for some partition
p € P(k,l). If this is well-defined, then Remark and the fact that Rep(S,) is a
Karoubi tensor category, give us up to isomorphism a C-linear tensor functor

F : Rep(Sy,) — Rep(Sp),
which satisfies F/ = F o vp.
Proposition 2.4.2. The functor F' is well-defined and a tensor functor.

Proof. Note that [k] and (u')®* are both self-dual objects of dimension n* in their respective
categories. We will prove that F’ is well-defined and monoidal. Checking that the other
tensor functor properties are satisfied, is straight-forward but very lengthy. We have to

47



Chapter 2 Interpolation Categories

show that T is compatible with the identity morphisms, the composition of morphisms
and the tensor product.

First we consider the identity morphism p = idy,) € HomRepo( s,y ([k], [k]). We see that

Tplen ®...Qe€;,) = (65, ®...@e;,) for all 1 <i1,...,4; < n. This shows that I’ respects
the identity morphisms.
Now let p € P(k,l) and g € P(l,m). Then

TyoTylen ®...0e,) =Ty( Y. list)(er, ®...®ey))

1<tt..i<n
- Z 6p(iat)( Z 5p(t7j)(€j1 ... ®€jm))
1<ty ti<n 11 m<n

- ¥ Do i )(t ) (e ® .. ®ey,)

1<ty 1 <n 1< o fim <n
I(q, ..
= n!l@?) Z Ogp(i,5)(ej, ® ... ®ej,)

l(q,
= plenT,
This implies the equality
T(qop) = T(n'@P)gp) = nl(q,p)qu - nl(qm)n—l(q,p)Tq 0Ty =T,0T,

which shows that T', and as a consequence F”, is compatible with the composition in both
categories.

Let p € P(k,l) and q € P(s,t) then

Topoqg(€i, ® ... Q€ @ey, Q...Q ey,)
= Z 0p(1,7)0q(v,w)(ej;, @ ... ®ej, ey, @...R ey,)

1<j1...51<n
I<wi... wekn

(Y SN @ @e)O( Y S w)en ®...® )

1<j1...51<n 1wy ... wen

=Tple; ®...0e€;) @Ty(ey, ... @ ey,).

for all 7 and v. This shows that T is compatible with the tensor product, so F’ is
monoidal. O

Proposition 2.4.3. The functor F' is a full and essentially surjective monoidal functor.

Proof. The fact that F is full follows from Proposition [2.3.5] Because the permutation
representation of S, is a faithful representation, every irreducible representation is a direct
summand of some tensor power of the permutation representation u/. This means that some
irreducible representation A € Rep(.S,) is isomorphic to the image of some idempotent
e u/® — u'®F for some k € N. Because the functor is full there exists an idempotent
e : [k] — [k] with F(e’) = e. As a consequence F(im(e')) = im(e) = A. This shows that
F' is essentially surjective. O
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2.4 Defining functors from the interpolation categories to the representation categories

2.4.2 Hyperoctahedral groups: reflection representations

In this section we define the interpolation functor G : Rep(H,) — Rep(H,) as it was done
in [FM21] Section 2.3], but without using the ideas involving easy quantum groups.

Definition 2.4.4. We define a strict C-linear tensor functor between C-linear spherical
rigid symmetric monoidal categories

G': Rep,(Hn) — Rep(H,)

on the objects by [k] — u®* and on the morphisms by p — T, for some partition
p € Poyen(k, 1), after which one linearly extends this rule. Note that [k] and u®* are both
self-dual objects of dimension n* in their respective categories. The fact that this is a
well-defined tensor functor was proven in Proposition 2.4.2] By Remark [2.2.8) and the
fact that Rep(H,,) is a Karoubi tensor category, the universal property of the Karoubian
envelope in Proposition [I.1.27] gives us a C-linear tensor functor

G : Rep(H,) — Rep(H,),
which satisfies G’ = G o 1 and is unique up to isomorphism.
Proposition 2.4.5. The functor G is a full and essentially surjective monoidal functor.

Proof. The fullness of G was shown in Proposition It is essentially surjective
because the reflection representation is a faithful representation of H,, and every irreducible
representation is a direct summand of some tensor power of a faithful representation. [J

We have by definition that

G({1,2,1,2}) =G(x) =T(T) : u@u = uu
ei®e e ®e; foralll <i<nand
ei®@ejr—0forall 1 <i#j<n.

This implies that the image of G (ﬁti) consists of C-linear combinations of {e; ® ;|1 < i < n}
and as a consequence the representation v, see Remark [1.2.15], lies in the essential image of
G:

G(([1] ®[1],{1,2,1,2'})) = G(([1] @ [1],#1::)) = Zm(G(b;‘) u@u—ou®u)) Zo.

Then also the permutation representation lies in the essential image of G:

Gl]e (1)@ [1],{1,2,1,2}) Xudov=V.

2.4.3 Hyperoctahedral groups: permutation representations

In this section we define the interpolation functor H : Par(Zg,2n)%%" — Rep(H,) of
[LS21, Theorem 5.1], but without using the presentation of the interpolation category via
generators and relations.
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Chapter 2 Interpolation Categories

Definition 2.4.6. We define a strict C-linear tensor functor between C-linear spherical
rigid symmetric monoidal categories

H' : Par(Zs,2n) — Rep(H,)

on the objects by [k] — V® and on the morphisms by a linear extension of the rule
(p,z) = Ty ). Note that [k] and V®¥ are both self-dual objects of dimension (2n)* in their
respective categories. The fact that this is a well-defined tensor functor is proven similarly
as in Proposition By Remark and the fact that Rep(H,,) is a Karoubi tensor
category, the universal property of the Karoubian envelope in Proposition gives us a
C-linear tensor functor

H : Par(Zy, 2n)% — Rep(H,,),

which satisfies F/ = F otp and is unique up to isomorphism. We will see that some choices
of H will be more convenient in particular situations, for example in the proof of Corollary

B2T3

Proposition 2.4.7. The functor H is a full and essentially surjective monoidal functor.

Proof. The functor is full as is shown in Proposition [2.3.19| It is essentially surjective be-
cause the permutation representation is a faithful representation of H,, and every irreducible
representation is a direct summand of some tensor power of a faithful representation. [J

Corollary 2.4.8. The refiection representation u and its complement v in V both lie in
the essential image of H.

Remark 2.4.9. In Chapter 3 we will give explicit preimages of the representations v and
v for H.

2.5 Semisimplification

We show that the interpolation functors induce equivalences between the interpolation
categories and the representation categories. These results follow from the fact that
the interpolation functors are full tensor functors and from Proposition which is
proven in [CW12, Proposition 3.23]. We also obtain explicit descriptions of the negligible
morphisms in the interpolation categories.

2.5.1 General theory

Our definition of a tensor ideal is equivalent to the one in [AKOO02, Definition 6.1.1]. We
use the definition of negligible morphisms from [EO22} Definition 2.1]. In Proposition m
and Proposition we write out the proof of [CO11}, Proposition 3.23]. The proof that
we give for Proposition is the proof from |[AKOO02], but the statement also follows
from [EO22, Lemma 2.2].

Definition 2.5.1. We define a tensor ideal 7 in a C-linear spherical rigid symmetric
monoidal category C as a collection of morphism spaces Z(A, B) C C(A, B) for all objects
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2.5 Semisimplification

A, B € Ob(C). This collection is closed under addition, composition and tensor product
with all morphisms, i.e. if f € Z(A,B), g € C(C,D), h € C(B,E) and i € C(K, A) then
f®geZ(A®C,B®D), g feZ(C® A D®B), ho f € Z(A,C) and foi € Z(K,A)
for all A,B,C,D,K € Ob(C).

Definition 2.5.2. Let Z be a tensor ideal in a C-linear spherical rigid symmetric monoidal
category C. Then the quotient category C/Z is a C-linear symmetric monoidal category
with the same objects as C and the morphisms are given by

Hom¢,7(A, B) := Home(A, B)/Z(A, B).

It can be easily checked that this is well-defined.

Remark 2.5.3. If 7 is a tensor ideal in a C-linear spherical rigid symmetric monoidal
category C which is invariant under the endofunctor x : C — C, i.e. Z* = Z, then the
quotient category C/Z inherits a C-linear spherical rigid symmetric monoidal structure
from C. Note that if evq € 7 for some A € C, then the triangle identities imply that
idg € T and therefore Z = C. The same holds true if Z contains coev4 or any morphism
which can be composed or tensored with to obtain an isomorphism in C.

Definition 2.5.4. Let C be a C-linear spherical rigid symmetric monoidal category. We
call a morphism f € Hom¢(A, B) for A, B € Ob(C) negligible, if for every g € Hom¢(B, A),
we have tr(f o g) = 0. We denote the set of all negligible morphism from A to B by
N (A, B) C Hom¢(A, B).

Proposition 2.5.5. The ideal N of negligible morphisms in a C-linear spherical rigid

symmetric monoidal category C is a tensor ideal.

Proof. Assume that f : A — B is a negligible morphism. Let ¢ : C — D. Let
h@h :B®D — A® C. We want to show that tr((f ® g) o (h ® b)) = 0, where
(feg)o(h®@h'): B® D — B® D. The axioms of a tensor category imply

tr((f®g)o(h®@h)) = ev(BgD)* © (id(B®D)* R(f®g)o(h®h))ocoevpgp.
= evp+ o (idp @ (go h')) o (idp+ ® evp ®idp)o
(idp« ®idp+ @ (f o h) ®idp) o (idp+ ® coevp ® idp) o coevp
= evp+ o (idp @ (go h')) o (idp+ @ tr(f o h) @ idp) o coevp
=0,

so f ® g is negligible. Now let i : B — E and j : K — A be morphisms in C. If /' : B — A
and 7' : B — K then we get by Remark [1.1.13| that

tr(iofoi')=tr(i’oiof)=tr(foi oi)=0 and
tT’(f oj Oj,) =0,
which concludes the proof. O

Definition 2.5.6. Let C be a C-linear spherical rigid symmetric monoidal category and
N its ideal of negligible morphisms. By Proposition [2.5.5] we can define the semisim-
plification of C by the quotient C:=¢C JN. Tts morphism spaces are then of the form
Homz(A, B) = Homc (A, B)/N (A, B).
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Chapter 2 Interpolation Categories

Remark 2.5.7. Note that the ideal N of negligible morphisms in a C-linear spherical
rigid symmetric monoidal category C satisfies N* = A/. One can see this as follows. Let
f,9: A — B be a morphisms in C and f negligible. Then

tr(ffog)=tr(g"of)=tr(fog*) =0,

where the first equality follows from the morphism identities and the sphericality, the
second from Remark [T.1.13] and the third one form the assumption that f is negligible. So
by Remark m the semisimplification C is a C-linear spherical rigid symmetric monoidal
category. The corresponding quotient functor P : C — C/N is a C-linear full tensor functor.

Definition 2.5.8. A C-linear category is semisimple if each object can be written as a
finite direct sum of simple objects and if all those direct sums exists.

Example 2.5.9. Every semisimple category has all finite biproducts and splittings for its
idempotents, therefore every semisimple category is Karoubi. The representation categories
over the complex numbers of S, and H,,, Rep(S,) and Rep(H,,) respectively, are C-linear
spherical rigid symmetric monoidal semisimple categories for all n € N, so the following
proposition applies.

Proposition 2.5.10. There are no non-trivial negligible morphisms in a semisimple tensor
category.

Proof. Tt is proven in [AKOO02|[Chapter 7 and Appendix A.2] that if C is a semsimple
tensor category then the tensor ideal, called the radical ideal,

R(A,B):={fe€C(A,B)VgeC(B,A),14 —go f is invertible.}

is zero.
The ideal of negligible morphisms is then N' = 0 because it equals

N(A,B) =iap(R(1,A* @ B))
where

iag C(1, A" ® B) = C(A, B)
o — (eva®1p)o(la®p)
]

Proposition 2.5.11. The image of a morphism f under a full tensor functor is negligible
if and only if f itself is negligible.

Proof. Let K : C — D be a full tensor functor between tensor categories. Let f € Hom¢ (A, B).
Assume first that f is negligible. Let g € Homp(K(B),K(A)). Then there exists a
g € Home (B, A) with £(¢g') = g. Because tensor functors preserve traces, see Remark

L5, we get
tr(K(f) 0 g) = tr(f o g) =0,
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which implies that K(f) is negligible.
Now assume that IC(f) is negligible. Let h € Hom¢ (B, A). Then

tr(foh)=tr(K(f)oK(h))=0

and this implies that f is negligible. O

2.5.2 Semisimplification of the interpolation categories for the symmetric
groups

We use the results of previous section to show that the functor F' : Rep(S,) — Rep(Sy)

induces an equivalence F : Rg(\Sn) — Rep(S,). This statement is proven in [Del07,
Theorem 6.2] and [CO11, Theorem 3.24]. The fact that Rep(S;) is semisimple for ¢ ¢ N is
proven in [Del07, Theorem 2.18].

Proposition 2.5.12. For all n € N the interpolation functor ' : Rep(S,) — Rep(Sy)

induces a C-linear functor F: Rep(Sy,) — Rep(Sy), which is an equivalence of categories.

—

The semisimplification Rep(Sy) is semisimple.

Proof. Proposition and Definition 2.4.1) imply that F' is a C-linear full tensor functor.
Then it reflects and preserves negligible morphisms by Proposition Rep(Sy) is
semisimple, therefore the only negligible morphisms in this category are the zero morphisms.
This implies that the only negligible morphisms in Rep(S),) are the morphisms that lie in
the kernel of o

F =T : Homgeys,)([k], [l)) = C P(k,1) = Homs, ((C™)®*, (C™)®)

for all k,1 € N. So if N is the tensor ideal of negligible morphisms in the interpolation
category, then it contains all the morphisms in the kernel of F. Therefore we get an induced
C-linear functor

F : Rep(S,) — Rep(Sp)
which is faithful, full and essentially surjective. So it is an equivalence of categories. The
semisimplicity of Rep(.S,,) then implies the semisimplicity of Rep(Sy). O
Remark 2.5.13. If we denote the quotient functor corresponding to the semisimplification

by Fy : Rep(Sy) — @L), we get that F = FoFy.

Remark 2.5.14. Note that the proof shows that the interpolation categories Rep(S,,) are
not semisimple for n € N, because they have nontrivial negligible morphisms.

Remark 2.5.15. Following Remark|2.5.3|and Remark|[2.5.7 R@) is a C-linear spherical
rigid symmetric monoidal category and the quotient functor Fj is a C-linear full tensor
functor. Because ' = F o F)y is also a C-linear tensor functor, so is F.
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2.5.3 Semisimplification of the interpolation categories in the reflection
representations for the hyperoctahedral groups

Analogous as we did in the previous section, we show that the interpolation functor

G : Rep(H,) — Rep(H,,) induces an equivalence G: Ra\ H,) — Rep(H,). This statement
is proven in [FM21, Proposition 3.17] and we give a short summary of their approach after
we prove the statement without relying on the theory of *-categories, see The fact
that the interpolation categories Rep(H;) are semisimple if and only if ¢ ¢ N; is proven in
[FM21, Chapter 3]. -

Proposition 2.5.16. For all n € N the interpolation functor G : Rep(H,) — Rep(H,)
induces a C-linear functor G : Rep(H,) — Rep(Hy), which is an equivalence of categories.

The semisimplification Rep(H,,) is semisimple.

Proof. Proposition and Definition tell us that G is a C-linear full tensor functor
and as a consequence Proposition implies that it reflects and preserves negligible
properties. Because Rep(H,,) is semisimple, the only negligible morphisms in this category
are the zero morphisms. This implies that the only negligible morphisms in Rep(H,,) are
the morphisms that lie in the kernel of

G =T : Hompep(s,)([k], ) = C Peven(k, 1) = Homp, ((C)®*, (C)).

If \V is the tensor ideal of negligible morphisms, then it contains all the morphisms in the
kernel of G and we get an induced C-linear functor

G : Rep(H,,) — Rep(H,)

which is faithful, full and essentially surjective. So we have an equlvalence of categories.
The semisimplicity of Rep(H,,) then implies the semisimplicity of Rep( n)- O

Remark 2.5.17. If we denote the quotient functor corresponding to the semisimplification
by Gur: Rep(H,) — Rep(Hy), we get that G = G oGy

Remark 2.5.18. Note that the proof shows that the interpolation categories Rep(H,,)
are not semisimple for n € N, because they have nontrivial negligible morphisms.

Remark 2.5.19. Following Remark|2.5.3|and Remark[2.5.7 Rep( 1) is a C-linear spherical
rigid symmetric monoidal category and the quotient functor G is a C-linear full tensor
functor. Because G = G o G v is also a C-linear tensor functor, so is G.

Now we want to take a short look at the approach of [FM21]. First they show that
there exists an equivalence between the semisimplification of Rep(H,) and Rep(H,,). The

following lemma holds in fact for all C-linear rigid symmetric monoidal categories, see
[AKOO02, Proposition 7.1.4].

Lemma 2.5.20. For any t € C, the ideal of negligible morphisms N is the unique mazimal
tensor ideal in Rep(Hy).
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Proof. Let f: A — B be a morphism in Rep(H;) that isn’t negligible. Then there exists a
g : B — A such that tr(f o g) # 0. Recall that the trace is a an endomorphism of [0], in
this case a non-trivial one. Because it is achieved using tensor products and compositions,
any tensor ideal J in Rep(H;) containing f, will contain this non-trivial endomorphism
and thus the identity on [0]. But this shows us that J will contain all of Rep(H;), implying
the maximality of . O

Remark 2.5.21. A C*-algebra is a Banach algebra over C with an involution. Every
finite dimensional C*-algebra A is isomorphic to a direct sum of matrix algebras over C
with involution the conjugate transposes.

Lemma 2.5.22. Assume a C-linear Karoubian monoidal category C has finite-dimensional
morphism spaces and admits a positive x-operation. Then it is semisimple (and hence,
abelian).

Proof. Because every idempotent splits and the hom-spaces are finite dimensional we know
that every object can be written in an unique way as a finite direct sum of indecomposable
objects. We need to prove that the indecomposable objects have no subobject, which
shows that they are simple. For this it suffices to show that every morphism between
indecomposable objects is either zero or an isomorphism. Then it would be impossible to
have an inclusion of a proper non-trivial subobject in some indecomposable object. So
assume f : A — B is a non-zero morphism between indecomposable objects. Because
the endomorphism algebras of C are finite dimensional C*-algebras without non-trivial
idempotents we see that a := f*o f € C(A,A) ZCand b:= fo f* € C(B,B) = C are
scalars. Then fa = fo f*o f = bf implies that a = b which implies that f~! = %f* and
that f is an isomorphism. O

Remark 2.5.23. The horizontal reflection * of partitions, extended C-antilinearly, induces
a *-operation on Rep(H;) which is the identity on objects and is a contravariant involutive
antilinear monoidal endofunctor P

Proposition 2.5.24. For any complex number t, assume K : Rep(H;) — D is a (non-zero)
monoidal x-functor, where D is a C-linear Karoubian monoidal category C with finite-
dimensional morphism spaces and a positive x-operation. Then IC induces an equivalence
between the semisimplification of Rep(Hy) and the image of K.

Proof. We first observe that the image Im(K) is a C-linear Karoubian monoidal subcategory
of D with finite-dimensional morphism spaces and a positive x-operation. By Lemma [2.5.22]
we see that Im(K) is semisimple, which implies by Proposition that there are no
non-trivial negligible morphisms. As a consequence all negligible morphisms of Rep(H;) lie
in the kernel of K, which is a tensor ideal. Then Lemma implies that the negligible
morphisms are exactly all morphisms in the kernel. Thus the functor K : Re/p-(Et) — D is
faithful and well defined. Because it is also full and essentially surjective, it is an equivalence
of the semisimplification and the image of K. O

Proposition 2.5.25. For any n € N, the functor G induces an equivalence between the
semisimplification of Rep(H,) and Rep(H,).

“Note that the *-operation differs from the endofunctor (—)*, in Proposition [2.2.2] only by the fact that it
is antilinear.
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Proof. We want to apply Proposition to G and the representation category Rep(H,,).
It is easy to see that G is a monoidal *-functor and that Rep(H,,) is a C-linear Karoubian
monoidal category C with finite-dimensional morphism spaces and a positive *-operation.
This shows that the induced functor is essentially surjective and fully faithful. O

2.5.4 Semisimplification of the interpolation categories in the
permutation representations for the hyperoctahedral groups

Analogous as we did in the previous sections, we show that the interpolation functor
H : Par(Zs, 2n)5% — Rep(H,,) induces an equivalence H : Par(myﬂ" — Rep(H,,).
This fact was neither mentioned nor proven in [LS21]. The fact that the interpolation
categories Par(Zs,t)%%" are semisimple if and only if ¢ ¢ 2N is proven in [Kno07][p.596,
example 2]. We refer to [LS21, Chapter 9] for more details concerning this statement.
Proposition 2.5.26. For alln € N the interpolation functor H : Par(Zsa,2n)%% — Rep(H,,)
induces a C-linear functor H : Par(m)K‘“" — Rep(H,), which is an equivalence of

-1

categories. The semisimplification Par(Za,2n)Xe is semisimple.

Proof. Proposition and Definition [2.4.6] imply that H is a C-linear full tensor
functor. Then Proposition [2.5.11]implies that H reflects and preserves negligible properties.
Because Rep(H,,) is semisimple, the only negligible morphisms in this category are the
zero morphisms. This implies again that the only negligible morphisms in Rep(H,,) are
the morphisms that lie in the kernel of o

H=T: HomPar(Zg,Qn)K”([];]ﬂ m) - (CPZ2 (k7 l) — HomHn<(C2n)®kv (CQn)®l)'

If NV is the tensor ideal of negligible morphisms, then it contains all the morphisms in the
kernel of H and we get an induced C-linear functor

H: Par(m)K‘" — Rep(H,,)

which is faithful, full and essentially surjective. So we have an equivalence of categories.
The semisimplicity of Rep(H,,) then implies the semisimplicity of Par(Zy, 2n)%aer. O

Remark 2.5.27. If we denote the quotient functor corresponding to the semisimplification
by Hy : Par(Zo, 2n)59" — Par(Zsy, 2n)K" | we get that H = Ho Hy.

Remark 2.5.28. Note that the proof shows that the interpolation categories Par(Zg, 2n)
are not semisimple for n € N, because they have nontrivial negligible morphisms.

Remark 2.5.29. Following Remark and Remark Par(Zsy, 2n)Ker is a C-linear
spherical rigid symmetric monoidal category and the quotient functor Hys is a C-linear full
tensor functor. Because H = H o Hys is also a C-linear tensor functor, so is H.

2.6 Universal properties of the interpolation categories

We describe the interpolation categories by giving isomorphisms to categories which are
defined by generators and relations. This is done in [LS21, Chapter 4] for the interpolation
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categories Rep(S;) and Par(Zs,t) %", This makes it possible to discuss the universal
properties of the interpolation categories. This was already done in [Del07, Proposition
8.3] for the case Rep(S;). The proof we give for the universal properties, is in each case
analogous to the proof in [EH22, Corollary 8.1.3].

2.6.1 Universal properties of the interpolation categories for the
symmetric groups

In this section we describe Rep(S;) using generators and relations and use this result to
give a universal property of Rep(Sy).

Definition 2.6.1. Par({1})/ ~; is a strict C-linear monoidal category with a single
generating object W. The generating morphisms are

‘ =idwy : W - W

A WeW —Ww

Y W ->WeW

>< WeW >WeW

b:1—->W

W =1

with the following relations:

AR YT T e
ié i§< >§§ (2.6.2)

S S
i -

Remark 2.6.2. It can be proven that all the possible horizontal and vertical reflections
of the above relations will also hold, as a consequence of the given relations, see [LS21]
Proposition 4.3].

(2.6.4)

Remark 2.6.3. Note that we can use the morphism >< to define swap morphisms
syer et WP @ WO — W @ WO for all k,l € N by
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Chapter 2 Interpolation Categories

[ times k times

k times | times

The first relation of 2.6.2 show us that all swap morphisms are isomorphisms. The
second relation of (2.6.2) and the relations in (2.6.3) imply that the above swap morphisms
are natural with respect to the other generating morphisms.

Altogether these relations are equivalent to the statement that Par({1})/ ~; is a
symmetric monoidal category.

The following statement is already proven in |[Com20, Theorem 2.1]. They refer to [Koc03,
Chapter 1.4] in which a similar proof is given for the category 2Cob, a free symmetric
monoidal category generated by a commutative Frobenius algebra. We write this proof
out in the language of Definition In our case Par({1})/ ~; is a free symmetric
monoidal category generated by an n-dimensional special commuative Frobenius algebra.
So Par({1})/ ~ is equivalent to 2C0ob with the second and third relation of (2.6.4) added.
The second relation of 2.6.4 tells us that the occuring diagrams will contain no circles. In
the source material this corresponds to saying that the cobordisms have genus 0 or that
they have no handles.

Theorem 2.6.4. The categories Rep,(St) and Par({1})/ ~¢ are isomorphic as C-linear
symmetric monoidal categories.

Proof. Define the functor F : Par({1})/ ~;— Rep,(St) on objects by W®k s [k]. This
makes it clearly bijective on the objects. On the morphisms we define it by sending;:

AN YN Xm0 et i,

58



2.6 Universal properties of the interpolation categories

and extending this rule C-linearly. The fact that this choice is a well-defined one, can be
seen by checking that the relations of Definition are preserved by F' and this amounts
to the fact that partition diagrams are the same when the parts are the same.

Let p € P(k,1) be a partition and ¢(c)op’o¢(p) some normal form of p, see Definition[2.1.5]
To show that the functor is full, it suffices to show that the permutation partitions and the
non-crossing form of the partition p lie in the image. The permutation partitions lie in the im-
age because we can define a monoid homomorphism ¢’ : S,, — Homp,,({1}) /Nt(W®”, wen)
for all n € N by defining it on the transpositions analogously as we did for ¢, see Definition
Then F o ¢/ = ¢, showing the claim. To prove that the non-crossing forms of a
partition lie in the image, it suffices to show that every one-part partition lies in the image,
because the functor is monoidal. So let ¢ € P(k,l) be a partition of one part. Then it
lies in the image of the so-called star diagram S} € Hompy,({1})/~, (W®*, W®!) which is
defined for k,1 > 1 by

N
.

[ —1 times

—_—

Star diagram  S! Y

k — 1 times

For k=1 or [ =1 we replace respectively the lower part or the upper part of the star
diagram by the identity partition. In case k = 0, we replace the lower part of the star
diagram by L. In case | = 0, we replace the upper part of the star diagram by ¢. This
defines S,lc, for all k,1 € N. So for any partition p € P(k,l) with ¢(c) o p’ o ¢(p) some
normal form, we see that it is the image of the morphism f := ¢'(c) 0 S o ¢/(p), where S is
a tensor product of star diagrams corresponding to the blocks of p’. We call f a morphism
in normal form, similarly as we did for the partition diagrams.

We are left to prove the faithfulness of the functor . Note that we have a notion of
parts and the size of parts of a morphism in Par({1})/ ~; which corresponds to the notion
of parts and the size of parts of its image under F. We first show that for a one-part
morphism [ € Hompar({l})/Nt(W@’k,W@l) with f € P(k,l), it is possible to apply the
relations to get f = S’,lg.
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Chapter 2 Interpolation Categories

Case 1 f contains no twists:
We want to move all the )\ down and all the Y up, using the relations. We can use

the relations (2.6.1) and (2.6.4) to get )\ past any obstacles on the way down. If all of
them are down, we use associativity to get the wanted lower half of the star diagram:

Moving the )\ down.

In a similar fashion we can move all Y up and get our star diagram.
Case 2 f contains twists: Now we use induction on the number of twists to see how we
can remove all twists. Suppose f contains some twist and looks like

C D

A B

where A, B, C, D are morphisms already in the form of a star diagram. We can assume
either A and B are connected or A and C' are connected, because f consists only of one
part.

Lets first assume that A and B are connected. Then we can use associativity and locally
get something of the form >< o Y which equals Y by relation (2.6.4). If we assume
that A and C are connected we see that we locally get an image, maybe after applying
associativity if necessary, that looks like:

<
X <
Y

X

(X

Y
8 A

<>
{
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2.6 Universal properties of the interpolation categories

so that after applying (2.6.4), (2.6.3), (2.6.1) and (2.6.4) again, the twist is removed and
we are back in case 1. So we have proven that a one part morphism f can be transformed
to a star diagram.

Now we take an arbitrary g € Hompar({l})/Nt(W@’k, W), We can find permutations
o and p such that ¢(c) o F'(g) o ¢(p) is some non- crossing form of F(g). Then we can of
unknot the interwined parts of ¢/(0)~1 o go ¢'(p)~! using the twist relations in (2.6.2) and
(2.6.3) to obtain a morphism f; ® ...® f,, where the f; have as images the single blocks of
the non-crossing form of F(g). By the previous part we can write each f; as a star diagram
S,lg'i and we obtain the normal form

g=¢(0)o Sl ®...0 Sy od(p).

This shows that any two morphisms with the same image under F will be equal to the same
morphism in normal form. Because a C-linear combination of morphisms in Par({1})/ ~
will be linearly independent if and only if its image under F' linearly independent, is F is
faithful. This concludes the proof that F' is an isomorphism between C-linear monoidal
categories. We note that the swap morphisms in Par({1})/ ~; and Rep,(S;) can be

constructed as explained in Remark by the morphisms >< and X respectively.
Because F is functorial and sends >< to , it also preserves the swap morphisms. This

shows that F' is a C-linear symmetric monoidal functor.
O

Remark 2.6.5. The isomorphism £ induces an isomorphism
FEar: (Par({1})/ ~)™*" — Rep(Sy).

The theorem implies that Par({1})/ ~; has the structure of a C-linear spherical rigid
symmetric monoidal category and that RepO(St) satisfies the following universal property:

Theorem 2.6.6. Lett € C. Let C be a C-linear symmetric monoidal category with a
t-dimensional special commutative Frobenius object (A, «, 4, 3,€) for an object A € Ob(C),
a multiplication o : AQ A — A, a comultiplication 5: A— AQA, aunitd: 1 — A and a
counite : A — 1. Let vy := 3104714 AR A — AR A be the swap morphism. These morphisms
satisfy:
1. A is a Frobenius object

ao(idg®0) =1idy =ao (0 ®idy),

(idg®€)o B =1idsy = (e®idy)o B,

(a®ida)o (ida®B)=Boa=(ida®@a)o(BRids).
2. A is commutative
aoy=aq.

3. A is special

aof =idy.
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Chapter 2 Interpolation Categories

4. A has dimension t
€od =t.

Then there exists a unique strict C-linear symmetric monoidal functor F' : RepO(St) = C,
with F'([k]) = A% for all k € N and F'(F( L)) = a, F(F(Y) = 8, F(F(X)) =,
F'(F(&) =0 and F'(F(?)) = €. Furthermore, if C is Karoubi, there exists an up to iso-
morphism unique C-linear symmetric monoidal functor F : Rep(S;) — C with F' = F o p.

Proof. We define the functor F” : Par({1}/ ~;— C on objects by F"(W®*) := A®F and
on morphisms by the C-linear extension of .7'"”()\) = a,}'”(Y) = B,]:”(><) = 7,
F"(§) := 0 and F"(?) := e. Because C is a symmetric monoidal category, the relations
(2.6.2) and (2.6.3) hold in this category, see Remark [2.6.7 One checks that all the necessary
relations are satisfied and this implies that the functor F” is indeed a well-defined strict
C-linear symmetric monoidal functor. We then use Theorem to define the strict
C-linear symmetric monoidal functor ' := F” o =1, If C is Karoubi, the universal property
of the Karoubian envelope implies the existence of the functor F, see Remark O

Remark 2.6.7. We use the notation of Theorem [2.6.6, Because C is a symmetric monoidal
category, A and the morphisms «, 3,7, and e satisfy the following relations. The relation

Yoy =1idsg ®ida

expresses that the swap morphisms, which one can describe using « in a similar way as we
did in Remark are isomorphisms. The relations

(y®ida)o (ida @) o (y®ida) = (ida @ y) o (y®ida) o (ida ® ),
v ® (idga ®9) = ®ida,

(idg ®€) oy =e®ida,

(idga @ a)o (y®idg)o (idg @) =vo (a®idy),

(tda ®7) o (y®ida) o (ida ® B) = (B®ida) 0.

express the naturality of these swap morphisms with respect to «, 3,,9 and .

Corollary 2.6.8. Let t € C and C be a C-linear symmetric monoidal Karoubi category.
Then there is an equivalence

Fun%’symm(@(st),@ ~ Frobgpec(c,t)
between the category FU”%’Symm(@(St),C) of C-linear symmetric monoidal functors from

Rep(St) to C with natural isomorphisms between them, and the subcategory Frobgp “(C,t) of
C consisting of t-dimensional special commutative Frobenius objects and their isomorphisms.

Proof. We want to construct an inverse for the functor

Funs®™™ (Rep(S;), C) — Frob2?*(C, t)
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2.6 Universal properties of the interpolation categories

defined by

F — F([1]) for all functors F : Rep(S;) — C and

K +— k4 for all natural isomorphisms k : F1 — Fo.

Let A be a t-dimensional special commutative Frobenius object in C. Then Theorem
implies the existence of a functor F4 : Rep(S;) — C with the properties that were

stated in the theorem. Let & : A — B be an isomorphism in Frob2?°(C,t). We define a
natural isomorphism F* : FA4 — FPB as followed. First we define a natural isomorphism
FO between FA0 .= FAop : Rep(S;) — C and FBO .= FBoyp: Rep, (St) = C by

.7:['2’}0 = x®F . A%k _, pok

for all k € N. Let f : [k] — [I] be a morphism in Rep, (St). Because « respects the structure
of A and B, the following square commutes

qok T e
e [t
pek F20) per

This shows that F*9 is a natural isomorphism. By the properties of the universal property
of the Karoubian envelope it extends uniquely to a natural isomorphism F* : F4 — FB
such that F*Y = F* o 1. We obtained an inverse functor

Frobépec(c, t) — Fun?g’symm (Rep(St),C),

and this shows the equivalence. ]

Alternative definition of interpolation functor I": Rep (S,) — Rep(Sy)

Using the description above we define the interpolation functor F” : Rep,(Sn) — Rep(Sn)
in a different way as we did before: by Theorem we only have to specify the image of
the generating morphisms and check that the necessary relations are functorial.

We define the strict C-linear monoidal functor F” : Par({1})/ ~,— Rep(H,,) on objects
by sending W to v’ € Rep(S,,). The images of the generating objects are defined by:

F”()\): v ou =, ei @ ej — 0 jeq,

F"(Y):u'—)u'@u', e — e R e,

F”(><):u/®u’—>u’, VRW W,
F'():1=C—, 1= >0 e
F'(®): v — C, e; — 1.

The fact that this yields a well-defined functor is proven in [LS21, Theorem 5.1].

The fact that F' := F” o F~1 indeed yields the same functor as before follows from the
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Chapter 2 Interpolation Categories

fact that F” o =1 = T on the basis elements of the morphism spaces of Rep,,(Sn)-

2.6.2 Universal properties of the interpolation categories in the
permutation representations for the hyperoctahedral groups

In this section we describe Par(Zsa,2n) using generators and relations and use this result to
give a universal property of Par(Zsa,2n)% . The description using generators and relations
is already stated in [LS21, Theorem 4.4]. We wrote the proof out using the notation we
introduced. We also elaborated at some points. The fundamental structure of the proof
stays the same. The statement of the universal property in Corollary is new.

Definition 2.6.9. Par(Zs)/ ~ is a strict C-linear monoidal category with a single
generating object W. The generating morphisms are

‘ =idw W —>W

)\ WeQW —-W

YW sWeWw

X WeaW -sWeW

9¢: W =W, g€l

L:1—-W

W =1

1:1—1

with the following relations for g, h € Z:
A VAT AXAA e
§§< (2.6.6)
, %: , %:Q (2.6.7)
Q: , gé?h zag,h+g . I=t (2.6.8)

= g><=><g , oY = e gizg. (2.6.9)

Remark 2.6.10. It can be proven that all the possible horizontal and vertical reflections
of the above relations will also hold, as a consequence of the given relations, see [LS21,
Proposition 4.3].

Remark 2.6.11. By the same argument as in Remark Par(Zs)/ ~ is a symmetric
monoidal category.
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2.6 Universal properties of the interpolation categories

Theorem 2.6.12. Let n € N. The categories Par(Za,t) and Par(Zsa)/ ~¢ are isomorphic
as C-linear symmetric monoidal categories.

Proof. Define the functor H : Par(Zs)/ ~t— Par(Zs,t) on objects by W®* — [k]. This
makes it clearly bijective on the objects. On the morphisms we define it by sending;:

AR A YRV XK 4t ooy e =]

g

and extending this rule C-linearly. The fact that this choice is a well-defined one, can
be seen by checking that the relations of Definition are preserved by H and this
amounts to the fact that Z-coloured partition diagrams are regarded the same when they
are equivalent. Now we want to prove that H is full. Let (p,z) € Pz,(k,) and let

2y Rl—1Ry

111 oo(o)opodlp)o 111

Z1 Zp—1Zk

be a normal form of (p, z), see Definition [2.1.15 It is clear that

2y Rl_1Rp

Pollma [l

21 Rk—1Rk

lie in the image of H, so it remains to show that p = ¢(c) o p’ o ¢(p) lies in the image. We
extend the homomorphism of the proof of Theorem [2.6.4]

¢/ 0 Sy HomPar({l})/Nt (W®k7 W®l) — HomPar(Zg)/Nt (W®k7 W®l)

by considering Par(1)/ ~; as a subcategory of Par(Zs)/ ~; and see that H o ¢/ = ¢. We
noted in Remark [2.2.14] that Rep(St) is a subcategory of Par(Zs,t). By combining these
facts we get that the restriction

f{|par({1})/Nt = F : Par({l})/ ~t—r @0(515) C Par(Zg,t)

is the full functor of Theorem This implies that p’ lies in the image of H. Putting
everything together we see that (p, z) lies in the image of

f;:<zl,+zg,+... zl/+)o¢/(g)oSo¢/(p)o(21+22+... zk+)

/

under H, where S is a tensor product of star diagrams such that H(S) = F(S) = p/.
Similarly as before we call f a morphism in normal form.

Now we prove that the functor H is faithful. Let ¢ € Homp,,(z,)/~, (WP, W) such
that g € Py, (k,l), meaning that it consists of a single Zs-coloured partition with coefficient
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1. We consider the Zy-coloured partition H(g) = (p, z) and its normal form

2y Rl_Rp

111 og(o)opodlp)eo 111

21 Rk—1Rk
We claim that we can obtain

(21/+22/+--- Zl/+)O¢/(U)OSO¢/(p)O(Z1+Z2+--' Zk+) (2.6.10)

by applying the relations of Definition 2:6.9 to g. To do this we start with moving all the
tokens on the diagram of g to the outer ends. This can be done by applying the relations
in (2.6.8) and (2.6.9), and the corresponding relations which are obtained by reflecting
their diagrams horizontally or vertically. We also need the relations

s J=be, 9 )=ys.

which are proven in [LS21} Proposition4.3] for g € Zs. Let

g:(yl,+y2,+... yl,+)ogfo(yl+y2+... yk+).

be the obtained diagram with y = {y1,...,yk,y1/,-.., 90} € Zg“. Note that the in-
ner part ¢’ has no tokens and therefore lies in Par({1})/ ~+C Par(Zy)/ ~;. Because
F(¢") = H(¢g") = ¢(c) op' 0 ¢(p) we can then argument similarly as in the proof of Theorem
and apply the relations (2.6.5),(2.6.6),(2.6.7) and (2.6.8) to get that

g =¢'(a)oSod(p)

where S is a tenor product of star diagrams with image the blocks of p’. So we obtained

g= (y1/+y2/+--- yz/+)0¢'(0)050¢'(p)o<y1+y2+--~ yk+) (2.6.11)
Because H(g') = p = ¢(c) o S o ¢(p), we see that

Y Yi—1yy Zyr Rl—1Ry

1. 11 odlo)op/og(p)o 1---1 1 =Hlg)= 111 odla)opod(p)o -1 ]

Y1 Y-k 21 Zk—1Rk

This implies that y and z are equivalent labelings of p, so (p, z) ~ (p,y). But by definition
this means that their labelings for a block of p are either equal or differ up to multiplication
by —1 of each label of the block. This means that for some star diagram S’ in the tensor
product S corresponding to a block of p, the tokens that are connected to its outer ends
through the permutation diagrams ¢’(o) and ¢'(p), will be either equal in and
or differ by a factor of —1 for each end of the star diagram S’. But in both cases
we can transform one case in the other by applying the first and the fourth relation of
(2.6.9) to the star diagram S’, as one can see in the following example.
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Y Y .
1

A- A=A
LA D AT At A

g:(zl/+z2/+... Zl’+>0¢/(U)OSO¢/(P)O<Z1+Z2+"' zk+>

This shows that any two morphisms with the same image under H will be equal to the same
morphism in normal form. Because a C-linear combination of morphisms in Par(Zs)/ ~;
will be linearly independent if and only if its image under H linearly independent, therefore
that H is faithful. This concludes the proof that H is an isomorphism between C-linear
monoidal categories. We note that the swap morphisms in Par(Zy)/ ~; and Par(Zs,t) can
be constructed as explained in Remark by the morphisms >< and :>< respectively.

Because H is functorial and sends >< to X, it also preserves the swap morphisms. This

Yoy
A= A-

shows that H is a C-linear symmetric monoidal functor.
O

Remark 2.6.13. The isomorphism H induces an isomorphism
ﬁKar : (Par(Z2)/Nt)Kar_>(Par(Zz’t))Ka'r.

The theorem implies that Par(Z,),., has the structure of a C-linear spherical rigid
symmetric monoidal category and that Par(Zs,t) satisfies the following universal property.

Theorem 2.6.14. Lett € C. Let C be a C-linear symmetric monoidal category with a
t-dimensional special commutative Frobenius object with involution (A, a, 0,8, €,¢) for an
object A € Ob(C), a multiplication o : AQ A — A, a comultiplication f: A — A® A, a unit
0:1— A, acounite: A— 1 and an involution ( : A — A. Lety := 3104,,4 PARA =5 AR A
be the swap morphism. These morphisms satisfy:

1. A is a Frobenius object

ao (ida®0) =1ida =ao (I ®ida),
(idg®@e€)o B =1idy = (e®idy) o B,
(a®idg)o (ida®B)=Boa=(ida®@a)o(BRids).

2. A is commutative
aoy = q.
3. A is special

aof =idy.
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4. A has dimension t
€od =t.
5. € is an involution

(ol =1da.

6. As a special commutative Frobenius object, A is compatible with the involution 'yE|

Bol=(C®()op,
Cos=4,
ao((®()of =,
ao(idg®()of=0=ao((®ida)o .

Then there exists a unique strict C-linear symmetric monoidal functor H' : Par(Zsa,t) — C,
with H'([k]) = A®¥ for all k € N and H'(H( L)) = o, H(H(Y)) = 8, H'(H(X)) =1,
H(H(Y)) =0, H'(H)) = € and H'(H( 9+)) = (. Furthermore, if C is Karoubi, there exists
an up to isomorphism uniqe C-linear symmetric monoidal functor H : Par(Za,t)%" — C

with H' = Houvy.

Proof. We define the functor H” : Par({1}/ ~;— C on objects by H"(W®F) := A%k and
on morphisms by the C-linear extension of 7—["()\) = a,H”(Y) = ﬂ,?—[”(><) = 7,
H" (L) =8, H"(9) := e and H"( 9¢) := (. Because C is a symmetric monoidal category
the relations (2.6.6),(2.6.7) and the third relation of (2.6.9) hold, see Remark A
direct verification shows that all the necessary relations are satisfied. This shows that the
functor H” is a well-defined strict C-linear symmetric monoidal functor. We use Theorem
and define H' := H"” o H~', which is the wanted C-linear strict symmetric monoidal
functor. If C is Karoubi, the universal property of the Karoubian envelope implies the
existence of the functor H, see Remark O

Remark 2.6.15. We use the notation of Theorem [2.6.14] Because C is a symmetric
monoidal category, A and the morphisms «, 3,7, d, € and ( satisfy the following relations.
The relation

Yoy =1ids ®ida
expresses that the swap morphisms, which one can describe using ~ in a similar way as we

did in Remark are isomorphisms. The relations

(Y ®ida) o (ida @) o (y®ida) = (ida ® ) o (y ®ida) o (ida ® ),
v R (ida ® ) =0 Qida,

3The first 2 equations together with v o (¢ ® ida) = (ida ® ¢) oy and (( ® ida) oy = vy o (ida ® () say
that the involution is some sort of natural transformation idc — ide¢ which is restricted to the tensor
powers of A and the compositions and tensor products of the morphisms ida, «, 3, and €. In that case
one would define this 'natural transformation’ as ¢ yer := ¢%F.

68



2.6 Universal properties of the interpolation categories

(idgy ® €) oy = € ® idy,
(lda®@a)o(y®ida)o (idg @) =vo (a®ida),
(ida®7) o (y®ida)o (ida ® B) = (B®ida) o,
Yo ((®ida) = (ida ® ()07,
(C®ida)oy=ryo(ida®C().

express the naturality of the swap morphisms with respect to «, 3,7, 9, € and (.

Corollary 2.6.16. Lett € C and C be a C-linear symmetric monoidal Karoubi category.
Then there is an equivalence

Fun%’symm (Par(Zs, t)K‘", C) ~ Fmbgpec’m” (C,1)

between the category Fung’symm(Par(Zg, t)Kar ) of C-linear symmetric monoidal functors
from Par(Zsy,t)5 to C with natural isomorphisms between them, and the subcategory
Fmbgpec’mv(c,t) of C consisting of t-dimensional special commutative Frobenius objects
with involution and their isomorphisms.

Proof. We want to construct an inverse for the functor
Fun%’symm(Par(Zz, t)kar ¢) — Frobgpec’m” (C,t)
defined by

H +— G([1]) for all functors H : Par(Zs, )% — C and

Kk +— k4 for all natural isomorphisms k : Hi1 — Ho.

Let A be a t-dimensional special commutative Frobenius object with involution in C.
Then theorem [2.6.14] implies the existence of a functor HA : Par(Z,,t)X* — C with
the properties that were stated in the theorem. Let x : A — B be an isomorphism in
Frob?2P*“™™(C, ). We define a natural isomorphism H* : H*4 — HP as followed. First
we define a natural isomorphism H®° between H4C := G4 o 1yy : Par(Zy,t) — C and
HEO .= HB o1y : Par(Zs,t) — C by

H'[Z’]O = Ok . A®F _, Bk
for all k € N. Let f : [k] — [I] be a morphism in Par(Zg,t). Because k respects the
structure of A and B, the following square commutes

A0
Aok ) gl
k®k k®!

Qk HB’O(f)

B B¢,

This shows that #*? is a natural isomorphism. By the properties of the universal property
of the Karoubian envelope it extends uniquely to a natural isomorphism #* : H4 — GB
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such that H%9 = H" o 1;7. We obtained an inverse functor
Frobépec’im C,t) — Fun%”symm(Par(Zg, t)Kar ),

and this shows the equivalence. O

Alternative definition of interpolation functor H' : Par(Zs,2n) — Rep(H,,)

Using the description above we define the interpolation functor H' : Par(Zsa, 2n) — Rep(H,,)
in a different way as we did before: we only have to specify the image of the generating
morphisms and check that the necessary relations are functorial.

We define the strict C-linear monoidal functor H” : Par(Zs)/ ~»,— Rep(H,,) on objects
by sending W to V' € Rep(H,,). The images of the generating objects are defined by:

H'(J): VeV =V, el @ e} - 0gndizel,
H'(Y):V =>VaV, el el ®eb,
H”(><):V®V—>V, VW W,
H'(L): C—=V, L= Y e i €
H"(9):V = C, el 1,
H”(9+):V—>V, eﬁ'z»—ﬂazh

for g,h € Zy. The fact that this is well-defined is proven in [LS21, Theorem 5.1].

The fact that H' := H” o H~! indeed yields the same functor as before follows from the
fact that H” o H—! = T on the generating morphisms and therefore on the basis elements
of the morphism spaces.

2.6.3 Universal properties of the interpolation categories in the reflection
representations for the hyperoctahedral groups

In this section we describe Rep, (H) using generators and relations and use this result to
give a universal property of Rep(H;). The description in Definition is a new one.
The structure on the generating object is a bit different from the previous cases, but it is
still possible to discuss the universal property of this category, see Corollary and it
will turn out to be a very useful tool in proving the main theorem of this thesis.

Definition 2.6.17. Par; is a strict C-linear monoidal category with a single generating
object W. The generating morphisms are

‘:idwiW—)W
I:W@W—>W®W

i:W@W—>1
><:W®W—>W®W
\!:1—>W®W
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2.6 Universal properties of the interpolation categories

with the following relations and the relations obtained by reflecting them horizontally
and/or vertically:

O
2=l X

:>§, (2.6.14)
%;i, :I, % , -1} (2.6.15)

Remark 2.6.18. By the same argument as in Remark Par, is a symmetric monoidal
category.

Theorem 2.6.19. The categories RepO(Ht) and Pary are isomorphic as C-linear symmetric
monoidal categories.

Proof. Define the functor G : Par; — Rep,,(H:) on objects by W®F s [k]. This makes it
bijective on the objects. On the morphisms we define it by sending:

Lmme Lo XX e

and extending this choice C-linearly. The fact that this choice is well-defined, can be seen
by checking that the relations of Definition are preserved by G and this amounts to
the fact that the partition diagrams are the same when the parts are the same.

Let p € Peyen(k, 1) for k+ 1 even. We note that every permutation partition is an even
partition, see Deﬁnition so we can restrict the image of ¢ : Sy, < Poyen(n,n) C P(n,n)
to the even partitions. Now let ¢(o) o p’ o ¢(p) be some normal form of p, see Definition
2.1.5) and note that p’ is also an even partition. To show that the functor G is full, it
suffices to show that the permutation partitions and the non-crossing form of the partition
p lie in the image. The permutation partitions lie in the image because we can define a
monoid homomorphism ¢’ : S, — Homp,,, (W&, W) for all n € N, by defining it on the
transpositions analogously as we did in Definition such that G o ¢/ = ¢. Now we
need to prove that the non-crossing form p’ lies in the image, but because G is monoidal,
we only need to show that any even one-part partition lies in the image. The proof of
Proposition shows that we can write every even block of size (k,[) with & > [ in the
form sp(tg—i41 ® ‘ ... ®‘ ). So we only have to show that for all n € N the partitions s,

———

[ — 1 times
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Chapter 2 Interpolation Categories

and ¢, lie in the image of G. Similar arguments apply then to the cases k < [. We define
morphisms s/, and ¢, by

TP TDIN TS
POSRPOOEIDOS

s, for n even sy, for n odd

and see that G(s),) = s, and G(t,) = t,. As a consequence

G (st ®\®---®\)) = s1(tk—1+1 ®\®---®\)

— N——
[ — 1 times [ — 1 times

is an even block of size (k,1). We call morphisms of the form sj(t),_;,,; ® ‘@ e ®‘ )
—_———

[ — 1 times

and their counterparts for k£ < [, even block diagrams. So for any partition p € P(k,I)
with ¢(o) o p’ o ¢(p) some normal form, we see that it is the image of the morphism
f:=¢(0) o Bo@d'(p), where B is a tensor product of even block diagrams corresponding
to the blocks of p’. We call f a morphism in normal form.

Now we prove that the functor G is faithful. Let g € Hompg,, (W W& be an even
partition. We can find permutations o and p such that ¢(c) o G(g) o ¢(p) is some non-
crossing form of G(g). Then we can unknot the interwined parts of ¢/(¢) > o g o ¢'(p) !
using the twist relations in (2.6.14) and (2.6.15) to obtain a morphism f; ®...® f,, where
the f; have as images the single blocks of the non-crossing form of G(g). If we can prove
that every f; equals some even block diagram B; by using the relations, then we have
showed that g equals the normal form

g=¢(0)oB1®...® B, o¢/(p).

This in its turn shows that any two morphisms with the same image under G will be equal
to the same morphism in normal form. Because a C-linear combination of morphisms in
Par; will be linearly independent if and only if its image under G is linearly independent,
G is then faithful.
For k > | we show that it is possible to apply the relations to the one-part morphism
f € Hompy,, (W®* W®!) to obtain an even block diagram of the form (¢}, ®‘ ®...® ‘ ).
———

[ — 1 times
The argument for the cases k < [ is similar.

Step 1: We draw the diagram in such a way that we have a middle part consisting only

of compositions of the morphisms |, I and >< . This is done by adding identities, for

example
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2.6 Universal properties of the interpolation categories

5y
Be

- T
L0y

Step 2: We assume the middle part does not contain any crosses and change it in the
form s/, by using the first two relations of (2.6.12) and the first one of (2.6.13). This tells

us then that all one-part morphisms of size (k,[) generated only by ‘ and I are the same
in Part;.

Step 8: Assume there are crosses in the middle part. Firstly we note that the crosses
don’t touch the outer parts by using that the first relation of (2.6.13) or its reflection, for

ot
X v

Because the morphism exists in one part we can assume by induction on the number of
crosses, as we did in the symmetric group case and after applying the second relation of
(2.6.15) to trivially remove crosses, that a cross will appear in one of the following settings:

L X X T

The cross can be removed in all these settings by using the second and third relations of
(2.6.15) and the last fact from the previous case. For example:
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Chapter 2 Interpolation Categories

Step 4: We move all the i and \g to the left using the second relation of (2.6.13) and
its reflection after which we can start removing the superfluous ones using the the third
and fourth relation of (2.6.12). We end without \! because k > .

This concludes the proof that G is an isomorphism between C-linear monoidal categories.
We note that the swap morphisms in Par; and Repo(Ht) can be constructed as explained

in Remark by the morphisms >< and X respectively. Because G is functorial and

sends >< to ¢, it also preserves the swap morphisms. This shows that G is a C-linear
symmetric monoidal functor.

O
Remark 2.6.20. The isomorphism G induces an isomorphism G : (Par;)5%" — Rep(Hy).

The theorem implies that Par; has the structure of a C-linear spherical rigid symmetric
monoidal category and that RepO(Ht) satisfies the following universal property.

Theorem 2.6.21. Lett € C. Let C be a C-linear symmetric monoidal category with a
t-dimensional self-dual rigid object with neutralizer (A, «, 3,9) for an object A € Ob(C),
a neutralizer « : AQA — A® A, an evaluation f : A® A — 1 and a coevaluation
0:1—>A®A. Let v := Si,A AR A — A® A be the swap morphism. These morphisms
satisfy:

1. A is rigid and self-dual

(idg @ B) o (6 ®idy) =idy = (B®idy) o (idy ® 0).
2. A has dimension t
dof=t.
3. « is a neutralizer

aoa=q,
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2.6 Universal properties of the interpolation categories

(ida ® a) o (a®ids) = (@ ®ida) o (idg ® ).
4. As a rigid object, A is compatible with the neutralizer

aod =94,

foa=p,
(ida @ a)o (§®ids) = (a®ida) o (ida R 6),
(B®ida)o (idg ®@a) = (ida® ) o (a®idy).

Then there exists a unique strict C-linear symmetric monoidal functor G : Rep,(Hn) — C,
with G'([k]) = A®* for all k € N and 9'<G<I>> =, G(G(])) = 8. §(G(X) = v and

Q’(@(\J)) = 0. Furthermore, if C is Karoubi, there exists an up to isomorphism unique
C-linear symmetric monoidal functor G : Rep(H;) — C with G' = G o 1.

Proof. We define the functor G” : Par; — C on objects by G"(W®*) := A®* and on
morphisms by the C-linear extension of g”(I) = q, g”(i) = 5,g”(><) := v and

G"(1) := 0. Because C is a symmetric monoidal category the relations (2.6.13) and

(2.6.14) hold, see Remark A direct verification shows that all the necessary relations
are satisfied. This shows that the functor G” is a well-defined strict C-linear symmetric
monoidal functor. We use Theorem [2.6.19| to define the strict C-linear symmetric monoidal
functor ¢’ := G"” o G~1. If C is Karoubi, the universal property of the Karoubian envelope
implies the existence of the functor G, see Remark 2.2.8] O

Remark 2.6.22. We use the notation of Theorem [2.6.21] Because C is a symmetric
monoidal category, A and the morphisms «, 3,y and § satisfy the following relations. The
relation

Yoy =1ida®ids

expresses that the swap morphisms, which one can describe using v in a similar way as we
did in Remark [2:6.3] are isomorphisms. The relations

(Y®ida) o (ida ®7) o (y®ida) = (ida ®y) o (y ®ida) o (ida ® ),

oy =20,
yod=nr,
(ida ® B) o (y®ida) o (ida ® ) = B ®ida,
(B®ida)o (ida®7)o(y®ida) =ida ® f,
(y®ida)o (ida ®7) o (®ida) =ida ® I,
(tdg @) o (y®idg) o (ida ® ) =0 ®ida,

aoy=a=voa,
(tda®@a)o (y®ida)o (ida ®7) = (y®ida) o (ida ® ) o (« ®ida),
(a®ida)o (ida ®7) o (y®ida) = (ida ® ) o (y®ida) o (idg ® a)
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Chapter 2 Interpolation Categories

express the naturality of the swap morphisms with respect to «, 8, and 4.
Corollary 2.6.23. Let t € C and C be a C-linear symmetric monoidal Karoubi category.

Then there is an equivalence

Fung,Symm(@(Ht)’ C) ~ Rig%d,neutr (C, t)

between the category Fung’symm(Rep(Ht), C) of C-linear symmetric monoidal functors from

Rep(Hy) to C with natural isomorphisms between them, and the subcategory Rigfcd’nwtr(c )
of C consisting of t-dimensional rigid self-dual objects with neutralizer and their isomor-
phisms.

Proof. We want to construct an inverse for the functor
Fun(%’symm(Rep(Ht), C) — Rigfcd’"eu” (C,t)
defined by

G — G([1]) for all functors G : Rep(H;) — C and

K +— k4 for all natural isomorphisms « : Gy — Gs.

Let A be a t-dimensional rigid self-dual object with neutralizer in C. Then theorem
2.6.21] implies the existence of a functor G4 : Rep(H;) — C with the properties that were

stated in the theorem. Let k: A — B be an isomorphism in Rigfcd’neu”(c, t). We define a
natural isomorphism G* : GA — GB as followed. First we define a natural isomorphism
G*0 between G0 := GA o g Rep,(H:) — C and GBO =GB oug: Rep,,(H:) — C by

g[,Z]O — /<L®k . A®k — B®k

for all K € N. Let f : [k] — [I] be a morphism in Rep (H:). Because s respects the
structure of A and B, the following square commutes

a0k 92°U) el
H®k H]®l

B®k gB,O(f) B®l.

This shows that G¥0 is a natural isomorphism. By the properties of the universal property
of the Karoubian envelope it extends uniquely to a natural isomorphism G* : G4 — GP
such that G"9 = G® o 1. We obtained an inverse functor

Rigfcd’"eu” C,t) — Fun(%’symm (Rep(Hy),C),

and this shows the equivalence. ]

Alternative definition of interpolation functor G': Rep(H,) — Rep(H,)

Using the description above we define the interpolation functor G’ : RepO(Hn) — Rep(H,)
in a different way as we did before: we only have to specify the image of the generating
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2.6 Universal properties of the interpolation categories

morphisms and check that the necessary relations are functorial.
We define the strict C-linear monoidal functor G” : Par,, — Rep(H,,) on objects by
sending W to u € Rep(H,,). The images of the generating objects are defined by:

G”(I): U U — uu, e; & e; '_>(5i,jei®€i7
G//(i); u®u—>(c, € Q e; ’_>5i,j7
G"(><):u®u%u, VR W w v,
G”(Z): C—-u®u, 137 e Qe

The fact that this is well-defined is proven similarly as in [LS21, Theorem 5.1].
The fact that G’ :== G” o G~! indeed yields the same functor as before follows from the

fact that G” o G=' = T on the generating morphisms and therefore on the basis elements
of the morphism spaces.
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Chapter 3

Relating the Interpolation
Categories of the Hyperoctahedral
Groups

In this chapter we want to discuss how the different interpolation categories relate to each
other. We used the sets of partition Peyep, C P C Py, to define the morphism spaces. This
inspires the definition of functors ® : Rep(H;) — Rep(S;) and ¥ : Rep(S;) — Par(Zs,t).
Their composition Wo® : Rep(S;) — Par(Zs, t) however will not be so interesting from a rep-
resentation theoretical poﬁof view. For integer ¢ € N these functors don’t commute with
the interpolation functors G and H. But inspired by the fact that the reflection representa-
tion of the hyperoctahedral group H,, can be considered as a subrepresentation of the permu-
tation representation of H,,, we construct a tensor functor €2 : Rep(H,,) — Par(Zy, 2n)%"
which is compatible with the functors G and H an/d_@rns out to be an equivalence. We
already knew that @n) was equivalent to Par(Zs, 2n)597 by the composition H oG
of the equivalences G and H. We show that H 10 G is isomorphic to the functor that is
obtained when €2 descends to a functor between the semisimplifications of the interpolation
categories.

3.1 Construction of a functor ¥ o ® : Rep(H;) — Par(Z,,t)*
C

Definition 3.1.1. For all k,! € N we have an inclusion of sets of partitions Peyen (k,1) C P(k,1).

So we can define a faithful functor

@ : Repo(H;) — Repy(St)
[m] = [m]
prp

for all m € N and for all p € P.yen(k,1).

®dy is clearly a well-defined faithful strict C-linear tensor functor. By Definition [1.1.25
and Remark the composition

i o ®g : Repy(Hy) — Rep(Sy)
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3.1 Construction of a functor ¥ o ® : Rep(Hy;) — Par(Z,t)%"

is also a faithful strict C-linear tensor functor. By the universal property of Repq(H;), see
Remark and Proposition [1.1.29| there exists a faithful tensor functor

® : Rep(H;) — Rep(S)
such that ® o1 = 1ty o ®g. We consider for all n € N the following square:
Proposition 3.1.2. For all n € N the square
Rep(H,) — Rep(H,,)
o J{Resg: (3.1.1)
Rep(Sy,) —E 5 Rep(S,)

is commutative up to isomorphism.
Proof. We precompose the functors G and ® with ¢g. Then we get
Fo®oug([k]) = F([k]) = («/)®* and Resg: oGoug(lk]) = Resg: (u®k) = (u)®*

for all k£ € N. For a morphism p € HomRepo(Hn)([k:], [1]) = C Peyen(k,1) we see that
Fo®oug(p) = F(p) =T, and Resglrzz oG oug(p) = Resg" o G(p) = Resg" (1) = Tp.

This proves that Fo®o.g = Res?: o G otg. The universal property of Rep(H,,) then
implies by the uniqueness of the induced functor that F'o® = Resg" o G. Hence the square
(13.1.1)) is commutative up to isomorphism. O

Definition 3.1.3. For all £, € N we have an inclusion of sets of partitions P(k, 1) C Py, (k,1).
So we can define a faithful functor

g : Repy(St) — Par(Z,t)
[m] = [m]
p—=p

for all m € N and for all p € P(k,1).

Uy is clearly a well-defined faithful strict C-linear tensor functor. By Definition [1.1.25
and Remark [2.2.13| the composition

v o W : Repy(S;) — Par(Zy, t)Ker

is a faithful strict tensor funtor. By the universal property of Rep(S:), see Remark
and Proposition [I.1.29] there exists a faithful tensor functor

U : Rep(St) — Par(Zo, t)f"

such that Wovp = 17 0 Wg. Let g, h: ([k],e) — ([I], f) be morphisms in Rep(S;), then it
follows directly from the definitions that ®(g) = ®(h) implies g = h. So the functor ¥ is
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Chapter 3 Relating the Interpolation Categories of the Hyperoctahedral Groups

faithful. In this case we can not hope to build a similar commutative diagram as we did
for ®. The reason for this is that for an even natural number n € N, our interpolation
functors are

F : Rep(S,) — Rep(Sy)

with F([1]) = u and
H : Par(Zy,n)X" — Rep(Hz)

with H([1]) = V. There is no sensible way to associate to every S, representation a H n
representation. As a consequence the faithful tensor functor

U o @ : Rep(H;) — Par(Zo, t)"

will not be compatible with our interpolation functors G and H. In the next section we
give another functor which does satisfy this desired property.

3.2 Construction of a functor 2 : Rep(H;) — Par(Z,, 2t)%

3.2.1 Preparation and motivation for ()

We saw in Remark [1.2.15| that the reflection permutation of the hyperoctahedral group H,
is isomorphic to a subrepresentation of the permutation representation of H,:

I

u=i=ECle] —e ) CV.
i=1

~

We want to describe the subrepresentation & = w as the image of some idempotent
e:V = V. Let a: 4 — V be the inclusion and define 8 : V — @ by

i _ g
ep—)Tflforallie{l,...,n}

. el el
el_lH%forallie{l,...,n}.

Then the morphism e := « o § is an idempotent with a splitting given by «, 8 and @. The
fact that it is an idempotent follows from S o @ = idg, which holds because

(Boa)(ey —ely) = Blef —ely)
= 5(61) - 5(62'—1)

_ 61 - 671 N _61 + 671
2 2
_ep—elyt+ep—ely
2
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_ 2611 — 267:,1
2

=e]—¢€' .

This implies that eoe = awoffoaof = foa = e. It has as image im(e) = im(aof) = im(B) = u.
We proved the following lemma already in Proposition but in the next proof we
prove it by giving an explicit preimage.

Lemma 3.2.1. The reflection representation @ of H, lies in the image of the functor
H : Par(Zo,2n)5% — Rep(H,,).

Proof. By definition we know that H'([1]) = V for H' : Par(Zs,2n) — Rep(H,), the
restriction of H to Par(Zg,2n) C Par(Zz,2n)%%". Define the idempotent

H/(e’)(e’i) = 5 _ _4a 26_1 and
T( I)el—l =1 Dei—l i i
. —1 +

for all ¢ € {1,...,n}. This implies that H'(e) = e.

Let o : ([1],€¢/) — ([i],idm) and B : ([1], idg)) — ([1],€¢') be the splitting of the
idempotent €’ : ([i],idm) — ([1],idy)) in Par(Zg,2n)%%". By the universal property of
the Karoubian envelope in Remark , the functor H : Par(Zs, 2n)%%" — Rep(H,,) is
defined by sending a splitting in Par(Zs, 2n)%" to some chosen splitting in Rep(H,). So
we can make the following choices for H:

This concludes the proof. ]

Remark 3.2.2. The choices at the end of last proof may seem a bit forced, but we are
only interested in our interpolation functors and categories up to isomorphism, so no actual
problems arise here. A more correct statement of last lemma would be 'The reflection repre-
sentation @ of H,, lies in the essential image of the functor H : Par(Zz,2n)%% — Rep(H,,).
But as we have seen in the proof, for some choices of H, it actually lies in the image.
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We now consider the complement of the reflection permutation of the hyperoctahedral
group H,, in the permutation representation of H,,:

0= @C(e’i +e )V

=1

Let v : 9 — V be the inclusion of representations and

0:V =0
7 )
eﬁn—)%forallie{l,...,n} for all
i i
eilww%forallie{l,...,n}.

Then the morphism f := vy o4 is an idempotent with a splitting given by «,§ and ©. The
fact that it is an idempotent follows from d o v = idy, which holds because

(
= d(ei) +d(ely)
y .

2
el +el +el+ely
2e} + 2e*

2
= 6% + 611

for all ¢ € {1,...,n}. It has image im(f) = im(yod) = im(d) = v. Note that f = idy —e.
Simlarly as in Lemma [3.2.1| we prove

Lemma 3.2.3. The complement of the reflection representation of H,, ¥, lies in the image
of the functor H : Par(Zg,2n)X" — Rep(H,).

Proof. Let €' : [1] — [1] be the idempotent defined in Lemma We consider the
idempotent

Zd[l] - 6/ =
in Par(Zg,2n). Because H' is a C-linear functor, the assumption H'(¢’) = e implies that
H/(Zd[i] — 6/) = ZdV — € = f

Let v/ : ([1],1 —¢') — ([i],z’dm) and &' : ([1],1 — idp)) — ([1], €') be the splitting of the
idempotent 1 — e : ([i],idm) — ([1], idpg)) in Par(Zs, 2n)Ker By a similar argument as in
Lemma [3.2.1] we can make the following choices for H:

H(([i],idm —¢€)) = H (im(idyy) — ) = im(idy — e) = im(f) = v,
H(y') := v and

82



3.2 Construction of a functor §) : Rep(Hy) — Par(Zy,2t)K"

H(d) :=6.
This concludes the proof. ]

Remark 3.2.4. If we summarize the last two lemmas we get

H([1]) =V,

H(([1],¢) =a=u,

H(([1), idgy — ) = 5 = v.
Remark 3.2.5. Let t € C. We can define the idempotents

1I_ 711 1I_ 711

— ] T S /.:
e = :[1] = [1] and idjg) — €' : 5

> ) 11

in Par(Zs, 2t)X%" similarly as above.

Lemma 3.2.6. Let t € C. The object ([1],¢') € Par(Zs,2t)5% is self-dual and has
categorical dimension t.

Proof. The object ([1],€) is self-dual because
([A],€)" = (17, (¢)") = (1}, €).

The first equality follows from the choice of rigid symmetric monoidal structure for the
idempotent completion of a rigid symmetric monoidal category, see Proposition [I.1.24]
The second equality follows from the self-duality of [I] and the fact that the involution of
e’ is again €.

Using the rules of composition for Zs-coloured partitions, we find that the categorical
dimension of ([1],¢€’), the trace of id(},e) = €', equals

o N AR A R
e e 1 ||_l|_ | Ll
L_| —1 —1 -1 -1
[ I T R L
:i '_|+1rl_1 L M1 +|_|
L] L L

U
Remark 3.2.7. Similarly as in Lemma we can prove that ([1],1—e¢’) € Par(Zg, 2t)Ko"

is also a t-dimensional self-dual object. This makes sense because it is the complement of
([1],¢) in [1] = ([1], idyg)), which is 2¢-dimensional.
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Remark 3.2.8. By definition of the monoidal structure of the Karoubian envelope of

a category, see proof of Proposition [1.1.24] we see that ([1],¢)®* = (([k], (¢))¥*). By
definition of the Karoubian envelope the morphism spaces between the tensor products of

([1],€') are defined by

Hompg,(z, anyer (([1], €)%, (1), ) %) = (€)*' 0 Hompay(z, 2 (K], [1]) © (/)"
By Theorem [2.6.12| we have a full description of these morphisms in terms of generators
and relations.

In the following we want to use Theorem [2.6.12] to discuss the morphisms in the
Karoubian envelope Par(Zsy, 2t)5% 2 (Par(Zs)/ ~2:)%". The object in (Par(Zs)/ ~o;)%"
corresponding to ([1],€) is (W, €’) where we will set, by abuse of notation,

P
2

There are some interesting relations for the generating morphisms of Par(Zz)/ ~g, see
Definition when we pre- and postcompose them with suitable tensor powers of €.

Lemma 3.2.9. The following equalities and inequalities hold in (Par(Zg)/ ~o;)%" :

O#e’o‘oe’:(ﬂ/’,e’)%(w,e/)

Oze/o)\o(e/®e/) :(W,e)yo (W,e') — (W, e)
Oz(e’®e')oYoe’:(VV,e')—>(W,e')®(VV,e’)

0# (@e)o X o(d®e): (W) (W,e) = (W) (W,e)
0#¢€ o ggoe : (W,e) = (W,e), g€

0=¢eol:1— (We)

0=0%0¢: (W,e)— 1

for the compositions of the generating morphisms in Par(Zsa)/ ~o¢ with the suitable tensor
products of €'. The morphisms

Po Lo(e®e): (We)e (W)~ 1
(e ®e)o Y ISR 1—>(We’) (We’)
(€ ®e€) Y Ao(dee) e)® (W,e) — (W,e')® (W,e) and

dim(( ?)\ (€ ®e) Yg_t 1—1

are non-trivial.

Proof. The equalities and inequalities follow from an easy calculation, using the relations
in Definition [2.6.9} Calculating dim((W, ¢')) is analogous to the calculation of dim(([1], ¢))
we did in Lemma [3.2.6] O

Remark 3.2.10. The emerging pattern of the morphisms (W, ¢/)%¥ — (W, ¢/)®! appearing
in the lemma, is that they are non-trivial whenever k + [ is even. The ones for which k 4
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is odd, equal zero. This already hints at some correspondence with Rep(H;). Lemma
and Lemma suggest the existence of a functor

Qo : Rep,(Ht) — (Par(Zo, 2t))far

defined on objects by [k] — (W,e)®*, both self-dual objects of dimension t*, and on
generating morphisms by

X = (d@e)o X o(dad) (3.2.1)
I S @)oY o Lol @e) =2 ®¢)o I o(d @¢) (3.2.2)

| = €' oloe (3.2.3)
i%?o*o(e’@d):io(e'@e'). (3.2.4)

We applied Theorem to identify RepO(Ht) with Par;, where we have a description of
the generating morphlsms Consider the relation

feief

_

T
o

9]
_
Il
JMH
"T
—o—
_i_—
—_
—o—
>—

Il

W=

Yy

—_><
|

o
|

o

+

> <<‘\5

| @
—

~—

:i(I| +eI ) = éffl

/e/

Here we used that ¢/ o —1¢= —¢/ = -1 + o €/.This relation explains why the image of the
morphism in (3.2.2)) gains a factor 2, namely because we would want )y to be functorial:
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QO(I)OQO(I) 2(e’ @ ¢ oYo)\o d®e)o2 @e)o Yo)\o(e/®e/)
oY At sto oA
4;(6 ® e o\(o)\o
_2(e ®e o\(o)\o e®e

_QOI
%= )

and similarly

The lemmata suggest also that 2y, which is still to be defined, is injective on objects and
fully faithful.

As long as no confusion arises, we will not always mention explicitly when we are
using the isomorphisms Par; = Rep (H;) and Par(Zz,2t)) = Par(Zz)/ ~2 to discuss the
morphism spaces of the interpolation categories in terms of generators and relations. The
discussion above motivates the following definition.

3.2.2 Definition of (2
Theorem 3.2.11. For all t € C there is a well-defined strict C-linear tensor functor
Qo : Par, = RepO(Ht) (Par(Zg, 2t)) 59" = (Par(Zy) /) ~o) K"

which is defined on objects by

Qo([k]) := ([K], ("))

for all k € N. On morphisms it is the C-linear extension of the following rule. Let

f W & W% be a morphism in Par, which consists of s blocks Bi,...,Bs of size
my, ..., mg respectively. Then we set
(Z |72
Qo(f) =2 () o f o (),
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3.2 Construction of a functor §) : Rep(Hy) — Par(Zy,2t)K"

where we identify morphisms in Pary with the corresponding morphisms in Par(Zsa)/ ~a
by using the following associations:

X=X

Proof. Tt is clear that € respects the tensor product for objects. For morphisms f : W&kt — &h

with s; blocks By 1,...,Bs1 of size m1,...,ms, respectively and g : W& — WS with
s9 blocks B g, ...,Bs, 2 of size mg, 41,..., Mg, 44, respectively we see that
ol ) = 2 T it g g o (o)
_pEihmen BB o )0 & () 0 g0 (%R
= BB o o o o @ (gt g oty

= Qo(f) ® Qo(9)

This shows that Qg respects the tensor product of morphisms. We will identify the functor
Qo : Rep, (Ht) — (Par(Zz, 2t))5 with the composition

H '0Qy0G : Par, — (Par(Zs)/ N2t)KaT>

so we can talk easier about the image of the generators and relations of Definition
under the functor y. The definition implies

(X)) =2 @) o X o(d@e) = (e ®e)o X o(d®e), (3.2.5)
(I)—zz (f@e)oY o Lo(dae) (/®e')oIo(e'®e’), (3.2.6)
Q(|) =2 ofoe' =¢ood, (3.2.7)
i)_z% )\ (€ ®¢€) j\o(e’@e')and (3.2.8)
QO(\!)—QO o ob= (e ®¢) f (3.2.9)

Now we want to show that Qg is functorial. For this we use Theorem [2.6.21] Note that
Par(Zs)/ ~a: is a C-linear monoidal category and that the morphisms above will function
respectively as the swap morphism, neutralizer, identity, evaluation and coevalution for
the object (W, ¢e’) of (Par(Zsa)/ ~2:)%%". We have to show that the object (W, ¢e’) and the
morphisms in (3.2.5), (3.2.6),(3.2.7),(3.2.8) and (3.2.9) in (Par(Zs)/ ~g;) " satisfy the
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relations given in Definition [2.6.17| For the relations % = I and % = \! saw already

that

() o () = 20(<) = ( |)
and

() oY) = 0(cy) = ()
For the relation we have

®I oQO ®‘ y=2®e @€ o ®I 206/®6I®6/O(I®)06/®€/®6/

:22€/®€I®6/O O€/®6/®€/

:22€/®e/®6/0 oe/®€,®e/

:2e'®e’®e'o(1®)206'®e'®e’o(®I)oe'®e'®e'

=Qo(I®)oQo(®I).

Note that we use the functor g to get a shorter expression of the relations but that
these parts are not meaningful to prove that the relations hold for the morphisms between
the tensor powers of (W, ¢') in (Par(Zz)/ ~2:)% . The third equality holds because all
relations that holds in Par, also hold in Par(Zs)/ ~9;. The second and fourth equalities
follow from
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!’ ! / ! ol / / / / /
e e ¢ e e ¢ ¢ 6I€ € €I€ e e e e e e
I E
/ /I/ — ,I 1 1 I
ez(l/ bro=2 =11
e e e e e € (AN (AN
e e e e e e e/ e/ e/ e/ e/ e/
e e e e e e e e e €/—€I—€/

Il
D=
~—~
o —
|
Q_——
~—
I
N
—~
Q) —
|
_—
~—

In a similar fashion we can show that the relations =|= and =

and their reflections hold.

We already saw that

Qo(%) = dim((W,¢'))

From the relation
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and the fact that the corresponding relations hold in Par(Zs / ~9;) we obtain the remaining
relations and their reflections

11 3K gk § LA-08 LA-xg

By Theorem we see that Qg : Par; — (Par(Zg / ~2)%9" is a well-defined C-linear
symmetric monoidal functor between C-linear spherical rigid symmetric monoidal categories.
The functor is clearly strict and preserves the different monoidal structures. Therefore it is
a strict C-linear tensor functor. O

Corollary 3.2.12. For allt € C there is a well-defined C-linear tensor functor
Q : Rep(Hy) — (Par(Zs, 2t)) 5"

which restricts to Qo g = Q.

Proof. Apply Remark 2.2.§ to the functor €y of Theorem [3.2.11] O

Remark 3.2.13. It is not immediately clear why something like

MEEIEERINEEGE I ENRNEI
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o e e ¢
I I e e e e
e/ e/ e, e/ I I
L] - = 1]

v : I I

I I ol /AN
e e e

6/ 6/ 6/ e/ &

holds in general. The main advantage of using the universal property of Repy(H;) is that
we don’t have to worry again about these complications. But in this particular case, the
diagram on the left side can be modified using the relations of Definition [2.6.17], see the

proof of Theorem [3.2.11} In doing this we will compose €’ ® €’ o I oe @€ two times with

25

itself and gain a factor 272 while changing the diagram of the left side to the one on the
right side of the equality.

3.2.3 Properties of (2
In this section we show that the functor 2 is an equivalence of categories.

Theorem 3.2.14. The functor € :@O(Ht) — (Par(Za,2t))59 is a full embedding.

Proof. By definition k # [ implies that Qo([k]) = ([k], ()®*%) # (1], ()& = Qo([k]),
showing that functor €2y is injective on objects.

Next we want to show that o is full. The functor € : Rep (H;) — (Par(Zo, 2t))Kar is
given on morphisms by

(Zf, mi)—2s
275 (¢)® o fo ()R,

Qo(f) =

for some partition f € Peyen(k,l) with s blocks of size mq,...,ms and then extended
C-linearly. Remember that f can be considered a Zs-coloured partition where every vertex
is labeled as 1 and that the tensor product of partitions is the horizontal concatenation of
the partitions.

We consider the morphism

f=(*ogo () € Hompyy g, aryrar (K], (€)®F), ([1], (¢)*"))

= (¢)®" o Hompay(z, 21 ([K], [1]) © (¢)**.

such that g € Py, (k,1) with labeling (z1,..., 2k, 21/, . .., 2¢) € Z5™. Then
2y Rl_Rp

o= [T ogo L] ]

21 Rk—1Rk

91



Chapter 3 Relating the Interpolation Categories of the Hyperoctahedral Groups

and the relation

implies

(e)® ogo () =( 11 (z))(€)® 0 g" o (/)¥*
Je{l, k17,0

where ¢” is the underlying partition of the Zs-coloured partition g. So we can reduce
the problem to the case where g lies in P(k,l). We first assume that g is a non-even
partition in P(k,l). By Proposition we can write g = ¢(o) o ¢’ o ¢(p), where ¢ is
some non-crossing form of g. Then ¢’ is the horizontal concatenation of its blocks and
contains an odd block B of size (a,b). For this block we have

211 Rp—1%y

(PeBo@™ =G Y (T @) 1] eBe [l

21,,2a€22 je{l,...,a,1’,..,b'} Z1  Za—1Za
2112y €42

=0.

The last equality follows from the fact that

211 Rp—1%&y —Z11 TRy =18y
Follese ] 11 = 111 oo I ] md
21 Za—1Ra —Z1 —Zg=1Za
11 (zj) = — 11 (—zj)
je{l,...,a,1,.. 0"} je{l,...,a,1’,..,b'}

because there is an odd amount of vertices in the block B. This implies (¢/)®'og’o(e/)®* = 0
and

ogo (e)¥*

)
= ()* 0 ¢(0) 09" 0 p(p) o ()

which lies in the image trivially. The third equality follows from the proven fact that (e’)?
commutes with >< Now we can assume that ¢ is an even partition in P(k,[), but then
g€ HomRepo(Ht)([k], [1]), so we have that

Qo(g) = () ogo ()F =F.

This concludes the proof of the fullness of 2.
Now we want to show that Qg is faithful. Let f € HomRepo(Ht)([k:], []), we consider

Qo(f) = ()% o f o (¢/)®F. First assume that f contains only one even block B = f. Then
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similarly as before we see that

1 zy Z_iep
(@) oBo()* =) ¥ (I @)1l eBo 11
2150525 €2L2 je{1,...,k,1",.. 0"} 21 2p—1%k
le...zl/622
1 2y Rl—ary
=2 Y () 1] eBo 111
z1=1 Je{l,. .k, 1,0} 21 Zk—1k
22,...,2k EL2
Zl/...Zl/EZQ
£ 0.

The inequality follows from the fact that the summands are pairwise different basis elements
of C Pz, (k,l). For the second equality we identify equivalent Zs-coloured partitions, so it
follows from the fact that

Zyr Rl_1Ryp —Zq1 TR 1Ry
PolTeme polr= 10T ebe 111 e
21 Rk—Rk —2Z1 —Z2p=1”k
11 (zj) = 1T (—25)
je{l,....a,1’,...b"} je{l,...a,1’,..,b"}

because we have an even amount of vertices in the block. Now we assume that f is any
even partition. Again by Proposition we can write f = ¢(o) o f' o ¢(p) where f' is a
non-crossing form of f. Then

Qo(f) = ()% o fo(e)®F
= () o p(0) o f' o p(p) o (¢/)**
= ¢(0) 0 ()% o f' o (¢)®* 0 p(p)
£ 0,

because f’ is a horizontal concatenation of non-zero even blocks. This shows that Qo(f) # 0
for all f € Peyen, in other words €2 is non-zero on the generators of HomRepo( ) ([k], 1))

Now assume that the set of even partitions {fi,..., fim} C Peven(k,1) consists of pairwise
non-equivalent even partitions. Then by definition they form a linearly independent set in
HomRepO( ) ([K], [1]). Tt follows from the definition of linear independency of the morphism

spaces in Par(Zs, 2t) that the set

211 Rl_1Ry
{ II I ofjo II I |j€{1,...,m},21:1,22,...,ZkEZQ,er...Zl/GZQ}

21 Rk—Rk

is also linearly independent. This implies in its turn that the set {Qo(f1),...,Q(fm)} is
linearly independent. This concludes the proof of the faithfulness of ). ]

Theorem 3.2.15. The functor Q2 : Rep(Hy) — Par(Za, 2t)59 is fully faithful and essen-
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tially surjective, therefore it is an equivalence.

Proof. We apply Proposition [[.1.29] to Theorem [3.2.14] to show that 2 is fully faithful. We
are left to prove the essential surjectivity of Q. We want to show that [I] lies in the essential
image of . For this we note that [1] 2 ([1],¢/) ® ([i],idm —¢’) and that Q([1]) = ([1],¢€)
by definition. We write

e = idg) — ¢ = ——— :[1] = [J]

and claim that ([I], ¢”) is isomorphic to the image of (2], =) under €. To prove this it suffices
to show the corresponding claim for (HX%)~1 o Qo FKer : Parkar — (Par(Zy)/ ~a) K,
namely that

(HKar) OQOFKGT((W(XJWI We")

where

and W in the left side of the equation stands for the generating object in Par; and in the
right side for the generating object in Par(Zz)/ ~9; as was done in Definition [2.6.17 and
Definition [2.6.9] respectively. By definition we have that

(FKory~1 oQoFK‘”((W@WI (W @ W, 2(e ®e’oIoe/®e)).
We define the morphisms
a::2(6/®6/OIoe ®e)o2Y o€ : (W) = (W®V[/,2(e’®e’oioe’®e/))and
B::e”o)\o2(e'®e’oIoe’®e’):(W®T/V,2(e’®e’oioe’®e'))—>(I/V,e”)

and show that they are isomorphisms. We first use the relations in Definition to
simplify « and 5. The equality

e e $-1 1 R R 11t

VoY Y Y Y Y Y ey )

) G Froob g
1 _

- hy-y - Y+Y

|
0ol

NI

implies that

94



3.2 Construction of a functor §) : Rep(Hy) — Par(Zy,2t)K"

Similarly f

Now it is easy to see that

—~
P < IT>
+
o <>
~—

—

I
-
< , <
VTN
i
<IN
N—

— |

—+

and

95



Chapter 3 Relating the Interpolation Categories of the Hyperoctahedral Groups

/ ! " e/ e/ e/ 6/
1
e e e e

e e e
Oéoﬁ: 2YO
" e

e

/
6lel elel
1
SEAIVED
6le/ e/e/

e/ e/

I :

6/ e/

"e

Il
N

which equal idy,.r) and id
(WeW,2(e’®e’o

respectively. This proves the claim.
oe’®e’))

—

Because 2 is an additive functor we get
Q1] @ (12, =) = Q1) ® Q([2),1)) = (1), ¢) @ (1], idjy) — ') = [1] = ([1], id))-

Let ([k], f) be any element of Par(Zs, 2t)KCi’", where k € Nand f : [k] — [k] is an idempotent.
Because Q(([1] @ ([2],m))%%) = [k] = ([%],id}j;) and Q is full, there exists a morphism

(e (121, 2)%F — ([1] & ([2],))®* with Q(f') = f. Because  is a faithful functor
and

Qff o fYy=Q(f) o Q(f) = fo f=F=f),
the morphism f’ = f’ o f’ is also an idempotent. By definition, see Remark [3.2.16] we get

Q) @ ([20, )", 1) = (k] f).

This concludes the proof. ]

3.2.4 Concrete calculation of (2

In this section we will shortly discuss the special commutative Frobenius algebra with

involution-structure of Q([1] & ([2], ) = [1]. By Corollary [2.6.16} this description gives us
a C-linear symmetric monoidal functor

Par(Zs, t)5% — Par(Zy, t)%o

1] = (1] (2], )

which is isomorphic to the identity functor idp,(z, +)xer in the endomorphism ring

Endgasymm(Par(ZQ7 t)KaT) — 1—]‘1111%,Symm(Par(ZQ7 t)Kar7 Par(Zg, t)Kar)'
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Remark 3.2.16. By the universal property of the Karoubian envelope, discussed in
Remark the functor € is only defined up to isomorphism, so there are multiple
choices if we want to define a particular functor. But in this particular case, 2 being a
functor from one Karoubian envelope into another, we can make a canonical choice for the
images of the objects in Rep(H;), namely

Q([K], 1)) = ([, Q(f)) = ([K], ()% o f o ()*F).

For this choices it is possible to show that the functor is injective on objects, not just
essentially injective which follows from the fact that it is fully faithful, see Lemma [T.1.31]
Let

Q([&], 1)) = (([k], () = ([k], ()" o f o (¢)%F)

equal

([, 9)) = ([0, Q0(9)) = ([, () 0 g o ()P).

By the definition of the Karoubian envelope and the strictness of g, this will be equal
if and only if & = and (¢/)®% o f o (/)¥* = (&)®! 0 g o (¢/)®!. Because € is faithful by
Theorem [3.2.14] this holds if and only if K = and f = g. This shows that (2 is injective
on objects and thus a full embedding for this particular choice. Note that for this choice
the functor is essentially surjective, as was proven in Theorem but not surjective.
The reason for this is that ([1],1 — €’) will lie in the image of € if and only if we can find a
morphism A : [1] — [1] such that e’ o A o€’ = idp;; — €/, which is not possible.

Remark 3.2.17. By spelling out concretely some of the inner mechanisms of the proof of
Theorem [3.2.15] we can see more clearly how it is possible that the image of the functor
) has enough morphisms to mimic the behaviour of the morphisms between the tensor
powers of [1] in Par(Z, 2t)KC”', even though these morphism spaces contain morphisms
given by odd partitions. For this discussion we work in the category (Par(Zz)/ ~2:)%%" and

use the notation of the proof. We set W := (W,1—¢') @& (W @ W,2(¢/ ® ¢’ o Io e ®e)).

The isomorphism W = (W, ¢’) & (W, '), given by
/
ll—e] — (W,e)® (W,1—¢), and
e’} W,eYo (W,1—¢€) =W,

and the isomorphism (W, e') & (W, 1 —¢’) = W given by

l%/ 21 :(VVael)@(W,l—el)—>(W,e/)@(W®VV,2(el®e’oIoe’®e’))

k) /g]:<We’>@(W@W,2<e’®€’OIoe'®e’>>%(W&’)@(th—e’),
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compose and tensor to an isomorphism W®F = (W)@’k, given by

6/ ®k e/ ®k
57— — Lk ®k
Qg = [04 o (1 e’)] = la] WO — (W)®F and

Bri=le (1-¢)op

[ = 8™ @)= - wek,

For every morphism ¢ € Hom pay(z,)/my,)xar (WEF, W) there is corresponding morphism
= arodof € HOm(Par(ZQ)/NQt)Kar(W®k7W®l). For ¢ : W% — W™ we see

that J o gg = 1 o ¢. So the morphisms, which correspond to the generating morphisms

,)\, Y, ><, L, ¢ and —1+ of (Par(Zz)/ ~2t), behave exactly the same under composition.

We write these out as an example. For compatibility of the matrix notation with the
different morphisms and their compositions, we stick to the following order of the direct

sumands
WoW =W,e)o (W)
(W, (WaW,2(@eo | ode))
® (W®I/V,2(e/®e’oIoe'®e/))®(VV,€,)

EB(W@M/,Q(e/@e/OIOe/@e/))®(W®VV,2(6,®€/OIOE,®€/)).

We calculate \? as follows

_ ¢! ®2
Vel vl
:e'®e’
e ®a ,
T lawe O[Yoe Yoﬂ}'

_a®a

By writing out these diagrams, we obtain
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N
- < - .
[\S} N [\8} [\5)
Nl e
v v
™~
. =
- vle
RN L7l
- 0 v
o
™
Y
- y
®
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The proof of Theorem shows that unlabeled diagrams in Par([Zz])/ ~2¢ with only
one part and of the same size, are the same. This implies for example that the non-zero

morphisms in the left column of the above matrix form for Y, are the same.

It is relatively easy to see that to

~ | 0

= 0 2(6I®€IOIOCI®€,) and 71+

The others can be calculated in a similarly as we did for Y, they equal

)\ e/ e/

) 0
e e
B e e
0
e e
0 0

0
0 2(e’®e’oIoe’®e’)

Now we can see using matrix multiplication that these morphisms indeed behave as we

expected. For example
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/ !
6/ e/ & e
j: 0 0
e e
e/ e/ e/ el
0 0
—_
—_ —_
Y [0} )\ = =
0 0
! 1,7/ !
e ee e
e/ 6/e/ e/
4 0 0 4
/ /
e e
e e e

3.2.5 () and semisimplification

Corollary 3.2.18. The equivalence 2 : Rep(H,) — Par(Zs,2n)%" makes the following
square
Rep(H,) —— Rep(H,,)

o l: (3.2.11)

Par(Zy, 2n)ker —H2 s Rep(H,,)
commute up to isomorphism for all n € N.

Proof. By the universal property of the Karoubian envelope, the corollary will follow
immediately if we can show that

HoQy=Goig=G": Rep, (Hy) — Rep(Hy)

for some choice of H. We will work with the version of H which sends ([£], (¢/)®*) to u®*
for all k € N. This is possible because u®* = im(e®*), where e : V — V was defined in the
beginning of Section 3.2.

We want to show that the diagram
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@O(Hn) L4G> Rep(Hn) L Rep(Hn)

~a i
(Par(Zy, 2n))ker — Rep(H,,)
commutes strictly for our choice of H. For an object [k] € Rep,(Hy) it is clear that
H o Qo([k]) = H(([k], id) = u®* = G([k]) = G 0 1([K])

for this choice of H. Now we want to prove that the diagram commutes for morphisms.
For this we use the alternative descriptions of the functors G’ and H' at the end of Section
2.6.3 and Section 2.6.2, using the functors G” and H” respectively. The equivalences G
and H reduce the problem to showing that the corresponding diagram

GKary—loygoG

Par, ———= (Pary)%* m Rep(H,,)

%T)_IOQOOG l

(Par(Za)/ ~an))Fer HB Y Ron(H,)

commutes for morphisms. So we have to prove that the images of the generating morphisms
in Definition 2.6.17] under the functors

Ho HE" o (AKX oQpoG=HoQoG
and
GoGEYT o (GE™) L o150G=CGoi1goG =G oG=G"

are equal. It follows directly from the functoriality of all involved functors that the diagram
commutes for the identity ‘ . Now we want to show that the diagram commutes for I We

first see that
G”(I)(ei & €j) =0 j6; ®e;

for 7,5 € {1,...,n} and e; a canonical basiselement of u. To use the explicit description of
H' at the end of Section 2.6.2, we must first consider the case where H sends ([k], (¢/)%%)
to (21)®"C , a tensor powers of %, the subrepresentation of V' isomorphic to u, see Remark
After we have done this, we can use the isomorphism

U — U

el —e e forie{l,...,n}

to find out the image of I under the functor H o HX% o (H¥%)~1 000G for our original

choice of H. So we will assume now that H(([k], (¢/)®¥)) = (@)®* until further notice. We
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already saw that the equality

i Lo i i
H(e)((e] —ety)) = 5(61 —ey—ely+el)

1 . )
= 52(611 — 67;1)
= (ezi - ei—1)

holds, which is obvious because e} — ¢’ ; lies in the image of e = H(e'). Note that
H(¢!) = H"(¢') where we use the corresponding definitions of e/ in (Par(Zy,2n))%e"
and Par(Zy)/ ~on respectively. We use ¢ : Par(Zg)/ ~on— (Par(Zs)/ ~an)%% to
denote the C-linear full embedding of the category into its Karoubian envelope. Then
HoHKY o1y = H' o H = H" implies that

Ho HR o (HR")™ o Qo G(I)((eﬁ —el)®(e] =€)
=HoB¥"(2d 0 ¢ o | o @e)((eh =) (] =)
= Ho B 01502 @ ¢ | 00 @ ¢)((cf —ety) @ (o] — 1)
=H oH(2 ®¢ OIO ¢ @e)((e —e ) ® (e{ —é )
=12 @0 [ od 0 e)((el ) @ (e — )
=2H"( ®@¢€ o I o @e)((eh —e ) @ (e] — e )))
=28 9o | )((ef — ey @ (e] = )
2" 0 o o N)((eh — ) @ (] — )
= 26i,jH”(€, ®e o Y)(ei + ei_l)
= (57;7]'2HH(€, X 6/)(63 & €Z‘1 + ei_l &® €i_1)
= 57;7]'21(2611 & 611 — 261_1 X 611 — 2611 ® 61_1 + 2€Z_1 &® 61_1)
= 51;,352(621 el —e Qe —ej®e | +e  ®e )
=dijlef —el) @ (e] —€y),

for i,j € {1,...,n}. By the previous remarks this shows that

Ho HXo o (INJKM)_l ofyo G(I)(ez 02y ej) = 5,’73'(61' ®e;) = G”(I)(ei & ej)

for our original choice of H. This implies the commutativity for I The commutativity for

j\ and \J is proven similarly. Lastly we want to show the commutativity of the diagram
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for >< We see that

G"(OX)(ei@ej) =ej@e;

and for the choice H(([k], (¢/)®%)) = (@)®* we see that

Ho 05 o (HX) ™ 0 Qg0 GOX) (e} — €' 1) ® (¢] — €1))
—HoH " ('®@e o X o @¢)((e —e'y) ® (e] —€y))
=HoH " oz ®e 0 X od @e)((ef —¢')) @ (e] —¢y))
=H oH ®e o X o @e)((ef —e )@ (e] —¢l)))
=H'(®@c o X o ®e)((c] —e )@ (c] —¢ )
= H"(e! @ ¢ o X)((ef —e-y) @ (] —€4))

=H'( @¢)((e] =€ ) ® (ef — ')

= (61 - 6—1) ® (] —e€'y)

for all i,5 € {1,...,n}. By the same arguments that we used to prove the commutativity

for I, this shows the commutativity for >< and we conclude the proof. O

Corollary 3.2.19. The functor ) induces a C-linear tensor functor

—

: Rep(H,,) — Par(Zz,2n)Kar

o))

which is an equivalence.

Proof.  is a C-linear full tensor functor, so we can apply Proposition [2.5.11] Because the
image of a negligible morphism under {2 is again a neglible morphisms the C-linear functor

Q: Rep(Hy) — Par(Zsa, 2n)Ke exists and is well-defined. It is full because € is full. Tt
is faithful because €2 is faithful and because only negligible morphisms have negligible
morphisms as their image. The image of the objects under Q is the same as for Q by
definition. Because the isomorphisms stay isomorphisms after semisimplification, also the
essent1a1 image of 0 stays the same, showing that Qis essentially surjective. Because G
and H are tensor functors and equivalences and the diagram

—

Rep(H,) —%— Rep(H,)

5 J:

o —

Par(Zy, 2n)ker —5 Rep(H,,)

commutes, Q is also a tensor functor respecting the given monoidal structures of the
semisimplifications of the interpolation categories for the hyperoctahedral group H,,.
O
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3.3 Image of indecomposable objects under {2

Knop showed in [Kno07, Theorem 6.1] that in the semisimple case t # 2N, the irreducible
objects in Par(Zo, t)K‘" are classified by the set of all bipartitions, see also |[LS21, Chapter
9]. We extend this result to the classification of the indecomposable objects in Par(Zs, )%
for the non-semisimple cases t € 2N\{0} .

3.3.1 Classyfying the indecomposables

We will not introduce the language that is used in [FM21] again. We do note that the set
of even partitions Pe,e,, is a so-called category of partitions, see [FM21], Section 2.1], and
that the partitions that we use to classify the indecomposable objects are so-called integer
partitions. They state the following proposition, see [FM21, Proposition 5.12].

Proposition 3.3.1. Lett € C\{0}. Then there is a bijection between the set of bipartitions
A = (A1, A2) of arbitrary size and the set of isomorphism classes of non-zero indecomposable
objects in Rep(Hy).

Theorem 3.3.2. Lett € C\{0}. Then there is a bijection between the set of of bipartitions
A = (A1, \2) of arbitrary size and the set of isomorphism classes of non-zero indecomposable
objects in Par(Zs, )K",

Proof. Any equivalence between categories induces a bijection between the isomorphism
classes of the indecomposable objects. The statement follows therefore immediately from

Proposition [3.3.1] and Theorem [3.2.15 O

3.3.2 Concrete examples of indecomposable objects

Instead of presenting a revised proof of Proposition tailored to the particular
case for the even partitions Pe,e,, we explain how the bijection works by associating
an indecomposable object in Par(Zs, 2t)X%" to an arbitrary bipartition A = (A1, A2) for
t € C\{0}. It is proven in [FM21, Chapter 4 and 5] why this indeed yields a bijection.

It is a well-known fact that there is a bijection between partitions p of size d and
irreducible representations of the d-th symmetric group S;. The reason for this is that we
can associate to every partition p a primitive idempotent icﬂ € C Sy and an irreducible
representation C Sdﬁc#. Let {eg| g € Sq} be a basis of the group algebra C.S;. The Young
symmetrizer is defined by ¢, := a,b,, where a, =3 cpegand by, =3 ¢ sgn(g)eq. Here
P is the set of all elements in S; of which the action preserves the rows for some Young
Tableaux corresponding to p and @ is the set of all elements in S; of which the action
preserves the columns of the same Young Tableaux.

Lett € C\{0} and A = (A1, A2) an arbitrary bipartition of size (k1, k2). Let ich e CSy,

and %C)\Q € C Sk, be the corresponding idempotents. We define the morphisms
2

k
p1i= ‘® ! S End@(m)([lﬂ]) and

pa =" € Bndpep(i,) (12k2]).
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Let e, € CSk, and e, € CSy,. Then we set

e p1:= ¢(0) : [k1] = [k1] and
ep - p2 =% 0 ¢(p) o 12F2 1 [ky] — [kol,

and extend this definition C-linearly. The morphism ¢ : Sy — Peyen(d, d) was defined in
Definition and as we noted already, the image of ¢ consists of even partitions only.
Let k := k1 + 2ko. Then the object

1 1
ey 1) @ (

)\1 )\2

([¥], (

Cxy - p2))

is indecomposable in Rep(H;). By Remark|3.2.16| the indecomposable object in Par(Zs, 2n)%e"
corresponding to the bipartition A is given by

Q(([K, <nich ) ® <711A% ) = <v%mo<<7ich ) ® 9&‘“2 p2)))

= (17 () o (-

%),

1
Cy ot P1) ® (ch\z “p2)) o (e

1 2
The objects which correspond to the bipartitions (1,0) and (0, 1) are

Q(([L,])) = Qo([k]) = ([

([1],€) and
Q(([2],2) = ([2],2¢' @ ¢ oo €' @ ¢) ([I],z’dm —¢)

respectively. This shows that ([1],¢’) and ([i],idm — ¢€) are indecomposable objects in

Par(Z,,2t)%9". As a last example we give a description of the indecomposable object
corresponding to the bipartition A = (A1, A2) of size (3,2), where A; = {{1,2},{3}} and
A2 = {{1,2}}.

The following preparations
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A= = |
A1 = ; 2 Ay =
ay, = (12) +1id = (12) +id
by, = —(13) +id by, =id
ey, = axby =id + (12) — (13) — (123) ey, = id + (12)
Ny, = 2

ny =3

=4 [op [ Xe | X0

1 1

give us the indecomposable object in Par(Zs,2t)5%" corresponding to the bipartition
A= (A1, A2):

Indecomposable object corresponding to A.

Q@ |®
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