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Abstract

Stochastic differential equations can be used to model many continuous time processes.
We examine how these can be exploited in a financial context by considering the stock
price process. Fischer Black and Myron Scholes proposed a model of this phenomenon
in 1973, assuming that an asset’s price follows a geometric Brownian motion. The latter
has an analytically tractable stochastic differential equation, which is not the case for
many diffusion processes describing financial models. Therefore we consider the Euler-
Maruyama discretisation to extend the applicability of our work. We focus on parameter
inference within the Bayesian school of thought: simulation from intractable posterior
distributions is performed via the Markov chain Monte Carlo method. The discretisation
accuracy is then assessed against the analytic solution. The developed model could be
applied to sophisticated financial processes, including exotic path-dependent options.
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Chapter 1

Introduction

1.1 Contextual Environment

The stock price process (SPP) refers to price fluctuations of securities occurring on
the stock market. Given the sophistication of its underlying environment the SPP is a
highly-complex process, and we only scratch the surface of its non-mathematical con-
text.

Stock markets are equivalent to money-generating vehicles where business shares are
sold to investors [12](p.10). Traders (or professionals) sell securities and ensure market
equilibrium by maintaining prices for stocks in lower demand, sometimes selling shares
to themselves. A firm’s occurrence on the exchange, or ‘going public’, marks a milestone
in its development and is a sign of substantial growth. The market has a number of
unusual properties. Firstly, a company has little if no direct benefit from changes in its
share price. All trading profits are received by shareholders who then determine future
re-investment. Secondly, the stock price of a company may change dramatically within
a matter of minutes, making no impact on the worth of its assets or capital. These
fluctuations are driven by investor demand and traders’ (sometimes subjective) percep-
tion of the business value. Therefore, it is only plausible to examine this process from a
Bayesian point of view.

Mathematically, we describe the SPP by Ito stochastic differential equations (SDEs)
as outlined in the famous Black-Scholes (B-S) model [2](p.644). Assuming geometric
Brownian motion (GBM) as a model for stock, the B-S theory allows to price European
Vanilla-style options. As the associated SDE can be solved analytically we consider it
as a starting point for our Bayesian analysis to follow. Within that context, the pro-
cess parameters require empirical and theoretical information — the likelihood and prior
distributions of the mean rate of return u and volatility 0? = 1/7. From this we derive
parameter posterior distributions up to proportionality. We then proceed with simula-
tion — a Markov chain Monte Carlo (MCMC) scheme is developed and applied to the
analytic solution. A particular choice of prior leads to a tractable full conditional dis-
tribution (FCD) of u, enabling us to simulate from it directly. However, the 7 posterior
density has a non-standard form, requiring a Metropolis-Hastings update.



We then consider inference under the Euler-Maruyama (E-M) discretisation with a time
increment given by the observation intervals. The analytic solution availability enables
us to assess and verify the discretisation accuracy. For processes other than the SPP,
this approximation may be crude unless the data are observed frequently in time. Thus,
we consider a Bayesian imputation scheme where observed low frequency data are aug-
mented by k£ — 1 latent values between each pair of observations. We develop two
approaches for updating the inter-observation latent path: a simple single-site scheme
updating latent values one at a time, and a block updating scheme.

The structure of this report is as follows. Chapter 1 has introduced the contextual back-
ground of our research. Chapter 2 outlines the necessary theoretical base and Chapter
3 describes the Bayesian framework to be used in parameter inference. Chapter 4 is the
core of this study, outlining the results of our simulation with applications of MCMC to
real and synthetic data. Chapter 5 concludes this study and describes future directions
to be taken.



Chapter 2

Theoretical Background

2.1 Brownian Motion

Definition 2.1
Standard Brownian Motion {WW;,t > 0} is a continuous-time, continuous-value
stochastic process characterized by the following properties.

1. W; has continuous trajectories, Wy = 0.

2. For all times 0 =ty < t; < t3 < oo, the increments of BM are independent and
stationary:

Wy — Wy L Wy, — W, (2.1)

3. For all times 0 = ¢ty < t; < 00, the non-overlapping increments have a Gaussian
density:
Wy, — Wiy ~ N(0,t1 — to). (2.2)

From equation (2.2) one may obtain the conditional distributions of W, which can be

used to simulate its trajectories at discrete times.

1. The distribution of W; conditional on the process initial value is

W,[Wo = 0 ~ N(0,2). (2.3)

2. The distribution of {W;|W, = ws,s < t} is obtained by noting that W, = W, —
W, + Wy, and therefore

Wi |Ws = wgs ~ N(ws, t — s). (2.4)

Figure 2.1 shows trajectories of standard BM for different values of the time increment
At. As At decreases it is apparent that the process is not differentiable in analytic sense.
Notice that W, may be interpreted as a random walk, as proposed by Ross [9](p.631).
For example, suppose X; is a random walk taking a step of a size Ax each At time units,
with an equal probability of moving to the right as to the left. Also consider

Y;:{ E1 Pr(Y; =1) = 0.5,

Pr(Y;=—1)=0.5.
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Figure 2.1: Plots of standard BM trajectories.

Therefore,
t
Xt:AI(YAt—F}/QAt...‘i‘YnAt), TL:E,
and A )2
t(Ax
(Xi] =0, Var(Xy) A

As n increases (or At decreases) the central limit theorem implies that

t(Ax)?
Xy~ N .

Allowing Az = v/ At, such that Ax — 0 as At — 0,

Xi ~ N(0,t) as At — 0.

(2.5)

(2.7)

Therefore, as Az and At to tend to 0 X; tends to BM W, implying that X, is a

continuous-value function [9] (p.632).

2.2 Ito Stochastic Processes

In order to formulate the SPP as a stochastic differential equation (analogous to the
Black-Scholes model, Section 2.3), we consider the It6 stochastic processes. For {X;,t >



0}, define f(t) as a time-dependent stochastic process satisfying the Riemann integral
as follows [1](p.335):

= t € J[a,b]. (2.9)
Given that (2.9) exists, assume
a = t1 <ty<...<tg1=0b €la,b],
At = ti—t; = (b;a)7

AWt. - Wt

7

—W,,.

i+1

Under these conditions, the [to stochastic integral of f is defined as
b k
/a O = Jim 3 S1)AW, (2.10)

Here, limy_,, denotes the mean square convergence [1](p.336), such that if I = f; f(t)dW;.
Then
lim Fp =1 = lim E[(F, —-1)*] =0.

k—o0 k—00

Following this, an Ito6 SDE satisfied by a stochastic process { X;,¢ > 0} driven by Brow-
nian motion is defined as

dXt = Oé(Xt, G)dt + \ 5(Xt, Q)th, (211)

where « is the drift and [ is the diffusion coefficient (stochastic term). Both « and /8
depend on X; and a parameter (vector) 6; dW; is an increment of standard Brownian
motion. Integrating both sides of dX; we obtain

¢
X :xo—i—/ a(X;,0) d7'+/ Vv B(X,, 0)dW,, (2.12)
0

where z is the initial value. The second and third terms of the X, right hand side
are deterministic and stochastic integrals respectively- removing the latter will make
X; an ordinary differential equation. Finally, in order to derive SDEs satisfied by a
transformation of Ito process, we define the Ito6 chain rule:

1G(X,) = (a<xt>ax<xt> " %/3()@)@”(&)) dt + G (X)) /FX) AW, (2.13)

Here, G,(X;) denotes the derivative of X; with respect to z; similarly, G,.(X;) is the
double-derivative. This result will be used in Section 2.3 to solve the Black-Scholes SDE.
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Figure 2.2: Generalised Brownian Motion

2.2.1 Generalised Brownian Motion as an SDE
Consider a generalised BM {X;,t > 0}, whose SDE is defined as

dXt = Gdt+det, X()::C(), (214)
Xy, = xo+at+bW,, xp,a,beR.

This implies the following properties of X;:
1. Xy = x.
2. The increments of {X;,¢ > 0} are stationary and independent.
3. X; ~ N(z¢ + at, tb?).
As before, the conditional distribution X;| X, = x4 is:
Xy = Xi— Xo+ X5 =X+ a(t —s) + b(W, — W), therefore
Xi| X, = xy~ N(zs+alt—s),0*(t —s)).

Figure 2.2 illustrates the behaviour of X; under changes in b (a is fixed at zero). Larger
b values cause trajectories to become more volatile due to an increase in the stochastic
increment W,;. Two issues prohibit this form of BM from being used directly in our
model. Firstly, X; is defined on the entire real line which conflicts with the SPP data
support. Crucially, the interval distribution of X; is homogeneous which is unsatisfactory
in our case. This motivates the use of geometric BM, defined in the next Section.

2.3 Black-Scholes Model

The Black-Scholes (B-S) model was first published in 1973, in a paper ‘The Pricing of
Options and Corporate Liabilities’ [2](p.644). It described a model for the stock market
and a method of pricing Vanilla-style options via SDEs. The authors, Myron Black and
Fischer Scholes, proposed that in order to reduce risk of an option, an investor should
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buy and sell its underlying asset- which is known as delta hedging. Although not without
imperfections, the B-S model is still recognised as one of the most popular for pricing
securities. Again, we will only consider the tip of the econometric iceberg that their
work is, in particular the geometric BM representation of the SPP.

Definition 2.2

We define {S;,t > 0} as geometric Brownian motion (GBM) with parameters pu
and o2, if S; depends continuously on time ¢ and the following assumptions hold for all
times 0 <ty < 11 <ty < 00:

1. So > 0.
2. Ratios defined over non-overlapping time intervals are independent:

St, . Sy
— 1L —.
Sty Sty

3. The process ratios follow a Log-normal distribution

Stl 0'2 2
SOV LN((p— = ) At o?AL), At =t —t,. (2.15)
Si 2

2.3.1 Geometric Brownian Motion as an SDE

Consider the task of formulating geometric Brownian motion as an (SDE). It can be
shown that S; = e** is a geometric BM, where

2
X, = o + (u . %) t+ oW, (2.16)
Section 2.2.1 gives the SDE satisfied by X; as

2
dX, = <u - %) dt + odW,. (2.17)

Hence, we derive an SDE for S; by applying It6 formula with G(¢,x) = e®. Let

0G(t,x)  0G(t, )
G, = BT and G, = e
Thus,
Gt(t,Xt) = 0, Gm(t,Xt) = €Xt y wa@',Xt) = €Xt.

Applying 1t6 formula produces

2 1
dS, =d (eXt) = ([M — %] Xt 4 5026)(’5) dt + oe’t dW4,

=d(e*) = peXtdt+ ot dW;. (2.18)

8



Writing S; = et leads to the SDE for geometric Brownian motion:
dSt = /LSt dt + O'St th (219)

Note that we may solve this SDE explicitly, obtaining a closed-form expression for S;.
To perform this, apply Ito6 formula with G (¢, ) = log(x) and define

1 1
Gi(t.S) =0, Gut.S) =%,  Gult.S)=—5.
t t

Therefore,

1 1,07 1
d(log(S,)) = (ust— - —52"—) dt + oS,— dW,

S, 270 S? S,
1
= ([L— 502) dt + o dW;. (2.20)

Integrating both sides of (2.20) produces

t t ¢
/ d(log(S;)) = / (p— 1(72) d7+/ odW,,
0 0 2 0
S 1
= log (S_:)) = (,u — §a2> t+o W,

=5, = Spexp { (u — %02> t+ O'Wt} . (2.21)

Hence, when formulated as an SDE the Black-Scholes model of the SPP has a tractable
analytic solution.

In what follows we consider the logarithmic transformation of the stock price ratios.
This has the advantage of using Gaussian density within the MCMC sampler. It also
leads to a more comprehensive understanding about the growth and decline of prices on
the stable scale that the transformation allows.

Suppose that stock prices are observed every At time units. Therefore, by equation
(2.21) the price ratios follow a Log-normal distribution:

1
S; = Sy exp { (,u — 502> At+o Wt} ) (2.22)

Suppose we have a set of data {s;,, St,, ... S, }, and thus define the log-ratios z;, and a
data vector © = (z4,, T4,, ... 24,)] as a realisation of

2
X, = log (SS“ ) ~ N { (u - %) At,O'QAt} :
ti—1

This result enables the convenience of the Gaussian density within data likelihood, which
we make an extensive use of within Bayesian inference in Chapters 3 and 4.
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Figure 2.3: GBM (black) and E-M (red) trajectories, t = 50, 4 = 0.1,0 = 0.1.

2.4 Euler-Maruyama Discretisation

Although the SPP has a luxury of a closed-form solution to its underlying SDE, many
financial processes are analytically intractable, an example of which is the stochastic
volatility model. We, therefore, consider approximation methods, namely the Euler-
Maruyama (E-M) discretisation.

Assume an SDE dX; and the task of evaluating its integral on [0, 7], where
dXt - (l(t, Xt)dt + b(t, Xt)th, 0 - t[) < tl < ... < tn - T

Approximated values of Xy, {yo < 11 < ... < Yn, i = U, }, are evaluated at their
respective time points [10](p.4). Under this setup, the discretisation of X is as follows:

Yo = Xo,
Yirr = Yi+a(ty, Y) Aty +b(t, yi) AWt

Therefore, the E-M method generates an approximation of the solution to dX; as a set
of values {yo,...,¥;}, which depends on random Z the quantities [10](p.5).

The following example verifies that the discretisation can be satisfactory for small At.
Consider generating synthetic data from the Black-Scholes model with parameters

We derive the E-M approximation and overlay the resulting trajectories, assessing ac-
curacy against the analytic solution. Figure 2.3 shows simulation results fordifferent At
values. Note that the approximation is reasonable for unit interval times, and as At
decreases the two trajectories become almost identical. We perform equivalent analysis
for the Bayesian parameter inference as the main subject of the next Chapter.

10



Chapter 3

Bayesian Inference

3.1 Introduction

In this Chapter we describe Bayesian inference for the parameters governing the SPP.
Initially, we outline fundamental principles of the Bayesian approach and derive param-
eter posterior distributions. We then introduce the Markov chain Monte Carlo (MCMC)
sampling method and describe our scheme using the analytic solution. An equivalent
algorithm is developed based on the E-M discretisation. Furthermore, we introduce
imputation within the E-M scheme tackling the inaccuracy issue associated with low
observation frequency.

Definition 3.1
Bayes theorem allows combining information from empirical studies with prior expert
knowledge to build inferences about underlying data parameters. For this, assume an
expert-elicited prior distribution for parameter (vector) 6 with an associated density
(), and a set of observations @ = {x1,z,...,x,} with a joint density f(x|0). We
define the likelihood as

LOlw) = f(=0). (3.1)

Then, by Bayes’ theorem the posterior distribution of | is:

r(0)f(@lo) _

m(fx) = e

m(0)f(x|0). (3:2)

In other words,

‘the posterior is proportional to the prior times the likelthood’.

Here only the kernel forms of 7 (), L(x|f) and 7(6|x) are considered, as computation
of the posterior proportionality constant f(x) can be difficult. This is well-suited to
MCMC simulation due to its requirement of the equilibrium density form only (further
discussed in the next Section).

Consider now a geometric BM corresponding to the SPP, governed by the mean rate of

11



return p and precision 7 = 02, Recalling that x;, = log(s;,/ss,_,) with a corresponding
Gaussian density, we define the model likelihood as:

s = Gl (-2)%))
_ <%> ex}: {Zl (xti - (u - %) QAt) }
x T2 exp {2 (mti — (u - 2i> At) } . (3.3)

We assign p and 7 (theoretical) prior distributions satisfying their data support and
variability:

0|3

w(p) = N(a,1/b) and (1) = Galg,h). (3.4)
As p and 7 are assumed to be independent apriori their joint prior distribution is the
product of marginals:

m(p, ) = w()w(r)

1 exp { b(p — a)? } h9T9~—te=hT
pr— X J—
I'(g)

2
o 79 texp {—MhT} : (3.5)
Therefore, by Bayes theorem
w(u,7le) o w(u)m(r)L(u )

The full conditional distribution of p is of a standard form:

| N 2ab + 2nTT + nAt 1
x€Xr r~
T 2(b+nAtt) b+ nAtr

(3.7)
However, the joint parameter density (3.6) and full conditional posterior of 7 are unavail-

able, thus simulation from them is non-trivial. We, therefore, proceed by considering
the design of an MCMC scheme.

3.2 Markov Chain Monte Carlo

3.2.1 Background

Markov chain Monte Carlo (MCMC) is arguably the most essential tool in Bayesian
statistics. It was developed soon after the ordinary Monte Carlo method (a framework of

12



repeated sampling via computer simulation) by Stanislaw Ulam and Nicholas Metropolis
in 1946. Despite its glamorous connotations, this method has little to do with the
destination — Metropolis came up with a code name after the casino where Ulam’s uncle
was gambling. Its initial use was in the Manhattan Project of building nuclear weapons
for World War 2. Metropolis simulated thermodynamic equilibrium by implementing a
particular algorithm until convergence. This led to a discovery that MCMC requires only
some Markov chain with the same equilibrium distribution- the normalising constant
f(x) becomes redundant. This method was called the Metropolis algorithm, which
Hastings generalised in 1970, obtaining the modern form of the Metropolis-Hastings
(M-H) algorithm [3](p.3).

Later, the Gibbs sampler was introduced by Geman and Geman [7](p.721) describing
a special case of M-H under the availability of the full conditional distribution. Gelfand
and Smith made the wider Bayesian community aware of the Gibbs sampler, which up to
that time had been known only in spatial statistics circles. ‘It was rapidly realised that
most Bayesian inference could be done by MCMC- and very little without it’ [3](p.3).

3.2.2 Metropolis-Hastings Algorithm

Key to M-H algorithm is the M-H update. Suppose the target distribution of the
MCMC 7(-|«) is known up to a proportionality constant. Therefore, 7(-|x) is a non-
negative function that could be integrated (summed in a discrete case) to a finite, non-
zero value. The M-H update proceeds as follows:

1. Given a Markov chain with the current state , draw a proposed move to ¢ from
its conditional probability density ¢(¢|f).

2. Calculate the Hastings ratio:
_ n(8l2)g(8]9)

0) = —————=. 3.8
"0 = le)a(olo) 3%

3. Accept the proposed move ¢ with probability
o(6,0) = min{1, r(6,6)}. (3.9)

Therefore, a M-H update makes a proposal move to the new state ¢ with probability
a(¢,0) [3](p.22-25).

The above can be seen as a special case of a more general algorithm, that successively
updates the components of § = (61,05, ...,6,)7. In particular, a proposed value 6\ is
obtained from 7(#U~Y) by (successive) component-wise transitions using a M-H step:

o 0 ~m(6:]65 7,057 @)

o 05 ~ m(0,]09 657V 087 )

13



o 0 ~ 76107, ...,09, @)

» Yp—1»

This is analogous to the original form of the Metropolis algorithm, which used component-
wise transitions between successive draws from the proposal distributions q,-((bing - )
(¢; is the parameter of interest). In the case of Gibbs sampler, the proposal distribution
is the FCD (which is available), therefore the acceptance probability is 1.

3.2.3 MCMC Using the Analytic Solution

Here we outline the design of an MCMC scheme simulating the SPP parameter posterior
distribution based on the analytic solution. Recall that the full conditional posterior of u
is available, therefore we shall use a Gibbs sampler. However, the FCD of 7 is non-trivial,
demanding a M-H update and a suitable proposal distribution. Assume the proposed
value of precision takes the form 7 = 7U~Yw, where w is a random variable defined on
the positive real line. In particular,

™ =70y, w~ LN(0,v*) = log(w)~ N(0,v?). (3.10)
Therefore,
log(7*) = log(tV ™) +log(w) = log(7*) ~ N(log(r¥ 1), v?). (3.11)
Recall that
ulr @ ~ N (Mz?bzfi;:)ﬂt’ b+ ;Atr> (3.12)

Then the M-H algorithm is as follows.

1. Set j = 1. Initialise ; and 7 within their distribution support, normally at prior

means. Therefore,
9 =a, 79 =g/h.

2. Draw p) from (3.12).
3. Draw 7* from the M-H update.

e By Equation (3.10), 7* = 70D, where w ~ LN(0, v?).
e Therefore, log(7*) ~ N(log(7U~Y),v?) and

a1 L f(og(r) ~ log(rb=h)2
oos(r) log(r V) = e { o }

X  exp {_ (log(T*) — log(T(j1)>>2} . (313>

202

e We only require the proposal density up to proportionality as the normalising
constants will cancel in the M-H ratio.

14



“|rUY):

(7
o ’T]_l)) = min< 1 m(r |’U(] z) xq(T(j_l)‘T*)
’ 7'((7'(] 1)|Iu J)’ w) q(T*‘T(jfl))

*

- ) 7r(T*|u(j),$) T
= mln{l, (0D, ) X 0 (- (3.14)

e Evaluate the acceptance probability a(7

o Accept 7F = 7U9) with probability a(7*|7U~Y), and retain the previous chain
value otherwise.

4. Set j — 7+ 1 and return to Step 2.

Note that Var(log(7*)) = v? is likely to be unknown and would demand tuning. The
next Chapter illustrates how this can be implemented within a practical application of
the above scheme. However, we will now outline an equivalent sampling method of the
SPP model based on the E-M discretisation.

3.3 MCMC Using the Euler-Maruyama Discretisa-
tion

Recalling Equation (2.23), let

AS; = uS;At + 0 S; AW, therefore (3.15)
SiatlSi = s, ~ N(s; + psiAt, 0*SEAL). (3.16)
Define the data vector of (n + 1) stock price observations as s = (s, S¢,,---54,),

‘measured’ at equally spaced time intervals At =t;,1 — t;.
In order to reduce the computational burden associated with the S; density we employ
its linear transformation instead. Define & = (1, 29, ..., 2,)", where

St; — S,
gy = 2P N (/AL 7). 3.17
S VAL (n /7) (3.17)

We may derive the parameter likelihood by multiplying over the observations as follows:

L(p,T|lx) o Tgexp{_gi(xi_u\/E)z}

x T2 exp{—gi ([:I:l -]+ [5—#\/&])2}

x 3 exp{—7 (s + (T - uVat) )} (3.18)

To proceed with Bayesian analysis, we assign 1 and 7 the following prior distributions
(independent apriori):
p~ N(a,1/b), T~ Gal(g,h). (3.19)

15



Therefore, by Bayes’ theorem

m(py T|x) o< w(p, T) Lk, T|T)

ol o)
b(p—a)® "7 <52 + (@ - u\/EP)

x 729 Vexp{ —7h — 5 5 (3.20)
The posterior conditional distribution of 7 is now trivially derived:
. n <s2 + (& — pv At)2>
m(tlp, ) o T2 lexpl —7 | h+ 5 , thus (3.21)
2
T, ~ Ga(g+g,h+g(32+<f—uvAt> >), (3.22)
where s? is the sample variance. For the full conditional of
2
b —a)? N7 (E — ,uVAt)
r(ulr @) o expd - -
2 2
{ bu® — 2abp + a®b + ntE* — 2nTPTV AL + pPnTAt }
X expq —
2
(,uQ(b +nTAt) — 2u (ab + nTETV At) + c)
X exp
2
(b+ nrAt) - 211 (ab + nTITV At) . (3.2
o exp 2 a b+ nrAl ' '
Therefore,
ab +xTnTV At 1
~ N . 3.24
ulr. @ ( b+ nTAt ’b+n7At> (3.24)

Both parameters now have trivial posterior densities, therefore enabling the use of a
Gibbs sampler (only) which is less burdensome to compute. We proceed as follows:

1. Initialise (%) and 7(*) at their prior means.
2. At iteration h:

e Draw ;" ~ 7(u|r"=Y ) from (3.3).

16



e Draw 7 ~ 7(7|u™, 2) from (3.22).

3. Let h:= h+ 1 and go to Step 2.

3.4 Imputation via Euler-Maruyama Discretisation

In this section, we examine the effect of data imputation within Euler-Maruyama dis-
cretisation on parameter inference. Our analysis in Chapter 4 will illustrate that using
observations at integer times provides a fairly consistent estimation of the p posterior,
given the particular underlying process. However, this approximation may be poten-
tially unsatisfactory in practice, especially for the distribution of 7. To overcome this
we consider data imputation using the following method. Suppose an interval (i, + 1],
partitioned in k equally-spaced sub-intervals:

1
1= ti70 < ti’1 <... ti7k =141, such that ti,j — ti,j—l =At= E (325)

We introduce k — 1 ‘latent’ time points between every pair of observations (s, s441).
Therefore,

s = (30,31,...,3n)T

)
Sl - (StO,N Sto’z, sy Pt p—1 St1,17 e Stl,k—l’ ey St

T
S - (807 St0,17 Stog? ety Sto’k,17 S1, St1,17 Stlyza e St17k,17 S R Stnfl,k,p STL) )

(3.26)

n—l,k:—l) )

where S; denotes a vector of n(k — 1) latent quantities and S is a vector combining
(n 4+ 1) observed and n(k — 1) latent data points. Under Bayesian analysis, the
unobserved quantities are equivalent to unknown parameters, such as p and 7, therefore
require a distribution. As p and 7 are independent apriori, the (overall) joint conditional
posterior density is

n—1k—1

W(Sla K, T|3) X W(M)W(T) H H T (Sti,j+1 |Sti,j7 K, T) ) (327)

i=0 j=0

where Syti’j denotes the approximate value of S with S’ti,o = s5;,. Therefore, the conditional
distributions of the latent observations will be proportional to (3.27). There are many
possible ways to update such latent parameters, and in the next two sections we will
look at the single-site and block updating mechanisms. Note that the full conditional
distributions of  and 7 are tractable with forms analogous to (3.22) and (3.24).

3.4.1 Single-site Updating

In order to simulate the latent data and SPP parameters, we define a Gibbs sampler as
follows:

1. Initialise all unknown quantities, let At = 1/k.
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2. At iteration h:

Draw u" ~ 7(p|r"=1), S(h—l)).
Dl"aW ’T(h) ~ 7T(7_|/.,L(h)’ g(hfl))‘

Define a block as two consecutive observations and (k — 1) latent values be-
tween them obtaining a vector of size (k+1): {si, St ;, Sti0s -+ Stiy1s Siv1}-

Propose S, ~ N (3 (81, + S") A2, /(2r®)) [6](p.180).

Accept with probability a(S* \S (h 1))

* ~(h—1
1 <S Stlﬂ 1’S(LJ+1 'u(h a ) < tJ |Stw 17 (ZJ+1)’N(h)’T(h)>

’ (h—1) (h 1) 4 (h 1)
m(SERISE, S e, 700 ) g (S5 18, 8D, e, 7 9)

a = min

Define gt(fj) = S’Z , with probability oz(gfi ; |S’§fj_l)) and S’t(jj_l) otherwise.

3. Let h:= h+ 1 and go to Step 2.

Therefore,
bour points. Note that the posterlor distribution of 7 will be heavily influenced by
imputation: both the mean and variance of 7(7|u, ) will change simultaneously with
latent observations. The influence on p is be less apparent as only the posterior mean
is under the direct impact of imputation. Indeed, our simulation results in Chapter 4

each of the proposed S * latent quantities depend on their immediate neigh-

show little sensitivity of 7(u|7, S) to an increase in k.

3.4.2 Block Updating

Instead of updating latent values one by one, these will now be considered as a block
within two consecutive observations, and updated in a single procedure. The update
algorithm is as follows:

1. Initialise all unknown quantities.

2. At iteration h,

Draw ,U,(h) ~ 71'(#‘7—(}1_1)75’(}1—1)).
DraW T(h) ~ 7T(7'|M(h)7 S’(h*l)>‘
Define a block as before: {s;, gti’“ S, 3,

same proposal distribution for 5’;“ , as for the observations. Update the latent
block as follows:

22 >S5t 1, Sip1). Here, we use the

zl

sEAL
S* ~ N(sz—l—usAt >, j=1
T

* ) Orx (S*z 1>2At .
S~ NS 4nSy ALl o k-1
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3. Define the M-H acceptance ratio as:

* A>|< h
HJ 17T<S ;. ), T(h)H <S( 1) ]S” 1),M(h) T(h))
k (h—1) -
Hj=17T< |St” 171u T(h) ( t”|St 1),“ h) T(h)>

r(sialSy,u®, 7®)
G(h—1

A

4. Accept the latent block with probability a(S* |S(h Y ) = min{1, A}, and retain
the previous block otherwise.

5. Let h:= h+ 1 and go to Step 2.

Having outlined the technicalities of sampling procedures, we now apply our MCMC
schemes to both real and synthetic data.
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Chapter 4

Applications

4.1 Inference Using the Analytic Solution

To begin, we outline results of our MCMC sampling based on the analytic solution to
the SPP. In order to verify model validity and tune v, we perform a ‘pilot run’ using
synthetically generated data. The latter is simulated using the stock price formula from
the B-S model with = 0.1,7 = 100, At = 0.1 and maximum observation time 7" = 50.
The prior distributions of  and 7 are:

1~ N(0,100), T~ Ga(10,0.1). (4.1)

We implement the scheme for a short run of 2000 iterations in order to assess mixing
under different v values. Figure 4.1 includes time series and autocorrelation plots of the
7 chain. Observe that if v is too small the chain becomes ‘cold’- it accepts the majority
of values but explores the sample space slowly and does not converge. Similarly, if
v is too large convergence is not achieved as well: the chain becomes ‘hot’ rejecting
too many values and moving in ‘leaps’. Observing the autocorrelation pattern of the
proposal mechanism, a variance that is too small leads to non-independent draws. For
larger values, these values have an oscillating behaviour and may increase for a large
lag. Through trial and error it was estimated that the approximate optimal value for v
is 0.12, also leading to minimal autocorrelation.

Having tuned the chain, we perform a longer run of 20,000 iterations, the output of
which is displayed in Figure 4.2. The chain is mixing well for both variables and appears
to be in equilibrium. The sample space is explored efficiently and with little divergence
from the posterior mean. Figure 4.3 shows prior (red) and posterior (black) distributions
of p and 7. Starting with u, we conclude that the MCMC has been informative. The
prior mean has shifted from 0 to 0.1 (data mean) and there is a dramatic decrease in
variance, so much so it was not reasonable to overlay the plots. Regarding 7, its mean
is consistent with the theoretical prior value, and there is also a significant reduction in
variance. Additionally, the independence between p and 7 is verified by plotting them
against each other- Figure 4.4 indicates about (very) little linear relationship.

To finalize this section, we assess the 95% credible regions of yu and 7- refer to Tables
4.1 and 4.2. The behaviour of these regions will be observed under changes in At and
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Figure 4.4: Plots of i against ¢ and 7.
1 T=1 T =10 T =100
At =1 (-0.17, 0.25) | (0.05, 0.17) | (0.09, 0.13)
At =0.1 | (0.05,0.33) | (0.07, 0.19) | (0.08, 0.12)
At =0.01 | (0.02,0.39) | (0.02, 0.15) | (0.07, 0.11)
Table 4.1: 95% credible intervals for pu.
T T=1 T =10 T =100
At =1 (48.20,178.91) | (60.57,185.63) | (90.44,153.33)
At =0.1 | (62.35,185.63) | (90.22,153.51) | (85.32,102.02)
At =0.01 | (90.91,153.10) | (85.41,101.89) | (94.57,100.35)

Table 4.2: 95% credible intervals for 7.
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T- time step and observation time length respectively. Let ¢;; denote a cell in row 1,
column j. Starting with p, it should come to a no surprise that as 7" increases and At
decreases the regions become narrower. Intriguingly, the regions in ¢; 3,23 and c3 3 are
similar despite a significant difference in the data amount (by a scale of 10 successively).
Recall that p is the mean interest rate of the SPP. Thus, a better understanding about
1 is obtained by looking at a longer time period- focusing on the slope of a processes’
trajectory rather than the variability. Conversely, to examine 7 credible regions consider
the diagonal entries of Table 4.2: c31,c22 and c3; have the same number of data points
(100), as do c32 and c32 (1000) and so on. Within these entries the regions are very
similar. This implies that we achieve a better prediction about 7 by looking at as many
fluctuations within a given time period as possible (the slope becomes of secondary
importance). This result is apparent throughout our simulation study, as sections to
follow illustrate.

4.1.1 A Real Data Example

Having verified the validity of our MCMC scheme we will now use if for real data
inference. Consider the daily closing prices of the Standard & Poor’s 500 (S&P500)
index. Standard & Poor’s is an American financial services company producing financial
analysis on stocks and bonds. S&P500 is an index of 500 U.S. leading companies (market
cap in excess of $4 billion) whose stock is listed on New York Stock Exchange (NYSE) or
National Association of Securities Dealers Automated Quotations (NASDAQ). Figures
4.5 (a) and (b) show trajectories of S&P500 daily closing prices the daily returns (ratio
between prices at two consecutive days) respectively.

To proceed with Bayesian inference we assign p and 7 the following prior distributions:
p~ N(0,100), 7~ Ga(10,0.1). (4.2)

For prior and posterior distributions of p and 7 refer to Figure 4.6, whose behaviour
corresponds to the earlier results. The posterior mean values of y and 7 are now consis-
tent with those of the data set, and there is a dramatic reduction in variance. Plots (c)
and (d) show the MCMC output for p and 7. Observe that the chains are mixing well
for both parameters (as indicated by Figure 4.5 (¢) and (d)), thus the sample space is
explored efficiently and convergence is achieved.

4.2 Euler-Maruyama Discretisation
In this section we employ the E-M discretisation within MCMC sampling. The avail-
ability of the analytic solution enables to assess (and verify) its accuracy, allowing to

employ this approximation to diffusions with intractable SDEs.
Recalling the Equation (2.23), the E-M method approximates a solution to an SDE
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(a) Daily closing prices of S&P500 (b) Daily returns of S&P500

©o
o
S}
o u
o
S 8
o o
o _|
IS u
— o™
<
g ?
o
= u
©o
S | <
® ?
T T T T T T T T T T
1998 2000 2002 2004 2006 2008 1998 2000 2002 2004 2006 2008
Time Time
(c) MCMC S&P5000 mu (d) MCMC S&P5000 tau
o _|
o~ ™
R
o
™
-
S 2 -
o | 8
o
o _|
- N
S
T T T T T T T T T T
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Time

Figure 4.5: S&P500 data, times series plots and MCMC output.
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(2) Mu, dt=0.01 (b) Mu, dt=0.1 (c) Mu, dt=1
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Figure 4.7: Trace plots from the analytic (black) and E-M (red) schemes.

dX; = a(t, X;)dt + b(t, X;)dW; defined on [0,T],0 =ty < t; <...t, =T as follows:

Yo = o,
Yier = Yi+alty,Y) Aty +b(ti, yi) AWig,

Now assume a Geometric Brownian Motion SDE;,
dSt = ,LLStdt + O'Stth.

For notation ease, we shall further refer to the MCMC scheme using the analytic solution
to the B-S equation as the ‘analytic scheme’, and that based on discretisation- ‘E-
M scheme’. Figure 4.7 overlays realisations from the two samplers, from whom it is
evident that the E-M scheme provides an accurate approximation to the process. The E-
M trace has a marginally greater variation along the sample space implying an increase
in variance (especially within 7), as shown by plots (d)-(f). However, the chains are
mixing well and convergence is achieved. Indeed, the E-M chain explores the sample
space more efficiently due to a higher acceptance rate than the analytic scheme.

Figure 4.8 shows trace plots from the E-M model for different At plotted within the
same y-limits. For p (plots (a)-(c)), the obtained results are consistent with those in
Section 4.1. Realisations exhibit similar variation along the plot showing little sensitivity
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Figure 4.9: ‘Analytic’ (black) and E-M (red) posterior densities.

to changes in At. There is also little change in the posterior mean value, as indicated
by red lines. Therefore, the posterior distribution of u predicts the mean rate of return
with similar certainty regardless the amount of provided data (for a fixed time horizon).
The posterior of 7 is more sensitive to a decrease in observation frequency. We follow
a dramatic growth in variance, and increasing At beyond 0.1 has a significant negative
impact on the posterior mean estimation which diverges from the ‘actual’ value of 0.25.

Figure 4.9 shows overlaid densities for the posterior distributions of x and 7 for the two
samplers. As one would expect, the discretisation is closest to the ‘actual’ curves when
the time step is minimal. However, plots (a)-(c) also suggest that in the case of u the
approximation is efficient for At as large as 1, beneficial when the deployed algorithm is
highly time-consuming or observations- scarce. Regarding 7, the approximation becomes
increasingly inefficient after At grows beyond 0.1. This, again, corresponds to the earlier
results. To conclude, refer to Figure 4.10 showing overlaid densities of @ and 7 on
single plots. Whilst for x4 no surprising results are found, the impact of low observation
frequency is now evident for 7, as we observe significant deterioration in estimation
accuracy. In particular, there is a positive drift of the posterior mean and an increase
in variability.

Having verified the validity of the E-M model, we now apply the discretisation to the
S&P500 data set. Figure 4.11 illustrates chain mixing and densities for the two models.
Plots (a) and (b) compare the analytic (black) and E-M (red) samplers, performed
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Figure 4.10: Overlaid densities of posterior distributions. Solid line- analytic sampler,
dashed line- E-M sampler. Black: At = 0.01, Red: At = 0.1, Blue: At = 1.

on daily-observed data (for 10,000 iterations). Assuming 252 working days in a year,
At = 1/252 ~ 0.004. Plot (a) indicates that the approximation is algorithm is efficient
for the p posterior, as chain mixing is superior to that of the analytic sampler. However,
in terms of 7, we observe poor mixing. In order to optimise this, the data set is thinned
by 3 and fed into the samplers, with a subsequent improvement in chain mixing for both
parameters (refer to Figure 4.12). This is particularly evident in the case of 7 where the
sample space is now explored fairly efficiently. Note, that the mean values on both data
sets are consistent, thus thinning has not biased our conclusions.

4.3 EM Imputation Sampler

In this section, we examine the effect of data imputation within Euler-Maruyama dis-
cretisation on parameter estimation. Although previous analysis has shown that using
observations at integer times provides consistent estimation of the p posterior, this ap-
proximation is potentially unsatisfactory in practice, especially for 7.

We employ the algorithm structure defined in Section 3.4. As before, firstly we verify
model validity by performing a pilot run using synthetic ‘observations’ s. We generate
s from the B-S model with 4 = 0.1 , 0 = 0.2 thus 7 = 25, and define parameter priors:

u~ N(a,1/b), 71~ Ga(g,h),
k=2, a=0, b=0.01, ¢g=0.1, h=0.1. (4.3)
Figure 4.13 shows posterior densities for the two parameters from the pilot run. Recall
that k£ = 2 is equivalent to dividing the interval between two consecutive observations

in two by imputing 1 latent variable, therefore At = 0.5. We note that 7(u|7, s) and
(7|, 8) means (indicated in red) are fairly consistent with their prior values (0.1 and 25
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Figure 4.11: Trace plots of the analytic (black) and E-M (red) schemes using the S&P500
data. Plots (a) and (b) illustrate the first 5000 simulated values to highlight the mixing

pattern.
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Figure 4.12: Trace plots of the analytic (black) and E-M (red) schemes using thinned
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Figure 4.14: Chain mixing for imputation E-M sampler, £ = 2, red indicates posterior
mean values.

respectively). Referring to Figure 4.14, it is evident that the chain mixing is satisfactory
for both variables as well. For pu, the sample space is explored efficiently with little
variation along the plot, and the posterior mean is consistent with the true value that
produced the data. For 7, the parameter space is also explored well but there is larger
posterior uncertainty about the mean. This should not come to a surprise as recalling
results from Section 4.1, the credible interval for 7 is highly sensitive to the amount of
provided data. Thus, a small k£ (i.e. 2) produces a discretisation that is rather crude.

Having verified that the imputation scheme is valid, we implement this algorithm for
a longer run of 10,000 iterations. Figures 4.15 and 4.16 include densities for p and 7
(respectively) for k = 2,4,5 and 8 (cyan lines on trace plots indicate posterior means,
red lines indicate prior means and blue- the 95% density regions). Starting with pu, the
imputed E-M sampler is mixing well and has negligible autocorrelation for all k. The
posterior means are fairly consistent with the prior value of 0.1 and are well within
the 95% density region. Intriguingly, increasing frequency of data imputation does not
significantly improve the posterior mean accuracy, whilst being computationally heavy.
We note a decrease in posterior variance, although (again) this difference in negligible
when k£ = 5 and 8 are compared. Looking at the 7 plots in Figure 4.16, the sample space
exploration deteriorates as k reaches 5, and the chain becomes ‘cold” as k = 8. This
occurs in parallel to an increase in autocorrelation and degradation in posterior density
shape. In contrast, the posterior means are consistent with true values that produced
the data for all k. Thus, for computational ease and optimal mixing use k = 4 or 5.

31



Our next step is to compare the ‘latent data’ (further called ‘imputation E-M?’)
sampler using k = 2,4,5,8 with the former E-M algorithm with At = 1 (thus £ = 1).
This should indicate whether the introduction of latent variables has a positive impact
on parameter estimation accuracy. For results, refer to Figure 4.17 showing density plots
for both schemes, with overlaid prior mean values of x and 7 in red, blue lines indicate
the 95% density regions. We again note that data imputation causes little improvement
of u density, although does offer some reduction in variability. Referring to 7, the
consistency between the prior and posterior means is now optimised, thus employing
latent variables improves the reliability of simulated results. We also obtain a significant
reduction in variance. Figure 4.18 illustrates chain mixing for the two algorithms, with
an indication of the posterior mean value in cyan. Again, the posterior mean of p
appears to be unaffected by an increase in imputation volume, whereas increasing the
value of k leads to a noise reduction in 7 posterior. On the other hand, smaller ks
lead to higher acceptance rates within the algorithm, thus more efficient chain mixing.
It appears optimal to choose k& = 4 or 5, which satisfies the requirement of posterior
variance reduction, chain mixing and computational efficiency.

We are now in a position to compare the efficiency of our 3 samplers. Figure 4.19
illustrates the densities for each of the schemes for different k values, from which it is
evident that imputation improves parameter estimation. For both x and 7, the analytic
and imputation E-M posterior distributions (indicated in black and cyan respectively)
match very closely for £ = 2 and are almost identical for £ > 4. The former E-M
algorithm seems to be inferior in this case. For 7, there is a greater discrepancy between
the analytic and imputed E-M samplers when k& = 2, however taking k = 4 is sufficient
to allow consistent estimation.

It is useful to analyse the effect of increasing k on chain mixing. From the above analysis
it is evident that under conditions of single latent value updating, the mixing worsens as
k grows. In particular, the correlation between algorithm draws increases simultaneously
with k. This is especially the case for 7 posterior due to the strong dependence between
S; and 7. Indeed, according to Eraker (2001) convergence of the Gibbs sampler worsens
as At gets small, and does not converge at all as At — 0 [6] (p.182). Nevertheless, it
is also evident that the introduction of latent variables improves the consistency of the
E-M algorithm with the analytic distribution (Figure 4.19). A possible solution to the
convergence problem is described by Elerian et al. in the paper ‘Likelihood Inference
for Discretely Observed Nonlinear Diffusions’ [5](p.971). It is proposed that the latent
variables are updated in blocks between two consecutive observations, and the next
section outlines the method and results of such a procedure.

4.3.1 E-M Block Imputation Sampler

In order to overcome the autocorrelation and computational inefficiency issues we now
consider a block E-M scheme. Figure 4.20 includes chain mixing, autocorrelation and
density plots for the block E-M scheme with £ = 5, implemented for 10,000 iterations.
Examining the posterior of u we observe a good sample space exploration by the chain,
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Figure 4.15: Posterior densities of p using imputation E-M sampler, cyan- posterior
mean value, red- prior mean values, blue- 95% density regions.
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Figure 4.16: Posterior densities of 7 using imputation E-M sampler, cyan- posterior
mean value, red- prior mean values, blue- 95% density regions.
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and thus efficient mixing. The posterior density plot is centered close to the true mean
(that produced the data) and the autocorrelation values are insignificant. Referring to
7, the chain mixing is adequate and the density is centered around the prior mean as
well. However, autocorrelation values are high up to lag 40 indicating that draws from
the posterior distribution are not independent.

Figure 4.21 includes analogous plots for £ = 8 and 15, which indicate that increasing
the imputation volume improves posterior mean estimation and leads to a decrease in
variance for both parameters. However, as k increases, the chain mixing and autocor-
relation pattern for 7 deteriorate, therefore again presenting a dilemma of bias versus
variance.

Figure 4.22 allows to compare the single-site and block E-M samplers for £k = 5, from
which we conclude that the two update mechanisms lead to (almost) identical posterior
density estimation. Moreover, the single-site update sampler is superior for 7 due to
lower autocorrelation, whereas the block scheme is less time-consuming.

Finally, referring to Figure 4.23 we compare the densities generated by the block, single-
site E-M and analytic samplers. We observe very little difference between the three
schemes, especially in terms of p. The accuracy obtained by £ = 5 and £ = 8 is
equivalent, therefore p does not require a large volume of imputation to be estimated
efficiently. For 7, the block update is marginally more accurate when k = 8, and is also
less time-consuming to implement than the single-site update. Thus, if the error cost
of 7 outweighs that of time one should choose a larger imputation volume due to an
improved accuracy, and vice versa. Figure 4.24 illustrates the downfall of our current
Block update mechanism. The Markov chain associated with the latent data vector
{St;1,Stin -+ -5, } is only dependent on (or initialised at) its preceding observed
value s;, not the future s;; 1. Therefore, the discrepancy between the imputed Sy, , , and
observed s;,1 will cause sampler inefficiency. This problem is targeted by introducing
a Brownian bridge- Brownian motion conditioned to start at s; and finish at s;14
[4](p-305). This requires a suitable proposal density satisfying this dependence- such
is outlined by Elerian et al. [5](p.969-970). The latent data values are drawn from a
Gaussian density Sy, ;, Si41|S;, ;_, which can be constructed by approximating the joint
density of S;, ; and Sy as

St Shs o + il At At
o) o oGt . 4.4
(Siﬂ) 2((Sn,j1+ui(i—ti,j_1>m A 44

We then condition on S;;; = s;41 to give Sti’].|Sti7j_1, S;+1 which can be sampled recur-
sively. In fact, this a modified diffusion bridge — one of four Brownian bridge types
proposed by Durham and Gallant [4](p.304). It has been shown that such type of sam-
pling leads to a higher acceptance probability of imputed data (and subsequently, the
process parameters), lowering computational cost and posterior autocorrelation. Pursu-
ing the latter is intuitive in order to improve our current mechanisms, however (regret-
fully) is external to the current investigation.
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Figure 4.21: Block E-M scheme, k=8 and 15, cyan indicates prior mean values.
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Chapter 5

Summary

In practice, transition densities for many diffusion processes are unavailable in a closed
form or are too burdensome to derive. The availability of the analytic solution to the
SPP problem has allowed us to construct an ‘exact’” MCMC scheme and use it to evalu-
ate the effectiveness of Euler-Maruyama discretisation in the context of simulation. The
latter has shown to be sufficiently accurate to be used in practice, given that data are
observed with medium-high frequency. When this is not satisfied we proposed a method
of data imputation within an E-M sampler, using single-site and block updating. Again,
these have shown to be sufficiently accurate leading to a marked improvement in 7 es-
timation.

Two problems remain: the computational burden associated with data imputation and
high posterior correlation of 7 sampler paths. One would typically be faced with a
choice between strong bias and autocorrelation, respectively caused by sampling error
and non-independent draws of the latent variables. This indeed is unfortunate, as block
updating should lead to optimised estimation and computation process. This issue can
be overcome employing a Gaussian density proposal conditioning on the observation
value preceding the latent block. This creates a ‘Brownian bridge’ of the imputed data
ensuring that the proposed variables are consistent with ‘observed’ values [4](p.204).
Durham and Gallant also introduce methods for ‘acceleration’ of Monte Carlo integra-
tion. Such include bias and variance reduction techniques, substantially optimising the
computational efficiency [4](p.302).

Another possible issue of the current block update model is that the size of the latent
value vector (k — 1) is fixed. Trivially, the proposed blocks always connect in the same
place, ‘which can foster dependencies in the MCMC sweeps’ [5](p.971). Overcoming
the consequent posterior 7 autocorrelation is to transform k from scalar to a variable
quantity that follows a Poisson distribution with rate \. The above methods would be
the next and exciting steps for our research, however are beyond the scope of this report.
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