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Abstract

We investigate the solution sets to equations in the solvable Baumslag-
Solitar groups BS(1,k), k > 2, and show that these sets are repre-
sented by EDTOL languages in some cases. In particular, we prove that
the multiplication table of such a group forms an EDTOL language with
respect to a specific natural normal form for group elements.

1 Introduction

This work was motivated in part by Ciobanu, Diekert and Elder’s proof [2]
that the solution sets of systems of equations over free groups are EDTOL
(which was subsequently generalised to virtually free groups by Diekert and
Elder, hyperbolic groups by Ciobanu and Elder [3], and right-angled Artin
groups by Diekert, Jez and Kufleitner [6]). Evetts and Levine [9] proved that
the same thing is true in virtually abelian groups. Further motivation was
provided by the proof of Kharlampovich, Lépez and Myasnikov [13] that it
is decidable whether or not an equation over a group G is solvable, for all
G in a family of groups that includes the solvable Baumslag-Solitar groups
and groups with structure A Z for A finitely generated abelian (such as the
lamplighter group when |A| = 2). We wanted to understand for which types
of groups solution sets to systems of equations might be EDTOL languages,
and why this might be a natural family of languages in which to find such
solution sets.



In this article we have attempted to provide an accessible description of this
relatively unknown family of languages, and of how we may find solutions
for group equatons within it. Using the solvable Baumslag-Solitar groups
as our ‘testbed’, we have examined various rather elementary equations over
these groups, proved some to have solution sets that are EDTOL languages,
and provided examples of others that seem not to be (although we have not
yet proved conclusively that they are not).

The following Section 2 contains the definitions of ETOL and EDTOL systems
and related languages, relating them to the better known families of context-
free and indexed languages, and listing some of the operations under which
the sets of ETOL and EDTOL languages are closed. The Baumslag-Solitar
groups are studied in Section 3, with definitions and the construction of two
different normal forms in Section 3.1, preliminary results in Section 3.2 and
the consideration of particular equations relating to centralisers, conjugacy,
multiplication and inversion, in Sections 3.3-3.5. In Section 3.6 we describe
a solution set for a centraliser equation that we believe is not EDTOL, and
explain why we believe this, while not giving a proof of that fact.

2 ETOL and EDTOL systems

ETOL languages, introduced by Rozenberg [15], generalise both context-free
and OL languages, and are most naturally defined through their grammars,
known as ETOL systems. An important component of such a grammar is a
set of tables.

Definition 1. Let V be a finite alphabet. A table for V is a finite subset
of V x V*, considered as a finite collection of rewriting rules of the form
v =Wy, ..., w,, forveV, w; € V*, whose application replaces each instance
of v with any one of wy, -, w,.

We use the conventions that (1) when a table is applied to a word it must be
applied to every letter within that word and (2) if a table does not specify a
rewrite for some letter in V), then applying the table fixes that letter. A table
will act on the right of a word, so we write wT for the result of applying
a table T to a word w. Applying one table after another will be denoted
by concatenation; note that when applying a string of tables that string
should be read from left to right. Note that if the right hand side of each



rule in a table contains only one word, then that table defines a free monoid
endomorphism of V*.

Definition 2. An ETOL system is a tuple H = (V,U, R,vy) where

1. V is a finite alphabet,
2. U CV is the set of terminals,

3. R is a reqular subset of T* for some finite set of tables T for V), called
the rational control of H.

4. vg € V* is a chosen word called the start word or axiom.

The language {v € U*: v = YR for some R € R} is the language of the sys-
tem H. A language arising from an ETOL system is called an ETOL language.

It is proved in [4] and [8] that the class of ETOL languages is properly con-
tained in the class of indexed languages, as defined in [1].

Definition 3. An EDTOL system is an ETOL system H = (V,U, R, vy) where
each table in T, the alphabet of R, is a free monoid endomorphism V* — V*;
that is, each rule in a table contains a unique word on the right hand side.

Let G = (V,U,P,so) be a context-free grammar, with set )V of terminals,
U C V, P of productions, and start variable sq; for such a grammar the left
hand side of any production is necessarily in V \ U, then we can form an
ETOL system (V,U, R, sg) with the same language as G as follows:

For each v € V, we define P, to be the set of all productions in P with
left hand side ». If the productions in P, are v — wuq,...,v — uy, then we
define 7, to be the rule v — uq, us, - - - ug,v. Note that the fact that v is on
the right-hand side of the rule indicates that we are not obliged to apply a
non-trivial production to v.

We define the table T, to be the singleton set {r,}, T to be {T, : v € V},
and then R to be T*. The language of the ETOL system (V,U, R, sq) is the
context-free language generated by the grammar G. But note that context-
free languages exist that do not arise as the languages of EDTOL systems
[7]-

The following two lemmas are standard (see [16]).
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Lemma 4. The class of EDTOL languages contains the class of reqular lan-
guages.

Lemma 5. The classes of EDTOL and ETOL languages are both closed under
the following operations:

1. finite union,
intersection with reqular languages,
concatenation,

Kleene star,

image under free monoid homomorphisms.

The class of ETOL languages is additionally closed under taking preimages of
free monoid homomorphims.

3 The solvable Baumslag-Solitar groups

3.1 Definition and normal forms

We use the notation N:={n:n € Z,n >0}, Ng:=NU{0}.

The solvable Baumslag-Solitar groups are the groups defined by the presen-
tations

BS(1,k) = {(a,b | b~ ab = a*)

for some fixed £ € Z\ {0}. We shall assume here that k£ > 0, since the
groups with & < 0 are similar, but with additional minor complications.
Although we have not checked all of the details, we believe that all of the
results proved in this section remain true when k is negative, but their proofs
require subdivisions into more cases than when £ > 0. We shall assume

further that k£ > 1, since BS(1,1) is free abelian. For ease of notation, we
shall abbreviate BS(1, k) as BS.

Note that BS is a split extension of the infinite abelian group N = (a)B% (the
normal closure of the subgroup (a) in BS) by the infinite cyclic group (b).
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We denote by a* the element bab~" and note that (a*)* = a. Similarly we
represent ba’b~? by av, where i,7 € Z, i # 0, j > 0. We also write A for
a!, and B for b 1.

With this notation, we observe that any element g of BS can be represented
as a product b"a" for a € {a, A}, where r € Z and

u:(li_:nn+;nr:z:11++%>+s’ m,SENo,ijE{O,...7k—1},

and we interpret a" as the product
(b™ab™ ™) (B ab ™)1  (hab ) .

We require that either m = 0 (that is, the sequence i1, ..., 1, is empty) or
m > 0 and i, # 0. We shall call b"a" the fractional representation of the
group element, and we shall call s and 4,,/k™ + i1 /K™t + - -+ + i1 /k the
integral and fractional parts of the exponent u.

The fractional representation provides a mechanism for representing each ele-
ment of BS by a unique string of symbols from the alphabet {b,B,0,1, ..., k—
1,+,4, —}. The group element b"a" is represented by the string w given by

B B4 mim—1 - 11:5051 - - S, When o = a,
BB —dmlm_1 118051+ Sp When a = A,
where p > —1, i1,...,0m, So,...Sp € {0,1,...,k—1},
and if p # —1, then sp7éOands:so+81k+s2k2+-~-+spk:”,

(1)

where 3 is b when r > 0, B when r < 0, and where the prefix - - - 3 consists
of |r| copies of § (and in future will generally be abbreviated as ). By
convention, we define p = —1 if the sequence sy, ..., s, is empty and s = 0.

Then the suffix 44,71 - - - 41.50 - - - 5, of W is precisely the representation of
u in base k written backwards. The symbol . (which would be the decimal
point when k = 10) is known as the radiz point. We shall call the subwords
Imim—1---11 and sg---s, the fractional and integral parts of w. Note that
either or both of these could be empty, and the representation of the element
Btis pt+.for t > 0.

We denote the representation of g € BS defined in (1) by NF™¢(g), and define
NFfrac .= {NFac(g) : g € BS}. We can think of NF™@ as a normal form for
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BS, although of course the elements of its alphabet are not all within the
group.
Now the product

b (6™ ab™ ™) (B L ab ) et (bab )
that represents b"a" can be freely reduced to give the word
w = b'a"™Ba™'B---a"Ba’, (2)

where t = r 4+ m.

When ¢ > 0, we shall refer to the subwords b?, a'mBa‘-1B---a"B, and o of
w as its left, central and right subwords, respectlvely, but if £ < 0 we define the
left subword to be empty, the central subword to be Bla/mBaim1B---a'B
and the right subword to be a®*. We call the subwords aB together Wlth the
letters B in a B!l prefix the components of the central subword.

Observe that the integral part s of w is the base k representation of the
exponent of « in the right subword of w, whereas the fractional part of
w, together with the value of ¢ when t is negative, determines the central
subword of w.

We denote the representation of g € BS defined in (2) by NF(g), and put
NF := {NF(g) : g € BS}. Note that both NF and NF™¢ are regular languages.

3.2 Preliminary results

Proposition 6. Fiz a constant r € Z. The subset NF, = {NF(g) : g =
b"a* for some u} of words in NF corresponding to this value of v forms an
EDTOL language.

Proof. Let U = {a,A,b,B} and V = {a,A,b,B,S,T}, and define a set T of
endomorphisms of V* (each of which is the sole entry of a table within 7) as



follows:

gbaj:S}—>SajB, foreach0 < j<k—1
¢Aj:S'—>SAjB, foreach 0 < j <k—1
waj:SHbSajB, foreach0 <j<k-—1
wAj:SHbSAjB, foreach0 <j<k-—1
0: S+ bS
o T'—Ta
pa: T —TA
v:S—eT— e

We define
Qo = {Pa0s - s Pap—1},  Pa={da0,. ., Par1},
Vo= {Va0, s Vap-1},  Ya:={Vao; - -, Yak-1}.
First, suppose that » > 0. In this case, the language in question is
{b"b"a"Ba'™'B---a"Ba’: m > 0,5 > 0}.

This is the language of the EDTOL system (V,U, Ry, ST') with rational control
R1 given by Ry := R1, | R1a (recall that the symbol ‘|” denotes union in the
standard notation for regular sets) where

Ria = 0" (Vo \ Wotbao) ov,

and R is defined similarly with A in place of a.

Now suppose that r < 0. If we also have t = m+r < 0, then the left subword
is empty and there are only finitely many possibilities for the central subword,
so the language in this case regular. For the case ¢ > 0, we need to show
that the following language is EDTOL:

{bla' e+ BQ I -1B - . . @ BaB - - - @' Ba’: t > 0,5 > 0}.

This is the language of the EDTOL system (V,U, Ry, ST') with rational control
R2 given by Ry := Ra, | Roa, where

Roa 1= O (U5 \ Withao) v,

and Rop is defined similarly with A in place of a. O
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The following lemma will be used several times in the proofs in Section 3.4
below.

Lemma 7. Suppose that r > 0. Fix constants ng € N, \,c € Z, let o be
equal to either a or to A, and let w € (aB™ | a?BT | -+ | o*71BT)* be a
constant word (with k fized as above). Let {s,}nen be a fized sequence of
integers such that, for each n > ng, we have

Spi1 = k"sp, + A and s, > s,
Then, for some n’ € N, the following subset of {a, A, b, B}* is EDTOL:

" wa®™ : n > n'l.

Proof. We prove this for a = a; the case a = A is similar. First, consider the
case where A\ > 0. Define endomorphisms ¢, 1 of {a, A, b, B, S}* as follows:

¢: S b Sar, a— d

Y S w.
Choose n’ > ng large enough so that rn’ + ¢ > 0. The EDTOL system
with axiom 0" *°Sa* and rational control R = ¢*i gives the language
{b""* wa*: n > n'}.
Now suppose that A < 0. Choose n’ > ng large enough so that rn’ + ¢ >
0 and so that s,, > |A|. Consider an extended alphabet {a,A,a,b,B, S},

endomorphisms

¢: S—bS a—ada— a2

Vv: S —w,a—a,
axiom b t¢Sa*»~MalAl and rational control ¢*1). We claim that this EDTOL
system produces the language in question. To see this, consider an applica-
tion of ¢:
brn+cSasn7|/\|a\)\| — br(nJFl)JFCSakT(Sn*‘)‘D(akT*Qa)p“_

At each such an application, we increase the number of a’s from s,, — |A| to
k" (s, — |A|) + (E" = 2)|\| = k"sp, — 2|A| = Spy1 — |A], and keep the number of
a’s fixed at |A|. If this were the final application of ¢, we would then apply
1 to convert the a’s to a’s, and insert w:

bT(n+1)+CSCLkT(Sn_M|)(Cbkr_Qa)')\‘ — b'r(n—&—l)—l—cwak”sn—\)d — br(n+1)+cwasn+1‘
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3.3 Centralisers and conjugacy

Proposition 8. Centralisers of elements in BS(1, k) are EDTOL; that is, for
fized g € BS, the set C, := {w € NF : wg =gs gw} is EDTOL.

Proof. This follows from Lemma 4 when g = 1, because then C; = NF, which
is a regular language.

If 1 # g € N, then Uy, = N, and C, consists of those words in NF with ¢ = m,
which is EDTOL by Proposition 6.

If g ¢ N, then Cn(g) =1, so Cgs(g) is an infinite cyclic group (¢’), for which
g ¢ N and Cgs(g) = Cgs(¢’). In this case we replace g by ¢/, for ease of
notation.

So we need to prove that {NF(¢") : n € Z} is EDTOL and, since this is a
union of the positive and negative powers of g, it is enough (by Lemma 5) to
prove that {NF(¢") : n > 0} is EDTOL.

We use the notation introduced above for w := NF(g), and we have w =
b w.af, where b, w, and o are its left, central and right subwords, with
a=aorA (Sot =twhent >0 and ¢ =0 when ¢t < 0.) Note that
the fractional representation of w is of the form b"a* with r := t — m and
0 <u € Q, and so that of g" is b""a" with u, = u(1 4+ k" + -+ 4+ E=I7),
We consider two cases.

Case 1: t < m (so w has more occurrences of B than of b). Sot —m < 0.
Since the power of B in the fractional representation of ¢ is B™™~%) the
central subword of NF(¢g™) must have at least n(m — t) components and so
there exists n’ > 0 such that this number of components is at least ¢’ for all
n>n'.

For n > n/, let NF(g") = binwe, o, where w,, is its central subword, and
let we, = Ynn, where B, consists of its final ' components. Note that the
sequence u, is bounded above by u/(1 — k") in this case, and so s, is also
bounded above. We claim that NF(8,a°"w) has empty left subword and
that its central subword has exactly m components. From this it follows
that NF(¢"t) = by, NF (B, w), so Went1 has m — ¢’ more components
than w,,,.

To prove the claim, note that, since 3, has exactly ¢ components, 3,a°"b"
is equal in BS to some power a*" of a with z,, € Z and z,, > 0. Then, when
we put [,a*w =gs a**w.«a° into normal form, we may move some of the m
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letters B in w, to the left, but we end up with a central subword consisting
of m components followed by a power of « (in fact a*+1).

Now, by considering the fractional representation of ¢g" described above and
noting that » < 0 in this case, we see that s,, which is the integral part of
Uy, is a non-decreasing sequence which (as we observed earlier) is bounded
above, and so s, must be constant for sufficiently large n. Also, (,, and hence
also the suffix £, of NF(g") must eventually repeat, and it follows easily
that the set {NF(¢") : n € Z} is regular, and hence EDTOL by Lemma 4.

Case 2: t > m (so w has more occurrences of b than of B). Then r =
t —m > 0. Recall that we are denoting the fractional representations of g
and g" by b"a* and b"™a"", respectively, where u,, = u(1 4+ k" + -4+ E=I7),
Since m is the number of components in the central subword of NF(g), we
have k™u € Z. So, by choosing n’ > 0 such that (n’ — 1)r > m, we have
k=Vry € Z for all n > n'/. Then the fractional part of u, remains constant
for all n > n', and hence the central subword of NF(¢") is the same word
w,. for all such n, and also the sequgence s,, = |u,] is strictly increasing for
n>n'

So for n > 7/, if NF(¢g") = b'»w.a®, then
bl ot =gg b wla® b o

and so t,.1 =t, +r and

=g Wb Twlat b ot =gs [wl, b T

Now the commutator [w],b"] is some fixed power o of a for some k € Q,
and s,41 = k"s, + A where A\ := u + k is a constant that must lie in Z.

It follows from t¢,,,; = t,, +r that t,, = rn + ¢ for some constant ¢ € Z. Since
we also have s,,11 = k"s,, + A, we can apply Lemma 7 with w = w.. to deduce
that {NF(¢") : n > n'} and hence also {NF(¢") : n > 0} is EDTOL. O

Proposition 9. The set of conjugators of fixed pairs of elements is EDTOL;
that is, for fized g,h € BS, the set Cony, := {w € NF : wh =gs gw} is
EDTOL.

Proof. The solution set is either empty or a right coset Cyx of the centraliser

C, of g, for some fixed x € BS. Let b"™*a"* (where u, might be negative) be
the fractional representation of x.
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If g = 1 then Conp, = NF when h = 1 and is empty otherwise and, if
g € N\ {1}, then C, = N, and Cony,(hg) is either empty, or equal to the set
of normal form words for which ¢ — m = r,. The result holds in these cases
by Lemma 4 and Proposition 6.

Otherwise, as we saw in the previous proof, Cy = C; U C} is the disjoint
union of two sets, where C (from Case 1) is regular and Cj is the union of
a finite set with a set C of the form {b"™T°w.a®* : n > n'} for some fixed
n’ > 0 where r > 0 and, for n > n/, we have s,,,1 = k"s,, + A and ¢, \ € Z
are constants.

Suppose that Conyp, is nonempty. Then, by a similar argument to that used
in the proof of Case 1 of Proposition 8, we see that, for all but finitely many
of the words in C, multiplication on the right by = affects only a suffix of
bounded length, and so NF(C'z) is regular and hence EDTOL by Lemma 4.

It remains to consider the set NF(Chz) with C as above. If 7, > 0 then, for
n >n' and g = b Tewlat € Cy, we have gr =gs b Cwl b= o . Now
NF (b ewl b= o) = 0w a*s for some constant central subword w! and
¢, \; € Z and so, for sufficiently large n, we have NF(gz) = 0"+ w” o, where
s, = k™ sp,+ ;. Then s), also satisfies the recurrence relation s, ; = k"s; +\’
for some constant X' € Z, and so the set NF(C4z) is EDTOL by Lemma 7.

Now suppose that 7, < 0. Since, for t > 0, we have s,; = k"s,, + ("¢~ +
-+ k" 4+ 1)\, we see that s, mod k=" is constant for all sufficiently large
t (i.e. such that rt > —r,). So, for sufficiently large n, we have NF(a®"b™) =
w!a¥*sn) for some fixed central subword w”, and hence, by splitting u, into
its integral and fractional parts, we see that NF(gz) = 0" ¢ w” = for fixed

central subword w!’, where s/, = [k"*s, | + A, for constants ¢/, \, € Z. Then
since, as we saw above, s, mod k7" is constant for sufficiently large n, we
have s/, ., = k"s], + X for some constant \" € Z, for sufficiently large n, and

the result follows from Lemma 7. ]

3.4 Multiplication and inversion

In this section we shall prove the following two results. Note that (informally)
the second of these results says that the multiplication table of the group with
respect to NF is EDTOL. This result was partly motivated by a related result
of Gilman, who proved in [11] that a group is hyperbolic if and only if its
multiplication table is context-free with respect to some regular normal form.
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Theorem 10. The language {x#y#z : x,y,z € NF, xy =gs 2z} is EDTOL.

Theorem 11. The language {x#y#=2 : x,y,2 € NF, 2y =gs 2!} is EDTOL.

In the proofs, we first prove that the corresponding subsets of NFT¢ are
EDTOL, which reduces essentially to addition and subtraction of numbers in
base k. In order to derive a corresponding proof for NF, we need to convert
a positive integer n written in base k to the string o™ (with @ = a or A) and
then simulate the above addition and subtraction on the exponents of these
strings. It might be helpful to illustrate the conversion process, from NFfa
to NF, in the special case x = a, y = b'a®, and we shall do that case first.

Lemma 12. The set
L = {a#u#v : v = NF(au), u = b'a®, o € {a,A}, t,s € Ny}
ts EDTOL.

Proof. We do this by partitioning L into three subsets, and prove that each
of these is EDTOL. The result then follows from Lemma 5.

The first of these subsets is {a#u#v: u = b'a®,s,t > 0,0 = NF(au)} =
{a#tbtas#b'a* 1 s,t > 0}. To show that this set is EDTOL, we need extra
symbols a and 7. We start with the start word T'#a#aa and apply T;Ts,
for tables T, := {a — ba,a — a*} and Ty := {T" — a}. This produces the
word a#bla#tblaa®’, where ¢ > 0 is the number of applications of T;. Then
we apply T5Ty, for tables T3 :=a — aa and Ty :==a — ¢.

Note that ab’A® =gs bfa*' %, so NF(ab'a®) = b'A** when s > k', and
NF(ab'A®) = bta*'—* when k' > s.

Our second of the three subsets is {a#btA#biA*™ st > 0,5 > k'}. To
show that this is EDTOL, observe that we can construct arbitrary words in
this language by first constructing words of the form a#tb'aA* A#b'A, using a

similar construction as in the preceding case. Then we apply T5T, for tables
T3 := {A — AA} and T4 := {A — €}.

Proving that our third subset, {a#b'AS#bta*' —* = 5.t > 0,k! > s} is EDTOL
is more difficult, and this is the case that we are using to illustrate how we
simulate subtraction of base k numbers. (In fact the previous two cases can
also be done using this technique, but they were easier to do directly.)
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We shall describe a recipe for constructing all words of this form, which is
based on the idea of carrying out the subtraction k' — s using the represen-
tations of k' and s in base k.

Let s = sg + s1k + -+ - + 5,1k~ be the expansion of s in base k. Then, for
some j with 0 < j <t —1, we have s; =0 for 0 <i < j, and s; # 0 (we are
assuming that s > 0). Then k' —s = sj+sik+---+s,_ k!, where:

(i) s;=0for0<i<y;

(i) s; =k — sy

(i) si=k—s;—1forj<i<t—1.
The construction of this word involves symbols a and A (variables in the
associated EDTOL system), which represent potential occurrences of a and A,

and will eventually be deleted. The construction consists of ¢ steps, numbered
1,...,t

As axiom we use the word a#A#a.
In Step ¢, for 1 < i < ¢, we do the following:
(i) apply the rule # — #b;
(i) apply the rule A — Akasi-1;
(iif) apply the rule a — a*ai-1.
Apply a = €, and A — €.

Note that since s;, s, € {0,1,...,k— 1} the rules we apply come from a finite
set.

More formally, define tables as follows.

a: #— #b, A AF a a”

0:arm— e, A e
and for each 0 <m <k — 1:
B # > #b, A APA™ 2 abah ™
Yt # > #b, A AFA™ a3 afeb ML

Then the EDTOL system with the following rational control produces the
required language in the way described above:

@*(51 | 62 | | 516—1)(707’717"'7’716—1)*5-
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O

Proof of Theorem 10. For words z,y, 2 € NF, we denote the words NF2¢(z),
NFfrac(y) and NFT2(z) by &, § and 2, respectively. We prove first that the
language Lyae = {T#y#2 : x,y,2 € NF, 2y =gs 2} is EDTOL, and then
explain how to adapt the arguments to prove the theorem.

Let z,y, z € NF with zy =gs z, and suppose that the fractional representa-
tions of x and y are b™a"* and b™a", respectively (where r,,7,, u, and u,
could be positive or negative). Then z has fractional representation b™=*"vq"=
with v, = k"™ u, + u,. As usual, we aim to construct the language Lg, using
an EDTOL system, starting with the word .#.#.. Recall that & consists of 0"
or B™"* followed by the base k representation of u, written backwards, and
similarly for ¢ and 2.

There are various cases to be considered, depending on the signs of r,, 7,
u, and u,. We need to partition Lg,. into a large number of disjoint subsets
depending on these signs, and the EDTOL systems that define these subsets
are all slightly different. If u, and u, have different signs, then the sign of
u, = k™u, + u, may be positive or negative, and we need to distinguish
between those cases. So there are 24 principal cases. Each of 7, and 7, can
be non-negative or negative, and for each of these four possibilities there are
six subcases: ug,uy > 0; ug,uy < 0; up > 0,uy < 0,u, > 0; up, > 0,u, <
0,u, < 0; up <0,uy >0,u, >0; and u, < 0,u, >0,u, <0.

The fractional and integral parts of Z are computed by addition or subtraction
(depending on the signs of u, and u,) of those of & and g, where the radix
point in that of 7 is shifted r, places to the left (or —r, places to the right)
before performing this operation. Each of the possible combinations of signs
of u,, u, and u, constitutes a separate subcase, and in the first step of the
construction we insert the signs of u,, u, and u, for the subcase that we are
dealing with.

In the subsequent steps, we carry out the addition or subtraction of the base
k numbers, dealing with one base k£ digit in each step, working from left
to right (i.e. from the smallest power of k to the largest). Some of these
operations will result in a “carry one” that needs to be handled in the usual
way in the following step. So these “carry” steps must be followed by a
further step that might itself be a carry step. (In the formal EDTOL system,
we need extra variables to indicate that the next step should be a “carry”
step. We have left out the details of that process in this proof, but we will
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present an explicit system for one case of the language L in Subsection 3.5
below.)

After completing this addition or subtraction, there may be some further
steps in which powers of b or of B are inserted at the left of 2’ and 2’ (where
T'#y'#7Z denotes the word that has been constructed so far).

Rather than attempting formal proofs in all cases, we shall content ourselves
with providing the constructions of T#y#2 for three illustrative examples.
The value of k is not critical, and we take k = 3 in our examples.

The easiest situation is when r, = 0, and we are just calculating u, + u, in
base k arithmetic. Suppose, for example, that £ = B4+11.21 and § = —101.2,
so © = baBaBa® =gs Ba*?, y = VPABBABA? =gs a %%?". Hence z =ps
Ba®/?", 2 = B4+200.01, and and z = b%a®B3a®. Then the construction is

Fft — Fott— ot
+oFE—1F+2. — +1.4#—10.#+20. —
+11.4#—101.#+200. — +11.24#—101.2#4200.0 —
+11.21#—-101.24#+200.01 — B+11.21#—101.2#B+200.01

In this example, there is just one carry step, namely +.#—.#+. — +.H—L.H#+2..

Now let us keep the same 2, but replace § by b—101.2, so now y = b*ABBABA? =gg
ba=427 » = b3a?Ba’Ba’Ba'® =gs ¢*7/?" and 2 = +222.111. Now the con-
struction is

Tt — + H—H+ —

-1 FH+2. — +.#—10.4+22. —

+1.#—101.4+222. —  BH1L#b—101.24#+222.1  —
_)

B+11.24Eb—101.246+222.11 B+11.21#b—101.244+222.111

Note that, when r, > 0, we insert a symbol b at the beginning of ¢’ in each
of the r, steps in which we are processing fractional parts of x and integral
parts of y. If there are symbols B to be entered at the beginning of z’, then
(as we did in one of the steps in the example above) we insert a B in &’ in
the same step as the b in g'; otherwise we would insert a symbol b at the
beginning of Z’. In this example the first four subtraction steps are all carry
steps.

As illustrated in the first and following example, any remaining occurrences
of b or B at the beginning of & can be inserted into z’ and 2’ at the end of
the construction.
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Now we consider an example with r, < 0, and with changed signs for z, y
and z, namely & = B—21.112 and § = B+221.01, so z = bAZBABA?? =gg
Ba 2%/ y = b2a’Ba’BaBa’® =ps Ba’®?", » = A?BA’BA® =gs B%a /Y and
%2 = B2-22.01. The construction is

HH — —H+H— —

— QA2 H—. - —21 #4224 2 —

—21.1#B+221.4#B—22. - —21.11#B+221.04#B—22.0 —
—21.112#B+4+221.01#B—-22.01 — B—11.112#B+4221.01#B2-22.01

Here we inserted B into ¢ in the step dealing with the integral part of  and
the fractional part of §. Since there is no b at the beginning of &, we insert
B into Z’ at the same time.

Now we turn to the proof that the language L = {ax#y#z : z,y,z €
NF, zy =gs z} in the theorem statement is EDTOL. Again we denote the
subwords of z,y, z that have been inserted into x#y#z so far by z/, v/, 2’.

The words 2/, v/, 2’ are constructed in the same way and roughly in the same
order as the corresponding subwords 7/, 1/, 2’ of Z, 9, 2; that is, for each step
in the process of constructing z’, 3’ and Z’, there is a corresponding step in
the construction of z’,y" and 2’

There are two principal issues that arise here. One of these involves the
insertion of the right subwords of the words z,y,z € NF. These subwords
are strings in the generators a or A of whichh lengths are represented by
numbers in base k in Z, 7, 2. The integral part of Z is calculated from & and g
by addition or subtraction of numbers in base k. The corresponding process
for z,y and z can be carried out using the method illustrated in the proof
of Lemma 12 that involves the use of dummy symbols a and A that will be
deleted at the end of the process.

The second issue concerns the insertion of the central subwords, together
with parts of the left subwords, of x,y, z into 2’,%/, z’. In general, in a step
in which we insert digits + with 0 < ¢ < k into the fractional parts of each
of #', 4 and %', we insert a'B into the central subwords of z,y and z at their
right hand ends, immediately before the radix point. However, we want to
ensure that the same total powers of b are inserted into z'y’ as into z’, which
we do as follows.

In such a step, if there are letters b in the left subwords of z and/or y that
have not yet been inserted into x’ and/or ¢/, then we insert b into 2’ and/or
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y' in the same step. If this involves inserting b into both 2’ and 3’ then, since
we are also inserting terms a'B into 2’ and v/, the total power of b inserted
in 'y’ is zero and, since we are inserting a term a‘B into 2/, we insert a b in
the left subword of 2’ to ensure that the total power of b entered into z’ is
also zero. But if we insert b into just one of 2’ and 3’ then the total power
of b inserted in 2’y is —1, and we do not insert b into 2’.

In some steps, we may be processing digits in the fractional part of one of Z
and g and in the integral part of the other, and again we just need to ensure
that we insert the same total power of b into 'y’ and into z’. We would be in
trouble if there was no b to insert either into 2’ or into ¢’ and we had to insert
a term a’B into 2/, but in fact that never happens. That situation could only
arise when r, < 0, and in that case we would be combining a fractional digit
of ¢/ with an integral digit of 2, so we would not be changing the fractional
part of /. Note also that if the above process should involve inserting bB
at the beginning of the word z’ then we would of course not do that (that
situation arises in the third example below).

As was the case with 2/, 2, any remaining occurrences of b or B in the left
subwords of 2/, 2’ can be inserted at the end of the process.

Let us now illustrate the procedure with the same three examples as before.
As in the proof of Lemma 12, we use dummy symbols a,, a,, a, and A,, A, A,
which will eventually be removed, to represent future possible instances of a
and of A in z,y, 2z, respectively. (In fact we have shortened the process by
removing these dummy symbols in the final step of the rest of the procedure
rather than in a separate final step at the end.) The first of the examples
was T = baBaBa®, y = b>ABBABA?, z = b?a’B3a®. The construction is

— #bAB#ba’B —
baB#b?>ABB#b%a’B? — baBaB#b3 ABBAB#b%a’B3 —
baBaBa*al#b3ABBABAZA #b%a’B%al  —  baBaBa’#b>ABBABAZ#b%a’B%a’

The second example is x = baBaBa’, y = b*ABBABA?, 2z = b3a’Ba’Ba’Ba'?.

— #bABH#ba’B —
#b2ABB#b%a?Ba?B — baB#b3 ABBAB#b3a2Ba?Ba’B —
baBaB#b* ABBABAZAS #b3a?Ba’Ba’Baa?  —  baBaBa?al#b*ABBABAZAY #b%a’Ba’Ba’Batal —

baBaBa® #b*ABBABA® #b3a’Ba’Ba’Bal®
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The third example is © = bA?BABAZ, y = b%a?Ba’BaBa®, 2 = A2BA?BA3.

H4 — bA2BH#ba?BH# —
bA?BAB#b2a?Ba’B#A%B — bAZBABAAS #b%a?Ba’BaB#A?BAZB —
bAZBABA*A) #b%a?Ba’BaBad #A%BABAS  —  bAZBABAZ2#b%a?Ba?BaBa’ #A%BATBAS

An explicit EDTOL system for one case of the proof is presented in Subsec-
tion 3.5 0

Proof of Theorem 11. Let x,y,2 € NF with zy =gs 27! and let z = NF(xy).
Then, as we saw in the previous theorem, the fractional representations of x
and y can be written as x =gs b"a"*, y =gs b"™a"v, and then z =gg b= "vaq"*
with uz = K™ u, + u,.

Now we have z =gg ! =gg a~%=b~ e Fv) = p=(atry) gtz wwith o, = — k= e trv)y..
So u, has the opposite sign to that of uz, and the digits of its (reversed) base

k expansion are the same as those of z, but the radix point is shifted r, +r,
places to the right or —(r, + r,) places to the left.

Let L := {a#ty#z : x,y,2 € NF, 2y =ps 271} and Lyae 1= {T#9#2 : 2,9,2 €
NFfrac gy =gs 271} The processes involved in proving first that Lg.,. and then
that L are EDTOL are similar to those in the previous proof, with the added
complication that power b™ of b in 2 plays a more significant role.

The constructions of x#y#z and of T#y#2 using EDTOL systems split up
into four phases, some of which may be empty in some examples. In the first
phase we are constructing parts of the fractional parts of Z, y and 2, and
in the fourth phase we are constructing parts of their integral parts. In the
second and third phases, we are constructing parts of the fractional parts
of some of them and of the integral parts of the others. As in the previous
proof, we denote the words constructed so far by x'#y'#z" and &'#y'#2'.

In the construction of x,y, z, in each step in the first phase we insert a b at
the beginning of each of 2,3/, 2/, and o'B for some 0 < i < k at the end of
its fractional part, but with the usual proviso that we avoid inserting 6B at
the beginning of the word.

Unlike in the proof of Theorem 10, in the situation when r, and r, have
opposite, there are two cases depending on the sign of r, 4+ 7,. So there are
six possibilities for 7, and r, to be considered, each of which splits into six
subcases for u, and u, as in Theorem 10. So there are 36 cases in total. We
shall describe phases 2 and 3 in more detail in three of these possibilities for
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Tz, Ty, and provide the constructions for an illustrative example with k& = 3
in each case.

Suppose first that r, and r, are both non-negative. In the second phase, we
are constructing parts of the fractional parts of z and Z, and of the integral
part of y. This phase consists of r, steps, in each of which we insert a b at
the beginning of each of 2/, 3/ and 7/, a B at the beginning of 2z, and one
term a'B at the end of the fractional parts of each of 2’ and 2'.

In the third phase, we are constructing parts of the integral parts of Z and
7, and of the fractional part of Z. This phase consists of r, steps, in each of
which we insert a b at the beginning of 2’ and of 2/, a B at the beginning of
2’ and a term a’B at the end of the fractional part of 2.

As an example, we take x = b3ABA?, y = b%a’Ba, so & = b*>—1.2, §j = b+21,
2 = B3+1210., z = baBa’BaB>.

Here are the derivations of 2#y#2 and of x#y#z. There is one step in each
of the first two phases, two steps in the third phase, and none in the fourth
phase. (So the integral part of Z is 0.) We have saved space by suppressing
the first step in which signs are entered into 2, ¢’ and Z2’.

—H+H+ — — 2.4+ 1. —
— 1. #b+2.1#B+12. —  b—1.2#b+2.1#B%2+121. —
b2 —1.2#b%+2.1#83+1210.

HH — #ba’B#baB —
bAB#b%a’Ba#tbaBa’B —  b?ABA’#b%a’Ba#baBa’BaB  —
b3ABA%#b%a’Ba#baBa’BaB?

Suppose next that r, > 0 and r, < 0 and that r, > |r,|. In the second phase,
we are constructing parts of the fractional parts of ¢ and 2, and the integral
part of . This phase consists of |r,| steps, in each of which we insert a b
at the beginning of each of 2/, &’ and 2/, a B at the beginning of ¢/, and one
term a’B into the end of the fractional parts of each of ¢/ and 2’

In the third phase, we are constructing parts of the integral parts of & and
y, and the fractional part of 2. This phase consists of r, — |r,| steps, in each
of which we insert a b at the beginning of 2’ and z’, a B at the beginning of
%' and a term a’B at the end of the fractional part of z’.
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As example, we take z = 0®ABA®, y = bABA?BAS, so & = 1*—1.21, §§ =
B—12.22, 2 = B+211.01, 2 = b*a’BaBaBa’.

In the derivations below, there is one step in each of the first three phases,
and two in the fourth phase.

—H—H+. — —1l.H#—1.#+2. —
b—1.24#B—12.4+21. - PP—121#B-12.2#B+211. —
b2 —1.21#B—12.22#B4211.0 — b>—1.21#B—12.22#B+211.01

— bAB#bAB#ba’B —
b2ABA2A2 #bABAZB#b%a’BaB —  bPABAP#DABAPBA’AS#b’a’BaBaB  —
b3ABAS#bABAZBAS#b%a?BaBaBa? —  b3ABAS#bABAZBAS#b%a’BaBaBa®

The final case that we shall consider in detail is 7, > 0 and r, < 0 with
ry < |ry|. As in the previous case that we considered, in the second phase,
we are constructing parts of the fractional parts of § and 2, and the integral
part of . But now this phase consists of 7, steps, in each of which we insert
a b at the beginning of each of 2/, 2’ and 2/, a B at the beginning of ¢/, and
one term a'B at the end of the fractional parts of each of ¢ and 2’.

In the third phase, we are constructing parts of the integral parts of Z and
%z, and the fractional part of §. This phase consists of |r,| —r, steps, in each
of which we insert a b at the beginning of of 2z’ and Z’, a B at the beginning
of ', and a term a'B at the end of the fractional part of y'.

A

As example, we take x = b3ABA®, y = Ba’BaBa’, so & = b*—1.21, § =
B3+21.21, 2 = b—200.121, z = b*A2BBBAC.

In the derivations below, there is one step in the first and third phases, and
two in the second and fourth phases.

At - — L H—2 -
b—1.2#B+.#—20. — V- 121#B2H2.4-200.  —
V2 1.21#B3+2L#b—200.1  —  b2—1.21#B3+21.24b—200.12 —

b2 —1.21#B3+21.214b—200.121

H4 — bAB##bAZB —
b2ABA2AS #B#b?A%B2 — b3ABAS#Ba?B#b3A%B3 —
b ABAS#Ba’BaB#b*A’B3AAY = DPABAS#Ba’BaBa’al#b*ATBIATA)  —

b3ABAS#Ba?BaBa®#b*A2BBBAC
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3.5 Explicit system

We explicitly construct one of the EDTOL systems described in the proof
of Theorem 10, for the case BS(1,3). The system described in this section
generates the language

{x#y#z: z,y,z € NF, u, <0,u, > 0,u, <0}.

Systems that generate the corresponding languages for different signs of
Uy, Uy, U, are analogous, with the only difference occurring in the tables

Qg 51‘3‘7 Yij» 5ij-

o Alphabet: X,Y,Z,X,Y,Z, Z1, Xy, Yo, Zy, Ax,ay, Az, Az1,a, A, b, B, 4
e Terminals: a, A, b, B, #

o Axiom: X#Y#Z

e Tables: «;j, Bij, Vij, 0ij (for i,7 € {0,1,2}, defined in Appendix A),

o0: X —BX,X —BX,Z+ BZ,Z+— BZ
px: Xp — bX,
py: Yy = bY,
pxy: Xp — 0Xy, Y, — bY,, Z, — b2,
1 Xy = bXy, Zy > b7,
7 X, X, X, Y, Y, Y}, Z,Z, Zy, Ax,ay, Ay — €

e Rational control: as in Figure 1

Figure 1 is a schematic diagram of the finite state automaton defining the
rational control. Labelled edges are single transitions in the FSA as usual.
Unlabelled edges represent multiple transitions (each starting and ending at
the same states as the unlabelled edge) as follows, where x is replaced with
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a, 3,7, 0 as indicated in the corresponding dashed box. The arrow with the
open triangle represents a transition from a non-carry state to a non-carry
state, the open square represents non-carry to carry, the filled triangle carry
to carry, and the filled square carry to non-carry.

Y

6 transitions, labelled oy | 10 | Z11 | 220 | Z21 | Z22
3 transitions, labelled xo; | zog | 12
6 transitions, labelled Too | o1 ‘ o2 | T11 ’ T12 | T2
3 transitions, labelled x1q | 22 | Z21

<&
Y

P 4
Yy

The edges connecting dashed boxes represent pairs of e-labelled edges, con-
necting the shaded states within the boxes. The left hand shaded state in one
box is connected to the left hand shaded state in the other box, and similarly
for the right hand states. The right hand shaded states (marked with a dot)
represent the fact that there is a carry that has yet to be resolved.

The variables XY, Z, Z, are the ‘sources’ of the powers of a and A before
the radix point, with Z; recording a carry. The variables Ax,ay,Az, Az
are the ‘sources’ of powers of @ and A after the radix point, with Az, again
indicating a carry. Note that the rational control ensures that a word can
never be completed with an outstanding carry.

The table o optionally inserts B’s at the start of the central subwords of both
2’ and z’. The table p optionally inserts b’s at the start of the same subwords.
Note that the rational control ensures that these tables are never both used
for the same word. The table 7 occurs at the end of every word in the rational
control, with the purpose of deleting all remaining non-terminals.

The tables «; etc insert powers A’ and o’ at the chosen step, as well as the B
that separates them. For example, a5 inserts AB to the word representing z,
a’B to the word representing ¥, and either A?B with a carry, or B with a carry,
to the word representing z, depending on whether or not there was already
a carry present. The choice of «, 3,7,0 corresponds to both left and right
words being before the radix point, only the right hand word being before
the radix point, only the left, and neither, respectively. To ensure that the
string bB never gets inserted, the variables X, Y, Z are used initially. Once
a non-zero power of a or A has been inserted, the corresponding variable is
‘initialised’” and the tilde version is replaced.

The tables p add powers of b to the left hand side of each word, using the
variables Xy, Y}, Z, as ‘sources’.
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Figure 1: Rational control for the EDTOL system of Theorem 10
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Consider the third example in the proof of Theorem 10 above: x = bA?BABA??,
y = b%a®’Ba’BaBa®, z = A?BA?BA3. This element of the language is produced
by the EDTOL system, via the word asopxyai2py 5110100217 of the rational
control, in the following way:

X#Y#Z 22 XyAZBX #Y,a2BY #7

Lxy, bXyAZBX #bY,a?BY #7

o2y bX,A’BABX #bY,a’Ba’BY # Z,A’BZ,
LA bX,A2BABX #b2Y,a?Ba?BY #7,A%BZ;

N bX,A?BABAAS #b2Y,a’Ba’BaBY # Z,A>BABZ;

TSN bX,A?BABA(AAY )3 #b*Y,a’Ba’BABay #Z,A’BA’BAY,

o2 bX,AZBABA(A(AZAL)3) 3402V a2Ba?BAB(aad )3 # Z,A2BAZB(AAS )3
- bAZBABAZ2#b%a’Ba’BABAS#A2BA%BAS

3.6 An equation in which the solution set might not
be EDTOL.

We conjecture that the set C' = {z#y : z,y € NF, zy =gs yx} is not EDTOL.

Elements of BS(1, k) have the form g = b"a", where the exponent u of the
fractional part of g lies in the set Z[1/k] = {i/k™ : i,m € Z}. As we saw
earlier, we have ¢" = b™"a"" with u, = u(l + k" +--- + k"7U") = ¢ (mn_1)

1
for n > 0. Since =L & Z[1/k] for n > 1, it follows that the element b"a is
not a proper power for any r > 0.

So the set

{b"a#NF((b"a)") : r,n > 0} = {bra#bmakl::—_l1 :ry,n >0}

is the intersection of C' with the regular set b*a#b*a*, and it would suffice to
show that this is not EDTOL.

We conjecture that [10, Theorem A] can be applied to deduce that this set is
not indexed; this would of course imply that it is not EDTOL or even ETOL.
We have verified by computer that, if the language were indexed, and we
applied that result with m = 2, then we would deduce that the constants k
in [10, Theorem A] satisfies k& > 300.
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A Table definitions

The following are the definitions of the tables a;;, 3;;,vij, 0;; used in Section

3.5.

Qoo -

Qo -

(OO R

X — BX
Y — BY

Z v~ BZ
Zy A2le

X — ABX
X — XABX
Y — BY

Z +— ABZ

7 v ZyABZ
Z— BZ

X — A’BX
X — X,A%BX
Y — BY

Z — A’BZ

7 v ZyA’BZ
Z1 — ABZ

Qo1 -

11 .

921 .

X — BX
Y — aBY

Y — Y,aBY
7 — A’BZ,;
7 — Z,A’BZ,
71— ABZ;

X — ABX
X — X,ABX
Y — aBY

Y — Y,aBY
Z — BZ

Zy = A2B21

X — A%BX
X — X,A%BX
Y — aBY

Y — Y,aBY
Z +— ABZ

7 v ZyABZ
Z1— BZ

26

Qp2 .

192

99 .

X — BX
Y — a’BY

Y — Y,a*BY
Z +— ABZ;
7 v Z,ABZ,
Z1 — BZy

X — ABX

X — XABX
Y — a’BY

Y — Y;a’BY
7 — A’BZ,
7 v ZyA’BZ,
Z — BZy

X — A’BX
X 5 X,A%BX
Y — a’BY

Y — Y,a*BY
Z +— BZ

Zy = A2le



Boo:

Bro:

Bao:

X, X, Ax — A3
Y — BY

Z +— BZ

71— A2Z,

X, X, Ax — AA%
Y — BY

Z +— ABZ

7 v ZyABZ
1+ BZ

X, X, Ax — A%A%

Y — BY
7+ A*BZ
7 v ZyA*BZ
71— ABZ

Bor :

Pt

Por:

X, X, Ax — A
Y — aBY

Y — Y,aBY

7 — A’BZ,;

7 v ZyA’BZ,
Z1 — ABZ;

X, X, Ax — aAA%
Y — aBY

Y — Y,aBY

Z — BZ

7y — A’BZ;

X, X, Ax — A%A%

Y — aBY
Y — Y,aBY
Z +— ABZ
7 — Z,ABZ
71— BZ
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Boz:

Pra:

Baz:

X, X, Ax — A3
Y — a’BY

Y — Y;a’BY

7 — ABZ;

7 v ZyABZ,
71— BZ,

X, X, Ax — aA%
Y +— a’BY

Y — Yya’BY

7 — A’BZ,
71+ ABZq

X, X, Ax — A%A%
Y +— a’BY

Y — Yya’BY

Z — BZ

7, — A’BZ;



7Yoo -

Y10:

Y20 -

X —BX
Y,Y,ay — a}
Z,Z, Ay AS
Zl,A21 — AQA?él

X — ABX

X — XABX
Y,Y,ay — ay
Z,Z, Ay — AN},
Z1, Az — A

X = A%BX

X — XA%BX
}7, Y,ay — 33Y
Z,Z, Ay — AN,
Z1, Az — AAY,

Yo1:

e

Yo1:

X — BX
Y,Y,ay — aad
Z,7, Ay — AN,
Zl) AZl g AA%l

X — ABX

X — XABX
?,Y,ay — aa%
Z,Z, Az — A
Z1, Az — APAY,

X — A%BX

X — XA%BX
?,Y,ay — aa?{/
Z,Z, Ay — AAS
Z1, Az — A
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Vo2 -

Y12-

Vo2

X —BX
Y,Y,ay — a’a3
Z, 7, Ay — AAY,
Zl> AZl —> A%l

X — ABX

X — XABX

2.3
dy

7,7, Ay — AN,
Zl> AZl — AA%l

Y,Y,ayr—>a

X — A’BX
X — XA%BX

Qai}’)/

Z,Z, Az — A
ZlyAZl — AQA%I

Y,Y,ayr—>a



600 .

5102

(520 :

X, X, Ax — AY
Y,Y,ay — al
Z,Z,Az — A}
Zy, Az — A2AY,

X, X,Ax — AA%
Y.Y,ay — ay
Z,Z, Ay — AAS
Zy, Az — AS

X, X, Ax — A%A3

f/,Y, ay — a%
Z, 7, Ay — APAS,
Zl, AZl — AA3Z

References

501 .

6112

(521 .

X, X, Ax — A3
Y,Y,ay — aad
Z, 7, Ay — A2AY,
Zy, Az — AAY,

X, X, Ax — AA%
Y.,Y,ay — aay
Z, 7. Az — A}
Zl, AZl — A2A?21

X, X, Ax — A%A%
?,Y,ay — aa?{/
Z, 7. Az — AR}
Zh AZI —> A%

502 .

522 .

X, X, Ax — A%

Y.Y,ay — a’a}

7,7, Ay — AAY,
Zy, Az — A,

X, X, Ax — AA%

¥ 2.3
Y.Y ay — a“ay

Z, 7, Ay — A2A3,
Zl,A21 — AA%l

X, X, Ax — A%A%
Y/, Y, ay — a2a§’/
Z, 7, Az — Al

273
Zl,A21 — A AZl
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