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This subject constitutes a synthesis of some of the main trends in analysis over
the past century. One studies functions not individually, but as a collection which
admits natural operations of addition and multiplication and has geometric struc-
ture. An algebra is a vector space with an associative multiplication. There is an
abundance of natural examples, many of them having the structure of a Banach
space. Examples are the spaces of n X n matrices and the continuous functions on
the interval [0, 1], with suitable norms. Putting together algebras and norms one
is led to the idea of a Banach algebra. A rich and elegant theory of such objects
was developed over the second half of the twentieth century. Several members of
staff have research interests close to this area.
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Part I. Banach algebras and continuous homomorphisms

This part concerns the theory of Banach algebras and continuous homomor-
phisms between Banach algebras. We shall define these terms and study their
properties.
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1 Rings and algebras
Examples of rings: Z, C, C[z], M, (C).

Definition 1.1. A ring is a triple (R, +,-) where R is a set and +,- are binary
operations on R such that

e (R,+) is an abelian group;
o multiplication - is an associative operation: Ya,b,c € R,

a-(b-c)=(a-b)-c

e multiplication - is distributive over +: Va,b,c € R,
a-(b+e)=(a-b)+(a-o)
(b+c)-a=(b-a)+(c-a).

Notes 1.2. 1. We call +, - addition and multiplication respectively. We often
write ab for a - b.

2. Every field is a ring: thus R, C, Zs with the usual addition and multiplication
are rings.

3. The set 27Z of even integers, with the usual addition and multiplication, is a
ring. It does not have an identity element for multiplication (a ”one”).

4. In the ring Ms(R) of 2 x 2 matrices over R, with the usual addition and
multiplication, a-b is typically not equal to b-a. M(R) is a non-commutative
ring.

Definition 1.3. We say that (R, +,-) is a ring with identity if there is an element
e € R such thatx-e=e-x=x forallx € R.

Definition 1.4. (R,+,") is said to be a commutative ring if a - b = b - a for all
a,b e R.

Examples 1.5. 1. C[x,y], the set of polynomials in the two variables x, y with
complex coefficients, is a ring with respect to the usual addition and multi-
plication of polynomials. It is commutative and has an identity, which is the
constant polynomial 1.

2. Zlx], the set of polynomials in the variable x with integer coefficients, is a
commutative ring with identity.



3. Zg, the set of residue classes of integers mod 6, with the usual addition and
multiplication, is a commutative ring with identity. It is not a field since [2]
has no multiplicative inverse.

Recall that a field is a commutative ring with identity in which every non-
zero element has a multiplicative inverse.

4. T, the set of upper triangular complex n x n matrices with the usual matrix
addition and multiplication is a non-commutative ring with identity (where
n>1).

In checking a statement like (4) we do not check every ring axiom. We observe
that T), is a subset of the standard ring M,,(C), and use the following observation.

Lemma 1.6. If R is a ring and S is a subset of R such that
(i) 0 € S, where 0 is the zero of R;

(ii) for each x € S, the additive inverse of x is also in S.

(i) S is closed under addition and multiplication,
then S s a ring with respect to the same algebraic operations as R.

Among the above examples of rings, some are also vector spaces, some not.

Definition 1.7. Let k be a field. An algebra over k is a vector space A over k
equipped with a binary operation - such that

(i) (A,+,-) is a ring;
(i) Az-y) = (Ax) -y =z (Ay)
for all X € k and z,y € A.
Examples 1.8. 1. M,(C) is an algebra over C.

2. R[z] is an algebra over R.

3. Z is a ring, but is not an algebra over R or C : there is no natural way to
define An € Z for general A € R and n € Z.

4. Z|x] is a ring, but not an algebra over R or C.



2 Normed algebras

These are algebras over R or C which are also normed space.
Examples: C0,1], M, (C).

Recall that a normed linear subspace is a vector space V over R or C together
with a mapping || - || : V' — R* such that, for any z,y € V and A € R or C, the
following conditions are satisfied

1. ||z|| = 0 if and only if z = 0;
2. |[Axf] = [Alflc]l;

3 Ml +yll < llzll + llyll-

Definition 2.1. A normed algebra is a normed linear space (A, ||-||) equipped with
a binary operation (z,y) — xy which makes A into an algebra and satisfies

lzyll < l[zll[lyll for all z,y € A. (2.1)

Property (2.1) is called the ”submultiplicativity of the norm”.

Examples 2.2. 1. (C,|.|) is a normed algebra over C.

2. (C10,1],]]-]|ls) is a normed algebra over C, where C0, 1] is the set of contin-
uous C—valued functions on [0, 1], addition and multiplication are the usual
" pointwise” operations,

(x+y)(t) =z(t) + y(t), (xy)(t) = x(t)y(t), for all z,y € C[0,1], t € [0, 1],

and the norm

[#][cc = sup |z(¢)].
0<t<1
Check ”submultiplicative property”. Consider z,y € C|0, 1].
lzyllee = sup |(zy)(?)]

0<t<1

= sup |z(t)||y(t)]
0<t<1

< sup |z(t)] sup [y(t)]
0<t<1 0<t<1

= [0 |yl oo-



3. (C[z], ]|-|o) is a normed algebra over C, where C[z] denotes the set of poly-
nomials over C and addition, multiplication and ||.|| are as in (2).

4. (M,(C),||.]]), the algebra of n x n matrices over C is a normed algebra over
C, where ||.|| is the ”operator norm”:

1T} = sup [|T[|cn

l[zflcn <1
Here ||.||c» is the usual Euclidean norm on C”

n 3
[2llcn = {Z IijQ} :

j=1
Check submultiplictivity. Consider S,T € M, (C).

IST = sup [ISTx|c,

[[zflcn <1

< sup [IS[[[Tz]lc,

llzllcn <1

= ISIl sup |[Tz[c,

llzllcn <1

= [ISTIT1-

Recall that a normed linear space is said to be complete if every Cauchy se-
quence converges in the space.

A Cauchy sequence in (X, |.]|) is a sequence (x,) in X such that, for every
€ > 0 there exists IV € N such that

|xn, — Zm|| < € whenever m,n > N.

A Banach space is a complete normed linear space.

Definition 2.3. A Banach algebra is a normed algebra over R or C that is com-
plete as a normed linear space.

We shall only study complex Banach algebras, i.e. Banach algebras over C.

Examples 2.4. 1. (C[0,1],]|.||) is a Banach space and a normed algebra,
hence it is a Banach algebra. (cf. Example 2.2(2).)



2. (C[z], ||||0) is a subalgebra of C[0, 1]. It is a normed algebra, but is incom-
plete, so not a Banach algebra.

Claim: (C[z],||-|lc) is incomplete. Consider the sequence (z,) in Clz],
where
_, 22 2"
Tn(2) = +z+§+...+a.
If m > n then
Zn—l—l »m
Tm — Tpllee = SUP |——= + ... + —
< T
“(n+D! T ml

It is easy to see that (z,) is Cauchy for ||.||-, but

Tp — €Xp asn — o0

in (C[0,1],||-|lcc)- Therefore z,, cannot tend to a polynomial, i.e. (z,) is a
non-convergent Cauchy sequence in (C[z], ||.]|). Hence (Clz], ||.||oo) is in-
complete.

3. M,(C) is a finite-dimensional normed algebra. It is well-known that every
finite-dimensional normed linear space over C or R is complete. Thus M, (C)
is complete, so is a Banach algebra.

4. ”Zero multiplication algebras”. Any Banach space E becomes a Banach al-
gebra if we define xy to be 0 for all x,y € F.

Multiplication in a normed algebra A is a mapping from A x A to A. We can
make A x A into a normed linear space by defining, for z1,y1, x2,y2 € Aand A € C,

(x1,y1) + (22, y2) = (1 + T2, Y1 + Y2)
)\<$17y1) = <)\371, )‘yl)

Gz yn)llaxa = max{|[z1]|a; [[ga][a}-



Similarly C x A is a normed linear space with respect to
I(A, 2)l[exa = max{|A], |||}
for \e C,z € A.

Theorem 2.5. In any normed algebra A, multiplication is a continuous mapping
from A x A to A; scalar multiplication is a continuous mapping from C x A to A.

Proof. Consider (xg,y0) € A x A. Let € > 0. Observe that, for x,y € A,
lzy — zoyoll = [lz(y — yo) + (x — zo)yol

< lzlllly = yoll + |z — ol l[yo]|-
Let € > 0, choose

€
9 =min{ 1, — —
' { 2<1+Hyou>}

€
d =min{ 1, — —
? { 2<1+||xo||>}
0= min{él, 52}

Suppose ||(z,y) — (xo,yo)||axa < §, that is, max {||x — zol|4, ||y — vol|a} < d.
Then
”SL’ —.To” < 51 < 1,

so that
]l <1+ lzoll-
Furthermore
€
|z — 2ol < 57—
2(1+ [[yoll)
€
ly —woll < 57—~
2(1 + lzol])
Hence

lzy = zogoll < llzlllly = woll + llz — zol[llwoll

<+ on”)m +(1+ H%H)m

IN

+

DO

€
2
€.

Hence multiplication is continuous at (zo, yo)-

Scalar multiplication - exercise. O
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3 Spectra and regular elements

The spectrum of an n X n matrix 7' is the set of its eigenvalues, that is, the set of
all A € C such that A\ — T is singular. The notion extends fruitfully to Banach
algebras.

In this section we consider a Banach algebra A with identity element e. We
assume e # 0. (Think of C0,1] and M,(C).)

Definition 3.1. An element x € A is said to be a regular element (or invertible
element) if there exists y € A such that xy = e and yr = e.

An element x € A issingular if it is not reqular. Any such y is called an inverse
of z.

Note that x can have at most one inverse, for if y; and ys are inverses of x then

v = 11e = yi(ry2) = (17)y2 = ey2 = Yo,
We may speak of "the” inverse of a regular element x; we denote it by z71.

Examples 3.2. 1. The element

1 2
iy
is regular in M5(C); the element
1 2
ns |

is singular in M(C).

2. In C[0,1],

1

f100,1] — C: ¢t 1+ is regular, with the inverse ¢ — 1.

g:10,1] = C: ¢+t is singular.

f is regular in C[0, 1] if and only if 0 ¢ Rangef.

11



Engineers call the following statement the ”small gain theorem?”.

Lemma 3.3. Let A be a Banach algebra with the identity e. Ifx € A and ||le—z|| <
1 then x is a reqular element of A and

1
la= e < (7) le - ]l
[ Je—a]

Proof. Let u=e — x, so that
r=e—u and ||ul < 1.

We shall show that
rl=(e—u)t=etutu+.. (3.1)

First show that the RHS of (3.1) is meaningful, that is, defines an element of A.

For n € N, let
Yp =€+ u—+u?+ ... +u"

Claim: (y,) is a Cauchy sequence in A.
For m > n,
Ym — Yn = u" T 4 U™,
and so

Ym = Yall < ™+ o+ [
]|

I

(since |lu|| < 1).

Thus ||ym — ynl| — 0 as m,n — oo. Therefore (y,) converges to a limit y € A.
Furthermore

TYn = (G—U)yn = Yn — UYn
=et+u+..+u"— (u+u+.. +u")

=e—u"

Ny — el = ™ < lul™

and so, since |Jul| < 1,
TY, — € as n — 0.

12



Since y, — y and multiplication is continuous,

ry = xlimy, = limzy, = e.

Similarly yz = e. Thus x is a regular element. Furthermore 27! = y, and

v —e=y—e=Ilim(y, —e)

= lim(u +u® + ... +u").

et —ef| = || lim(u + u® 4 ... 4 u")||
= lim [Ju 4+ u* + ... + u"||

< lim [ful| + [full* + ... + [ul"

[e o]
= llull
j=1

= Ml since ||ul| <1
1 — [Ju]
le — ]|

S 1-le—z|
0

Definition 3.4. Let X be a normed linear space. For x € X and e > 0 the open
ball of centre x, radius € is the set

{ye X :llz—yll <e}

and is denoted by B(x).
A subset G of X is said to be open if, for every x € G, there exists € > 0 such that
B.(z) C G. A closed set is a set whose complement is open.

Theorem 3.5. Let A be a Banach algebra with the identity e and let G(A) be the
set of reqular elements in A. Then

1. G(A) is a group under multiplication;
2. G(A) is an open set in A;

3. the inversion map

T !

is a continuous map from G(A) to G(A).

13



Proof. 1. If z,y € G(A) then 27!, y~! exist and y~'z~! satisfies

(zy)(y a7 =e= (y 'z~ ") (ay),

so that zy € G(A) and (zy)~' =y~ lz7t
The element e is clearly a multiplicative identity for G(A).
If x € G(A) then 7! has inverse z in A, so 27! € G(A).

Multiplication is associative. Hence G(A) is a group with respect to multi-
plication.

2. Consider any z € G(A). To prove that G(A) is open in A, we must find € > 0
such that B.(z) C G(A). Let ¢ = ||z~ '||~! > 0. Consider any y € B.(z), then
|z — y|| < |l#~!{|~!. Thus we have

le =27yl =z (@ =l < 2 llz =yl < =l = 1.
By Lemma 3.3, we have 271y € G(A).
~z(zly) € G(A).
Sy eG(A).
o Be(z) C G(A).

Hence G(A) is open.

3. Inversion is continuous
Let
f:GA) = GA):z—a .

We want to show that if z,, — x in G(A) then f(z,) — f(z).
(i). First consider a sequence (z,) in G(A) such that z, — e. By Lemma
3.3, if |le — z,|| < 1,

1 (@) —ell = llz,* —ell

14



le =zl
— L= le =l

—0 as x, —e.

Now suppose z,, — = in G(A). Then x~'z, — e, by continuity of multipli-
cation.

By Part (i),
(z7'2,) ™t —e
as n — 0o, that is, x;lx —easn — 00,
-1 1 1 -1

ol -1 -1 _
T, =T, TTx  —er =x

again by continuity of multiplication. Hence f : x +— x~! is continuous.
O

Definition 3.6. The spectrum of an element x € A is the set
{A € C: Xe — z is singular in A}.

It is denoted by o(x). The resolvent set of x, denoted by p(x), is the complement

of o(z) :
p(x) ={A € C: Xe — x is regular in A}.

Examples 3.7. (i) For T' € M,,(C), o(T) is the set of eigenvalues of 7.

(ii) For f € C0,1],0(f) = Range f.

Theorem 3.8. Let A be a Banach algebra with the identity e. For any x € A,
1. Xeo(x) = A < ||z|;
2. p(x) is open in C;
3. o(x) is a compact subset C.

Proof. 1. We show that |A| > ||z]| = X ¢ o(z), that is, A € p(z).

Suppose A € C and |A\| > ||z||. Then A # 0 and |z/A|| < 1, and so, by
Lemma 3.3, e — x/\ is regular .

15



. Me —x/)\) is regular.
. e — x is regular.

A e p(x).
Hence A € o(z) = |A| < ||z||. Thus o(x) is a bounded set in C.

. Let x € A and define

F:C—=oA: )= de—uzx.

For A\, u € C, we have

EA) = F(wll = llxe — pell = [A = pllle]),

and hence F' is continuous.
By definition,

p(x) ={N € C: F()) is regular in A} = F}(G(A)).
Since G(A) is open and F' is continuous, p(z) is open.
. Since p(z) is open and o(x) = C\ p(x), o(z) is closed. The spectrum o(z) is

also bounded. Thus, by the Bolzano-Weierstrass theorem, o(z) is compact.
O

16



4 Analytic vector functions and the resolvent

Recall that, for an open set ) C C, a function f : 2 — C is analytic if f is complex
differentiable at every point of €2, that is, if the limit

i JGHD) = ()

exists for each z € Q.
h—0, heC h

In other words, if Vz € Q there exists f'(z) € C such that
Ve > 0 36 > 0 such that
fz+h) - ()

. —f(2)]| <e

whenever |h| < § and z+ h € Q.

We can adapt there notions with minimal modifications to vector-valued func-
tions. Let X be a Banach space and consider a function

f:Q—X.
For example, we might think of 7" € M, (C) and
fip(T) = Mu(C): XN (M —T)7".
Definition 4.1. We say that f : 2 — X s differentiable at z € € if
LS ()

h—0, heC h

exists,

or in other words, if there exists f'(z) € X such that for all € > 0 there exists

6 > 0 such that N
Hf(z+ z_f(z) _f/(z)

<€

whenever |h| < 6 and z+ h € Q.

We say that f s analytic or holomorphic in Q f f is differentiable at every
point of €.

Theorem 4.2. Let A be a Banach algebra with identity e and let x € A. For
A€ p(x), let

z(A) = (Ne—2z)".
Then the function

z(-):p(z) > A
is analytic in p(x) and, for all A\, u € p(z),
z(p) —2(A) = (A = p)z(X)z(p). (4.1)

17



Proof. By Theorem 3.5(3) and Theorem 3.8(2), z(:) : p(z) — A is a continuous
function, being the composition of two known continuous functions

A de —x = (Ae — )t

p(z) = G(A) = G(A).
For A, € p(x),
s = 2() ™t = Ae — 2 — (e — 2)
= (A —pe.

Therefore

(M) (@) = @) Da(u) = 2N (A = pea(u)

Loa(p) = 2(A) = (A = pa(Nz(p).
Thus (4.1) holds. It is called the resolvent identity.
Next we show that z(-) is differentiable at A € p(z). Put u = A+ h € p(z). By
(4.1),
(A4 h) —x(X) = —hx(N)z(A + h).

L TAED =IO o002 = a()(ah) - 23+ )

(A +h) —z(X) )
) ey

LS [N [ allz(X) = 2(X + h)]La.

RHS — 0 as h — 0. Hence

lim (A4 h) —z(X)
h—0 h

= —x(N\)2

Thus 2/(\) exists and equals —z(\)? for any A € p(z). Thus z(+) is analytic on
p(x). O

Definition 4.3. The function () : p(z) — A is called the resolvent of x.

18



4.1 Cauchy’s integral formula

If X is a Banach space and f is an analytic X-valued function on an open set
U C C then we may define contour integrals

A f(2)dz,

for a contour v : [a,b] — U, just as for scalar-valued functions. We assume that
the contour v(t) = u(t) + iv(t), t € |a,b], has continuously differentiable u and v
on (a,b).

We consider a subdivision
a=ty << < <th<... <& aa<t,=0

of [a,b] and form the corresponding ”Riemann sum”

n—1

ST FAEN 1) —(t))] € X.

j=0
It can be proved that as the partition is refined, this sum tends to a limit in X
this limit is defined to be f,y f(2)dz.

Let X be a Banach space, let U be a starlike open set in C and let f: U — X
be analytic. For any close contour v in U and any point a € U not on +,

O oo a)fta) (4.2)
and 4
/ <‘£<i>a>z2 = 2min(y;a)f (a). (4.3)

Lemma 4.4. Let X be a Banach space, let R > 0 and let f be an X-valued
function analytic on the disc

Na,R)={2€C:|z—a| <R}
Suppose
1f(2)lx <M Vze Ala,R).

Then
M

17 @lx < -

19



Proof. In Cauchy’s Integral Formula (4.3), take g to be the anti-clockwise oriented
circle that bounds A(a, R) :

Yr(t) =a+ Re", 0<t<2m.

oy 1 f(z)dz
f(a)_%/;R(Z—CL)2.

Then n(yg;a) = 1, and so

Hence . ()
z)dz
1@l =55 | [ . (4.4
2m ||y, (2 —a)?

The integral on the RHS is the limit of Riemann sums of the form

n—1

fen(§)

Z E) _ja V(1) — (L))

]:0 J
where

T 0:t0<£0<t1<§1<t2<...<§n71<tn:2ﬂ'.
By the triangle inequality,
Hf07§|h
5] < |v(tj+1) — (¢t
Il < Z L ) =1t
M M
< EQWR = QWE
On combining this inequality with (4.4) we have
M
7@l < .
]

Theorem 4.5. Liouville’s Theorem. A function that is analytic and bounded in
the entire complex plane is constant.

Proof. Let f:C — X be analytic and bounded by M, so that

If(2)lx <M

for all z € C.
Consider any a € C and R > 0. The function f is analytic on A(a, R), and so,
by Lemma 4.4,

M

Il < 5
Since this relation holds VR > 0, || f'(a)||lx = 0, and so f'(a) = 0. Thus f'(z) =0
for all z € C. It follows that f is constant on C. U

20



Theorem 4.6. For any element x in a Banach algebra A with identity e # 0, the
spectrum o(x) of x is a non-empty closed bounded set in C.

Proof. By Theorem 3.8, o(x) is closed and bounded in C. We must show o (z) # 0.
Suppose o(z) = ), so that p(z) = C. By Theorem 4.2,

2(-):C—=A: A= Ne—a)!
is analytic on the entire complex plane. Note that x # 0 since 0 ¢ (0).

We claim that z(-) is a bounded function on C. If |A| > 2|z,

[e =) =10 (e=5)

_ T X
= |\l 1H€+X+ﬁ+"'

< (ST

1
< g (llell +1).
2|||

| (see Lemma 3.3)

On the other hand ||z(+)|| is continuous on the closed bounded set
{z€C: 2] < 2]},

hence is bounded above by some M; > 0.

Let .
M = maX{Ml, m} .
2|

Then
lx(N)]| < M VYA eC.

By Liouville’s Theorem 4.5, z(+) is constant

Ae—z)t=2(0)=-2" VreC

e —x=—=x VAeC

=0 VAeC,
a contradiction to e # 0. Hence o(z) # (. O
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5 The Gelfand-Mazur Theorem

Definition 5.1. A division algebra is a non-zero algebra with identity (over an
arbitrary field) in which every non-zero element has a multiplicative inverse [is
requlary.

Example 5.2. Every field is a division algebra over itself. The quaternions H
form a (non-commutative) division algebra over R.

Definition 5.3. We say that two algebras A, B over C are isomorphic if there is
a bijective mapping F': A — B such that Vx,y € A, X € C,

F(x +y)=F(z) + F(y),
F(xy) = F(x)F(y),

F(Ax) = AF(x).

Definition 5.4. We say that two Banach algebras A, B over C are isomorphic
if there is a bounded linear operator F' : A — B such that F is invertible and
Vr,y € A,

F(ry) = F(z)F(y).

Theorem 5.5. Gelfand-Mazur Theorem. FEvery Banach division algebra over C
1s isomorphic the Banach algebra C.

Proof. Let A be a Banach algebra with identity e # 0, and suppose A is a division
algebra over C.

Consider any z € A. By Theorem 4.6, o(x) # (), so I\ € o(z). Hence \e — x is
singular. Since A is a division algebra, only 0 is singular.

Soxe—x =0,

CLx = de.

Define F': C — A by F(\) = Ae. We have just shown that F' is surjective.
Clearly F' is injective, for if A # p and F(A) = F(p) then F(A) — F(u) = 0.

(A= p)e=0,

A=) HA = pe=0,
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e=0.
This is contradiction. Hence F is bijective. For all A\, u € C,

FN+p)=A+pe= e+ pe=F(\) + F(u),
F(Ap) = (An)e = (Ae)(ue) = F(A)F(p),

F(pA) = (pA)e = p(re) = pF ().

Therefore F' is an isomorphism of algebras over C.
Note that F' is bounded, since

Il = sup _flAcll = el

AEC, N

The inverse map is bounded too, since
F':ASC:x— A

where A € o(z) and, by Theorem 3.8, |\| < ||z||. Hence ||F~!|| < 1. Therefore F
is an isomorphism of Banach algebras A and C. O
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6 Convolution algebras

The main examples of Banach algebras encountered so far are algebras of contin-
uous functions like C[0,1] and H*(Q), and algebras of operators like M, (C) and
B(X). Another important class comprises convolution algebras.

Example 6.1. The algebra (}(Z.).
Let Z, be the additive semigroup of non-negative integers, and let ¢*(Z,) be the

Banach space of sequences (z,,)°,, with z,, € C for all n > 0, such that

(e o]
Z |z,| < 00,
n=0

with co-ordinatewise addition and scalar multiplication and norm

()l = lzal.

We could make ¢*(Z,) into a Banach algebra by introducing co-ordinatewise
multiplication, but there is another natural multiplication which is more useful.
We can identify a sequence (z,,),>0 with the power series ) x,,2", which we can
think of as a formal power series or as the expansion of an analytic function on
the unit disc A(0, 1). Note that

(202° + 212" + 2922 + ) (yo2° + y12t + g2 + 1)

= 20y02° + (Toy1 + 190)2" + (Toya + T1y1 + Tayo)2”
+oo+ (ZYn + T1Yn—1 + - + TRY0)2" + ...
This suggests the multiplication

('Tn>n20 * (yn>n20 = ('TOyn + T1Yn—1 + ...+ xn@/O)nZO

= (Z xjyn—j)nzo
=0

This is called the convolution multiplication.
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If o = (xn)nzm Yy = (yn)nzo S ‘€1<Z+), then

s ylls = 10 29—l
§=0

=22 ity

n=0 | j=0

< il o]

n=0 j=0

oo

< D lzllud

7,k=0

= [zl lylls-

Thus ||.||; is submultiplicative on (¢*(Z,),+,*) and ¢*(Z,) is a Banach algebra
with respect to *.

Example 6.2. The algebra (!(Z).
Let (*(Z) be the Banach space of sequences (x,)nez, T, € C for all n € Z, such

that
[e.e]
Z |z,| < 00

n=—oo

with co-ordinatewise addition and scalar multiplication and norm

The sequence (z,)nez can be identified with the Laurent series > ° _ x,2". This
power series does converge for z € T, the unit circle, though we may think of it as
a formal power series. Formally,

( + :L’,Qz’Q + x,lz’l + SL’OZO + :clzl + ) ( + y,Qz’2 + y,lz’l + yOzO + ylzl + )

- ( n <§; y> N <§;®O y> e, )

:i(iwgﬂ

n=—o00 \k=—o0
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We define convolution multiplication * on ¢!(Z) by

(In)neZ * (yn)nEZ = ( Z xkynk) .

k=—o0

As in the previous example, we find, for z,y € (}(Z),

[z gl < llzlluflylls-

Hence ¢*(Z) is a commutative Banach algebra with respect to *. Since ¢!(Z) can be
thought of as an algebra of power series Y~ x,2" with pointwise multiplication,
it is clear that it has an identity

e=(..0,0,1,0,0,..),

h

where 1 is in the ”zero co-ordinate”, corresponds to the constant function 1.

Example 6.3. Group algebras Cg.

Let G be a finite group. The group algebra Cg is the algebra of formal sums
> gec 4g9 where ag € C, with the natural addition and scalar multiplication, and
multiplication * given by

(Ze) e (Z0r) = (3 (X))

The formal sum geG Ggg 1s really "the same thing” as the functiona : G — C
given by a(g) = a,. With this notation, a * b is given by

axb:G—-C:g— Z a(k)b(h)
k.heG, kh=g

= 3 a(k)b(k )

keG

= a(gh™)b(h).

Hence Cg is a finite dimensional algebra with identity les, where eq is the identity
of G. Note that Cg is commutative <= G is abelian. The algebra Cg is a Banach
algebra with respect to the norm

| Zaggnl = Z |ag].

geG geqG
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Example 6.4. The algebra L'(R).
Let L'(R) be the Banach space of Lebesgue measurable functions f : R — C such

that -
/_ |f(t)]|dt < oo

with pointwise addition and scalar multiplication and norm

I = [ it

oo

In this space we regard two functions f and g as equal if they agree ”almost ev-
erywhere” | that is, everywhere except a countable sequence of points. One of the
most significant properties of the Lebesgue integral is that L*(R) is complete.

For f,g € L*(R) we define f * g : R — C by

-/ Zf(s)g(t—s)ds

We shall show that f x g € L*(R) using two properties of the Lebesgue integral.

1. Translation invariance. For h € L'(R), s € R,
/ h(t — s)dt :/ h(t)dt.

2. The Fubini-Tonnelli theorem. For an integrable Lebesgue measurable func-
tion F': R xR — R, if F(s,t) > 0 for all s,t € R,

/ / (s,t) dtds—/ / (s,t)dsdt

("reversing the order of integration”).
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We have

s e - ]/ F($)glt - s)ds| d
/ / 9)lg(t — s)|dsdt

= / / |f(s)||g(t — s)|dtds (the Fubini-Tonnelli theorem)

:/ |/ g(t — s)|dt ds

= / s)| / (t)|dt ds (translation invariance)
— [ 15 lglas
= [[f1l1llgllx

Hence f % g € L'(R), and, moreover, ||.||; is submultiplicative.

Let us show that * is associative. For f,g,h € L'(R) and t € R,

((f*g)*h)()—/w(f*g)( )t — 5) ds

//f g(s — uw)du h(t — s)ds

/ / f(uw)g(s —u)h(t — s) ds du (the Fubini-Tonnelli theorem)
= / fu) / g(s —u)h(t — s) ds du
= /00 fu) /00 g(s)h(t — u — s)ds du (translation invariance)

:/ fw) (g*h)(t —u) du
* (g% h))(t).

Hence * is associative. Thus L!'(R) is a Banach algebra. It is commutative, but
has no identity.

Note the probabilistic interpretation of x: if f, g are probability density func-

tions of random variables X and Y then f x g is the probability density function
of X +Y.
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7 Homomorphisms and ideals

Definition 7.1. Let A, B be Banach algebras. A homomorphism from A to B is
a bounded linear operator

p:A— B

such that, Vx,y € A,
o(zy) = ¢()d(y).

If A, B have identities e 4, eg respectively and a homomorphism ¢ : A — B satisfies

P(ea) = en
then ¢ s said to be a unital homomorphism.

Examples 7.2. 1. For any Banach algebras A and B, the map ¢ : A — B :
x + 0 is a homomorphism, called the zero homomorphism.

2. For a € [0,1], let
Ve : C[0,1] = C: z — z(a).

The map v, is ”evaluation at «”. For x,y € C|0, 1], and \ € C,

va(® +y) = (z +y)(a) = 2(a) + y(a) = va(z) + va(y),
va(Az) = (Az) () = Ax(a) = A, (2),

va(zy) = (zy)(a) = 2(@)y(a) = va(r)va(y).
The operator norm

[vall = sup Jva(z)] = sup |z(a)]=1.
Jalloo <1 Jalloo <1

Recall that C[0,1] has an identity e given by e(t) = 1 V¢ € [0,1]. Thus
v (€) = e(a) = 1 the identity of C.
Hence v, is a unital homomorphism of Banach algebras.

3. Notation. If XY are sets, M C X and f: X — Y is a map then f|), is the
restriction of f to M, that is, the map

flr: M =Y 1z f(z).

Define .

It is easy to check that
o]l <1

and ¢ is a homomorphism.
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4. ¢ My(C) = My(C): A {61 Sl] is a homomorphism.

5. For a € A(0, 1) define

Vo MN(Zy) = C : (Tp)nez, — ana".

n=0
Then v, is a homomorphism. Linearity is easy.

o0

V(T xy) = Z(:c *Y)pal

n=0

= Z Z TpYn—pQ”

n=0 k=0

e}

= E xnyman+m

n,m=0

o0 o
= E T, g Yma™
n=0 m=0

= va(x)va(y)'
See Example 6.1.

6. Let C(A(0,1)) be the Banach algebra of continuous C-valued functions on
A(0,1) with sup norm. Define

¢ 01(Z+) = C(A(0,1))

by if 2 = (z,)n>0 € (*(Zy), ¢(x) is the function
Z anz” in  C(A(0,1)).
0

The proof that ¢(z xy) = ¢(x)p(y) is the same calculation as in (5).
All except (1) are unital homomorphisms.
None of them are isomorphisms, i.e. none is bijective.
All of them are continuous operators.

Definition 7.3. A character of a commutative Banach algebra A is a non-zero
homomorphism from A to C.

Examples 7.2 (2) and (5) above are examples of characters.
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Remark 7.4. ¢(A) is a subspace of C and is not {0}, hence is C. Thus ¢ is
surjective.

Theorem 7.5. Let ¢ be a character of a commutative Banach algebra A with
identity e # 0. Then ¢(e) = 1 and, for any x € A,

¢(x) € o(x),
and 50 |p(x)] <[]
Proof. Since ¢(A) = C there exists a € A such that ¢(a) = 1. Then
1= ¢(a) = ¢(ae) = p(a)p(e) = ¢(e).
Hence ¢ is unital homomorphism.

Suppose ¢(z) ¢ o(z), that is, ¢(x)e — x is a regular element in A. Hence it has
an inverse u € A:

(¢p(x)e — x)u =e.
Since ¢ is multiplicative,
o((d(x)e — x)u) = d(e) = 1,
~(¢(@)d(e) — o(x))d(u) = 1,
.. 0 =1 - contradiction.

Hence ¢(z) € o(x). By Theorem 3.8,

|6(x)] < [l]].
O
Corollary 7.6. Let A be a commutative Banach algebra with identity e # 0.

Characters of A are bounded linear functionals on A, and so belong to the dual
space A* of A and have norm < 1.

Characters are also called multiplicative linear functionals.

Definition 7.7. The set of characters of a commutative Banach algebra A is called
the character space of A and is denoted by A.

—

Examples 7.8. (1) C[0,1] D {v, : 0 < a < 1}.

(2) (1(Z1) O {u : a € A0, 1)}
Does equality hold? To be answered later.
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Remark 7.9. Suppose ¢ : A — B is a homomorphism of algebras over C. Recall
that
kerp ={x € A: ¢(z) =0}.

Ker¢ is also called the null space of ¢.
Since ¢ is a linear mapping, Ker ¢ is a linear subspace of A.
If x € ker ¢ and a € A then
¢laz) = ¢(a)g(x) = ¢(a)0 =0,
and similarly ¢(za) = 0.

Hence if z € ker ¢, then ax € ker ¢ and xa € ker ¢ for all a € A.

Definition 7.10. An ideal in an algebra A is a linear subspace I of A such that,
foranyx el anda € A, ax € I and xza € 1.
An closed ideal in a Banach algebra A is a closed linear subspace I of A such that,
foranyx €l anda € A, ax € I and xa € 1.

An ideal I s proper if [ # A.
Examples 7.11. 1. In any algebra A, {0} and A are ideals.

2. In C10,1], for any set E C [0, 1],
{r € C[0,1] : z|E = 0}

is an ideal.

In particular, for o € [0, 1],
kerv, = {x € C[0,1] : x(«) = 0}
is an ideal.

3. In (X(Z,), for a € A(0,1),

ker ¢ = {(2,,) € (1(Zy) : ana" =0}

n=0

is an ideal.
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4. In C[z],
{f:fB—1)=f(4+2) =0}

is an ideal.
5. ¢p is an ideal in £°°.

Theorem 7.12. In an algebra A with identity e # 0, let I be an ideal. The
following are equivalent:

1. I is proper;
2. e¢l;
3. I does not contain any regular element.

Proof. (3) = (2) = (1) is obvious.

To prove (1) = (3), suppose I is proper and I contains a regular element x.
Then z has an inverse x~! € A, and so for any a € A we have

(ax M € I.
Therefore, a € I. Hence A = I, this is a contradiction. Thus (1) = (3).

Consequently (1)-(3) are equivalent. O

Definition 7.13. An ideal I in an algebra A is maximal if it is proper and the
only ideals of A which contain I are I and A.

Examples 7.14. 1. {0} is a maximal ideal in C.

2. In C[0,1], I ={f : f(0) =0 = f(1)} is an ideal, but is not maximal since
the ideal
J={f:f(0)=0}

is an ideal, J D I and J is not equal to I or C0, 1].

Theorem 7.15. If ¢ is a character of a commutative Banach algebra A then ker ¢
s a mazimal ideal of A.

Proof. Let M = ker ¢. Clearly M is an ideal of A, and M is proper, else ¢ is a
zero homomorphism contrary to the definition of character.

Let us show that M is maximal. Suppose M C I C A, where [ is an ideal of
A and M # I. We wish to show I = A. Observe that ¢(I) is a linear subspace of

33



C, and hence either ¢(I) = {0} or ¢(I) = C.

If ¢(I) = {0} then I C ker¢ = M, hence I = M, contrary to hypothesis.
Hence ¢(I) = C.

Pick x € I such that ¢(x) = 1. For any a € A we have

¢(a— ¢(a)r) = ¢(a) — ¢(a) =0,

and so
a— ¢(a)r € M.
Hence
acola)r+Mel+M=1.
That is, a € I. Hence I = A. Thus M is a maximal ideal. O
Example 7.16. kervy;, = {f € H*(D) : f(3i) = 0} is a maximum ideal in

H>(D).

Theorem 7.17. In an algebra A with identity every proper ideal is contained in
a mazimal ideal.

Proof. Let I be an ideal of A and let e be the identity element of A.

Let J be the set of proper ideals of A that contain I. 7 is a partially ordered
set under inclusion:

J < Jo means J C J.

If C is a chain in J then | .. J is an ideal of A containing I, and | J .. J is proper
since it does not contain e. That is, |J,..J € J, and so every chain in J has an
upper bound in J. By Zorn’s Lemma, J contains a maximal element M. Thus
M is a proper ideal of A containing I. If J is an ideal of A containing M then
either J = A or J € J, and hence, since M is a maximal element of 7, J = M.
Therefore M is a maximal ideal of A, and I C M.

O

Corollary 7.18. Let A be a commutative algebra with identity. For an element
x € A, x is singular if and only if © belongs to some maximal ideal of A.

Proof. < If x is not singular then, by Theorem 7.12, x does not belong to any
proper ideal of A, and hence x does not belong to any maximal ideal. Therefore,
x is in some maximal ideal = that x is singular.
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= Suppose x is singular. Let
rA={za:a€ A}

The linear subspace A is an ideal of A and, since z is singular, e ¢ xA. Hence,
by Theorem 7.12, A is a proper ideal, and © = re € xA. By Theorem 7.17, there
is a maximal ideal M of A such that xA C M. Hence x belongs to some maximal
ideal of A. O
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8 The algebra C(K).

Definition 8.1. Let K be a compact Hausdorff space. C(K) denotes the Ba-
nach algebra of continuous C-valued functions on K with pointwise operations and
supremum norm || flleo = sup,ex |f(t)|. Thus, for f,g € C(K) and X € C, we

define

(f +9)(t) = f(t) +9(), te K,
(AS)(E) = Af(B), tekK,
(f9)(t) = f(t)g(t), teK.

Theorem 8.2. Let K be a compact Hausdorff space. Then (C(K),| - |l) is a
Banach algebra.

Proof. For f € C(K),
sup | £(1)] < o

since continuous R-valued functions on compact sets are bounded. Hence || - [|o is
well defined on C(K).

The linear space C(K) is closed under the stated algebraic operations. For
example, if f,g € C(K) then f 4+ g is continuous, being the composition of two
continuous maps:

K — CxC— C:
t (f(2),9(t)) = f@t) +9().

It is straightforward to check that C(K) is a normed algebra over C. For all
f,9 € C(K),

1£9lloc = sup [f(#)g(t)] = sup [f(1)[|g(#)] < sup [f(#)]sup [g(2)] = [|f[loollglloc-
teK teK teK teK

Completeness of (C(K), || - |le). Let (fn)32, be a Cauchy sequence in C'(K).
We must show (f,,)5°; tends to a limit f in (C(K), | - |le)-

For any t € K, (f,(t))s°

n=1

|fn(t) - fm(t)| < ||fn - fm”oo
The normed space (C, |- |) is complete, and so there exists f(t) € C such that

Tim (1) = £(2).

We will show below that f is continuous on K and that | f, — f|l« — 0 as
n — 00. U

is a Cauchy sequence in C since
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Digression on limits of sequences of continuous functions.

It is not true in general that if f,, is continuous on K for every n and f,(t) — f(t)
as n — oo for all t € K then f is continuous on K.

Example 8.3. Let

fn<t):{1—nt if 0<t<1/n,

0 if t>1/n.

1 aif t=
Then f,(t) — f(t) as n — oo, where f(t) = Zf 0 is not continuous
0 if t>0

on [0, 1].

Definition 8.4. Let f,,, n € N, and g be C-valued functions on a set E. We say
that f, — ¢

(i) pointwise on E as n — oo if lim,, o fn(t) = g(t) for every t € E;

(ii) uniformly on E as n — oo if, for every e > 0, there exists N € N such that
n > N implies
|fu(t) —g(t)| <€ for all t € E.

In the above example f,, — f as n — oo pointwise but not uniformly. The
example shows that a pointwise limit of continuous functions on [0, 1] need not be
continuous.

Theorem 8.5. If (f,)32, is a sequence of continuous C-valued maps on a topo-
logical space E and f, — g uniformly on E as n — oo then g is continuous on

E.

Proof. This is an ’
continuous at .
Let € > 0. Since f,, — g uniformly there exists N € N such that n > N implies
|fu(s) —g(s)| < § forall s € E.
Since fy is continuous at t there is a neighbourhood U of t in F such that

'S argument”.  Consider t € E. We want to show that g is

|fn(t) — fa(s)] < % for all s e U.
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Then, for any s € U,

19(t) — g(s)| = |g(t) — fn(t) + fn(t) — fn(s) + fn(s) — g(s)]
<|g(t) = fIn@®)] + |[n(t) = [n(s)] + [fn(s) — g(s)]

€ € €
— 4+ -+ -

<
3 3

w

I
o

Hence g is continuous at t € E. O

Return to the proof that C(K) is complete (Theorem 8.2).

Recall that (f,,)2; is a Cauchy sequence and f,,(t) — f(t) as n — oo for every
te K.
Let € > 0. There exists N € N such that m,n > N implies

||fm - anoo <€,

and hence, for any t € K,
|fm(t) - fn(t)| <€

Therefore
Jim [ f(t) = fa()] < €

and

|f(t) — f(t)] < e Vte Kand n> N.

Thus f, — f uniformly on K as n — oo. By Theorem 8.5, f is continuous on K.
Moreover, for any € > 0, 3N € N such that

| fo — fllo < € whenever n > N,
by above. Thus f, — fasn — oo in (C(K), || - ||c)-

Hence C(K) is complete with respect to ||-||~. Thus C'(K) is a Banach algebra.
Note that C(K) is a commutative Banach algebra with identity e where e(t) =
1 Vte K.
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9 Characters of C(K)

Definition 9.1. Fort € K, we call the functional
v C(K)—=C: f— f(t)

an evaluation functional on C'(K).

Evaluation functionals are characters of C'(K).

Theorem 9.2. Let K be a compact Hausdorff space. Let ¢ be a character of
C(K). There exists to € K such that

o(f) = f(to) vf e C(K)

Thus the characters of C(K) are precisely the evaluation functionals.

Proof. Let M = ker ¢. Since ¢ is non-zero, M is a proper ideal in C'(K).
Suppose there is no ty € K such that every element of M vanishes at ty. Then,
for each t € K, there exists f; € M such that fi(t) # 0.
Let g, = fif; : then g, € M and g, > 0 on K and g,(t) > 0. Let

U =g; '(0,00) = {1 € K : go() > 0}

Then U, is an open neighbourhood of ¢, and so {U; : t € K} is an open cover
of K. Since K is compact, there exists a finite subcover {U;,,..., Uy, } for some
t1,...,t, € K. Let

9=09t T Gt t -+ Gty
Then g € M and g > 0 on K. Hence é € C(K), that is, g is a regular element of
C(K). This contradicts the fact that M is a proper ideal of C(K) (see Theorem
7.12). Hence 3ty € K such that

f(to) =0 Vfe M.

In other words,

M c{feC(K): f(t) =0}.

By Theorem 7.15, M is a maximal ideal of C'(K). Thus, by Theorem 7.17, we
must have

M ={feC(K): f(to) = 0}.
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Since ¢ is non-zero, we have ¢(e) # 0. However, since e? = e, we have ¢(e)?
and so ¢(e) = 1. For any h € C(K), we can write

h = (h — h(ty)e) + h(to)e
where h — h(ty)e vanishes at ¢y hence belongs to M. Thus
¢(h) =0+ h(to)o(e) = hlto).
Consequently ¢ is evaluation at tg.

We can state this result:
C(K)*={v,:te K}

where v, is evaluation at ¢, that is, v,(f) = f(¢) for all f € C(K).
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Part 1I. Topics in Topology

This part concerns the theory of pseudometrics on sets, weak*-topologies on dual
Banach spaces and product topologies. We shall define these objects and study
their properties.
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10 Metric spaces
Definition 10.1. A metric space is a pair (M, d) where M is a set and a metric
d: M x M — R*"

satisfies

1. d(z,y) =0 <= x=y

2. d(z,y) = d(y,z) (symmetry)

3. d(z,z) <d(z,y)+d(y,z) (triangle inequality)
for all x,y,z € M.

Examples 10.2. 1. Any normed linear space X is a metric space with respect
to the metric
d(xz,y) = ||lx — y| for all z,y € X.

2. Any subset of (X, d) of a metric space (M, d) is a metric space with respect
to the restriction of d, since the restriction of a metric is a metric.

3. For any set M, define
d: M x M — R

0 ifx=y
d(fv,y)Z{

by

1 ifx#y.

This is the “small world” metric.

Definition 10.3. In a metric space (M,d) we define, for € > 0, the open ball of
centre z, radius €, to be

B(zx)={ye M : d(z,y) < e} C M.

For any set U C M we say that x € U is an interior point of U if there exists
€ > 0 such that B.(z) C U.

We say that U is an d-open set in M if every point of U is an interior point of U.

Thus U is an open set in (M, d) if for all x € U there exists € > 0 such that
B.(z) C U. If we need to emphasize the metric we write B.(x,d).
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Examples 10.4. 1. For (M,d) as in the discrete metric, B (x) = z for any
x € M. Thus every subset of M is open.

2. Let M = R? and let dy, dy, ds be the metrics induced by the norms [|.||1, [|.||2
and ||.||« respectively. Thus

(21, 22)[[1 = |21] + |22
1
(21, 22) |2 = {|z1|* + |22} 2

||(l‘1, :L‘Q)Hoo - maX{|$1|a |"L‘2|}a

and for x,y € C?,

di(z,y) = [lx =yl
da(z,y) = ||z = yll2
doo(2,y) = [l = Y| o-

The set U = {(z1,x2) : 1 > 0,29 > 0} is open with respect to all 3 metrics.
Choose € = min{xy, 22} > 0. Then

B(z,dy) CU, Be(x,dy) CU, Be(zr,ds) CU.
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11 Topologies of metric spaces
Definition 11.1. Two metrics on a set M are said to be topologically equivalent
if they give rise to the same open sets.

Note that dy and d, are topologically equivalent metrics on R?, while dy and

d defined by
0 ifx=y
d(z,y) = .
1 ifx#y,

are topologically inequivalent, since the singleton set {0} is d-open, but not ds-
open.

Definition 11.2. The topology J of a metric space (M,d) is the collection of
d-open sets in M.

Theorem 11.3. The topology J of a metric space (M,d) satisfies the following
conditions:

T1. Ve J and M € J;
T2. if UV € J thenUNV € J;
T3. if {U, : a € A} is a collection of members of J, for any index set A, then

JU.ed.

Proof. 'T1. It is immediate.

T2. Let U,V € J and let x € U N V. Choose €, €, such that B (z) C U,
B, (x) C V. Let € = min{ey, e2}. Then B.(x) C UNV. Hence z is interior to
UNnV. ThusUNV e J.

T3. Let U, € J for « € A and let U = |, Uy,. Consider = € U. Then z € U for
some 5 € A, and hence there exists e > 0 such that B.(z) C Ug C U. Hence

x is interior to U. Thus U € J.
O

Remark 11.4. It follows from (T2) that the topology J of a metric space is
closed under finite intersections: if Uy, Us, ..., U, are open sets then Uy N ...N U, is
open. However J is not in general closed under infinite intersections. In R, with
its standard metric (d(z,y) = |x — y|), take

Uy NUyN ... = {0} which is not open.
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12 Topological spaces

In analysis we often need a more subtle notion of “nearness” or continuity than
that provided by a metric. The idea of a topology provides such a notion.

Definition 12.1. A topology on a set X is a family J of subsets of X with the
properties:

T1. Ve J, X € TJ,;
T2. J is closed under finite intersections;

T3. J s closed under arbitrary unions.

A topological space is a pair (X,J) where X is a set and J is a topology on
X. Elements of J are called open sets or J-open sets.

By Theorem 11.3, every metric space is naturally a topological space.

Not all topological spaces are obtainable from metrics.

Examples 12.2. 1. Let (M, d) is a metric space and let J be the collection of
d-open sets. Then (M, J) is a topological space.

2. Let X be a set. The indiscrete or trivial topology on X is J = {0, X }. Thus
an indiscrete topological space is

(X,J) where J = {0, X}.
3. The discrete topology: (X, J) where J is the collection of all subsets of X.

0 ifx=y
1 ifx#y.

4. The cofinite topology: (N, J) where J consists of the empty set and all sets
with finite complement in N.

The topology is induced by the ”small world metric”: d(z,y) = {

5. R™ C" have a natural or standard topology, induced by the Euclidean norm.
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Remark 12.3. Note that in a metric space (M,d), for any x € M the set
U= M\ {x} is an open set. For y € U such that d(z,y) > 0, we have B.(y) C U
where € = £d(z, y).

In Example 2 with X having more than one point, the complements of single-
tons do not belong to J. Hence there is no metric d on X such that the topology

corresponding to d is J.

Thus the notion of a topological space is more general than the notion of a
metric space.

46



13 Pseudometrics
Definition 13.1. A pseudometric on a set X is a function
d: X x X =R

which satisfies, for all x,y,z € X,
1. d(z,y) = d(y, );
2. d(z,z) < d(z,y) + d(y, 2).
Note: it can happen that d(z,y) = 0 even though x # y.

Example 13.2. On (0, 1], define d;, for 0 <t < 1, by
di(f,9) = |f(t) = g(t)].
Note that d; is a pseudometric for ¢ € [0, 1].

Definition 13.3. Let D be a non-empty set of pseudometrics on a set X. For any
x € X,e >0 and any finite set dy, ...,d,, € D, we define

B (x;dy, ....;d,) ={y € X : d;(z,y) <€ forj=1,2,..,n}

For any subset U of X, we say that x is an interior point of U with respect to
D if there exist € > 0 and finitely many dy, ..., d, € D such that

B(z;dy, ...,d,) C U.
A set U C X 1is D-open if every point of U is interior with respect to D.
Lemma 13.4. B.(x,dy,...,d,) is D-open.
Proof. Consider y € B.(x,dy, ..., d,), so that
di(z,y) <e, forallj=1,2,... n
Let
n= min (e —d;(x,y)).

1<j<n

Then n > 0, and
Bn(’y, dl, cees dn) C BE(I‘, dl, ceey dn)

Thus y is an interior point of B.(z,dy, ...,d,), and B.(z,dy,...,d,) is D-open. [
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Theorem 13.5. Let D be a set of pseudometrics on a set X. The collection of
D-open sets is a topology on X.

Proof. Let J be the collection of D-open subsets of X.
T1. 0, X € J trivially.

T2. Suppose U,V are D-open and consider x € U N V. There exist €;, e, > 0 and
dy,...,dp,dpi1, ..., dy, € D such that

B, (z;dy, ...,d,) CU, Be,(x;dpi1,y ...y dpm) C V.
Then, if € = min{ey, e},
B (x;dy,...;dy, ....dy) CUNV.
Thus every point of U NV is D-interior to U NV, that is, UNV € J.

T3. Suppose U, € J Va € A, and consider
reU=|JU..

a€EA

We have x € Ug for some 3 € A, and there exist € > 0, dy, ...,d,, € D such
that B = B(z;dy, ...,d,) C Ug. Clearly B C U, and so x is D-interior to U.
Thus U is D-open.

0

Definition 13.6. The collection J of D-open sets is called the topology induced
by the set of the set D of pseudometrics.

Examples 13.7. 1. On C[0, 1], let

where

de(f,9) =11(t) — ()]
For tq,...,t, € [0, 1],

Buf,dyy,....ds,) = {g € C[0,1] : |f(t;) — g(t;)| < &,1 < j < n}.

The topology induced by D is called the topology of pointwise convergence
on C[0,1].
2. Let F be a Banach space and E* its dual. For any x € F, define a pseudo-
metric d, on E* by
d.(F,G) = |F(z) = G(z)|, F,GeE"

The set {d, : * € E'} of pseudometrics induces a topology on E* called the
w*-topology.
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14 Hausdorff spaces

Definition 14.1. A topological space X is Hausdorft if, for any pair x,y of distinct
points in X, there exists disjoint open sets U,V in X containing x,y respectively.

Examples 14.2. 1. Metric space are Hausdorff.

2. In N with the cofinite topology, any pair of non-empty open sets have (in-
finitely many) points in common and so the space is not Hausdorff.

3. If F is a Banach space and E* is its dual space, then E* is a Hausdorff space
in the w*-topology.

Consider distinct elements F, G € E*. Since F' # G, there exists x € F such
that F'(z) # G(x).

Let ] 1
e=5|F(2) - G(z)| = 5du( 1, G).
Then € > 0, and
B(F;dy), Be(Gidy)
are disjoint open sets containing F, G respectively. Therefore E* is Hausdorff.

Note: Since N with the cofinite topology is not Hausdorff, it’s topology does
not arise from a metric.

Note: Not all Hausdorff topologies arise from metrics. In fact E* with the
w*-topology (with dim E = co) does not.

Definition 14.3. For any (z,)5, in a topological space (X, J) we say x, — a as
n — 0o, or

lim z, = a,
n—oo

if, for every neighbourhood U of a, there exists N € N such that x,, € U for all
n > N.

In C|0, 1], with the topology of pointwise convergence,

fn— g <= fut) = g(t) YVt €]0,1].
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15 Compactness

Definition 15.1. Let (X, J) be a topological space. A cover of a subset Y of X
1s a collection of subsets of X whose union contains Y.

Examples 15.2. 1. In R, a cover of [0,1] is {(—1,32),(,2)}. This is a finite
cover.

2. In R, a cover of (0,1) is the collection of sets {U, : z € (0,1)} where

r 1l+x

Ve=ly

).

Note that no finite subcollection of the U, covers (0,1) :if 21 < 9 < ... < zy,
then

and so U, U...UU,, is a proper subset of (0,1).

Definition 15.3. Let (X, J) be a topological space. An open cover of a subset Y
of X is a cover of Y consisting of open sets. A subcover of a cover U of Y is a
subcollection of U that covers 'Y .

Definition 15.4. Let (X,J) be a topological space. A subset Y of X is compact
if every open cover of Y has a finite subcover.

Theorem 15.5. Any bounded closed interval in R is compact.

Theorem 15.6. Let (X, J) be a compact topological space. Any continuous func-
tion f: X — R s bounded and attains its supremum and infimum on X.

Proof. Let U, = f~'(—n,n), since f is continuous, U, is open, and {U, : n € N}
is an open cover of X. It therefore has a finite subcover {U,,,...,U,,}, where
ny < ...<ng. Thus |f(x)] < n, Ve € X, and so f is bounded.

Let

M = sup f(z) < oc.
reX

Suppose f does not attain its supremum M on X: this means that f(z) < M
Vz € X. For each x € X pick y, such that

f(z) <y. <M,

and let
U, = fﬁl(_ooa y:l:)-
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U, is an open neighbourhood of x, since f is continuous. The family {U, : x € X}
is an open cover of X, and so by compactness it has an open subcover:

XcU,U..ul,,

for some z,...,x, € X.

We have f(z) < y., on U,;, and so

< <M
) S e <M

contrary to choice of M as the least upper bound of f. Hence f attains its supre-
mum on X.

Similarly f attains its infimum on X. O
Theorem 15.7. A closed subset of a compact topological space is compact.

Proof. Let (X, J) be compact and let Y be closed in X. Then X \ Y is open.
Consider any open cover U of Y. Then Y’ ={U : U € U and X \ Y} is an open
cover of X. Since X is compact, U’ has a finite subcollection that covers X:

X=X\Y)UlUhu..uU,,
some Uy, ...,U, € U. Thus
YcUyu..uU,.

Hence U has a finite subcover. Therefore Y is compact. O
Theorem 15.8. A compact subset of a Hausdorff space is closed.

Proof. Let (X, J) be a Hausdorff space and let Y be a compact subset of X.
Consider any z € X \ Y. For each y € Y, by the Hausdorff condition, there exist
disjoint open neighbourhoods U, of y, V,, of .

The family {U, : y € Y'} is an open cover of the compact Y, hence has a finite
subcover {Uy, ..., U, } with y; € Y. Let V(z) =V, N...NV,,, then V(x) is an open
neighbourhood of . V(z) is disjoint from U, U ... U U,,, hence from Y, so that
V(z) Cc X\Y.

We have
X\Y= |J V),

z€Y\X

and since each V(z) is open in X, it follows that X \ Y is open in X. Hence Y is
closed. O
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Examples 15.9. Non-compact spaces.

1. (0,1) is non-compact. {(%,4£2): z € (0,1)} is an open cover having no finite
subcover.

2. R is non-compact. {(—n,n) : n € N} is an open cover having no finite
subcover.

3. The closed unit ball in #? is non-compact in the norm topology.
Theorem 15.10 (Heine-Borel). Any closed bounded set in R™ is compact.

Theorem 15.11. For any normed linear space E, the closed unit ball of E* is
compact in the wx-topology. That is, {F' € E* : ||F| < 1} is compact in the
topology defined by the pseudometrics {d, : © € E}, where

d.(F, G) = [F(z) — G(z)].

One can find a proof of this theorem in Walter Rudin’s book “Functional
Analysis”, 1973, Theorem 3.15.
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16 Topological subspaces

Definition 16.1. Let (X,J) be a topological space and let Y be a subset of X.
The relative topology of Y in X, or the induced topology of Y, is the topology

Jy={UnY:UeJ}.

Check that Jy is a topology on Y.

There are two natural ways to specifiy a topology on Q : by the natural metric
d(z,y) = |z —y|, x,y € Q, or by giving Q the relative topology as a subset of R
(with its natural metric). In fact they coincide.

Theorem 16.2. Let D be a set of pseudometrics which defines a topology J on
a set X, and let' Y be a subset of X. The induced topology Jy coincides with the
topology determined by the pseudometrics

Dy = {d|y><y ) € D}

Proof. Let V be Jy-open, so that V= U NY for some U € J. Consider any
x € V. Then x € U, and so, since U is D-open, de > 0 and d, ..., d,, € D such that

Bu(x:di, ..., d,) C U.
Let d;» = d;|lyxy € Dy. Then
B (x;d,...,d,) =Y N B(x;dy, ....;d,) CYNU=V.

Hence x is Dy-interior to V.
.V is Dy-open.
. Every Jy-open set is Dy-open.

Conversely, let V' be Dy-open. For each z € V' we can pick a pseudoball
B (x;di, ..., d,) C 'V,
where d; = dj|yxy € Dy. Then U(x) = Bc(w;dy, ...,d,) is J-open in X, and
U(x)NY = B(xz,d}, ..., d)).
Let U = UgeyU(z). Then U € J and UNY = V. Hence V € Jy.

.. Every Dy-open set is Jy-open. 0
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Theorem 16.3. Let (X, J) be a topological space and let Y C X. The following
statements are equivalent.

1. Y 1s a compact subset of X ;
2. (Y, Jy) is a compact topological space.

Proof. (1) = (2). Suppose Y is a compact subset of X, and so every cover of YV
by open subsets of X has a finite subcover. Consider any cover of Y by Jy-open
sets, say,

U={U,:aec A}

where U, =V, NY, V, € J. Then {V, : @ € A} is a cover of Y by [J-open sets.
Hence there is a finite subcover

{Vays ooy Va, }

for some ay,...,a, € A. Then {U,,,...,U,,} is a finite subcover of Y. Hence
(Y, Jy) is compact.

(2) = (1) Suppose (Y, Jy) is compact. Consider any cover U of Y by J-open
sets. Then
{UNY U elU}

is a cover of Y by Jy-open sets, hence it has a finite subcover
{Us, NY, ..., U,, NY}

for some U,,, ...,U,, € U. Clearly {U,,, ..., U,, } is a finite subcover of U.
.. Y is a compact subset of X. O
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17 Product topologies

Let (X1, J1) and (X,, Jo) be topological spaces. We can define a topology on
X, x X5 in a natural way. Consider a subset S of X; x X, and a point x =
(x1,m9) € S.

We say that S is a J; X Jo-neighbourhood of x if there exists a J;-neighbourhood
U, of z1 and a J5-neighbourhood U, of x5 such that

U1XU2CS.

We say that a subset S of X|x X5 is J1 X Jo-openif S'is a J; X Jo-neighbourhood
of each of its points.

Theorem 17.1. The collection of Ji X Jo-open sets is a topology on X1 X Xo.

Check the statement.

This topology is called the product topology of J, and Js, and is denoted by
J1 X Ja.

[Strictly speaking, this is an abuse of notation, since J; x J2 "ought to” mean
{(U1,Us) : Uy € Jh,Us € To} ]

Example 17.2. Let (X1, J1) = (X2, J2) = R with the natural topology. Then
Ji x Jo coincides with the natural topology of R?, i.e. the topology induced by
the Euclidean metric on R2.

Let d denote the Euclidean metric on R?. Consider any d-open set U C R?
and any x € U. Since U is open there exists € > 0 such that B.(z;d) C U. Then
(x; — 75 %+ %) is open in R for j = 1,2, and

(xl_ﬁ’lerﬁ)x(@_ﬁ E

Hence U is a J; x Ja-neighbourhood of each of its points, i.e. U € J; X Js.

Ty + —=) C Be(x;d) C U.

Converse — exercise.
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Theorem 17.3. The product topology Jy X Jo comprises the collection of all unions
of families of products Uy x V) where X\ runs over an arbitrary index A and U, €
Ji, Vi € Jo for all X € A.

Proof. Let G be a J; x Jo-open set. For each point A € G, since G is a J; X
Jo-neighbourhood of A, there exist J;- and Js-open sets respectively such that
U)\ X V)\ C G. Then

Juixw=¢

NG
and so G is a union of a family of sets Uy x V) of the stated type.

Coversely, suppose
G = U UA X VA
AEA
for some index set A and some families {U }ren, {Vi}ren of Ji- and Jo- open sets
respectively. Clearly, for any A € A, Uy x Vy is a J; X Jo-neighbourhood of each
of its points, i.e. it is J; X Je-open. Since J; X J is a topology, U/\GA Uy, x Vy is
J1 X Je-open, and hence G is [J; X Je-open.
O

Theorem 17.4. If (X,T) and (Y, J) are compact topological spaces then X x'Y
is compact with respect to the product topology T X J.

Proof. Let {G}xea be an open cover of X x Y for the product topology T x J.
We shall construct a finite subcover for X x Y. To begin with hold x € X fixed an
consider the points {(z,y) : y € Y}.

For each y € Y there is a A(; ) € A such that (z,y) € G)\(x’y) and since each G
is open there are open neighbourhoods U,(y), V,(y) of x,y in X,Y respectively
such that

Ur(y) x Va(y) C G)‘(z,y)'

Since {V,(y) : y € Y} is an open cover of Y and Y is compact, there is a positive
integer N (x) and points y, ..., Yn@) € Y such that

Vx<y1> Uu..u Vx(@/N(x)) =Y.

Let
U, = Ugg(yl) N...N Ua:(yN(m))-

Then {U, : € X} is an open cover of X. Hence, since X is compact, there is a
positive integer M and points x1, ...,y € X such that

Uy U...UU,, = X.
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We claim that {U,, x V,,(y;) : 1 < i < M,1 < j < N(z;)} is an open cover of
X x Y. Since
Ul‘i X ‘/rz (yl> C GA(%’J/j)’

it will follow that {G)}aea has a finite subcover.

Consider any point (z,y) € X x Y. Since the (U,,)}, cover X, there exists
i € {1,..., M} such that x € U,,. Since, for each i, the sets (V, (yj))N(mi)

; jo1 cover Y,
there exists j € {1,2,..., N(x;)} such that y € V,,(y;). Thus

(.T,y) € Umz X V:Bz'(yj)

as required.

We have shown that every open subcover of X XY has a finite subcover. Hence
X x Y is compact. U
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18 Infinite products

The construction in the previous sections extends fairly easily to arbitary products.

Let A be an index set and suppose that, for each A € A, we have a topological
space (X, J»). Recall that the Cartesian product of the family { X} en is defined
to be the set of functions

r: AN — U X)\
AEA
such that z(\) € X, for all A € A.

We often write z instead of z()), and think of x, as the ” Ath co-ordinate” of
x. Thus we can write x = (x))xea-

We denote the Cartesian product of the family {Xx}aea by [[ e Xa-

In the case that all the X are equal, say to X, the product [],., Xy is also
written X2,

We wish to define a ”product topology” on [],., Xi. For any A\; € A and
Ul € \7)\17 let
N()\l,Ul) = {.T c HX)\ Y € Ul}
A€A

For any positive integer n, any A, ..., A\, € A and
Uy, € Ty, for j=1,2,...n,
let
N oA, U, U) = N UD) NN (A, Uy)

:{ZL’EHX)\Z.T)\].EUj,lng’n}.
A€A

Consider a subset S of [][,., X\ and a point = € S. We define a topology

J=11%

AEA

on [ oo X by saying that S is a J-neighbourhood of x if there exist a positive
integer n, points Ay, ..., A, € A and neighbourhoods U; € Jy; of xy, for j =1,...,n
such that

N oo A, Uy, U,) C S
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We say that S C [, X» is J-openif S'is a J-neighbourhood of each of its points.

We define J to be the collection of all J-open sets.

Theorem 18.1. J is a topology on [[,c, Xa.

Note that in the case that A = {1,2} the topology J coincides with the prod-
uct topology J1 x Js of Section 17.

Example 18.2. Let A = N, X, = R for all A € N. Here [],., X\ = RY the set
of infinite sequences & = (,,)nen of real numbers. Any open non-empty set in RY
for the product topology is big.

Consider, for example, any open neighbourhood U of the zero sequence (0),en.
For some positive integer m and open neighbourhoods Uy, ..., U, of 0 in R we have

U> N(l,Q, cym, U1, ey Um)

= {(@p)nen : x1 € Uy, ...yt € Up }.

Note that only finitely many co-ordinates of elements of N'(1, ..., U,,) are restricted:

if (zp)nen € N then also (21,22, ..., Tm, Thyyq, Thyio,-..) € N for any choice of
/ / c R

xm+1,xm+2,... .

Example 18.3. Let A = N, X, = [0, 1] for all A € N. Here X =[], ., X\ = [0,1]".
We can define a metric d on X by

d(($n)n6N7 (yn)nEN) = sup |xn - yn|

n

It is not the case that d induces the product topology on [0, 1]". Consider the
sequence ', 2%, 23, ... of elements of [0, 1]N, where

2 =(0,0,...,0,1,1,1,...)

o¥ tends to the zero sequence as k tends to oo when [0, 1]N has the product topol-
ogy. However d(z*,2') = 1 whenever k # [, and so the sequence (z*),en does not
converge in the topological space ([0, 1]V, d).

Remarkably enough the space [0, 1]Y is compact with respect to the product
topology.
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Theorem 18.4. (Tychonov’s Theorem) If A is a set and (X, J\) is a compact
topological space for every A € A then [[ o) Xa is compact with respect to the
product topology.

This theorem requires one of the higher axioms of set theory. In fact it is
equivalent to the axiom of choice. Thus it is not true in Zermelo-Fraenkel set theory
without the axiom of choice. There are models of set theory in which Tychonov’s
Theorem is false. However almost all professional mathematicians work within the
framework of Zermelo-Fraenkel set theory with the axiom of choice.
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Part III. The Gelfand representation theorem

The main aim of this part of lectures is to prove the Gelfand representation the-
orem for a commutative Banach algebra A. To start with we shall define the
character space A of a commutative Banach algebra A and the Gelfand topology
on A. We shall show that there is a bijective mapping between the character space
A and the set of maximal ideals of A. We shall introduce the radical of A and a
notion of semisimplicity of A.
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19 The character space

Let A be a commutative Banach algebra. Recall that a character of A is a non-zero
algebra homomorphism from A to C; the character space A of A is the set of all
characters of A.

Lemma 19.1. Let A be a commutative Banach algebra (with or without e). For
any character ¢ of A and any v € A,

|¢(x)] < [l].
Proof. Let A = ¢(x) and suppose |A| > ||z||. Then ||z/A|| < 1, and so

i (P15
= l1m - — —
Y=\ e "

exists; see a proof of Lemma 3.3.

We have
Ay —xy = A lim <£+$—2+...+x—n) — 2z lim (f+x_2+m+x_")
n—oo \ \ A2 An n—oo \ \ A2 AT
= lim <x+x—2+...+ al —x—2—...— al )
n— 00 )\ )\nfl )\ )\nfl
= 7.

Apply the character ¢:
A= o(x) = oAy — zy) = Ad(y) — ¢(x)o(y)
= Ao(y) — A¢(y) = 0.
Therefore, A = 0. This is a contradiction. Hence |¢(z)| < ||z||. O

Corollary 19.2. Let A be a commutative Banach algebra. The character space A
of A is a subset of the closed unit ball of A*.

Recall that, for ¢ € A*,
0]l = sup [o(x)].

fl=l<1

Definition 19.3. Let A be a commutative Banach algebra. For x € A, the Gelfand
transform of x is the function

i:A—=C:p ola)
Thus

for every x € A and every character ¢ of A.
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Example 19.4. If A= C(K), then A= {v,:te K}.Forze C(K),2:A—C
satisfies
T(v) = v(x) = x(t), te K.

Thus, if v; is identified with ¢, z is the same as z.

Example 19.5. If A = (*(Z, ), then A contains the characters ¢, for o € A(0, 1)

where
Then, if x = (2,)%,,

#(¢a) = al an

Definition 19.6. Let A be a commulative Banach algebra. The Gelfand topology
on A is the coarsest topology for which the functions {T : x € A} are continuous.

Recall that if o, 7 are topologies on a set E then o is coarser than 7 is o C 7.
One also says that 7 is finer than o.

Lemma 19.7. If F s a collection of C—walued functions on a set E then there
exists a coarsest topology k for which the members of F are continuous. A base
for k consists of the sets

V(fh ,fn, Ul, ceey Un) = {t c E: f](t) c Uj,l S] S n}
wheren € N, f1,..., fu € F and Uy, ..., U, are open in C.

Proof. One can readily check that the sets V(fi, ..., fu; U1, ..., U,) do comprise the
base for a topology k on E.
For any f € F and open U C C we have

fHU)=V(f;0),

a basic k-open set. Hence the members of F are continuous with respect to k.
Let 7 be a topology on E such that all members of F are continuous with
respect to 7. Consider any f1, fa, ..., fn € F and open Uy, ..., U, in C. Then

iUy e,

J

and hence

V(fiy oo frs Uty s Up) = 71 UD) O o0 71 (U,) € 7

Thus k C 7. Therefore k is the coarsest topology for which the members of F are
continuous. U
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Thus the definition of the Gelfand topology in Definition 19.6 makes sense, and
we have:

Theorem 19.8. Let A be a commutative Banach algebra. A base for the Gelfand
topology on A is given by the sets

V@1, oo @n;, Upy o Up) = {0 € At i5(¢) €U, 1 < j <}
={peA:o(x;) €U;1<j<n}
wheren € N, zq,...,x, € A, Uy,...,U, are open in C.

Note that, by Lemma 19.1, any character ¢ of A satisfies
¢(x) € A0, [|z]]) = {z € C: 2] < =[]}

for x € A. Hence

o e [T 20, 1]).

€A

Corollary 19.9. Let A be a commutative Banach algebra. The Gelfand topology
of A coincides with the relative topology A enjoys as a subset of T], .4 A0, [|z]])
with the product topology.

Proof. The sets V(x1, ..., x,; Uy, ..., U,) in Theorem 19.8 constitute a base for both
topologies. O

Theorem 19.10. If the commutative Banach algebra A has an identity then A is
a compact Hausdorff space with respect to the Gelfand topology.

Proof. Let A have identity e. Let H be the set of homomorphisms from A to C.
Note that H = AU {0}.

Let Y = [],c4a &0, ||z|]). By Tychonov’s Theorem 18.4, Y is compact and
Hausdorff in the product topology.

Claim: H is a closed subset of Y. Let z € A and

Uz 1Y = C: o o(x).
For U open in C,

o '(U) ={¢ € [T 20,1yl : ¢(x) € U}

yeA

is a basic open set in Y, and so v, is continuous.
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Hence, for any z,y € A,
Uy — U0y 1 Y = C

is continuous. Therefore

[ (vey = vav,) "' ({0})

z,yeA

is closed in Y. That is, the set of multiplicative functions in Y is closed in Y.
Similarly for the other algebraic operations.
Thus H is a closed subset of the compact Hausdorff space Y. By Theorem
15.7, H is a compact Hausdorff space.
For ¢ € H we have
peA = oe) =1,

so that )
A=Hnuv '({1}).

Hence A is a closed subspace of H, and so Ais a compact Hausdorff space. O

Theorem 19.11. For any compact Hausdorff space K , the character space C(K)*
of C(K) in the Gelfand topology is homeomorphic to K.

Proof. By Theorem 9.2, the map
v: K — C(K)* : t =

is surjective. A theorem in topology (Urysohn’s Lemma) asserts that if ¢; # t5 in
K then there exists f € C(K) such that f(t;) # f(t2), and hence vy, # vy,. Thus
v is bijective.

For any x € C(K), we have, for t € K|

&(vy) = 2(t) = zov Hvy),

so that

F=xov L.

Let 7 be the "topology of K transferred to C(K)*”: more precisely,
7={v(U):U openin K}.

Claim: for any z € C(K),
i (C(K)Y7)—=C
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is continuous. For any open set W C C we have
FW) = (zov H) T W) =v@ (W) er

since x7!(W) is open in K. Hence & is continuous with respect to 7. Since the
Gelfand topology is the coarsest topology for which all the & are continuous, 7 is
finer than the Gelfand topology. That is, for each Gelfand-open set V in C(K)*,
v~H(V) is open in K. Hence v : K — C(K)" is continuous.

Every bijective continuous map from a compact space to a Hausdorff space is
a homeomorphism, Hence K is homeomorphic to C'(K)A. O

This theorem shows that we can "recover” K from the structure of the algebra

O(K).
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20 The Gelfand representation theorem

To what extent is a general commutative Banach algebra like C'(K) for some
Hausdorft space K?

Theorem 20.1. Let A be a commutative Banach algebra with identity. The
Gelfand transformation

A= CA):z—7
is an algebra homomorphism from A to the algebra of continuous C-valued func-
tions on the compact Hausdorff space A in its Gelfand topology, with pointwise
operations. Moreover ||T'|| < 1.

Proof. By Theorem 19.10, Ais a compact Hausdoz‘f space. For x € A, 7z is
continuous on A by Definition 19.6, that is, # € C(A). Thus I' does map A into

C(A).
Note that I' is linear. Consider z,y € A and A € C. For any ¢ € A, we have
(z +y)(¢) = ¢(z +y) = ¢(z) + d(y) = 2(9) + §(9).
Ly =i+

I(z+y) = (Tz) + (Ty)
for all x,y € A. Therefore I is additive.

Arp = p(\x) = \i(9)

. T'(Ax) = Al(x)
for all z € A and A € C. Thus I' is multiplicative.
For ¢ € A,

—_

(2y)(¢) = ¢(zy) = ¢(x)d(y) = 2(9)4(¢) = (29)(¢).

[(zy) = (Pz)(T'y)
for all z,y € A. Hence I is a homomorphism of algebras.
For x € A, we have

Tzl o4y = sup [Tz (¢)]

peA
= sup |Z(¢)| = sup [¢(z)]
peA peA

< ||z|la (by Lemma 19.1).
Hence ||T'|| < 1. O
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As we have seen in Theorem 19.11, if A = C(K) for some compact Hausdorff
space K then A can be identified with K and I is the identity mapping A — C(A).
More commonly Range I' is a proper subalgebra of C'(A).

Example 20.2. Let A = C'[0, 1], the Banach algebra of continuously differen-
tiable C-valued functions on [0, 1] with pointwise operations and norm

[fllor = sup [f(®)] + sup [f(£)].
0<t<1 0<t<1

Then A consists of evaluation functionals
v A—=>C: f— f(t)

for 0 < ¢ < 1. The character space A in its Gelfand topology can be identified with
0, 1] in its standard topology, and T : C*[0,1] — C0, 1] is the natural injection
mapping.

We shall shortly give an example in which I' is not an obvious injection.

20.1 Singly generated algebras.

Definition 20.3. Let A be a Banach algebra with identity e. We say that A is
generated by an element x € A if the smallest closed subalgebra of A containing e
and x is A; equivalently, if the closed linear span of {e,x,x?, ...} in A is A.

Theorem 20.4. Let A be a commutative Banach algebra with identity e and sup-
pose that A is generated by x. The character space A can be identified with the
spectrum o(x) of x, and the Gelfand topology ofA agrees with the natural topology
of o(z) C C. More precisely,

i A= o(r)cC: o i) = o(z)
18 a homeomorphism.

Proof. Proof to follow on Page 76. O

Example 20.5. Consider ¢!(Z, ) with convolution multiplication (Example 6.1).
What is the Gelfand representation of A?

Note that A is singly generated. Let e, = (0,...,0,1,0,...) (1 in the nth place
for n € Zy,.) The element e; is an identity for A and e; is a generator. In fact
e1 ke k...ke; = ey, and

(o, X1, eoey Ty 0,0, ...) = mpep + T1€1 + Toey * €1 + ... + Tpeg * ... x €.
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Hence the smallest closed subalgebra of A containing eg and e; is A. It follows
that A is homeomorphic to o(e;). Since ||e1]| = 1, we have o(e;) C A(0, 1).

Claim: each ¢ € A has a form ¢, for some o € A(0,1). Consider any
¢ € A and suppose ¢(e;) = a € A(0,1). For z = (g, x1, ..., T, 0,0, ...) € (}(Z,),

we have
T = Tg€o + T1€1 + Loy k€1 + ... + Tpe1 ¥ ... ke

and so
¢(x) = wod(eo) + z1¢(er) + zag(e1)” + ... + wpd(er)”
= ;ao(x) in the notation of Example 7.2(5).

Since {z € A: ¢(z) = ¢o(2)} is a closed subalgebra of A that contains ey and e;
it equals A; that is, ¢ = ¢,. Hence

6 : A= ole)) = A0,1) : go = daler) =

is a homeomorphism, and if we identity A with A(0,1) via ¢ — « we have the
Gelfand representation

[:0NZy) — C(A0,1) i+ &

where

T(a) = do(z) = Zazna".

Notice that if (x,)2, € ¢}(Z,) then

o
z(z) = Z 2"
n=0

is an absolutely convergent Taylor series in A(0, 1).

Thus "T maps ¢*(Z, ) to the algebra of analytic functions in D with absolutely
convergent Taylor series in A(0,1).”
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21 Closed ideals

Let A be a Banach algebra with identity e. Ideals of A are not necessarily closed.
For example, in ¢*° the linear subspace cp of finitely non-zero sequences is an ideal,
but its closure is cg.

Lemma 21.1. Let A be a Banach algebra with identity e.
(i) The closure of an ideal in A is an ideal.
(ii) The closure of a proper ideal is a proper ideal.

Proof. (i). Let I be an ideal, we denote the closure of I by Cl I. Consider
x,y € ClI. Suppose x+y ¢ ClI. There is a neighbourhood U of z + y which does

not meet /. Since addition
AxA— A

is continuous at (z,y) there are neighbourhood V, W of x, y respectively such that
V + W C U. Since z,y € Cl I there exist points £ € VN I,n € WNI. Then
E+neV+WcCUand € +n e I, contradicting the fact that U NI = (. Hence
r+yeCll.

Likewise, fora € Aand x € Cl I, za € Cl I and ax € Cl I, and Ax € Cl [ for
A € C. Hence C1 1 is an ideal.

(ii). Let I be a proper ideal of A. By Theorem 7.12, I does not contain any
regular element of A. By Lemma 3.3, Bj(e) is a neighbourhood of e consisting of
regular elements, hence is disjoint from I. Thus e ¢ Cl I, and so Cl I is a proper
ideal. O

Theorem 21.2. Let A be a Banach algebra with identity e. Mazimal ideals of A
are closed.

Proof. Let I be a maximal ideal of A. By definition [ is proper, and so, by Lemma
21.1, Cl I is a proper ideal of A. We have

[ CClICA,

and so, by maximality of I, I = Cl I. Thus [ is closed. O
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22 Quotient algebras

Recall that the kernel of an algebra homomorphism is an ideal, see Remark 7.9.
We shall show the converse: every ideal is the kernel of a homomorphism. Given
an ideal I in an algebra A we shall construct an algebra A/I (”A mod I”) and a
homomorphism ¢ : A — A/I such that ker ¢ = I.

Definition 22.1. Let A be an algebra and let I be an ideal in A. For x € A the
coset of x mod I is the set x + I, that is, {v +y:y € I}.
The quotient set A/I is the set of cosets in A (mod I):

A/l ={x+1:x2¢€ A}

Note: if we write z = y (modI) to mean x — y € I, then = (modI) is an
equivalence relation, and A/I consists of the corresponding equivalence classes.

Example 22.2. Let A = (0, 1] and let

I={feA:f(t)=0 fort e [O,%]}.

I is an ideal of A. For any g € A, g + I consists of all f € A such that f agrees
with g on [O, %} . A/I can be naturally identified with C [O, %]
Theorem 22.3. Let A be an algebra and let I be an ideal in A. The quotient
linear space A/l is an algebra with respect to the operations defined for x,y € A
and scalar A € C by
@+ D)+ @+1)=(@+y) +1
@+ Dy +1) = (zy) + 1,
Mz +1)=(A\x)+ 1.

Furthermore the map

k:A—= A/l :x—ax+1

1s a homomorphism of algebras.

Proof. The above operations are well defined, forif x+1 = 2'+ T and y+1 = y'+1
then there are i1,179 € I such that

r—1a =iy, y—1y =i,
and hence x +y — (' +¥y') =41 + 42 € I, so that

(+y)+1=0"+y)+1
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Similarly

2y —xy = (v —i1)(y —i2) — Yy = —i1y — Tisy + i14p € I,

so that

2y +1=axy+1,
and

M — e’ = \ip €1,
so that

e+ T =X\ +1.

The algebra axioms for A/I follow easily from those for A.
The fact that £ is a homomorphism is immediate from the definition. O

Definition 22.4. k: A — A/I is called the quotient map or the canonical homo-
morphism.

Corollary 22.5. Let A be an algebra. The ideals of A coincide with the kernels
of homomorphisms of A.

Proof. If ¢ : A — B is a homomorphism then ker ¢ is an ideal. If I is an ideal
then
k:A— A/l

is a homomorphism of algebras and

rekerk < k(z)=01in A/I
<— rz+1=0+1
<— zxecl.

Thus I = ker k, and so [ is the kernel of a homomorphism. O
Now consider the case of normed algebras.

Definition 22.6. Let E be a normed space and let F' be a closed subspace of E.
For x € E the coset of x mod F' is the set v + F. The quotient set E/F' is the set
of cosets of E mod F.

Addition and scalar multiplication are defined in E/F by

e+ F)+y+F)=(@+y)+F Mo+ F)=(\z) + F. (22.1)
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Theorem 22.7. Let E be a normed space and let F' be a closed subspace of E. The
quotient set E/F' is a linear space under operations (22.1). The pair (E/F, ||.||g/r)
s a norm space, where

o+ Fllesr = in [l + ylle

If E is a Banach space then so is E/F.
|.||£/F is called the quotient norm.

Corollary 22.8. If I is a closed ideal in a Banach algebra A then A/I is a Banach
algebra under the quotient norm. If A has an identity, so does A/I.

Proof. By Theorems 22.5 and 22.7, A/I is an algebra and a Banach space. For
x,y € A,

I+ D+ Dllajs = ey + IlLage
inf || zy + z|| 4
z€l

inf ||
21,2261

< inf ||+ z1|ally + 22]/a
z1,22€1

IN

(+21)(y + 22)|la

= llz 4 Illaselly + Ila/r-

Thus |[|.||4/; is submultiplicative. Hence A/I is a Banach algebra.
If e is an identity in A then e + I is one in A/I. O

Example 22.9. Let A = ([0, 1] and let
1
I={feA:f(t)=0 fort e {0,5}}
I is an ideal of A as in Example 22.2. Define

oA/l - C {O,ﬂ :f+In—>f|[07%}.

Then ¢ : A/I — C [O, %] is an isometric isomorphism.
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23 Maximal ideals and characters

Recall Theorem 7.15 that the kernel of a character of a commutative Banach
algebra is a maximal ideal.

Theorem 23.1. Every maximal ideal of a commutative Banach algebra with iden-
tity is the kernel of a character.

Proof. Let A be commutative Banach algebra with identity e and let I be a max-
imal ideal of A. By Theorem 21.2, [ is a closed ideal. By Corollary 22.8, A/I is a
commutative Banach algebra with identity.

The zero element of A/I is 0+ I, which we can write {/}.

Claim: {/} is a maximal ideal of A/I. Let

k:A— A/l :x—x+1
be the canonical homomorphism. Consider any proper ideal J of A/I. Then
Y T)={zecA:z+1e€J}

is a proper ideal of A containing I. Since I is maximal we have k=!(J) = I, that
is,
r+leJ < xel.

Therefore, J = {I}. Hence {/} is a maximal ideal, as claimed.

Since A/I is a commutative Banach algebra with identity in which the only
ideals are {I} and A/I, it follows from Examples Sheet 5, Q7, that A/ is a field
and so, by the Gelfand-Mazur Theorem 5.5, that A/ is isomorphic (as an algebra)
to C.

Hence k: A — A/I ~ C is a character (note that k(e) is the identity of A/I,
so k #0), and I = ker k is the kernel of a character. 0

Corollary 23.2. There is a bijective mapping ¢ — ker ¢ between the character
space and the set of maximal ideals of a commutative Banach algebra with identity.

We shall denote by M4 the set of maximal ideals of a commutative Banach
algebra A.

Proof. By Theorem 7.15, R
A— My : ¢ kero

is a well defined mapping, and, by Theorem 23.1, it is surjective.
It is also injective. Suppose ¢, € A and ker ¢ = ker¢). We have



where e is the identity of A. For any z € A, x — ¢(x)e € ker ¢ = ker ¢, and so

0 =1z —o(x)e) = P(x) — d(x)(e) = Y(x) — o(x).

Hence ¢ = 1.
Thus A — My : ¢ — ker ¢ is a bijection. O

Remark 23.3. In view of Corollary 23.2 we can identify A with My. For any
x € A, we can regard the Gelfand transform Z as a function

i’:MA—>(C,

given by
(M) = ¢(x), where M =ker ¢ € My.

The Gelfand topology on M, is the coarsest topology for which the functions
z, x € A, are continuous.

Definition 23.4. Let A be commutative Banach algebra with identity e. The set
of mazimal ideals M4, with the Gelfand topology, is called the mazximal ideal space

of A.

Corollary 23.5. In any commutative Banach algebra A with identity, for any
T €A, A
o(z) ={¢(x) : ¢ € A} = Range 7.
Proof. By Theorem 7.5, R
{6(z) : ¢ € A} C o(x).
Consider A € o(x). The ideal (Ae — x)A is proper, hence, by Theorem 7.17,

(Ae—x)A is contained in a maximal ideal M. By Theorem 23.1, there is a character
¢ of A such that M = ker ¢. Then e — x € ker ¢, that is

d(Ae —x) = 0.
Hence
¢(x) = d(Ae) = A.
Thus R
o(x) C {op(x): p € A}.
Hence

o(z) = {g(z) : ¢ € A}
= {#(¢) : ¢ € A}

= Range 7.
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Proof of Theorem 20.4: if a commutative Banach algebra with identity e is
generated by an element x then

T:A—o(x)
is a homeomorphism.

Proof. By Corollary 23.5, 2 A= o(x) is a surjective mapping. It is also injective,
for suppose ¢, 9 € A and &(¢) = 2(v»). Then

{a e A:d(a) =y(a)}

is a closed subalgebra of A containing e and x, hence it is all of A. That is, ¢ = 1.
It follows that # : A — o(zx) is a bijective mapping. The function Z is continuous,
by definition of the Gelfand topology. The character space A is compact and o(x)
is Hausdorff, hence 2 is a homeomorphism. O

76



24 Semisimplicity and the radical

Return to the Question of Section 20: to what extent does a general commutative
Banach algebra resemble C'(K)? In the case that A has an identity we answered
the question by constructing the Gelfand transformation

~

I':A— C(A),

A

so that A can be homomorphically mapped into C (A). If T is injective, this means
that A can be regarded as a subalgebra of C'(A). However, I" need not be injective.

Examples 24.1. 1. Let E be a Banach space endowed with zero multiplica-
tion: xy =0 Vz,y € E. Then FE is a commutative Banach algebra without
identity. Note that E is empty. For suppose ¢ is a character of F. For
r € E, we have

¢(a*) = o(xx) = $(0) =0,
and so ¢ = 0 - a contradiction. Thus I" is not defined for E.

2. Let A be the algebra obtained by ”adjoining an identity” to F. That is,
A =C® F, with operations

A) + (y) = A+ px+y),
(A 2) (1 y) = (A, pr + Ay),
c(\, z) = (e, cx),
for \, u,c € Cand x,y € F.
A is a Banach algebra with identity under the norm
I 2) [ = A+ [l -
Its identity is e = (1, 0).
We can define a character ¢y on A by
do(A, ) = A

If ¢ is any character on A then ¢|E is a homomorphism F — C, hence is 0.
Thus

YA z) =v(Ae + (0,2)
and so ¢ = ¢g. Thus A = {¢,}. Here C(A

— Mb(e) = A

is one-dimensional, and

)
)
I':A— C(A)

is far from injective. In fact kerI' = F.
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3. A more natural example than (2): A =C & L'(0,1), with convolution mul-
tiplication also has a unique character

(N, z) = A\

When ker I' is large the Gelfand transformation tells us little about the struc-
ture of an algebra A. However, for many natural algebras, ker I' = {0}.

Definition 24.2. Let A be a commutative algebra with identity. The Jacobian
radical RadA of A is defined to be the intersection of all the maximal ideals of A.
It is an ideal of A.

Note that if A is a commutative Banach algebra with identity then RadA is a
closed ideal of A, since maximal ideals are closed.

Theorem 24.3. For any commutative Banach algebra A with identity the kernel
of the Gelfand transformation T' of A is RadA.

Proof. Consider z € A.

!
8
I

o

z €ker I

>
I
e}

i(¢) =0 Vo A
o(x) =0 Vope A
x € ker ¢ queA
xe M forall M e My

[ A A

Hence kerI' = Rad A ]

Corollary 24.4. The Gelfand transformation of a commutative Banach algebra
A with identity is an injective homomorphism if and only if Rad A = {0}.

Definition 24.5. A commutative Banach algebra with identity is semisimple if its
Jacobian radical is {0}.

Thus A is semisimple <= Rad A = {0} <= T is injective.
Intuitively, A can be thought of as an algebra of continuous functions with
pointwise operations if and only if A is semisimple.
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Examples 24.6. 1. Any algebra which is defined as an algebra of functions
with pointwise operations is semisimple. Indeed, any function in the radical
lies in the kernel of all point evaluations, hence is identically zero.

Thus ¢ is semisimple.

2. A =(YZ,) is semisimple. Recall Example 20.5,
A=NA0,1)={zeC: |z <1}.

Consider z € Rad (1(Z, ), © = (2,)>%,. We have, for all z € A(0,1),
b.(x) = 2(2) = ixnz" = 0.
n=0
Notice that if (x,)%, € (*(Z,) then
z(z) = i 2"
n=0

is an absolutely convergent Taylor series in A(0, 1). It follows that all z,, = 0,
for example, from the relation

1 z(z)
)
x 21 12)=1 zn+1 <
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