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1 Past and ongoing research projects

My research interests have always been at the junction of group theory, geometry and combi-
natorics. For my D.Phil thesis and for three years subsequently I worked on Tits buildings and
related structures; these provide a geometrical picture of simple groups. More recently, I have
worked on geometrical, combinatorial and computational aspects of group theory.

My work is motivated by questions which arise within central strands of group theory. I have
worked largely with groups defined by finite presentations (which are generally infinite), but also
with matrix groups specified by a set of generating matrices. For finitely presented groups I have
looked at problems of decidability and computability; of my most recent projects, one examines
connections between group theory and formal language theory, the other studies quantum com-
putation from a group theoretic perspective. For both finitely presented and matrix groups I
have also worked on the theoretical development and analysis of high performance algorithms,
and further I have developed practical implementations of these, which have been freely and
widely distributed within the mathematical community. My work in the development of algo-
rithms has been a mix of theory and implementation, and has naturally led me to be involved in
the development of larger scale computer algebra systems, such as GAP and Baumslag’s New
York based magnus system in addition to my own, widely distributed, standalone software.

Finitely presented groups arise naturally from problems in geometry and topology, and hence
techniques which allow computation with them are of particular interest to geometers and topol-
ogists. Some of the techniques involved also use ideas from the theory of formal languages. Thus
this branch of group theory invites interaction both with mathematicians from other areas of
mathematics and with computer scientists, and my work in this area has been very collaborative
in its nature.

The family of automatic groups, originally defined by W. Thurston in an attempt to abstract
certain finiteness properties of the fundamental groups of hyperbolic manifolds, has been of
interest for some time to geometers and topologists. The defining properties of the family give
a geometrical viewpoint on the groups and facilitate computation with them; to such a group
is associated a set of paths in the Cayley graph of the group (a ‘language’ for the group) which
both satisfies a geometrical ‘fellow traveller condition’ and lies in the formal language class of
regular languages. Examples of automatic groups are provided by the fundamental groups of
compact Euclidean and hyperbolic manifolds, and of geometrically finite hyperbolic manifolds,
also by Coxeter groups, braid groups, many Artin groups, and groups satisfying various small
cancellation conditions. While working as an RA in Warwick, I developed (in conjunction with
David Epstein and Derek Holt of Warwick Mathematics Institute, [26]) a suite of programs
known as automata to compute with these groups. The basic algorithms are still widely used
(recently in a new implementation, by Holt, known as kbmag, which is available within the GAP

computer algebra system). My own work in [13] generalises them to deal with a wider family of
automatic groups; experiments with these new algorithms already show some very interesting
results.

The study of the larger family of combable groups, in particular in relation to formal lan-

guage classes is motivated by the failure of some very interesting groups to be automatic.
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The fundamental groups of compact 3-manifolds based on the Nil and Sol geometries are not
automatic, nor is any nilpotent group (probably also any soluble group) which is not virtually
abelian. My paper [11] was based on an attempt to find a generalisation of the definition which
admits more examples, but preserves the best properties of automatic groups, building on work
of Bridson and Gilman. A combable group is defined to be a group equipped with a language
satisfying some kind of fellow traveller condition (for some types of combings this condition may
be weaker than that satisfied by automatic groups); for practical purposes it is often interesting
to restrict attention to groups with languages in some formal language classes. Bridson and
Gilman found appropriate languages in the formal language class of indexed languages for the
fundamental groups of all compact, geometrisable 3-manifolds. Gilman, Holt and I extended this
work in [11] to find combings in the class of real-time languages (recognised by Turing machines
which process their input in ‘real-time’, that is, which complete the processing as they finish
reading the input) for many nilpotent groups. We showed further that any finitely generated
nilpotent or even polycyclic group embeds in a real-time combable group. In related work in
[10], I investigated the connections between the group theoretic and formal language theoretic
properties of combings.

Real-time algorithms also feature in my work with Holt, on the language theoretic complexity
of the word problem. Our first results on the family of groups with word problem solvable
in real-time are described in [7]. We found many examples by programming generalised Dehn
algorithms (defined by Goodman and Shapiro) on real-time Turing machines. Subsequent work
with Holt, Röver and Thomas [4] looked at the family of groups for which the complement of
the word problem is a context-free language; the groups with context-free word problem form a
proper subset of this family.

The examination of the quotient structure of finitely presented groups was the central
theme of two programs developed by myself and Derek Holt. It played an important part in the
program testisom([25, 39]), which is effective in practice for the theoretically insoluble problem of
isomorphism testing; basically a comparison of finite quotients was used to search for a proof
of non-isomorphism. Subsequently, the ideas were developed further in an interactive graphics
program quotpic ([24, 37, 12]) for the construction of finite quotients. Both programs have been
widely used, and frequently cited. These ideas have now been taken up by the developers of
GAP, and similar facilities provided within that system.

Over the last ten years, the development of fast random algorithms has opened up new
directions in computational group theory. In particular it has become feasible to develop algo-
rithms which depend on the generation of random elements, and thus matrix groups, for which
there were previously very few efficient algorithms, have become tractable. In collaboration with
others I developed and implemented (in GAP) random (Monte Carlo) algorithms to investigate
irreducibility, imprimitivity and decomposition with respect to a normal subgroup of matrix
groups ([18, 17, 16]).

Joint work with Leonard Soicher (QMW, London) in [8] on the effective computation of

topological invariants of cell complexes took my research in a somewhat different, but
complementary, direction. A viewpoint originally due to Reidemeister was further investigated.
Effective algorithms to compute the fundamental group, first homology group and covers of
a combinatorial cell complex have now been developed, and implementations in the computer
algebra system GAP are publicly and freely available.

An examination with Holt and Röver of the transition monoids associated with the geodesic
automatic structures of word hyperbolic groups threw up some unexpected counter-examples
to a conjecture of Margolis and Meakin, that the system of geodesics in a word hyperbolic
group, known to be a regular language, in fact belonged to the low complexity subclass of
star-free languages. A recent result [2] with Holt and Hermiller (Nebraska) now proves that
star-freeness of the set of geodesics is guaranteed by certain small cancellation conditions (which
guarantee word hyperbolicity but are not a consequence of it). We hope for further results in
their direction as we search for connections between language theoretic properties of a system
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of geodesics and properties of the underlying group.

An EPSRC funded project together with Mike Batty and Andrew Duncan (Newcastle) and
Sam Braunstein (York) studies quantum computation in a group theoretical context [3]. We
see group theory as a fruitful testbed for quantum computational ideas, and believe that the
perspective of quantum computation will bring us insight into computation with groups even
within a classical computational framework.

An interesting collaboration with Krause and other representation theorists at the Universität
Paderborn, initiated during my recent sabbatical, explored the use of formal language theory to
study representations of finite dimensional algebras, specifically of quotients of path algebras,
known as monomial algebras. It turns out that the sets of strings defining string modules

for these algebras are not only regular languages but are in fact locally testable. Hence the
structure of the sets of strings, of the related bands which define certain 1-parameter families of
representations and even of related coefficient trees for a slightly wider class of modules can be
read from a very straightforward finite state automaton, easily constructible from the Gabriel
quiver for the algebra. We continue to examine the use of combinatorial techniques to study
tree modules.
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