A SLICE THEOREM FOR QUIVERS WITH AN INVOLUTION

RAF BOCKLANDT

ABSTRACT. We construct an analogon to the notion of a local quiver setting in
the case of quivers with an involution, or supermixed quivers as introduced by
Zubkov in [?]. We use this technique to determine dimension vectors of simple

supermixed representations.

1. INTRODUCTION

Given a reductive algebraic group G and a G-representation or a G-variety V we
can construct the algebraic quotient V/G, which is the affine variety corresponding
to the ring of invariant polynomial functions C[V]¢. The embedding C[V]¢ C C[V]

gives rise to a quotient map V — V//G.

The main problem in invariant theory is to describe the geometry of such a quotients.
There are several questions that one can try to answer: What is the dimension of

V)G, How do the fibers of VG look like, is V/G a smooth variety.

In complete generality a solution for these problems is unattainable but given re-
strictions on the groups or the representations one can expect some interesting
partial results. In many cases one can find a certain class of couples (V, G) sharing
the same properties for the quotients. More precisely one can try to find class that
are closed under local behaviour. By this we mean that if we have a couple (V,G)
and a point p € V//G that we can find another couple (V,,G,) of the same class
such that there is an étale neighborhood of p that is locally isomorphic to an étale
neighborhood of the zero in V, /G,. Such a result simplifies the questions a lot be-
cause we can use this local result to reduce the questions to simpeler representations

or varieties.
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For (G, V) a representation space of a quiver this was done by Procesi and Le Bruyn
in [?]. Similar results have been obtained fro representation spaces of prepojective

algebras by Crawley-Boevey.

In this paper we will study the case of supermixed quivers these were introduced by
Zubkov in [?] and are closely related to generalized quivers which were studied by
Derksen en Weyman in [?]. First we will give some coordinate free description of a
representation space of a supermixed quiver by means of involutions on semisimple
algebras. Then we will extend the results by Derksen en Weyman to obtain a
representation theoretic interpretation of the points in the representation spaces and
in the quotient. This will enable us to formulate an extension of the result on local
quivers by Procesi and Le Bruyn to super mixed quivers. To make full use of this
result we will also determine which supermixed settings have simple representations.
Finally we will give an application of this result for formally smooth algebras with

an involution.

2. A QUICK REVIEW OF QUIVER SETTINGS

We briefly recall that a quiver @ consists of a set of vertices @y, a set of arrows
@1 and two maps h,t : Q1 — Qo which assign to each arrows its source and
its tail. To a quiver we also associate its Euler form. This is the bilinear form

Xq : Z*V x Z#V — Z defined by the matrix

mi; = 5ij - #{a|}a

where § is the Kronecker delta. It is easy to see that that a quiver is uniquely

defined by its Euler form.

A dimension vector of a quiver is a map «a : Qo — N. We will call a couple (@, «)

a quiver setting.

To every quiver setting we can associate a semisimple algebra

So = @ Matq, xa,(C)

vEQo

and an S,-bimodule

Rep(Q,a) = €D Mata, ., xa;, (C).

a€Q1
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Vice versa if S is a semisimple algebra and M an S-bimodule we can find a quiver
setting (Q, «) unique up to isomorphism such that (S, M) = (S,, Rep(Q, a)). The
vertices in @ correspond to the maximal set of orthogonal idempotents {v1,... v}
in the center of S. The dimension vector is a,, = y/dimv;S while the number of

arrows from v; to v; is dim v, Mv;/a, Qy, -

We define the group GL, as the group of invertible elements in S,. This group has
an action on Rep(Q, ) by conjugation: m — gmg~1. This action has a categorical

quotient:
iss(Q, a) = Rep(Q, ) / GLq.

In algebraic terms we construct the quotient as follows: let C[Rep(Q, )] be the
ring of polynomial functions over Rep(@, ). On this ring we have an action of GL,,
coming from conjugation action on Rep(Q, «). The subring of functions that are
invariant under this action is the ring of polynomial function over the categorical

quotient:
Cliss(Q a)] = C[Rep(Q, )]3"-

A path of length %k in a quiver is a sequence of arrows p = a; ...a, with ¢(a;) =
h(a;+1. We denote its head and tail as h(p) = h(a;) and t(p) = t(ag). A path
the tail of which equals its head is called a cycle. A vertex is also called a path of
length zero. The path algebra C(Q is the vector space with as basis all paths and
its multiplication is the concatenation of paths if possible and zero if not. The path

algebra is Morita equivalent to the tensor algebra TgM = @;M®s?,

Any point W € M = Rep(Q, @) can be identified with a representation of CQ on
the vector space @&,CS. Every arrow a will act as W, between C**(= and C*»(=)
and as zero between the rest. Therefore the points of Rep(Q,«) will be called
representations of () with dimension vector «. In this way we can speak of simple,
semisimple and indecomposable representations of Q). Two points W and W’ will

give isomorphic representations if and only if they are in the same GL,-orbit.

If W is a representation we can evaluate the path p: W, = W,, ... W,,. To every
cycle ¢ we can associate the map f. : Rep(Q,a) — C: W — TrW,. This map is
invariant under the GL,-action and in general every invariant maps can be written

in terms of these:
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Theorem 2.1 (Le Bruyn-Procesi). The ring C[iss(Q, )] is generated by functions

of the form f. where ¢ is a cycle in Q.

The representation theoretical interpretation of the quotient can be summarized as

follows.

Theorem 2.2. The points in iss(@, «) are in one to one correspondence to isomor-
phism classes of the semisimple representations of () in Rep(Q@,«). Two points in
Rep(Q, «) are mapped to the same point in iss(Q, «) if and only if they have the

same semisimplification.
3. DUALIZING STRUCTURES AND SUPERMIXED SETTINGS

Let S be a finite dimensional semisimple algebra and let M be an S-bimodule.

Definition 3.1. A dualizing structure on (S, M) consists of two linear involutions

x:5 — S and x: M — M, satisfying the following compatibility relations:

o Va,be S: (ab)* = b*a*.
o Va,be S:VYme M: (amb)* =b*m*a*.

The dualizing group of S is the group of elements for which the inverse and the

involution coincide:
D(S) ={g inS:gg" =1}
while the dualizing subspace of M is the subspace

D(M)={veM:v" =v}

The group D(S) has an action on D(M) by conjugation: v — gvg* because

(gug*)* = gug™*.

We can turn this data into the language of quivers. First we are going to impose
the dualizing structure on a quiver setting. An involution on S, restricts to an
involution of the center which is a ring-automorphism. This maps idempotents to

idempotents so we get an involution ¢ on the set of vertices {v;}.

Given ¢ we can construct a standard involution on S,:

s st with (s7), = s4(v)T
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where the transpose is taken according to the identification S, = ®veg,Matq, xa, (C).
The composition of * and { gives us an automorphism of S, which is internal be-
cause all idempotents are fixed. Therefore we can say that there exists a g € S,
such that

* T —1
(s")w = 98(v)Sp(v) 9 (v)

The fact that %2 = id implies that

() )0 = 9090y S09(0)Ig() = So

SO gy = evgé’;(v) for some scalars €, and €,€e4(,) = 1. Because we only use the g, for
conjugation they are determined up to a scalar themselves. This allows us to chose

€, = 1if ¢(v) #v and €, = £1 if ¢(v) = v.
A base change in S, by conjugation with h will transform the g, as

(g/)v = hvgv hg(v) .

Hence after a good base transformation we can suppose that g, is the identity

matrix if €, = 1 and the standard symplectic antisymmetric matrix if €, = —1.
The dualizing group of S, will be of the following form

Ouyw  v=0W),€6, =1

Dy = D(S,) = {g € GLa|gg™ =1} = H SPa,e v =0{),e =—1
{v,6(v)}CQo
GL,, v# ¢(v).

Now we will tackle the dualizing structures on M = Rep(Q, ). We suppose that the
involution on S, is in its standard form and that ¢ is the corresponding involution
on the vertices Qg. Choose a second involution ¢ : Q1 — Q1 such that h(¢p(a)) =

#(t(a)). Given this we can construct a ’standard’ dualizing structure on Rep(Q, a).
m — ’I’)’LJr with (mT)a = fagtjza)m?j;(a)gh(a)'
with fofox = €n(a)€t(a)-

As was the case for S, the composition *{ is an automorphism of Rep(Q, ) as
an Sy-module. Therefore there are coeflicients o4y, a,b € @1 such that (m*T)a =

> acq, Tab™p. Also note that o is only nonzero if h(a) = h(b) and t(a) = ¢(b).
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We can diagonalize o and its eigenvalues o, can only be +1 because * is an involu-

tion. This gives the following formula for x*:

(m*)a = Uaeh(a)ft(a)gt(a)mg(a)gh(a)

If a # ¢(a) we can again suppose that 04 = €p(a)€4(a)Tp(a)-

All this rewriting can be summarized in the terminology of supermixed quivers as

introduced by Zubkov in [?].

Definition 3.2. A supermixed quiver consists of a quiver @, two involutions | (one
on the vertices and one on the arrows) and two sign maps € : @y — {£1} and

o : Q1 — {£1}. which satisfy:

o h(al) = (a),
o vl £v=e(v) =1

® TaT¢(a) = €h(a)€t(a)-

We say that (Q,«) is a supermixed setting if o, = a,+. Every supermixed quiver

setting defines involutions * on the algebra §, and on the space Rep(Q, a)
(S*)U = gvTSZTgvT

(m*)a = Uagt(a)mfrgh(a)

where Gy = idav if €y = 1 and gy = Aav = (? —01)69011;/2

if ¢, = —1. The couple
(Sa,Rep(Q, «)) is called the dualizing structure coming from the supermixed quiver

setting.

Theorem 3.1. For every couple (S, M) with a dualizing structure is isomorphic to

a dualizing structure coming from a supermixed quiver setting.

We will now try to interpret the space DRep(Q, ) representation-theoretically. The

discussion below closely mathes the discussion of symmetric quivers in [?].
First of all we will identify e with the element ) e,v € CQ.

We now put an anti-automorphism * on the path algebra

v — ol
x:CQ — CQ: and Vz,y € CQ : (zy)* = y*a”".

a — ogal
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This map is not an involution but it satisfies the following equality

ea**e=a

This anti-automorphism allows us to turn left CQ-modules into right CQ-module.
Therefore, given a left module V' we can consider its complex dual again V* again
as a left module, the same can be done for morphisms: if f : V — W is a module
morphism then f* will be a morphism of f : V* — W™*. So taken the dual can be
seen as an anti-equivalence in the category of left CQ-modules. Because eps* = ¢ =

e~ ! we also have that V** 2 V.

A e-mixed module is a left CQ-module V' together with a nondegenerate bilinear

map (,): V x V — C satistying

o Yo,w eV : (v,w) = (w,ev) (e-commuting),

o Yo,weV:VreCQ: (zv,w) = (v,z*w) (x-compatible).

In fact e-mixed module are module that are isomorphic to their dual by the standard
isomorphism induced by the bilinear form. If the x-compatiblity only holds for CQ

instead of the whole C@Q we will speak of almost e-mixed modules.

For every (almost) e-mixed CQ-module we can define the dimension vector as v —

dim vV. Now we can choose bases (bY) in every vV such that

o (bY) is an orthogonal basis if v* = v and ¢, = 1.
o (bY) is a symplective basis if v* = v and €, = —1.

e (bY) and (bY") are dual bases if v* # v.
Such a basis is called a standard basis for V.

According to these bases we can express every a as a matrix V,. If V is e-mixed
then (V) is in fact an element of DRep(Q, ). Vice versa if W € DRep(Q, a) we

can build an e-mixed module out of it in the usual way.

Furthermore two (almost) e-mixed modules are called isomorphic if there is a module
morphism between them that preserves the bilinear form. It is also easy to check
that V, W € DRep(Q, «) correspond to isomorphic modules if and only if they are

in the same orbit under D,. We can conclude:
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Theorem 3.2. The D,-orbits in DRep(Q, «) classify the e-mixed modules with

dimension vector o up to eps-isomorphism.

A second theorem is less trivial, but its proof can easily be adapted from [?][Thm

2.6].

Theorem 3.3. Two e-mixed modules are isomorphic as e-mixed modules if and

only if they are isomorphic as CQ-modules.

Vm € DRep(Q, ) : DGLym = GL,m N DRep(Q, )

The e-mixed structure is not only compatible with isomorphisms but it is also

compatible with degenerations:

Theorem 3.4. If V is an e-mixed module then its semisimplification as a CQ-

module is also an e-mixed module.

Proof. We prove this by induction on the length of the composition serie of V. If
V is simple then the statement is trivially true. Now suppose S C V is a simple

submodule then we also have a projection V = V* — S*.

The kernel of this projection is S* = {v € V[Vw € S : (v,w) = 0}. There are
two possibilities: S NS+ = 0or S C S*. In the first case (,)s and (,)g. are
nondegenerate and V' = S @ St. By the induction hypothesis S*** admits an

e-mixed structure and hence V3% = S @ S155 as well.

In the second case (,)g1 is degenerate but it becomes nondegenerate if we quotient
out (S1)1 = S. By the induction hypothesis (S+/S5)* admits an e-mixed structure

we can use this structure to put an e-mixed structure on V** = S @ (S+/9)%* @ 5*:

<(81at1a ST)a (82at2a 8;» = S;(Sl) + ST(SQ) + <t17t2>(SL/S)Ss

It is easy to see that the action of CQ is compatible with this form.

This implies that the closed DGL,-orbits in Diss @, «) are exactly the intersections
of closed GL4-orbits with Diss(Q, o).
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Apart from the orbits themselves we are also interested in the quotient space of the

orbits.
Diss(Q, ) = DRep(Q, @) / DS,

The points of this variety are in one to one correspondence with the closed DGL,,-
orbits in DRep(Q,a). As all the closed orbits come from closed GL,-orbits this
means that we have an embedding Diss(Q, a) C iss(Q, &) which sit inside a commu-

tative diagram

DRep(Q, a) &~ Rep(Q, a)

¢ i

Diss(Q, o) —— iss(Q, @)
This result can be restated in terms of invariants and as such it can also be found

in [?]

Theorem 3.5. The DGL,-invariant functions on DRep(Q,«) come from GL,-

invariant function on Rep(Q, ).

Representationtheoretically we can say that Diss(Q, «) classifies the isomorphism

classes of semisimple e-mixed modules.

An e-submodule is a submodule W C V such that ()| is non degenerate, an
e-mixed module is e-irreducible if it has no nontrivial supermixed submodules. It is
clear that it is possible to define the direct sum of two e-mixed modules. If W C V is
an e-submodule, we can define the submodule W+ := {v € V|vw € W : (v,w) = 0}.
The nondegeneracy of W makes that WNW = = 0 and the compatibility of {,) with

the involution makes that W= is also an e-mixed representation, so V. =W & W+,

It is not true that an e-irreducible module is always semisimple as a CQ-module,
so its orbit might not be closed in DRep(Q, ). Therefore it is more interesting to
restrict our attention to e-irreducible that are also semisimple. Such modules will
be called e-simple and every semisimple e-mixed module is a direct sum of e-simple

modules.

Theorem 3.6. Suppose that V is eps-mixed simple. There are 3 possibilities:

(1) V is an ordinary simple module,
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(2) V=2 W @& W* where W is an ordinary simple module and W and W*
are isomorphic modules. Furthermore W can be given the structure of an
—e-mixed module.

(3) V=W @ W™ where W is an ordinary simple module and W and W* are

non-isomorphic modules.

Proof. If we are not in the first case, there exists a proper simple submodule W C V.
This module is perpendicular to itself because if Jw, w’ € W : (w,w’) # 0 then (, )w
would be nondegenerate. This follows from the fact all nonzero vectors in a simple
module are cyclic: if x € W we can find a € CQ such that w = ax and hence

(z,a*w’) = (az,w >#0.

Because V is semisimple we know that V = W & W+ /W @ W*. But the bilinear

form on W+ /W is nondegenerate so W+ /W is an e-submodule of V and hence 0.

Now suppose that W = W*. Every element in V' can then be written as a couple

(v,v") with v,v’ € W.
We know that W+ = W and W*L = W* therefore there are two bilinear forms on
W such that

<('Ua 'Ul)v (w7 w/)>V = <U’ w/>1 =+ <U/7 w>2

The e-commutativity of (,)y implies that
<U/a w>2 = <€w7 ’U/>1

We denote the adjoint according to (,); by —#. If a € CQ then the adjoint of

pv(a) = pw(a) ® pw(a) according to (, )y is

epw (a)¥ e ® pw (a)*

Taking twice the V-adjoint shows us that epy (a)##e = pw (a).

It is not neccesarily so that (,); is e-commuting, so define ¢ by the equation (v, w) =
(¢pw,v). This map has the property that ¢¢# = 1. Now taking twice the adjoint
here tell us that ¢pw (a)*#¢~1 = pw(a) = epw (a)#*e. This holds for all a and as
pw is simple we can conclude that ¢ must be +e so (,); is either e-commuting or

—e-commuting.
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The first case is impossible because the diagonal module V = {(v,v)lv € V} is

nondegenerate:

((v,v), (W, w)yy = (v, w)1 + (ew,v)1 = (v, w) + {ew, ev); = 2(v, w).

We will call these types of e-simple modules (a) orthogonal, (b) symplectic and (c)
general, because the e-automorphism groups of such modules are (a) Oq, (b) Spy,

(C) GLl

The theorem implies that we can decompose a semisimple e-mixed representation

as follows

v= P s P merH) P UeU)*

1<l<k k1 <t<ks ko <t<ks
Where the S; are orthogonal, the (T; ®T;*) symplectic and the (U; ®U}") are general.

4. LOCAL MIXED QUIVERS

Another tool we want to adapt to the e-mixed quiver case is the Luna slice theorem

and the construction of local quivers.

First of all let us recall the Luna slice theorem [?]. We will restrict to its use for
group actions on a vector space. Let V be a vector space with a linear action from
an algebraic group G. If v € V has an orbit Gv which is closed in V, we can
approximate the quotient V /G in an étale neighborhood of V' as follows. Construct

the normal space which is the quotient of V' by the tangent space to the orbit
N, =V/T,Gv.

On this space there is an action of the stabilizer of v: G, because G, acts on both

V and T,Gwv.

Theorem 4.1 (Luna Slice). There exists an étale neighborhoods U, of v € V and

Uy of 0 € N, such that we have the following commutative diagram

U, U, |G C V)G

N

Uy Xa, G —— UO//GUC—> Nv//Gv~
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Which means that the quotient of V' by G around v is locally isomorphic to the

quotient of N, by G, around the zero.

Now suppose W is a semisimple representation of @ in Rep(@,«). We can write

out the decomposition of W as a direct sum of simples:
W=SP @ @5

The stabilizer of W in GL,, is isomorphic to GL., x - - x GL,. Putting these things

together we get the local quiver theorem:

Theorem 4.2 (Le Bruyn-Procesi). For a point p € iss,@ corresponding to a
semisimple representation W = SP“' @ - - @ Sl?e"', there is a quiver setting (Qp, ;)
called the local quiver setting such that we have an étale isomophism between an
open neighborhood of the zero representation in iss,,Q, and an open neighborhood

of p.

@Qp has k vertices corresponding to the set {S;} of simple factors of W and between

S; and S; the number of arrows equals

0 + D ) — D el

a€Qy vEQo

where «; is the dimension vector of the simple component S;.

The dimension vector «,, is defined to be (eq,...,ex), where the e; are the multi-

plicities of the simple components in W.

We can extend this theorem to supermixed settings. First we note that if W = W*

then the stabilizer of W is closed under the involution.
g € Stabyy = gWyg ™' =W = g " Wg* =W = g~ * € Stabyy = ¢g* € Stabyy.
The same holds for the tangent space to the orbit Ty, GL,W
TwGL W™ = {sW — Ws|s € S}
= {—s"W* + W*s*|s € S, }
={—s"W*"+ W*s"| — 8" € So} = TwGL, W.

And hence we can transport the involution on Rep(Q,«) to the normal space

Rep(Q, ) /TwGL,W.



A SLICE THEOREM FOR QUIVERS WITH AN INVOLUTION 13

Theorem 4.3. For a point p € Diss(Q, «) corresponding to a semisimple represen-

tation

Ve @ s @ menr @ Wieue

1<t<ky k1 <t<ko ko <t<ks3

there is a quiver setting (Qp, o) called the local quiver setting such that we have
an étale isomophism between an open neighborhood of the zero representation in

Diss(Qp, o) and an open neighborhood of p.

Qp has ki + ko + 2 * k3 vertices corresponding to the set Qo = {S;,T3,U;, U}
of isomorphism classes of simple factors of W. The new mixing factor will be
ep(Si) = €(U;) = €(Uf) = —€(T;) = 1. Between X and Y € @y the number of
arrows equals

Z ahX(a)azza) — Z aUonZ/ +dxy

acQ; vEQo

If X = Y™ then we need to find the number of symmetric and antisymmetric arrows.

This equals

) R ST

a=sax* V=0%,€,=5

The s is +1 for symmetric arrows and —1 for antisymmetric arrows. By d,x we
mean that this is 1 if s = 4+1 and X is orthogonal or s = —1 and X is symplectic

and in all other cases it is zero.

The rest of the arrows are general, which is the same as saying that half of them

are symmetric and the other half is antisymmetric.

Proof. Suppose W = W* is a semisimple representation of (@, «) with decomposi-

tion

w= P s P @mer) P UeUH

1<t<ky k1 <t<ko ko<t<ks

= P cves P cmerHeCr P Cre U U)).

1<0<k; k1 <€<ks ko <f<k3
Denote the standard basis for each C®% by bejim, and chose a standard basis ¢z,
for every Se, T, ® T, and U, ®U; . Note that the basis depends on two extra indices
v and v, the first one runs through the vertices of ) the second one runs for each

vertex v from 1 to of (if £ < k) and of, + of. if £ > k.

We can combine these to a basis for W: by, ® cgy,. These basisses also define

projections (¢, C® —y, and Ve, Se — oy (or with T or U). The B, ® e, define
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a set of orthogonal idempotents in S, and because we work with standard basisses

there are involutions on the indices ¢ — p* and v — v* such that

(5Z/J & 'sz/)* = ﬁ@u* & Yevrv* -

We will also need the projections idy : Ty @ T, — T (same with U) and id} :
T, ®T; — T;. For the S’s these two projections coincide. In this way we can write
the identity in S, as

1 =®z,00 ®idg
By the notation ¢ we mean that for £ > k; we sum twice over £ once with id, and

once with idj.
Let us denote by S, the subalgebra of S, such that commutes with W:
Sa, = {a € SylaW = Wa}
It is easy to see that the units inside this algebra form the stabilizer group GLg, .

By Schur’s lemma and the fact that CQ only acts on the right hand part of the
basis by, ® cg,, we can conclude that S% looks like
[I Mat.,ids, J[ Mata,idr, ] Mate,idy, x Mat.,idy;
1<4<ky k1 <t<ko ko<t<ks

The bilinear form on the other hand looks like (v, w) — v’ gw with

0 -1 0 1
g= @ ide, ®gs, @ ide, ® ) ® 9T, @ ide, ® ® gu,

1<0<k; k1 <0<k 0 ko<0<ks 10

As the stabilizer only works on the left side of the tensor product we can easily

deduce that

Dozp: H OezidSz H SPQe[idTe H {gidUZXgilidUZ

1<t<ky k1 <€<ko ko <t<ks

g € GL, }.
This also implies that we can take €, to be €,(S;) = €(U;) = e(U}) = —¢(T;) = 1.

To calculate the arrows in the local quiver we first need a lemma that deals with

restriction of dualizing structures

Lemma 4.4. Let (S, M) be any dualizing structure such that S is isomorphic to
the S, from above and denote the mixed quiver to which M corresponds ;. The

structure of the restricted dualizing structure (S, , M) corresponds to a new quiver
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Q' with k1 + ko + 2 % k3 vertices and every arrow a in Qs transforms for every
pair of vertices £,/ into af} (a)an(a) arrows between fo and £;. If a is a (anti)-
symmetric arrow and /5 = £ then ozle (a)? — ozf} (a) are of general type and ozle (a)

are

e the same type as a if neither or both h(a) and ¢; are of symplectic type.

e the opposite type of a if either h(a) or ¢; but not both are of symplectic

type.

Proof. Let (S, M) be any dualizing structure such that S is isomorphic to the S,
from above. We are interested in the structure of the restricted dualizing structure
(Sa,,M). Let a be an arrow in M and denote its corresponding simple sub-bimodule

by M,. As and S,, bimodule M, decompose as a direct sum of S, -bimodules
M, =1M,1*

= @ Bllh(a),ul Y Idzl Ma(ﬁfzt(a)yg ® IdZQ)*

217172#17#2
Note that we only need the 8’s for which the vertex v = h(a),t(a) because the
others act as zero on M,. All these components are simple S, -bimodules and

hence represent arrows from the vertex 05 to £1. So in total there are
2 2
Z oy (a)oy* (a)
a
between /5 and /1 in Q'.

Under the involution the only components which are mapped onto themselves are

the ones for which a = a*,E_l = {5 and U1 = lo.

The action under the involution on = € By, p(a)u, ®idg, Ma(Be, h(a), @idg, )" is given
by

T -d’ -d’ *\T
x Ha-ag (ﬂélh(a)ul ®I le(ﬂllh(a)ul ®I @1) ) g

= 00 (Besn(a)m @1d7,)9" (Besn(ayus @1dz,) " 2" (Beynayun @ 1d2,)" 9By niayn ©1dz,)"

+GT

= +0,GT2G

Where G is either the identity matrix or the standard symplectic matrix depending

on whether /¢ is a general, orthogonal or a symplectic vertex. The + sign depends
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on the nature of the vertices in @ and Q': If h(a) or ¢ is symplectic an extra minus

sign is added, if both are symplectic these minus signs annihillate each other. [J

As S,,-bimodules with dualizing structure we have that N, = Rep(Q, o) /Tw GL,W.
Also we can identify Ty GL,W with S, /S, but this identification only works as
bimodules without the dualizing structure. In order to make it work with the
dualizing structure we must put a new dualizing structure on S, as an S,-bimodule.
This is done by putting * : S, — S, : * — —z*. This new structure turns the

morphism

m:Sy — TwGL W : 2 — oW — Wx

into a s-morphism: 7(z*) = oW — Wa* = —o*W 4+ Wa* = —o*W* + W*z* =
m(z)*. In quiver terminology Qg, is a quiver with the same number of vertices
as @ but with a unique loop in every vertex. The loops in selfdual vertices are

antisymmetric.

So to determine the number of arrows in NV, from {5 to {1 we can use the following

formula
#{Eng in Np} = #{2122 in Rep(Q, a)} — #{Zng in Sa} + #{2122 in Sap}
2 2 0, 0o o
= Z Xpia)e(a) ~ Z o’ + 07,7,
ac€Q1 vEQo
To determine the number of symmetric arrows from £; to /; we can do the same
thing:
#{0105 in N} = #{l105 in Rep(Q, )} — #{l10s in So} + #{l105 in Sy}
_ A 0
= Z Xpla) ~ Z o,
a=040*€Q1,00€n(a)€e; =1 VEQo,Evee; =—1
for the antisymmetric arrows we obtain

> A= > ar+l

a4=0,0*€Q1,04€n(a)€; =—1 vEQo,€p€ry =1

5. SIMPLES

In this section we are going to determine for which S there are eps-simples of

orthogonal, symplectic and general type.
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Lemma 5.1. If there exists a simple S of dimension vector o with S* 2 S then there
exists a general e-simple of dimension vector oo+ «*. If there exists an orthogonal e-
simple of dimension vector « then there exists a symplectic —e-simple of dimension

vector 2«

Proof. If there exists simples in Rep(Q, «), they form an open dense part. This
implies that we can find a simple W € Rep(Q,a) \ DRep(@, ). Now form the
representation W @ W*. If we can put a bilinear form on it that is compatible with

the CQ-action and the involution we are done. This bilinear form is

<5E7y> = Z (xlvav + €v$2vylv)
vEQo
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