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Chapter 4

Numerical summaries for data

4.1 Introduction

So far we have only considered graphical methods for presenting data. These are always useful
starting points. For many purposes, though, we might also require numerical methods for sum-
marising data.

4.2 Mathematical notation

Before we can talk more about numerical techniques we first need to define some basic notation.
This is to allow us the generalise all situations with a simple shorthand.

Very often in statistics we replace actual numbers with letters in order to be able to write general
formulae. We generally use a single letter to represent sample data and use subscripts to distinguish
individual observations in the sample. Amongst the most common letters to usaltsoughy

andz are frequently used as well. For example, suppose we ask a random sample of three people
how many mobile phone calls they made yesterday. We might get data 1, 5, 7. If we take another
sample we will most likely get different data, say 2, 0, 3. Using algebra we can represent the
general case as, 9, 3.

1st sample 1 5 7
2nd sample 2 0 3
typical sample z; 1z, 3

This can be generalised further by referring to the data as a whalead theith observation in
the sample as;. Hence, in the first sample above, the second observation4s5 whilst in the
second sample it is, = 0. The letters and;j are most commonly used as the index numbers for
the subscripts.

The total number of observations in a sample is usually referred to by thes/lettéence in our
simple example above = 3.
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The next important piece of notation to introduce is the symbolThis is the upper case of the
Greek lettersigma. It is used to represent the phrase “sum the values”. This symbol is used as
follows:

in:ajl+x2+-~-+xn.
i=1

This notation is used to represent the sum of all the values in our data (from the-firsto the
lasti = n), and is often abbreviated % = when we sum over all the data in our sample.

Two other mathematical basics need to be reintroduced. First, the use of powers is important in
many statistical formulae. We all know that, for example, the square of three means Baiging

the power2, i.e. 32 = 3 x 3 = 9. This can be generalised 14, which means multiplying: by

itself k£ times.

The other important idea is the use of brackets. Brackets are used to impose an ordering on the way
operations are carried out. The operation inside the bracket is carried out before the one outside.
Consider the following three cases:

3+4*°=19
3°+4° =25
(3+4)* =49.

In the first case, we simply squateand then add this t8. In the second case, we square both
numbers and then add them together, while in the third case, because of the brackets, we add the
numbers together and then square the result. Each one of these seemingly similar formulae gives a
very different result. If we consider the last two formulae in general terms we could represent the
second a$_ x?, that is, we raise all thes to the powee and then add then together. The third
equation can be represented(&3 x)*, that is, all thers are summed together and then this sum
raised to the powet. This is an important distinction which we will use later.

4.3 Measures of Location

These are also referred to as measures of centrality or averages. In general terms, they tell us the
value of a “typical” observation. There are three measures which are commonly usededhe
themedianand themode We will consider these in turn.

4.3.1 The Arithmetic Mean

The arithmetic mean is perhaps the most commonly used measure of location. We often refer to it
as the average or just the mean. The arithmetic mean is calculated by simply adding all our data
together and dividing by the number of data we have. So if our data were 10, 12, and 14, then our
mean would be

10+12+14 36

— =12.
3 3
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We denote the mean of our sample, or sample mean, using the natatiogeneral, the mean is
calculated using the formula

or equivalently as

For small data sets this is easy to calculate by hand, though this is simplified by using the statistics
(SD) mode on a university approved calculator.

Sometimes we might not have the raw data but data are available in the form of a table. It is still
possible to calculate the mean from such data. Let us first consider the case where we have some
ungrouped discrete data. Previously we have seen the data

Date | Cars Sold Date | Cars Sold
01/07/04 9 08/07/04 10
02/07/04 8 09/07/04 5
03/07/04 6 10/07/04 8
04/07/04 7 11/07/04 4
05/07/04 7 12/07/04 6
06/07/04 10 13/07/04 8
07/07/04 11 14/07/04 9

The mean number of cars sold per day is

x:9+8+'1'4'+8+9:7.71.

These data can be presented as the frequency table

Cars Sold(z(; | Frequency (f;)
4 1
5 1
6 2
7 2
8 3
9 2
10 2
11 1
Total (n) 14

The sample mean can be calculated from these data as

AX1T+5Xx1+6x2+...+11x1
14 B
We can express this calculation of the sample mean from discrete tabulated data as

1
= > wpfie

j=1

7.71.

T =

5]
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Here the different values ok’ which occur in the data are(), z(2), ..., 7). In the example
Ta) = 4, T2) = 5,... » L (k) = 11 andk = 8.

If we only have grouped frequency data, it is still possiblepproximatethe value of the sample
mean. Consider the following (ordered) data:

84 87 90 90 92 93 93 95 96 96
96 9.7 97 99 103 104 105 10.7 108 114

The sample mean of these data is 9.73. Grouping these data into a frequency table gives

Class Interval | Mid-point (m;) | Frequency(f;)
8.0 <z <85 8.25 1
8.5 <z <9.0 8.75 1
9.0<x <95 9.25 5
9.5 <x<10.0 9.75 7
10.0 <z <105 10.25 2
10.5 <z < 11.0 10.75 3
11.0 <z <115 11.25 1
Total (n) 20

When the raw data are not available, we don’t know where each observation lies in each interval.
The best we can do is to assume that all the values in each interval lie at the central value of the
interval, that is, at its mid-point. Therefore, the (approximate) sample mean is calculated using the
the frequenciesf{;) and the mid-pointsig;) as

1 k

For the grouped data above, we obtain

1
T = %(1 X825 +1x875+---+3x10.75+ 1 x 11.25) = 9.775.
This value is fairly close to the correct sample mean and is a reasonable approximation given the
partial information we have in the table.

For large samples with narrow intervals, this approximate value will be very close to the correct
sample mean (calculated using the raw data).

4.3.2 The Median

The median is occasionally used instead of the mean, particularly when the data have an asymmet-
ric profile (as indicated by a histogram). The median is the middle value of the observations when
they are listed in ascending order. It is straightforward to determine the median for small data sets,
particularly via a stem and leaf plot. For larger data sets, the calculation is more easily done using
MINITAB .
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The median is that value that has half the observations above it and half below. If the sample size
(n) is an odd number, the median is

. n+1\" .
median= S largest observation

For example, if our data were 2,3,3,5,6,7,9 then the sample size {) is an odd number and
therefore the median is the
1 .
7% — 4" largest observatign

that is, the median is the fourth largest (or smallest) ranked observation: for these datamédian

If the sample sizer() is an even number the process is slightly more complicated:

th th
median= average of the(%) and the (g + 1) largest observations

For example, if our data were 2,3,3,5,6,7,9,10 then the samplersizes] and is an even number
and therefore

th th
median= average of the(%) and the (2 + 1) largest observations

546
D)
=5.5.

It is possible to estimate the median value from an ogive as it is half way through the ordered
data and hence is at the 50% level of the cumulative frequency. The accuracy of this estimate will
depend on the accuracy of the ogive drawn.

4.3.3 The Mode

This is the final measure of location we will look at. It is the value of the random variable in the
sample which occurs with the highest frequency. It is usually found by inspection. For discrete
data this is easy. The mode is simply the most common value. So, on a bar chart, it would be
the category with the highest bar. For example, consider the following data, 2,2,2,3,3,4,5. Quite
obviously the mode is 2 as it occurs most often. We often talk about modes in terms of categorical
data. Recalling the newspaper example, the mode was The Sun, as it was the most popular paper.

It is possible to refer to modal classes with grouped data. This is simply the class with the greatest
frequency of observations. For example, the model class of

Class Frequency
10 <2 <20 10
20<z < 30 15
30 <x <40 30

is obviously30 < = < 40. Itis not possible to put a single value on the mode with such continuous
data. However, the modal class might tell you much about the data. Modal classes are also obvious
from histograms, being the highest peaked bar. Of course, if we change the class boundaries, the
position of the modal class may change.
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4.4 Measures of Spread

A measure of location is insufficient in itself to summarise data as it only describes the value of

a typical outcome and not how much variation there is in the data. For example, the two datasets
6,22,38 and 21,22,23 both have the same mean (22) and the same median (22). However the first
set of data ranges considerably from this value while the second stays very close. They are quite
clearly very different data sets. The mean or the median does not fully represent the data. There
are three basic measures of spread which we will consideratigg theinter-quartile rangeand
thesample variance

4.4.1 The Range

This is the simplest measure of spread. It is simply the difference between the largest and smallest
observations. In our simple example above the range for the first set of numBérs i6 = 32

and for the second set it 83 — 21 = 2. These clearly describe very different data sets. The first

set has a much wider range than the second.

There are two problems with the range as a measure of spread. When calculating the range you are
looking at the two most extreme points in the data, and hence the value of the range can be unduly
influenced by one particularly large or small value, known asuattier. The second problem is

that the range is only really suitable for comparing (roughly) equally sized samples as it is more
likely that large samples contain the extreme values of a population.

4.4.2 The Inter-Quartile Range

The inter-quartile range describes the range of the middle half of the data and so is less prone to
the influence of the extreme values.

To calculate the inter-quartile range (IQR) we simply divide the the ordered data into four quarters.
The three values that split the data into these quarters are calleghéiniles The first quartile
(lower quatrtile Q1) has 25% of the data below it; the second quartitedian ()2) has 50% of the

data below it; and the third quartilegper quartile ()3) has 75% of the data below it. We already
know how to find the median and the other quartiles are calculated as follows:

1 .
Q1 = Mth smallest observation
3 1 .
Q3 = %th smallest observation

Just as with the median, these quartiles might not correspond to actual observations. For example,
in a dataset witm = 20 values, the lower quatrtile is tfieith largest observation, that is, a quarter

of the way between the 5th and 6th largest observations. This calculation is essentially the same
process we used when calculating the median. Consider again the data

84 87 90 90 92 93 93 95 96 96
96 9.7 97 99 103 104 105 10.7 10.8 114
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Here the 5th and 6th smallest observations are 9.2 and 9.3 respectively. Therefore, the lower
quartile isQ1 = 9.225. Similarly the upper quartile is thbS% smallest observation, that is, three
quarters of the way between 10.3 and 10.4¢)So= 10.375.

The inter-quartile range is simply the difference between the upper and lower quartiles, that is

IQR =Q3 - Q1
which for these data isQ R = 10.375 — 9.225 = 1.15.

The interquartile range can also estimatedrom the ogives in a similar manner to the median.
Simply draw the ogive and then read off the values for 75% and 25% and calculate the difference
between them. This is especially useful if you only have grouped data. Again the accuracy depends
on the quality of your graph.

The inter-quartile range is useful as it allows us to start to make comparisons between the ranges
of two data sets, without the problems caused by outliers or uneven sample sizes.

4.4.3 The Sample Variance and Standard Deviation

Thesample variancés the standard measure of spread used in statistics. It is usually denoted by
s? and is simply the “average” of the squared distances of the observations from the sample mean.
Strickly speaking, the sample variance measures deviation about a value calculated from the data
(the sample mean) and so we usenan 1 divisor rather tham. That is, we use the formula

52:(ml—f)2+(xg—f)2+...+(xn—f)2.

n—1
We can rewrite this using more condensed mathematical notation as simplified to

1
2 =)2
S_n—lg (x; —T)7,

=1

or equivalently as

Sz:nil {fo—n(f)z}

i=1
Note that the notation? represents the squared value of the observatjomhat is,z? = (;).

The sample standard deviationis the positive square root of the sample variance. This quantity
is often used in preference to the sample variance as it has the same units as the original data and
S0 is perhaps easier to understand.

If this appears complicated, don’t worry as most basic calculators will give the sample standard
deviation when infSD mode. Note that the correct standard deviation is given by tbeo,,_;
button on the calculator amibt the ¢ or o,, buttons.

A different calculation is needed when the data are given in the form of a grouped frequency table
with frequencies f;) in intervals with mid-points«;). First the sample meanis approximated
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(as described earlier) and then the sample variance is approximated as

1 k
s = —— {Zflmf—n(f)Q}

Consider again the data

84 87 90 90 92 93 93 095 96 96
96 9.7 97 99 103 104 105 10.7 10.8 114

We have already calculated the sample mean-a%.73. Now

Z:c2 — 842 4 87% + ... +11.42=1904.38
n(z)? = 1893.458

and so the sample variance is
1
s = E(1904.38 — 1893.458) = 0.57484
and the sample standard deviation is

s =Vs2 =/0.57484 = 0.75818.

To ensure you understand the formulae and notation it would be a good idea for you to work
through the following example:

(x; — ) | (2, — ) x?

8

NOoO OO O1TWwN PP -

(o¢]

Totals
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SQ:nil{ngg_"(xV}:

5= V3 =

4.5 Summary statistics in MINITAB

MINITAB can be used to calculate many of the basic numerical summary statistics described so
far. These summaries for data in a selected column can be obtained using the commands

Stats > Basic Statistics > Display Descriptive Statistics

The results are output in the session window as follows:
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MINITAB - Untitled =12l

File Edit Data Calc Stat Graph Editor Tools Window Help ‘
I R E Y ST ]
fEEOHEEE EED B
BT A
Il
=
Descriptive Statistics: C1
Variable N u Mean SE Mean StDev Miniwum Al Median 03
cl 100 0 z00.11 0.475 4.75% 186.31 196.95 200.11 203.13
Variable Naximum
CL 209,51
| [
Ll | 2l
5% Worksheet 1 =+ =10 x|
| o oo [ em | oz [ a3 | o4 | 6 | c1sﬂ
1 | 206329
2 | 196.848
3 | 199.880
4 | 193.882
5 | 200.109
6 | 200373
7 | 189.930
§ | 196.313
9 | 196.463
n 10 JER -
1" H
Err smld
Current Worksheet: \Warkshest 1 Editable 7i30
Aistart| [ @ & University of Neweastle ... | &) WebMai - Richard Boys's. . | [£3 MINITAB - Untitied | AW om0

4.6 Box and Whisker Plots

Box and whisker plots are another graphical method for displaying data and are particularly use-
ful in highlighting differences between groups, for example, different spending patterns between
males and females or comparing pricing within designated market segments. These plots use some
of the key summary statistics we have looked at earlier, the quartiles and also the maximum and
minimum observations.

The plot is constructed as follows. After laying out araxis for the full range of the data, a
rectangle is drawn with ends at the the upper and lower quartiles. The rectangle is split into two at
the median. This is the “box”. Finally, lines are drawn from the box to the minimum and maximum
values — these are the “whiskers”. A box and whisker plot for data with summary statistics

Minimum min = 10
Lower quartile Q1 =40
Median Q2 =143
Upper quartile Q3 =45
Maximum max = 50
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would look like

MINITAB will produce box and whisker plots using the following commands.

1. Enter the data into the worksheet, say column C1

2. Graph > Boxplot... and select th&imple graph format
3. Next enter the column containing the data ur@eaph variables:
4. Add a title using-abels...

5. Click onOK.

If the data have subgroups, such as results from three different surveys, then box and whisker
plots of the sample data can be plotted by group by first entering the group variable into the
worksheet, say as column C2, and then selectinghfitt Groups graph format. The group
variable is then entered into the subsequent dialogue box Wakegorical variables

for grouping . Displaying group structure is one of the main uses of box and whisker plots.

For example
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MINITAB - Untitled =] x|

File Edt Dgta Cale Stat Graph Editor Todls MWindow Help ‘
EIEEEE R E R A
ABRONa %" CAE B
EEETERAE
ik Boxplot of Response vs Group: =1ai=| =101]
=
Boxplot of Response vs Group
250 1
240 4
230
220
@
g 210
§ 200 jl
-4
1904 H oz
T Worksheet 1 *#* . * =101 x|
c1 2 | 3 [ cu [ o5 | cuﬂ
Respunse‘ Group ‘ 1704 * ‘ | | |
1 182.930 1
1604 .
2 | 197366 1 T 3 3
3 192.656 1 Group
4 204.496 1
] 200715 1
6 199.060 1
¥ 196.269 1
8 210.940 1
9 199.155 1
n 188 337 1 -
1" H
20

welcome o Minikab, press F1 Far help. 13134
A istart| (3 & & University of Neweastle ... | & Microsoft Photo Editar - [... | HRADE 1334

&3 MINITAB - Untitled

clearly shows that although there is overlap between the three sets of data, the first and second
datasets contain roughly similar responses and that these are quite different from those in the third
set. Note that the asterisks (*) at the ends of the whiskers is the way MINITAB highlights outlying
values.
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4.7 EXxercises 4

Recall the data from Exercise 2 on the weightKiy) of 50 sacks of potatoes leaving a farm shop.

10.4 100 93 11.3 9.
11.2 105 85 104 8.
93 9.6 103 10.0 11
11.3 108 8.9 10.0 9.1
10.0 11.3 11.0 9.7 10.
99 10.2 10.6 10.2 8.
87 94 109 10.0 9.
92 116 9.6 95 104
106 8.8 101 10.3 9]
10.7 10.6 12.8 10.6 10.

N N = SO 0 UrurN o)

=

Calculate the mean of the data.

Put the data in a grouped frequency table.

Estimate the sample mean from the grouped frequency table.
Calculate the median of the data.

Find the modal class.

Calculate the range of the data.

Calculate the inter-quartile range.

Calculate the sample standard deviation.

© © N o 0 & W D

Draw a box and whisker plot for these data and comment on it.
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