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THE FAILURE OF RATIONAL DILATION ON A TRIPLY CONNECTED DOMAIN
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1. INTRODUCTION

Let R denote a domain i© with boundaryB. Let X denote the closure aR.
An operatorl” on a complex Hilbert spack hasX as a spectral set#f(7') C X and

IF (DI < [fllr = sup{|f(2)] : = € R}

for every rational functiory’ with poles off X. The expressiorf(7") may be interpreted either in terms of
the Riesz functional calculus, or simply by writing the rational functfoaspg—" for polynomialsp and
q, in which casef(T) = p(T)q(T) L.

The operatofl" has a normaB-dilation if there exists a Hilbert spadé containing and a normal
operatorN on K so that

(1.1) F(T) = Prf(N)|n,
for every rational functiory with poles off the closure oR. Here P, is the orthogonal projection df
onto’H.

It is evident that ifT" has a normaB-dilation, thenT hasX as a spectral set. The Sz.-Nagy Dilation
Theorem implies that the closed unit disk is a spectral sel'fdrand only if T has a unitary dilation. A
deep result of Agler says that if the closure of an annilus a spectral set for’, thenT has a normal
boundary ofA-dilation [2]. Despite a great deal of effort, there has until recently been little progress in
determining whether or not these examples are typical or exceptional for finitely connected spectral sets.
The problem may be formulated in terms of contractive representations of the algebra of rational functions
on the spectral set. Arveson showed [8] that rational dilation holds precisely when such representations are
automatically completely contractive. Hence the problem bears some resemblance to the famous problem
of Halmos on similarity to a contraction solved by Pisier [30], where the question hinged on deciding
whether bounded representations of the disc algebra are completely bounded.

Agler, Harland and Rafael [5] have recently given an example of a triply connected déireaid a
4 x 4 matrix with X as a spectral set such that this matrix does not have a né@rdaation. In this paper
we give a proof that for any bounded triply connected domain with analytic disjoint boundary components,
there is an operatdf with X as a spectral set which does not have a norBdilation. It can be shown
thatT can be taken to be a matrix [27], but the argument does not give a bound on the size. Our proof,
in contrast to that of Agler, Harland and Raphael, does not use numerical computations. Nevertheless it
borrows freely from and overlaps considerably with [4], [3], [5]; see also [6], [11], [12]. We implicitly
employ the rank one bundle shifts ovRr[1], [31], the representation for the corresponding reproducing
kernels in terms of theta functions due to Fay [20] and Ball and Clancey [10] (see also [15], [16], [13],
[32]), and some elementary compact Riemann surface theory.

For the remainder of the paper we assurle< ¢; < 0,0 < ¢z < 1 are two points on the real axis,
0 < rp < min e, |1 — c|, and thatR is a region obtained by removing disks with centgrsand radii
ri, from the unit disk. By [14], any bounded triply connected region with boundary components consisting
of disjoint analytic curves is conformally equivalent to an annulus with a disk removed. By scaling and
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rotating if necessary, we assume that the outer boundary of the annulus is the unit circle and that the center
of the removed disk is on the real axis. By choosing a point between the removed disk and the central
disk of the annulus and applying adtius transformation mapping the unit disk to itself and the chosen
point to the origin, we get a regioR of the sort described initially. Hence there is no loss of generality
in restricting ourselves to such regions. Note that in this case, the bousdafyR consists of three
componentsBy = {|z| =1}, By = {|z —c1| =r1} andBy = {|z + 2| = r2}. We setX = RU B.

As it happens, only three parameters are really needed to distinguish conformally distinct triply con-
nected domains, so there is some redundancy in using the four parameters;, .. However, we will
later require that no minimal inner function on our domain have a zero of multiplicity threéaditsuch
functions are normalized to haves a zero). We will show that in choosing the point to move to the origin
in going from the annulus with the disk removed to unit disk with disks on either side of the imaginary axis
removed in the previous paragraph, there is a choice that enforces this condition on the zeros of these inner
functions (Corollary 2.13).

The main theorem of the paper is the following (see also Agler, Harland and Rafael [5]).

Theorem 1.1. For R a bounded triply connected subset®the boundaryB of which consists of disjoint
analytic curves, there exists a Hilbert spaieand a bounded operatdl on H so thatR is a spectral set
for T, butT does not have a norma-dilation.

Here is the idea of the proof. We assume without loss of generalityRhatthe unit disk with two
smaller disks removed, each centered on the real axis and on opposite sides of the imaginary éxis. Let
denote the cone generated by

{H(2)(1 = ¢(2)p(w)")H(w)" : ¢ € BH(X), H € Ma(H(X))},

where BH(X) is the unit ball in the supremum norm of the space of functions analytic in a neighborhood
of X, M>(H(X)) the2 x 2 matrices of functions analytic in a neighborhoodf For F' € M, (H(X)),
we set

pr =sup{p>0:1—p*F(2)F(w)* € C}.
It happens thapr > 0. Suppose that' is unitary-valued onB and thatpr < 1. Then there exists a
Hilbert spacei and an operatdf” such thatl” hasX as a spectral set, blit does not have a normat-
dilation (Theorem 5.2). We also show thatife M,(H(X)) is as above angdr = 1, then under suitable
assumptions regarding zerds,has a Herglotz representation (Theorem 5.10). The kernel of the adjoint
of multiplication by F' in this case has its kernel spanned by a finite collection of reproducing kernels due
to Fay (a variant on the Szédernel for harmonic measure—Lemma 5.11), and this resulfs leing
diagonalizable (Theorem 5.13). Our counterexample is obtained by constructing a function satisfying the
boundary conditions and hypotheses concerning zeros mentioned above which is not diagonalizable. For
such a functionpr < 1, and hence rational dilation fails.

The organization of the paper differs somewhat from the outline of the proof mentioned above. Minimal
inner functions play a key role throughout, so we begin by detailing the results on harmonic functions and
analytic functions with positive real parts which are related to these inner functions via a Cayley transform.
Much of this material can be found in Grunsky’s monograph [22] for more general planar domains. These
inner functions are used to give a “scalar” Herglotz representation theorem for functions analytic in a
neighborhood of? with unimodular boundary values (Proposition 2.14). The reader is also referred to [5],
where the importance of Herglotz representations in characterizing spectral sets is cogently presented.

We then seemingly digress into some basic results on Riemann surfaces and theta functions, which
are useful in constructing meromorphic functions on a compact Riemann surface with a given zero/pole
structure. The compact surfakewe consider is very special: it is the double of our two holed redipn
obtained topologically by gluing a second copyrofo itself alongB. Our minimal inner functions extend
to meromorphic functions on the double via reflection, and indeed the same goes for matrix valued inner
functions.

Using fairly elementary tools, we are able to say quite a bit about the zero structure of the minimal
inner functions onk based on the parametrization of these functions. We then extend results on scalar
inner functions to some x 2 matrix valued inner functions, constructing a family of such functions which
will ultimately give rise to our example of such a function with a particular zero structure which is not
diagonalizable.
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We then turn to considering Sz&dernelsK¢(¢, z) on R with respect to harmonic measure for the
pointa € R. The truly remarkable fact discovered by Fay [20] is that these kernels extend to meromorphic
functions on the doubl¥. Indeed, Fay gives a representation fot (¢, z) in terms of theta functions and
the prime form. Ball and Clancey [10] give a similar representation, which is actually a bit more explicit
as it only involves theta functions, for thetorus family of Abrahamse kernels associated to a multiply
connected domain of connectivity+ 1. The explicit nature of the theta function representation of the
meromorphic kerneld{?((, z) allows the determination of their zero/pole structure. Next we consider
certain finite linear combinations & ¢ (¢, z) with coefficients inC?, and show that if an analytic function
is in the span of certain kernels, then it must be constant. This is used later to prove the diagonalization
result mentioned above.

We next turn to representing ni@ex 2 matrix valued inner functions—these are functions which are
unitary valued on the boundary with what we term a “standard” zero set—see section 3.2 for the definition.
First we show the connection between the failure of rational dilationsgntieing strictly less than one
for some contractive analytic functidh with unitary boundary values. We make a brief foray into matrix
measures, and then prove that whgn = 1 for such functions, we have a nice representationifer
F(2)F(w)*. Part of this relies on a Agler-Nevanlinna-Pick interpolation result (Proposition 5.8), proved
using a transfer function representation, as well as a uniqueness result (Proposition 5.9). First we show that
a Herglotz type representation holds over finite subsets of poirft§an such anF’. This is then extended
to all of R via the interpolation theorem, and if the finite set of points was chosen in just the right way, this
extension is unique. The result is what we term a “tight” representation.

In the next section we return to Fay’s kernel, and use it to prove our diagonalization result. We show
that some of the matrix inner functions constructed earlier are not diagonalizable, proving our main result.

The last section shows why, once we know that rational dilation fails, there is a finite dimensional
example. This part is based on work of Paulsen [27].

2. SPECTRAL SETS AND SOME FUNCTION THEORY ONR

We begin with some standard material on spectral sets. Then we review harmonic functions, analytic
functions of positive real part, and inner functionsi®nthe unit disk with two disks removed as described
above.

2.1. Spectral sets.Let H(X ) denote complex valued functions which are analytic in a neighborhood of
X, andM;(H(X)) the2 x 2 matrices of such functions. We likewise 1t X') denote the rational functions
with poles off of X, with M5 (R (X)) defined in the obvious manner. Fpiin eitherH(X) or M>(H(X))
define,

11l = [Ifllr = sup{ll f(2)] : = € R},
where|| f(2)|| is the modulus of the scalgi(z) or the operator norm of thzx 2 matrix f(z) respectively.

Throughout the rest of this sectidnhis a bounded operator on the complex Hilbert spoghich has
X as a spectral set.

To the operatofl” associate the homomorphisgy : R(X) — B(H) by ¢r(p/q) = p(T)q(T)~ !, p
andq polynomials. Wherf" has a normaB-dilation, equation (1.1) can then be expressedasf) =
Pyr f(N)|H for f € R(X). Using the Riesz functional calculus and Runge’s theorem, thefmagxtends
continuously tapr : H(X) — B(H). Conversely, a contractive unital homomorphismH(X) — B(H),
that is a unital homomorphism satisfying

(NI < 1Ifllr

for f € H(X), determines an operator witki as a spectral set.
If T has a normaB-dilation as in (1.1) and it7 is in M>(R (X)), then

G(T) = PugnG(N)|H & H.
Since, by the maximum principléG(N)|| = ||G||r. it follows that
(2.1) IGD) < IGll&-

Indeed, the same reasoning implies this for &éhy M, (R (X)), or equivalently, that is completely
contractive.
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If FF e My (H(X)) (sothatthe entrieB; , of F are analytic in a neighborhood &f), but not necessarily
rational, it then still makes sense to consider}om H, the operator

F(T) = (Fj(T))
where theF; ,(T") are defined using the Riesz functional calculus.

Lemma 2.1. If T has X as a spectral set and a norm&-dilation, and if i € H(X) is unitary valued on
B, then
IE(T)] < 1.

Proof. Choose a compact séf so that the interior of{ containsX and K is a subset of the domain of
analyticity of F.

Using Runge’s Theorem (entrywise), there exists a sequépad rational2 x 2 matrix valued functions
with poles off K which converges uniformly té” on K. From standard results about the functional calcu-
lus, {G,.(T)} converges tad”(T) in operator norm. SincgF||r = 1, the sequencg||G,,||r} converges
to 1. An application of equation (2.1) and a limit argument completes the proof. O

Remark 2.2. The setX is a complete spectral set for an operdtoe B(H) if |F(T)|| < ||F || r for every

n x n (N0 bound om) matrix-valued rational function with poles off @t (the norm|| F'|| z defined in the
expected way). It is a result of Arveson thatXfis a complete spectral set f@t, thenT has a normal
B-dilation [9], [8], see also [29], [28]. (Arveson’s result is actually stated and proved for a commuting
n-tuple of operators with a domain i@".)

The following may be found in Conway [18].

Lemma 2.3. If 7 : H(X) — B(H) is a contractive unital homomorphism, théhis a spectral set for
T = 7(¢). Here((z) = z. Moreover, iff € H(X), thenn(f) = f(T).

Proof. Given\ ¢ X, the functionfy(z) = (z — \)~! € H(X). Thus, asr is a unital homomorphism,

I=m(l) =n(fx- (¢ =A) = 7(f)7(C = A) = 7(/3)(T = ).
It follows that the spectrum df is in X.

If f =p/q € R(X),p,qpolynomials, therr(f) = f(T) sincer is a homomorphism anfl(T") can be
defined ag(T)q(T)~ . Since||x(f)|| < ||f||r. it follows that X is a spectral set fdf'.

Finally, if f € H(X), then by Runge’s Theorem, there exists a sequérfgé from R(X) which
converges uniformly tgf on a compact sek” containingX. By continuity, both{f,,(T)} converges to
f(T) and{~=(f,)} converges tor(f) (in operator norm). Sincg¢,(T) = =(f,), it follows that f(T) =
w(f). O

For F € M>(H(X)), define

T(F) = (7(Fj)) .
Thus, is defined entry-wise.

Proposition 2.4. Supposer : H(X) — B(H) is a contractive unital homomorphism and Bt= = (().
If T has a normalB-dilation and if F' is an2 x 2 matrix valued function analytic in a neighborhood ®f
and unitary valued orB, then||7(F)|| < 1.

Proof. By Lemma 2.1)|F(T')|| < 1. On the other hand, by Proposition 2B(T") = = (F). O

2.2. Harmonic functions. Most of the results and discussion in this section come from Fisher’s book [21].
For each point € R there exists a measutg on B such that ifh is continuous orX and harmonic in
R, then

hz) = [ hiQ)dun(c).
B
The measure, is a Borel probability measure di and is known asiarmonic measuréor the pointz.
Forz € R, dw, and Lebesgue measufe are mutually absolutely continuous. Thus there is a Radon-
Nikodym derivative,

P(-, 2) = s
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This is also the Poisson kernel f&y; that is,
1 0
_% %9(7 Z),
whereg(+, z) is the Green’s function for the poiat n the outward normal.
If his a positive harmonic function iR, then there exists a positive measprsuch that

(2.2) hz) = /B P(C, 2) du(().

Conversely, given a positive measurethe formula (2.2) defines a positive harmonic functiorkinNote
that

P(-,2) =

w0) = [ du=u(p).

Let i; denote harmonic measure 8. Thus,h; is the solution to the Dirichlet problem with boundary
valuesl on B; and0 on By, ¢ # j. Alternatively,

m:) = [ PG dse)

whereds is normalized arc length measure Br(Nehari [26], section VII.3).
The symmetry in the domaiR yields a simple but useful symmetry for the.

Lemma 2.5. For z € R, hj(z) = h;(z¥).
Proof. This is obvious from the definition df; (z). d

2.3. Analytic functions with positive real part. As in the last section, some of the results can be found
in the book of Fisher [21]. The material on extreme points of the set of normalized analytic functions with
positive real part is a special case of that found in Grunsky [22].

If . andh are as in the formula (2.2), then the peridgigh) of the harmonic conjugate éfaroundB;,
j=0,1,2, are given by

Pj(h) = /BQj dp,

where(); is the normal derivative of;. Of courseh is the real part of an analytic function if and only if
Pj(h)=0,j=0,1,2.

Lemma 2.6. The functiong); have no zeros of8. Moreover,Q; > 0 onB; and@Q; < 0 on B, for / # j.
Before proving Lemma 2.6 we note the following consequence.

Lemma 2.7. If h is a nonzero positive harmonic function &which is the real part of an analytic function
and if i is represented in terms of a positive measui@s in equation (2.2), then(B;) > 0 for eachj.

Proof. If u(By) = 0, then, ag); < 0 on By U By, Py(h) < 0. Thus,uu(B;) > 0. Likewise for(Bs).
Let ho denote harmonic measure 8. Thenzg hj = 1. Consequentlyzg @; = 0. On the other
hand, from the proof of Lemma 2.6)y > 0. Thus, ifu(By) = 0, then

jZ:/BdeM: /Bngdu
2

2

je=1

=-> | Qodu<o,
¢=1Be

implying that not bothP; (k) = 0. So we must havg(By) > 0. O

Proof of Lemma 2.6Let h; denote harmonic measure fé;. Thus,h; is the solution to the Dirichlet
problem with boundary valueison B; and0 on By, £ # j. Alternatively,

hit) = [ B(6.2)ds(c),

B

whereds is normalized arc length measure fBr
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The functions); are related to thé; by
Oh;
Q= B
where the derivative is with respect to the outward normal to the boundary. Note that=for 1,2, the
partial derivatives%h—nj are evidently nonnegative ai; and nonpositive oB,, for £ # j, from which it
follows that@; > 0 on B; andQ; < 0 on B, for £ # j.

Let R’ denote the reflection df aboutB, by =z — 1/z*. The functiong:; naturally extend to harmonic
functions onX U R’ by

hi(1/2") = =h;(2).
Thus,@; extends taR’.

If Q; were to have infinitely many zeros i, then@; would be zero. By the Cauchy-Riemann equa-
tions,ﬁj, a harmonic conjugate @f; exists onB, for j = 1,2. Moreover, sinc&); < 0 on B, and has
only finitely many zeros o3y, Bj is strictly decreasing (in the positive orientation Bg). In particular,

h; is one-one orB,. Observe, ifQ; is zero at a poing € By, then, as the derivative &f; tangential toB
at¢ is also0, the functionf = h; + ii{j is analytic neat and has zero derivative gt It follows that f is

at least two to one in a sufficiently small neighborhoodg.oBut thenh} could not be one to one aB,
near¢, a contradiction. Henc€; < 0on By (j = 1,2).
Similar arguments sho@; > 0 on B; and@Q; < 0 on B, for £ # j. O

Letll = By x By X Bs.
Lemma 2.8. For eachp € 11, the kernel of
_ Q1(po) Qi(p1) Qi(p2)
M(p) = (Qz(ﬁo) Q2(p1) Qz(P2)>

is one-dimensional and spanned by a vector with all entries strictly positive. In particular, there is a
continuous function : IT — R? such thatr(p) is entry-wise positive, the sum of the entries is one, and
7(p) is in the kernel of\/ (p).
Moreover,r reflects the symmetry in the domain. Namely,
7(po, 1, p2) = 7(pg, P1,P2) = 7(Po, PT,P2) = T(P0, P1,D3)-
Proof. Computing the cross product of the rowsdf(p), we get the vector with entries

Q1(p1)Q2(p2)—Q1(p2)Q2(p1),
Ql(Pz)QQ(PO)*QKPO)Qz(pz),
Q1(po)Q2(p1)—Q1(p1)Q2(po)-

This vector is in the kernel ol (p) and by considering the signs of tlig on the boundary components

By, one easily checks that the signs of the last two entries are positive. It is also clear from the signs of
the entries that the rows dff (p) are linearly independent. Hendé (p) is rank two and its kernel is one
dimensional. To finish the proof of the first part of the lemma, it remains to show that the sign of the first
entry is positive. Sinc "> h;(P) = 1for P € X, itfollows that forP € B; or P € B, that

Q1(P) + Q2(P) = —Qo(P) > 0.
Thus,
Q1(p1)Q2(p2)—Q1(p2)Q2(p1)
=Q1(p1)Q2(p2) + Q1(p1)Q1(p2) — Q1(p1)Q1(p2) — Q1(p2)Q2(p1)
=Q1(p1)(Q2(p2) + Q1(p2)) — Q1(p2)(Q1(p1) + Q2(p1))
=— Q1(pP1)Qo(p2) + Q1(p2)Qo(p1)

Examination of the signs of the terms on the right hand side above shows that the first term is indeed
positive.

To prove the last part of the lemma, simply note that the symmetry in the domain implie g&ch
symmetric,h;(z*) = h;j(z) and thus@, (z*) = Q,(2). O
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The lemma allows the construction of canonical analytic functions of positive real p#&f since, by
construction,

(2.3) hp =Y 75(p) (-, 1))

is a positive harmonic function with no periods. Indeég,corresponds to the measuy€ 7;(p) d,, in
equation (2.2). In particular, by our normalizationof

hy(0) = 1.

Let f, denote the analytic function such thip) = 1 and with real park,,.

Let H(R) be the locally convex metrizable topological space of holomorphic function? with the
topology of uniform convergence on compact subsef3.ofhe spacé? (R) has the Heine-Borel property;
i.e., closed bounded subsetsifR) are compact. Let

K={feH(R): f(0)=1,f+[f" >0}
The sefK is easily seen to be closed.
Lemma 2.9. The sef is compact.

What needs to be shown is th#tis bounded—in other words that for each compact subsSet R
there exists afi/k so that|f(z)| < Mk forall f € Kandz € K.

ThatK is bounded is straightforward in the case tR&s replaced by the unit disk, and we consider this
case to begin with.

Let P.(6) denote the Poisson kernel a@d(6) the conjugate Poisson kernel,

112
P.(0) = 1472 —2rcos(d)
Q.(0) =)

142 2rcos(d)
If U is a positive harmonic in the unit didkwith U (0) = 1, then there is a probability measureso that

T

U(rexp(if)) = / P.(0 —t)du(t).

—T

The harmonic conjugaté of U normalized by’ (0) = 0 is given by

Virep(i®) = [ Qu(0— ) dp(t).

Thus, asu is a probability measure, for eath< r < 1 there is a constant/,. so that if|z| < r,
then|U(2)|, |V ()| < M,/2. By conformal mapping, the result is seen to hold for any bounded simply
connected domain.

The proof of the lemma is based upon the above result for simply connected domains, using the fact that
R can be written as the union of two simply connected domains.

Proof of Lemma 2.91t suffices to show that for each compact $étthere is a constant/y so that if
feKandz € K, |f(z)| < Mgk. Infact, itis enough to work with the compact sets of the form

Ke={lzl <1-n{lz el =m+n{lztel>rtd,

for e > 0 sufficiently small.

First, observe that if is holomorphic with positive real part oR and f(0) = 1, then for eackk > 0
there is a constan¥, so that for allz € K., h(z) < N, by virtue of the representation (2.2).

Givene > 0, the open simply connected sets

R;t{zwme;{;;ibzmgm}

contain0 and their union is< ¢ . After conformal mapping from the disk takirito 0, it follows that there
existsM * so that if f is analytic onR with f(0) = 1, then for allz € RE, | f(2)| < MZ*. O

Lemma 2.10([22]). The extreme points & are precisely{ f, : p € II}.
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Proof. Itis evident that eaclf,, is an extreme point dK. So consider the converse.
Let f € K. The real part off is a positive harmonic functioh with A(0) = 1. Hence there exists a
probability measurg such that

M@zé?&@@@»

Suppose the support @f on By contains more than one point and so can be written as the union of
disjoint setsd;, A, C By with p(A;) > 0.
Let

Qj ¢ = / Qj d,u, {= 1,2
A
and
Rjm :/ Qj d,u, m = 172
Bm

Sinceh is the real part of an analytic function

0= / Q; dp.
B
ThUS,Kj,l + Kjo + (Oéj,l + (;Yj72) = 0. Since a'SOQj < 0onBg fij =1,2,

Kj1+ k2 = —(aj1 +ajz2) > 0.

This gives k1,1 > |k1,2| = —k1,2. Hence the the determinant ef= (x, ;) is positive.
Since the determinant af = («; ;) is positive the solution of

K11 K12 Bre\ _  [oa1e
K21 K22 52,2 Q2 ¢
1 K22 —K1,2 —Q1e\ ﬂl,e
detk \—K2,1 K11 —Qy Ba,e

In view of the signs of the; ,,, anda; , < 0, it follows 3 ¢, B2 ¢ > 0.

Define positive measureg by
ve(A) = (AN Ap) + Bie (AN B1) + Bap p(AN By).

is given by

Then
/ Qjdve =+ kj1B1e+ K2 P20 =0
B
and therefore each

mzémmmmo

is the real part of an analytic functign with ¢g,(0) = v(B). Since alsa/; + vy = u, we haveh, + hy = h.

Thus, . %; € K and
f=g1(0) <glg(10)> +9:(0) (95(20)> '

We conclude thaf is not an extreme point.
Next supposeB; is a disjoint union of setsl;, A, with (A4;) > 0. Let

Qg0 = / Q] d/’(‘a {= 1a27
Ay

and
Kjm :/ Q;dp, m =0,1.
B

This time the signs ar@; ¢ > 0, as ¢ < 0, kj,0 <0, k12 < 0, andry 2 > 0. So, with

R1,0 Ki1,2
R =
R2,0 k2,2
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the determinant of is negative. Thus, the solution of
Bo,e Qi
K AT .
(52,5 Qg
1 R22 —K1,2 —Qqy _ 51,12
detk \—k20 K10 —Qa Ba.e-

In view of the signs of the entries and &ét(x), the 3; , are all nonnegative.

Define positive measureg by
ve(A) = (AN Ag) + Boe (AN By) + B0 p(AN By).

is given by

Then
/ Qjdve = e+ KjoBoe + Kj2 P20 =0
B
and therefore each

he = /BP("O ()

is the real part of an analytic functign with g,(0) = v(B). Since also/; +v2 = p, we haveh; + he = h.
The argument proceeds as before, % e Kand

f=0(0) <glg(10)> +9:(0) (95(20)) '

We concludef is not an extreme point. O

Lemma 2.11. The set of extreme points Kfis a closed set and the function takifigo K by p — f, is a
homeomorphism.

Proof. It suffices to show, ip(n) € II converges te(0) in II, thenf,,,,) converges uniformly on compact
subsets of? to f, (o). SinceK is compact and f,,(,) } is a sequence iK, some subsequence, still denoted
{fpm)}, converges to somg € K. Leth,,) denote the real part of,,,) and let.,, denote the measure
which represents,,,,) so that

p(n

hP(”) (Z) = /B]P)(C’ Z) d,un

andu, = Y 7;(p(n)) dp(n),» Wherer is defined in Lemma 2.8. See also equation (2.3).

The measureg,, converge to the measuyg weakly so that,,,)(z) converges ta,,)(z) pointwise
in R. It follows that b, is the real part off. Thus,{f,)} converges, inH(R), to f,q. Since
every subsequence of our original subsequence has a subsequence which convgjggsthe whole
subsequence convergesfQ). This shows that the mapping is continuous. Sifide compact, it follows
that our mapping is a homeomorphism and its range is compact. O

2.4. Scalar inner functions onR. Up to post composition by a &bius transformation, the inner functions

on R with precisely three zeros are canonically parameterized bg-theus, T2. Details may be found in

the book by Fay [20]. This section contains an alternate description of this family using results from the
previous sections. The following is well known (see, for example, Fisher [21], Ch. 4, ex. 6,7).

Proposition 2.12. A nonconstant inner functiop on R has at least three zeros counting with multiplicity.
Moreover, ify) has exactly three zerosy, z1, 22, then forj = 1,2

2
> hj(z) = 1.
=0

As afirst application, the last proposition allows us to show that we may assume that our region supports
no inner function with a zero of multiplicity three & and so consequently we will take it th&thas this
property throughout the remainder of the paper.

Corollary 2.13. We may assume without loss of generality that there is no inner functiéhwaith a zero
of multiplicity three a®.
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Proof. Supposef is an inner function orR with exactly three zeros counting multiplicity. Thenfitakes

the valuef (z) with multiplicity three wherer € (¢ +r1, ca—r2) (ie, f(z)— f(z) has a zero of multiplicity

three atz), then there is a Mbius transformationn of the disk to itself fixingl and movingf(x) to 0.
Thusm o f is an inner function with zero of multiplicity three at the origin. Hence by Proposition 2.12,
hj(z) = 1/3. Sinceh, is continuous and equal toon By, if we chooser close enough te, + r; € By,

it will be the case thak, (z) > 1/3, and sof does not take the valu&(z) with multiplicity three for any

inner function with three zeros. Now take ablus transformation mappingto the origin. This take®

to a new region which again has the property that it is a region which is the unit disk with two smaller disks

removed on either side of the imaginary axis and centers on the real axis. O
Forp € 11, let
fo—1
¢p = £ )
fp+1

where f, is the extreme point oK corresponding to the poingt = (po, p1,p2) in II as in the previous
subsection. The real park,, of f, is harmonic acros8 \ {po,p1,p2} and thereforef, is (at least
locally) analytic acros®B \ {po,p1,p2}. Further, neap;, f, has the forrrw for someg; analytic in
a neighborhood of; and nonvanishing gi; ([21], Ch. 4). From these propertles 6§, it follows that
¢p IS continuous ontcB and|¢,| = 1 on B. By the reflection principleg, extends to be analytic in a
neighborhood of3. Since, is inner and extends analytically acra8sand¢, ' ({1}) = {po, p1,p2}, it
follows that preimage of each poiate D is exactly three points, counted with multiplicity. In particular,
¢p has precisely three zeros.

On the other hand, suppogés analytic in a neighborhood d@t, has modulus one oR, and three zeros
in R. As above, it follows thap—1(1) consists of three points. Moreover, the real part of

ﬂ
=14

is a positive harmonic function which is zero &except at those pointswhere¢(z) = 1. By Lemma
2.7 we must have ! ({1}) = {po, p1,p2} Wherep; € B;. So if we also assumg(0) = 0, then¢p = ¢,
for somep € 1I.

Proposition 2.14. If ¢ is analytic in analytic inR and if|¢)| < 1 on R, then there exists a positive measure
wonll and a measurable functiondefined orll whose values are functiog-, p) analytic in R so that

L= 0(@0w)" = [ )L - 6y(epw) Th(w.p)" du).
Proof. First suppose(0) =

Let 1w
f= m
Verify ;
—1
7/) = ﬁ
and hence,
. f(z) + f(w)*
@9 YR = 2 () D

Sinceh, the real part off, is positive andf(0) = 1, the functionf is in K defined in the previous
subsection.

SinceK is a compact subset of the topological vector spl¢&) and the set of extreme poirfg, :
p € I} of K is a compact set by Lemma 2.11, there exists a (regular Borel) probability meesnié so

that
r= [ fpav)
Using the definition ofy,, and equation (2.4), verify,

— () (w)* = 1 — ¢p(2)¢p(w)
L) = | T e e )

*

dv(p).
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If 1»(0) = a, then one has a representation as above since

e —a N ) —a N (1 - aa’)(1 - $((w)")
! (1 = a*w<z>) (1 = mp(w)) (1= ad()(1 — a(w))’

O

While we have used the three parameter§lito parameterize the inner functions with exactly three
zeros, after rotation, really only two are needed. Indeed,

¢p(1)*¢p = g,
whereq = (1,q1,¢2) andg; € B, for j = 1,2, are the unique points such thai(q;) = ¢,(1).

3. SOME RIEMANN SURFACES ANDTHETA FUNCTIONS

We review some of the results from the theory of Riemann surfaces which we will need subsequently. In
particular, we look at theta functions, the use of which in operator theory was pioneered by Clancey [15],
[16]. The presentation here borrows heavily from Ball and Clancey [10] as well as Mumford [24], [25],
and Farkas and Kra [19].

LetY denote the double of the bordered Riemann surface R U B. RecallY is obtained topologi-
cally by gluing a second copt’ of R alongB. The complex atlas is then found by anti-holomorphically
reflecting the complex structure froii to R’. SinceB; is the unit circle, the anti-copf’ of R may be
thought of as the reflection &® in By given byz — 2z*~1. In particular, there is an anti-holomorphic
involutionJ : Y — Y which fixesB. For( € R, J(isitstwinin R’.

Note thatY is a compact Riemann surface. It is important since we can sometimes extend analytic
functions defined ot to meromorphic functions ol. In particular this is true for inner functions, which
extend by reflection.

We get a lot of mileage out of a few basic tools for analyzing meromorphic functions on compact
Riemann surfaces. To begin with, if such a function is nonconstant and takes a given tiales, it takes
all of its valuesn times (counting multiplicity). Furthermore, and as a consequence, such a function has
equal numbers of zeros and poles. And finally, a meromorphic function on a compact Riemann surface
without zeros or poles is constant.

The material in subsections 3.3—-3.5 is solely for describing the zeros of the Fay kernel in Section 4. The
reader who is willing to accept the statement of Theorem 4.2 may skip these parts.

3.1. Minimal Meromorphic Functions on R. Our Riemann surfac& also comes naturally equipped
with a conformal involution which fixe6 points, namely

u(¢) = J(¢7).

Geometrically, is rotation byr in the axis throught1. The fixed points of the involution, are precisely
the Weierstrass points &f, namely+1, ¢; £+ r1, ¢ + 72 ([19], Cor. 1, p. 108).

If fis a meromorphic function on a compact Riemann surface, then there is a nuntherdegree of
f, so thatf takes each value times, counting multiplicity. In particular, if has just one pole, thefis
one to one and the Riemann surface is conformally equivalent to the Riemann sphere. Thus, a nonconstant
meromorphic function or” must have at least two poles (and zeros).

Up to post composition by a tbius transformation, there is a unique meromorphic functiam Y’
with precisely two poles. Moreove, is ramified with branching one at the Weierstrass points.

The construction of a meromorphic function with two poles and zeros found in Farkas and Kra ([19],
Theorem I11.7.3) is the following. The Riemann surfake obtained as the quotient af by the map
¢ — 171(¢), is a Riemann surface of genus zero by the Riemann-Hurwitz formula. This;onformally
equivalent to the Riemann sphere and the canonical quotient map

Y —Y

followed by a conformal map frorlr to the Riemann sphere generates the desired meromorphic function.
From this construction it is evident thatdfis any meromorphic function with two poles and two zeros,
thengr = ¢. Another way to see this is that— ¢. has zeros at the six Weierstrass points, while it has at
most four poles, and so must be constantly zero.
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Proposition 3.1. If f is a meromorphic function oli” with precisely two poleg); and Q-, then@s; =
1(Q1). In particular, f cannot have a pole if® and the other inX = R U B. The same statement holds if
we consider zeros rather than poles.

Proof. From the discussion abové¢,c . = f. The conclusion for the poles gffollows. By considering
1/ f the conclusion for zeros df is also seen to hold. O

Using the proposition it is possible to show that a unimodular functio® evhich takes the valug at
exactly one point on each boundary componBnaind is0 at0 is uniquely determined. Of course, this is
also evident by construction and has already been used.

Corollary 3.2. Suppose; € B, forj =0,1,2. If f,g : X — C are analytic in a neighborhood of,
unimodular onB, f~1({1}) N X = g~ 1 ({1}) N X = {po,p1,p2}, and f(0) = g(0) = 0. Thenf = g.

Proof. By the maximum modulus principlef and g are strictly less than one in modulus 2 The
functionsf andg reflect to meromorphic functions dn, which can take the valueonly on the boundary
of B. Thus, the functions are globally three to one and so have three zefosima three poles, at the
reflected points, if?’. In particular,f andg share the zer6 and poleJjo0.
Consider the function
1-f

v=1=y
The zeros ofi — f and those oft — g agree, so thap can only have poles at the poles ff Since one
of these poles matches a poleg@f)) has only two poles (and two zeros). However, these poles are poles
of f which both are inR’, contradicting the proposition. Hence, it must be titais constant so that
1—f=¢c(l—yg).Sincef(0) =g(0) =0,c=1. O

We can also describe minimal inner functions which agree at two of their zeros.

Lemma 3.3. If ¢, and ¢; have two zeros in commof &nd one other) and, (1) = ¢,(1) = 1, then

either they are equal or the remaining zeros form a conjugate pair. In casepthat(1,p;,p2) and

p = (1,p1,P2), thenpz = p» and sogp; = ¢,,.

Proof. If ¢, and¢; have all three zeros in common, then they are equal, and there is nothing to prove.
So assume instead that they have two common zé€rasdz;) and unequal zeros,, z, for ¢, and¢;,
respectively. Theg, /¢ has two simple zeros and poles, J Z; andZ,, Jzs, respectively. By Proposition

3.1, Jz9 =125 = J(f;), orzy; = Z;

Now suppose that, and¢; have common zerdsandz;, and thap = (1, p1, p2) andp = (1, p1, p2).
Then unlessp, /¢; is constantg, /5 — 1 has the same two poles ag/¢;. It would then have exactly
two zeros, namelyt andp;. Now apply Proposition 3.1 and note thédl) = 1 # p;. The result then
follows. O

Lemma 3.4. Letp = (1, p1,p2). If the zeros ofp, are all real, thenp;, p2 € R.
Conversely, fop = (1,¢1 — r1,c2 — 72), the zeros o, are are all real. In factp, has a zero at zero
and one zero in each of the intervdls1, c; — r1) and(c; + 72, 1) on the real axis inR.

It turns out that fopp = (1,¢1 + r1,c2 —72) Or p = (1,¢1 — 71, ¢2 + 12), the zeros ob,, are also real.

Proof. Suppose that the zeros ¢f are real, and definép = ¢, (¢*)* . Thenép has the same zeros as.
Hence the ratio of these two functions has no zeros and so must be constant. Since bothaégul
follows that they are equal everywhere. In particular,

bp(cj £75)" = dp((c; £75)")" = ¢plc; £15)
so thatg,(c; + ;) is real (in each of the four cases). Singemaps eaclB; one-one onto the unit circle,
it follows that thatg, takes the valué at one of the points; + r; on B;, j = 1,2 and this gives the
conclusion of the lemma.

For the converse, definép as above. Since the entriesphre real, Corollary 3.2 implieg,({) =
q@,,(g“*)* so thatp, is real on the real axis. Since algg takes the valué atc; —r; and by assumption there
is only one point orB; whereg,, equalsl, it takes the value-1 at the points:; +r;. The intermediate value
theorem now implies that, has at least one zero in each of the intervigdsl,, c; — 1), (¢1 + 71, ca — 72),
and(cq + 72, 1). Sinceg, has exactly three zeros the result follows. O
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Fort = (thtg), t1,ts € [O, 271'), Ietp1 (t) =Cc—T exp(itl) andp2 =Cg — T3y exp(itg). These pOintS
are on the two inner components of the boundary. On the outer boundary we justAseordingly, let
p(t) = (1,p1(t), p2(t)) € Il and, for notational ease, lgt = ¢,). Theny_; = ¢, _).

Lemma 3.5. There existgd1,t; nonzero such that; has three distinct zero8, z1, 2o with 21, 2o both
nonreal.

Proof. Write 0 for (0,0). From the second part of Lemma 34, has distinct real zeros.

Now suppose that= (¢;,0). If 7 > ¢; > 0is small enough, the zer@s z;, z» of v, are still distinct.
By the first part of Lemma 3.4, if these zeros are all real, theis a multiple ofr. On the other hand
suppose that one of the nonzero zerog gfsayz, is real. Thenyp, and«_; share0 andz; as zeros, as
well as both being equal tbat 1 andcs — ro. Hence by Lemma 3.3 they are equal, implying tha(t)
is real, or equivalently, that is a multiple ofr. Since we have chosén< t; < m, this cannot happen.
Thus we must have both zerosf are nonreal for small enough.

Finally, if we choose; such thaty,, o) has nonreal roots, then by continuity, for small enough
1 will still have nonreal roots witht = (¢1,t3). And again, fort small enough, these zeros will still be
distinct. O

3.2. Some Matrix Inner Functions. We now construct a family df x 2 matrix valued analytic functions
which are unimodular on the boundaByand have precisel§ zeros inR starting from certain positive
2 x 2 matrix valued harmonic functions dr. This will later provide the basis for our counterexample.

For our purposes, a matrix-valugd : R — M,(C) hassimple zerosn R if Z = {as,...,a,}, the
zeros ofdet(F), have multiplicity either one or two and if the zeroe Z has multiplicity two, then
F(z)=0.

Definition 3.6. We say thatF’ has astandard zero sef F' has distinct simple zerdg aq,...,a4 € R,
with the first having multiplicity two and the others multiplicity one. And if furthermare# 0 are such
thatF(a;)*0; = 0,7 =1,...,4, then no three of thé;’s are collinear.

While it is not required immediately, we also ask tat; # P, & = 1,2, wherePy, P, are poles
of the Fay kernelK(-, z) (defined in Section 4). This last assumption plays an important role in the
diagonalization arguments in Section 5.8. In this regard it is also useful to know that the Boiftsare
real and distinct (see Lemma 4.1). Also not required immediately but ultimately useful is the assumption
that eachy; is sufficiently close to somey,, a standard basis element@f—how close being determined
by Theorem 4.3.

We taket andp(t) as at the end of the last section.
Recall M (p) and7(p) from Lemma 2.8. For notational purposes, wiite) = (1, ¢1, g2). LetT denote
the common value Of(]w q1, (I2)1 T(17 qr» CI2): 7—(17 q1, q;)v andT(L fﬁa q;)
For0 < n < 1, let P] denote the projection onto the sparef, + (1 — n?)zey and P" denote the
projection onto(1 — %)z e; — nes (S0Q". + Q" = I). DefineH,, ; by
H77~,t = T()]PJ(', ].)I+T1]P>(, CcC1 — T exp(ztl))Pj_ =+ Tlp(', Cc1 —T1 exp(fitl))Pi
+7oP(-, —ca — roexp(ity)) P} + moP(-, —co — raexp(itg)) P".

That is, givenr € C? a unit vector,(H,, +(¢)z, z) is the positive harmonic function o corresponding to
the measure

M,z = 7051+71 (5111 ‘xl‘z + 54; ‘Z2|2)
1
b2 (Sl + (L= )bl 4 8,

(1= )y —naaf?)
Then
/B Qs dptea = 70@5(1) + 71 (Q;(a) | ? + Qs () |a?)

7 (@) Irry + (1= )bl + Q;(g3)|(L — )3y — maal?)
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Using@,(q;) = Q;(¢x) and this choice of, gives
/ Qj Az = 10Q; (1) + 11Qj(q1) (|21 [* + |22?)
B

+72Q;(a2) (nay + (1= )b 11— )51 — maaf?)
=10Q;(1) + 1Q;(q1) + 2Q;(g2)
=0.

Hence(H, :(¢)x, x) is the real part of an analytic function. It follows thak, ; is the real part of an
analytic2 x 2 matrix-valued functiorG,, . (¢) normalized byG,, ;(0) = 1.
Our desired functions are

(31) \I/n,t = (Gn,t - I)(Gn,t + I)_l'

Lemma 3.7. For eachn,
(1) v, . is analytic in a neighborhood of and unitary-valued oiB;

(2) ‘I/n,t(()) =0;

(3) ¥, (1) =1,

(4) lpn,t(Ql)el =e¢; and \I’mt(q’l*)eQ =ey;

(5) Upi(g2)(mer + (1 = n?)Zea) = (nes + (1 —n?)Zez) and
U, (q3)(1—n2)2ey —nep) = (1 —n2)Zes — ney;

Proof. In the neighborhood of a poinpt € B, the Poisson kerné({, p) is the real part of a function of
the formg,(¢)(¢ — p)~! whereg, is analytic in a neighborhood gfand does not vanish at Near any
other pointy € B, P(¢, p) extends to a harmonic function in a neighborhood ¢(fee Fisher [21], chapter
4, proposition 6.4). ThuB(¢, p) is, nearg, the real part of an analytic function, the real part of which is
atq.

From the above discussion, jif € B is different from1, ¢, 4}, ¢2, ¢35, thenG,, ; is, at least locally,
analytic in a neighborhood of. Further,G,, ; + I is invertible neap, sinceG,, +(¢) = H, +(¢) + 1A(¢),
for some self-adjoint matrix valued functiof(¢) andH,, ;(p) = 0 for suchp. Thus,G,, ; + I is invertible
atp and by continuity, also invertible near The relation,

I = 0y(O)W3,(Q)" = 2(Gye(Q) + 1) 7HGe(€) + Gt ()Gt (Q) + 1)

now shows that,, , is unitary atp.
From the definition of+,, ;, in a neighborhood of, there exists analytic functiong, g2, h1, andh, so
that the real parts di; are0 at1, eachy; is different from0 at1, and

g1 h
G e(0) = ( o )

Thus,
1 g2+¢—1 —h1
GO+ 1)t = e T
( n,t(C) ) %% — hihg ( —hs ngr#

_ 1 <(92 +¢—-1(C-1) ~hi(¢ 1) >
(g1 +C—=1)(g2+¢—1) — hiha(¢ — 1)2 —ha(¢ — 1) (i +¢-1(C-1))"
Note that the determinant in the denominator is indeed different frovearl, and ag{ — 1, it goes to
g1(1)g2(1) # 0. HenceG,, .+ 1 is in fact invertible. Next, by directly computings,, . —)(G,,++1)~' =
v, + we seel, , is analytic in a neighborhood dfandV¥,, ,(1) = I.
Now move on tay;. Near this point there exists analytic functiangis, h3, andhy so that the real parts
of theh; are0 atg,, the functiong does not vanish af; and

5
= (—qn 2
G ( hs h4>
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Sinceh, + 1 has real parl atq;, whereagy(¢ — ¢;)~! has a pole and., h; are analytic at;, we see
G+ + I is invertible near,;. Further, by direct computation df, ; = (G, — I)(Gp+ + I)~! we see
that¥,, , is analytic in a neighborhood qf and

1 0
Unela) = () hata)-1

ha(q1)+1

The analogous result holds for the poift For the pointsy, ¢;, the same argument prevails by writing
all matrices with respect to the orthonormal basjs; + (1 — 12)zea, nea + (1 — %)z ey} of C2.
Finally, (6) is easily seen from the definition & ; and the functionssg ;, Vo +. O

We are able to obtain some information on the zero®.pf, at least for certain
Lemma 3.8. There exists am > 0 such that for ally nonzero but less than ¥, ; has a standard zero set.

Proof. Recall from our choice of, the zeros of), are distinct and, aside frof are not real. Of course
the zeros of)_; are just the complex conjugates of those/pf Thus

Y 0
\I/ =
0 < 0 w_t )
¥, has a standard zero set.
By choosing a sequenag, converging to0 and considering the uniformly bounded sequerce=
v, + there is some subsequence, still writtenas which converges uniformly on compact subset#of
to someW. Consequently,

Grn =T +T,)(I~-T,)"
converges uniformly on compact subsetdito
G=I+9)(I—-v) "
Now H,, the real part of+,,, is harmonic and
Hy, — Ho = P(, q2)(r2(na) P{" = 12(0)PY) + P (-, 45) (2 () P! — 72(0) P2).

Thus, as bot{P]" — P?) and(r2(n,) — 72(0)) converge td) with n (7 is continuous by Lemma 2.8),
the H,, converge taH, uniformly on compact sets. Since al§g0) = I = G(0), it follows that theG,,
converge td=, and hence th&,, converge uniformly toly on compact sets.

Letd,(¢) = det(¥,(¢)). This is analytic and unimodular on the boundary dpaonverges uniformly
to dy on compact sets. From Rouche’s theorem (or else Hurwitz's theorem—see Conway [17]), the number
of zeros ofd,, is constant, equaling. Indeed, these zeros vary continuously witlandd,, has a double
zero at0. If we let 0,w;,wy denote the zeros af,, then the zeros ofy_; are0,w;,ws. Hence the
zeros of¥ are exactly given by(0) = 0, ¥o(w;)e; = 0, and\Ilo(w;‘)eg =0,/ = 1,2, and, listed
as0,ws,ws,wi,ws, they are distinct. Thus, for large, the zero9), a?, af,a¥, af of ¥, satisfy this
assumption too.

Finally, if ¥, (a})*d7 = 0 anda; is close tow,, then

Wo(w1)*07 = (Wo(wr) — Yo(ay))dy + (Vo(ay') — Walay))dy'

Forn large both terms on the right hand side are small and thus farge is close to (a scalar multiple
of) e;. Thus, forn large enough thé} satisfy the assumption that no three are collinear. Finally, since
the zeros vary continuously withand forn = 0 the zeros, aside fro, are not real, whereaB,, P, are
real (and not zero—see Lemma 4.1), for small enompgteitherP; nor P, will be a zero of¥,, ; and the
nonzero zeros o¥,, , will be distinct.

This completes the proof. O
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3.3. The Period Matrix and Abel-Jacobi Map. Since the harmonic measurksvanish onBy, for j =
1, 2, they reflect acrosB, by
hj(1/2%) = = h;(2)
hi(Jz) == hy(2)
to a harmonic function ol \ B;. Note, whenR' is viewed as the reflection dt acrossBy, h; is —1 on

the reflection ofB;.
While a harmonic conjugatk; of h; is only locally defined, the differential

d(h; + hy)
dz
is uniquely determined and globally defined(lis a point ofY, then

0O =3 (f% dbtha) dz)

dz

2\ el
depends upon the path of integration frem to ¢, but only up to the number of windings of the path
around the boundary componerits, B> and the number of crossings B, B (in passing fromR to R’).
The choice of-1 for the base point is fairly canonical as it is a Weierstrass pointfgsee subsection

3.1).
The multiple valued nature of : Y — C? is concisely described by the period matrix and period lattice

forY. Let ~
1 d(h; + h; Oh;
PjAsz./ d(h; + hy) J)dz: —L ds.
’ iJp, dz B, on
Thus,P;, is the period of the harmonic conjugate fof aroundB,. The2 x 2 matrix P has positive
definite real part and is called the period matrix far (Our period matrix differs by a factor df/: from
what most call the period matrix.)
Let L denote the lattic&? + iPZ?2. The Jacobi variety of is the quotient J4&) = C?/L. Let [2]
denote the class af € C? in JaqY’). The mappingy, : Y — JagY),

x0(€) = [x(O)]

is well defined and known as the Abel-Jacobi map. However, it will often be convenient to worlg with
the multiple valued version of.
Leteq, e; be the usual basis fdz?2.

Proposition 3.9([19], p. 92) The Abel-Jacobi map has the following properties.
(1) xo is a one to one conformal map Bfonto its image in Jad");

(2) x0(J¢) = —x0(¢)";
(3) If ¢ € B, then—x(¢)* = x(¢) + n for somen € Z2.

Property (2) depends upon the choice of basepeint By. Property (3) follows from the observation
that for{ € B, h;() is either0 or 1.

3.4. The Theta Function and its Zeros. Details for most of what follows in this subsection can be found
in Ch. IV of [19] and Ch. 2 of [24].

Let L be the lattice defined in the last subsection. The Riemann theta function associatesltie
entire function orC? defined by

0(z) = Z exp(—m(Pn,n) + 2mi(z,n)).
nez?

where(-, -) is the usual inner product oi¥’.
Straightforward manipulations sha¥(z*) = 0(z)* andf(—=z) = 6(z).
The quasi-periodic behavior éfwith respect td. is given by
0(z+¢) =0(z)

(3-2) 0(z + iPm) = exp(m(Pm,m) — 2mi{z,m))0(z),
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wherel, m € Z2.
Givene € C? write e = u + iPv, and define the theta function with characterigtjcoy

Ole](z) =0 {ﬂ (z) = exp(mi((Pv,v) + 2(u — z,v))0(z — €)).

The functiond|e] : C* — C obeys the period laws

Ole](z + £) = exp(—2m (L, v))0e](2)

(3:3) 0le](z 4+ iPm) = exp(2m(m, v)) exp(m(Pm, m) — 2mi{z, m))0[e](z)

It turns out that almost all meromorphic functions and differential§’ocan be represented in terms
of translate9[e](x(¢)) : Y — C2, which despite being multiple valued has a well-defined zero set, the
description of which is due to Riemann.

Theorem 3.10. There exists a constant vectAr(depending upon the choice of basepoint) so that for each
e € C?, eitherf|e](x(¢)) is identically zero, 0¥[e](x(¢)) has exactly2 zerosP;, P, and

X(P) +x(Py) =e—A moduloL.

HereA is known as the vector of Riemann constants.
The set

N ={eeJadY) : 0(x(¢) — e) is identically zerg

is a proper closed subset of J&9.

3.5. The Prime Form. The following fact plays an important role in construction of the prime form and
thus multiple valued meromorphic functions Brwith prescribed poles and zeros. Givea C? such that
6(e) = 0, define

€e((, ) = 0(x(€) — x(&§) —e).

Theorem 3.11([24], Ch. 2, Lemma 3.4)If e € C2, §(e) = 0, and &, is not identically zero, then there
existsP € Y so that for eaclt € Y, £ # P, the zeros of[e + x(£)](x(¢)), which coincide with the zeros
of £.(¢, §), are precisely and P.

The following can be found in Mumford [25] (Lemma 1, p. 3.208—but see also [20] and [10]).

Theorem 3.12. There existe. = 1 (u + iPv) € C? such thale, = 0 moduloL, (u, v) is odd (equal to
1 modulo27Z), andé&., is not identically zero.

An e, as in this theorem is called a non-singular odd half period and for the remainder we, take
1 (u. + iPv,) as fixed. Note thaf(e.) = 0, as the fact thatu.,v.) is an odd integer implieg(e,) =
—0(—e,). Indeedge, + e = 2u, € Z? so that, using the periodicity & for z € C2,

O0(z+el) =0(z+ e +2u.) =0(z —e).
Henced(e,) = 0(—e.), and sdd(e,) = 0.

Lemma 3.13. There exists & € B so that for eaclf € R, the multiple valued functio§,, ((,§) : Y — C
given by&. (¢, €) = 0(x(¢) — x(&) — ex) is not identically zero and has zeros at precisBland¢.

Proof. From Theorem 3.11, there isfaso that eithe€., ({, ) is identically zero, or has zerd3 and¢.
Accordingly, consider the multiple valued functign Y — C defined byy(¢) = 6(x(¢) — x(—1) — e).
Since[x(—1)] = 0, we may assumg(—1) = 0. Thusg(¢) = 6(x(¢) — e) and the fact that, is
non-singular meangis not identically zero. Hencg has zerog” and—1.



18 M. A. DRITSCHEL AND S. MCCULLOUGH

Ase, + el € 7?2, there exists am € Z? such that: = —e, + n. Similarly, asy(JP) = —x(P)*
moduloL, there exists, b € Z? so thaty(JP) = —x(P)* + a + iPb. Hence,

g(JP)" =0(x(JP) —es)"
=0(—x(P)* +a+iPb—e,)"
(KO(=x(P)" —e))"
"0(—x(P) —€)
“O(—x(P) + e, —n)
"O(—x(P) +ex)
(
(

T

“O(x(P) — e.)
g(P),
wherer = exp[r(Pa, a) — 2mi(—x(P)* — e, n)] is nonzero. Thugy(JP) = 0. It follows thatJP = P

or JP = —1, in which case® = —1. Thus,JP = P and soP is in B.
SincePisin B, &, (-, &) is not identically zero and the lemma follows from Theorem 3.11. O

I
= S T

Let
0.(2) = Olen](2) = expl3mi( (P, v.) + (e — 2,0.))]0(= — e.).
If z,w €Y are different from the” of Lemma 3.13, then

9*(X(C) — X(Z)) — e‘n’i[x(z)—x(w)} Q(X(C) — X(Z) — e*)

0.(x(¢) — x(w)) O(x(¢) — x(w) —ex)

is multiple valued, but its zero/pole structure is well defined: it has a zetoaad a pole atv. As we
shall see, this will play an important role in defining reproducing kernel® avith respect to harmonic
measure.

(3.4)

4. THE FAY KERNEL FUNCTIONS OFR

We now introduce the reproducing kern€F as found in Fay [20]. The description of these kernels
involves the critical points for the Green'’s functig, a) for R at the pointa € R. A pointw is a critical
point if the gradient of(¢, a) is0 at{ = w. Itis well known that in a region of connectivity + 1 there
aren of these critical points ([26], p. 133). Thus, Rthere are two. In the sequel we will have use of the
following fact about the location of these critical points for the chaice 0.

Lemma 4.1. The critical points of the Green’s functiaf(¢,0) are on the real axis, one in each of the
intervals,(—1,¢; — r1) and(ca + 72, 1).

Proof. For notational ease, le{{) = ¢g(¢,0). From the symmetry of the doma@ = 0 on thezx-axis in
R. Smceg is 0 at the points-1 ande; — rq, Rolle’s Theorem implies there is a poiatl < w; < ¢; — rq
SO that 2 (wy) = 0. Thus, the gradient qf is zero atw;. Similarly, there is a pointy + o, < wy < 1
such that the gradient gfatw is also zero. O

For the remainder of the paper, we It = Jw; and P, = Jws, Wherew;, wy are the critical points
for the Green’s function foR at0, g(-,0). Thus,P;, P, € R’. These are the point8,, P, which appear
in the definition of a standard zero set, Definition 3.6.

Theorem 4.2. There is a reproducing kerngk® for the Hardy spacél?(R,w,) of functions analytic
in R with boundary values if?(w,), wherew, is harmonic measure for the point If 2 = a, then
K%(¢, z) = 1. Otherwise,K*((, z) has precisely the poleB, (a), Py(a), Jz (WhereJ Py (a) and J Py(a)

are the critical points for the Green'’s function fét at «), and three zeros ify’, one of which is at/a.

Incidentally, the Hardy space in the theorem corresponds to just one of the two torus parameter family
of rank one bundle shifts ovet [1]. Indeed, Ball and Clancey [10] give a theta function representation for
all of the corresponding reproducing kernels, avoiding the use of the Klein prime form which Fay uses in
his formula for the kernel.

The reader who has skipped sections 3.3-3.5 may wish to skip the proof and proceed directly to subsec-
tion 4.1.
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Proof of Theorem 4.2There is are € JaqY’) so that
K*(¢,2)
41)  _ 0(x(Q) +x(2)* +e)(x(a) + x(a)* +¢) O (x(a) + x(2)*) 0 (x(C) + x(a)")

0(x(a) + x(2)* +€) 0(x(C) + x(a)* + €) 0. (x(C) + x(2)*) 0« (x(a) + x(a)*)”
(See Fay [20], Proposition 6.15 and Ball and Clancey, [10].) Straightforward computation using the peri-
odic nature of) checks that the right hand side is invariant ungd&f) — x(¢) + n + iPm for m,n € C?
so thatK*((, z) is in fact single valued and meromorphic¥h Further, according to Fay, for € X,
K4((, ) is analytic as a function af € R.
One readily verifies from (4.1) thak“({,a) = 1, so assume # a. Now examine the zero/pole
structure of the portion of the right side of (4.1) depending on

4.2) O(x(C) + x(2)" +€) 0. (x(O) + x(a)")

0(x(€) + x(a)* 4 €) 0. (x(¢) + x(2)*)
From the comments following (3.49. (x(¢) + x(a)*)/0.(x({) + x(2)*) has a zero afa and pole at/ z.
Each of the remaining theta functions has two zeros, which we l@pgl), Z>(z) for the top term and
Py (a), Py(a) for the bottom term. Hence (4.2) (and so (4.1)) has zerd$ &t), Z»(z), Ja and poles at
Pi(a), Px(a), Jz, the latter which are all iR’ U B, sinceK“ is analytic.

If any of the poles and zeros were to cancel, eithi€((, z) is constant or has two poles and two zeros.
Since these kernels are linearly independent B4d(, a) = 1, the first possibility cannot occur. In the
second case we would be left with two poledifiu B, which by Proposition 3.1, is also impossible unless
Jz cancels withJa and the other two poles are /. But thenz = o« and K®(¢,a) = 1, which we have
already ruled out. HencE“((, a) has order three, with zeros and poles as claimed. O

4.1. Application of the Theta Function Representation of K¢. We assume throughout that fgr=
.,4,a; € Bare distinct and # §; € C? have the property that no three are collinear (the properties
of a standard zero set). As usual e, are the standard basis f6¢. We write P;, P, for P (0), P»(0), the
poles of K°(¢, z).
Let MY denote the span of

{KO(C7O)€1a KO(C7O)€2a KO(Cval)(sh cee 7K(C7a‘4)64}
:{617627 K0(<7a1)517 e 7K(C7a4)54}~

Recall that giverp € II there exists as € B; x B, = T? so that, identifyings with (1, s), ¢, =
op(1)*¢,. In particular, the zeros af,, 2§ = 0, z{, 23, depend only upoa.

Theorem 4.3. Letay,. .., al be points inR so thatP;, P», J0, Ja?, Ja3, Ja3, Jag are all distinct. Let
{e1, e2} denote the standard basis f&¥ and letd? = 6 = e, anddy = 69 = e,. There exists an > 0
so that ifla9 — a;], |69 — 6;]| < ¢, and if

(4.3) ch (¢,a;)0; +v

does not have poles &, I, thenh is constant; i.e., each; = 0.
Further, if b # 0, has a representation as in equation (4.3), and if there exists, € B (not assumed
to be distinct but not both zero) such that

h(OE (G, 20) = > K (¢, a5)0; + vy,

thenh is constantz;, = a;,, andz; = a;,, the corresponding;, 's may be taken to be equal tg and all
the other terms are zero.

Note that the theorem is really a statement about the meromorphic funéfitfisa;) on the double
Y and so we view as a local coordinate o¥i. Indeed, by restricting to be near eitheP; or P, it may
be assumed that all the poirgsP;, P, Jay, ..., Jays are in a single cha® C R’ (U is an open simply
connected subset af).

With fixed @ € R distinct fromo0, JP;, JP,, where Py, P», are the poles of the kerné (¢, a), the
residue of the pole ok®(¢, a) at P; is given by the value of the analytic function ©f

(€= P)K’(C.a)
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at the point{ = P;. Let R;(a) denote this residue.
Lemma 4.4. The residueR; (a) varies continuously with.
Proof. Consider the theta function representation&d¥((, a) from Theorem 4.2. The function
F(Q) =0(x(¢) +x(0)" +e)
is analytic and single valued ii. Further,f(¢) vanishes to order one &; and thus can be written as

f(Q) = (¢ =P f;(Q),
where f; is analytic inU and f;(P;) # 0. Given asetV C U, letW* = {z* : z € W}. Choose
neighborhood$’; andW of U so thatF Vi x W* — Cby
F(¢a") =f(O)K (¢ a)
_O(Q) + x(2)" +¢) 0(x(0) + x(0)" +
O(x(0) + x(2)* + €) 0. (x () + x(2)*) 0 (x(0) + x(0)*)

Ei

is analytic. Rewriting gives,

F(¢ a)
¢ = P)K°(c,
C-RIECD =0
The lemma now follows from the fact that the right hand side is analyt{¢.in*) € V; x W. d

Proof of Theorem 4.3Without loss of generality, we can assume> 0 is small enough that the points
P, P, Jay,...,Jas are all distinct. Define

e = (e i)

and

Ri(az) Ri(aq)
R G 5 =
(a3 a4) (RQ((I?,) RQ(Q4)
whereR;(a) is the residue of(°((, a) at P; as in the Lemma 4.4.
To prove thatR(a1, as) is invertible, let
(=)
CcC =
C2

andf, = ¢; K°(,a1) + c2K°((,az). Note thatR(ay,as)c = 0 if and only if f. does not have poles at
either Py or P;. In this case, iff. is not constant, then the poles fifare precisely the pointéa; andJas
which gives the usual contradiction, since both of these points aRé.iffhus, f. is constant. The kernel
K°(¢,0) = 1, so we can express this as

0=coK°(¢,0) + c1 K°(¢,a1) + 2 K°(C, a2)

Since0,ay,az are distinct, the functiong(®(¢,0), K°(¢,a1), K°(¢,az) are linearly independent and
hencec; = ¢o = 0. Summarizing, ifR(a1,a2)c = 0, thene = 0. It follows that R(aq, a2) is invert-
ible and by an identical argumeri®(as, a4) is invertible.

Consider the functiod’ defined ford; neard) by

F(R1(a1)51 Ri(a2)d2  Ri(as)ds R1(a4)54>
Ry(a1)d1 Ra(ag)de Ro(az)ds Ra(as)ds)”

Thus, F takes values il,, the4 x 4 matrices, viewed a8 x 4 matrices with entries frorC2. Clearly
F is continuous iny;. By Lemma 4.4 it is also continuous i, . . Indeed, from the form of it
is jointly continuous ina;, d;. SinceF is invertible ata?,é?, it foIIows that there is arm > 0 so that if
a9 — ay], [|09 — 6;]] < €, thenF is invertible.

If a; andd; are chosen such that s invertible and

ZCJ (¢,a5)d; +v
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does not have poles &, then

0= (Z Cle(aj)5j>
> ¢iRa(a;)d;
C1
C2
C3
cs

=F

Hencec = 0 andh is constant.
Now supposé # 0 and there exist;, zo € B (hot assumed distinct but not both zero) such that

(4.4) hOK (G, ) = > K (¢ a;)0; +or,  k=0,1,2,

wherezy = 0 (and soK°(¢,zp) = 1). Usingk = 1 we see thaf’;, P, are not poles of,, since by the
assumptions on the distinctness of tAgs anda;’s, the right side has a pole of order at most one at each
Py, while the left side has a pole of order at least one at these points. Esing we see thah satisfies
the hypothesis of the part of the Theorem which has already been provedh Thosnstant.

The rest of the result now easily follows using the linear independence of the kernels. O

5. REPRESENTING NICE MATRIX VALUED INNER FUNCTIONS

5.1. Hahn-Banach Separation. Recall thafH (X' ) denotes the set of functions analytic in a neighborhood
of X andR(X) the rational functions with poles off . Of particular interest is the s&H(X) consisting
of thosef € H(X) with || f||r < 1.

Let M>(H(X)) denote the x 2 matrices with entries frorfil(X') and similarly definé\/;(R(X)). For
f € H(X), f* denotes its pointwise complex conjugate while forc M, (H(X)), F* is the pointwise
adjoint.

For f,g € H(X) or My(H(X)), andh(z,w) = > f(z)g(w)* (with only finitely many terms) we use
the conventiony . f(2)g(w)*(T) = Y_ f(T)g(T)* to defineh(T) = h(T, T*).

LetC be the cone generated by

{H(2)(1 = ¢(2)¢(w)") H(w)" : ¢ € BH(X), H € My(H(X))}.

Obviously we would get the same set if we were to instead assunié tha C2-valued function.

Lemma5.1. If F € My(H(X)), then there exists > 0 such thatl — p*F(z2)F(w)* € C.

()

Choosé) < 7 so big that! and? are inBH(X). Then,

272I — F(2)F(w)* =2 (é) (7? = f(2)f(w)*) (1 0)

Proof. First, suppose

2(9) 2 - s 0 0+ (F) a0 wr awr).

Thusp = ﬁ satisfies the conclusion of the lemma.

For generaF write F(2)F(w)* = G(z)G(w)*+ H(z)H (w)*, whereG andH are the first and second
columns ofF’ respectively. There exists: andpg so that both — pZ, G (2)G(w)* andI — p3, H (z) H (w)*
are inC. With p? = 2 min{p%, p%},

1= PFEFw) = 1= P Gz)Cw)" — paH(2)H(w)'
= ST = pG(E)Gw)") + 5T~ Py H () H(w))

1, 1
+ (2/% + 5P~ pz) :

Each term on the right hand side is evidentl’inThis completes the proof. O
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Henceforth, forF” € M, (H(X)), we set
pr =sup{p > 0:1— p*F(2)F(w)* € C}.
The following theorem is an application of the Hahn-Banach theorem. It is central to our construction.

Theorem 5.2. If there exists a functiofi” : R — M, (C) which is analytic in a neighborhood ¢f and
unitary-valued onB such thator < 1, then there exists a Hilbert spaédé and an operatofl’ € B(H)
having X as a spectral set, but not having a nornigddilation.

Proof. The proof features a familiar Hahn-Banach separation argument and GNS construction.
From the hypothesis, there existp a 1 so thatl — p?F(z)F(w)* ¢ C.
Let P be the vector space of finite sums

> hy(2)gj(w)”

whereh;, g; areC2-valued functions analytic in a neighborhood ¥t Note, h(z)g(w)* is pointwise a
2 x 2 matrix.

The con€ is a convex subset G? not containing! — p? F'(z) F'(w)* and by Lemma 5.1] is an internal
point of C. Hence, there exists a nonconstant linear functional ? — C so thatA\ > 0 onC and
MI — p?F(2)F(w)*) < 0. We have\(I) > 0, as otherwise, from Lemma 5X(H (z)H (w)*) = 0 for all
H and hence\ = 0 (see, for example, Holmes [23]11.E).

Let H,(X) denote theC2-valued functions analytic in a neighborhoodf For i, g € Ha(X), define

[, 9] = A(h(2)g(w)").

Since the con€ containsh(z)h(w)*, the form[-, -] is positive semidefinite oHl (X).
Given f analytic in a neighborhood of, consider the mapping/; : Hy(X) — Hy(X) defined by
multiplication by f so thatM ;g = fg¢. LetC be the infimum over all positive numbers such tg?ttakes

values in the closed unit disk. Obvioustyy = || f|| . For anyg € C?,

(@g(2)) (1 - LD TN (G pw)) = g()(C2 — £(2)f(w))glw) € C.
;O

Thus,

C?lg,9) — [Myg, Myg) = CiX(g(2)g(w)*) — A(f(2)g(2)g(w)* f(w))
= Ag(2) (C} = f(2)f(w)*) g(w)*) > 0,

as \ is nonnegative o. It follows that eachM defines a bounded operator, still denotedMy, on
the Hilbert spacét obtained froni, (X') by modding ouf-, -]-null vectors and completing. Furthermore,
|Ms]| = Cy. In particular, withT' = M., where((z) = z is the identity function, the seX is a spectral
set forT'. Here we are using(7T") = Mjy.

To see thafl” does not have a dilation to a normal operator with spectruid,iit suffices to show that
F(T) is not a contraction for thé& in the statement of the theorem. To this end, write

Fiy i
F =
(F21 F22)
so that

M M
t _ Fr Fa
F (T) B (MFm MF22> ’
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whereF" denotes the pointwise transposefofLetes, e; denote the (class of) constant functioagz) =

ej, as elements df{. Compute,
Fiy Fiy
Fy Fy >

<Ft(T) (Z),th (Z;)>:< <2§> ’ <2§>
(5N (Futwy Falw)) + (520)) (Faw) Faw))
<< 51(2) 22(2)

On the other hand,

() (22)) = Mere) Aty =301

Combining the last two equalities gives,

(= reayrmy(2).(2)) = - Ferw)

— (:2 - F(Z)F(:)*) - <p12 - 1) AI) < 0.

Therefore || F*(T)|| > 1. On the other hand| ||, = sup{[|F*(z)| : z € X} is the same a§F ||,
since the norms of a matrix and its transpose are the same. In fagtisasnitary valued o3, so isF*
and thus|| F't||.. = 1. It now follows from Lemma 2.1 that’ does not dilate to a normal operator with
spectrum inX. O

5.2. Matrix Measures. This subsection is a brief digression from the main line of development to collect
some needed facts about matrix-valued measures.
Given a compact Hausdorff spadg anm x m matrix-valued measure
m
H= (“J%f)j,e:l

on.X is anm xm matrix whose entrieg; , are complex-valued regular Borel measures{oriThe measure
1 is positive, writtery, > 0, if, for each continuous functiofi : X — C™,

bil
r=1:
fm
we have
o< [ frdus =3 [ 5iseduse
X ]27,; X / ‘ »
The positive measure is bounded by”' > 0 if
Cly — (j0(X)) >0
is positive semidefinite, wherk, is the identitym x m matrix.

Lemma 5.3. Them x m matrix-valued measurg is positive if and only if for each Borel setthem x m
matrix

(ﬂj,z(w))

is positive semi-definite.
Further, if there is ax so that each diagonal entry; ;(X) < «, then each entry; , of y has total
variation at most. In particular, if 1 is bounded by, then each entry has variation at mast
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Proof. First suppose: is positive. LetC(X) denote the continuous complex-valued functionson
Fix a vectorc € C™. Given f € C(X), the functioncf is a continuousC™-valued function. Thus,

®.: C(X) — Cgiven by
)= Z/ cicof dije
X

is a positive linear functional. Hence c?fcwj,g is a positive measure oK. If w is a Borel set, then

<(u] Zc ce phje(w) > 0.

Sincec was arbitrary, the matrix in the lemma is positive semidefinite for each
Conversely, suppose the matrix in the lemma is positive semidefinite for each Batell§et : X —
C™ is a measurable simple functiofi= 3 v;x.,, then

/X £ f = 3 (o), v3) 2 0.

For more generaf : X — C™, choose a sequence of measurable simple functions convergifig to
pointwise. Then,

o< [ fidusi— [ £ans.

Now suppose that for each diagonal entry; (X) < k. Forg € C(X), let u; ¢(g) denote the integral
of g with respect talu; ,, and forj # ¢ let

wie(g)*
(g 19Nl

o<((a 1) (0)-()
“N\\we; pee) \g) \yg
=913 1,5 (X) + pe,e(191?) = 215,6(9) |9l oo

<2(llgll%r = lnje(9)lllglloo)-

It follows that p; ¢ is a continuous linear functional ofi(X') with norm at mostx. In particular, the
variation ofy; , is at mostsx.

Finally, by choosing: = ¢;, wheree; is thej-th standard basis vector f@™, it follows that each.; ;
is a positive measure. If we now suppg@sis bounded by’ theny; ;(X) < C. O

A=—

Observe

Lemma 5.4. If ™ is a sequence of positive x m matrix-valued measures ok which are all bounded
above byC, then there is a a positiver x m matrix-valued measurg on X also bounded above kY.
Hence there is a subsequence of ;" converging tqu weaksx; i.e., for each pair of continuous functions

f,9: X —-C™,
> [ tigi =Y [ s e
e vX g0 7X

Proof. By the previous lemma, for eaght the measureg? , are bounded in variation byy. Hence, we
can find a subsequence, which for convenience, we WI|| still denotg"bgo that each.}, converges
weak+ to someg; ¢ with variation at most.

Supposef : X — C™ is continuous. We have

0S/Xf*du”f:;/xfffedu?,eH;/ij*fzduj,e=/xf*duf-

Hencey is a positive measure. Further, for a veatas C™ thought of as a constant function,
0 < Ollel® = {(150(X)) e, ¢) — Cllell* = {(nj.e(X)) . ).
Thus,p is bounded above by'. O
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Lemma 5.5. If i1 is a positivern x m matrix-valued measure o, then the diagonal entrieg,; ; are

positive measures. Further, with= >""" | ; ;, there exists am x m matrix-valued functiom : X —

M, (C) so thatA(z) is positive semidefinite for each € X anddy = Ady; i.e., for each pair of
continuous functiong, g : X — C™,

Z/Xg}kfeduj,e = Z/XQ;Aj,zfedu
gt Jil

Proof. From Lemma 5.3, ifv is a Borel set ang; ;(w) = 0, theny; ,(w) = 0 for eachj. Thus, eacly, ¢
the measurg; ¢ is absolutely continuous with respectitoBy the Radon-Niko@im Theorem, there exists
v integrable functiong\; , so thatdy; , = A ¢ dv.

Once again fix a vectar e C™. By Lemma 5.3, for each Borel set

0 < ((je(w))c,c) = <</w Aj g dy) ¢ c> = /WZ;C;CZAJ”@ dv.

Thus,zj (CieeDje >0 almost everywhere with respect#o

Choose a countable dense subgé&t} of C™. For eachn there is a seF,, of v-measure zero such that
off of E,, the function}_, ,(c})"cj'A;, is non-negative. We havg:, ,(c}/)*cj A (x) > 0 for eachn
and forz € X \ (UE,,). By continuity of the inner product i€, it foIIows thaty ., cjceAje(x) > 0
for all ¢ € C™ for almost allz; that is, the matriced\ (z) = (A, ((x)), forz € X \ (UE ), are positive
semidefinite. O

5.3. Representations in terms of thep,. The following is a companion to Proposition 5.2. Given a subset
S C R,afunctionI' : S x § x II — C is a positive kernel if for each € II, the matrix

(51) (F(Za w;p))z,wes/7
S’ a finite subset of. If S = R, thenT is analytic ifT'(z, w; p) is analytic inz and conjugate analytic in
w for all p.

The point of the next proposition is that we do not knariori thatl — FF* € C even ifpp = 1.

Proposition 5.6. Supposel’ is a2 x 2 matrix-valued function analytic in a neighborhood Bf F' is
unitary-valued onB, and F(0) = 0. If pr = 1 and if S C R is a finite set, then there exists a probability
measureu onII and a positive kerndl' : S x S x II — C so that

1—F(2)F(w)*=/n(1—¢p( )op(w)* )L (2, w; p) dp(p)
forall z,w € S.

Proof. Choose a sequende < p, < 1 such thatp,, converges tal. For eachn, there exists vector
functionsH,, ; and functions),, ; analytic in a neighborhood at such that),, ; € BH(X) and

1 - pn ZHnJ = Y, (2) ¥, (W)") Hp j ()"

By post composition with a Kbius transformatlon if necessary, it may be assumed without loss of gener-
ality that,, ;(0) = 0 for all n, j.

For each, j, there exists,, ;(z,p), analytic as a function of in a neighborhood aR, and a probability
measurev,, ; onIl so that by Proposition 2.4,

s (s (0)" = [ (o) (1= 63216 0) Vo 0.) i 0)
Observe, as all the and¢ vanish ab,

- / i 3 (0, D) (0, D) w5 (p).
Let

N’Vl
Up = E Vn,j-
Jj=1
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By the Radon-Nikogim theorem, there exists a nonnegative functiqr (p) such that
Avjn = Un j (p)? dvp,.
Thus
1 — by (2)hn,j(w)" = / Un,j (D) hn,j(2,P)[1 — &p(2)Pp(w) I (w, p) “tn,j (p) AV (p).

I
Let

Fn(Z, w; p) = Z Hj,n(z) Un, 5 (p) hn,j(zap) hn,j (w7p)* Un,j (p)* Hn,j (w)*
J

By construction]',, is analytic inz and conjugate analytic iw in a neighborhood oR, is positive semi-
definite as a kernel, and

52) I= AFEF@) = [ (1= 6,(0pw) Tz wp) dvn(p).
II
For fixedz, I — p2 F(2)F(z)* < I and there exists an, such thatl — |¢,(z)|*> > ¢.. Thus,

I>ec / T (2, 2 p) dvn(p).
I

Let C denote the maximum of the spt_ ! : z € S} andm the cardinality ofS. The sequence of, x m
measures witk x 2 entries
dpin, = (Fn(za w; p) an(p))z,weS
are positive and the diagonal entries are bounded'by positive k x k£ matrix whose diagonal entries
are at most' is bounded above yCI;. It then follows from the results of the previous section that there
exists a positive measuteand a pointwise positive definite matrix valued function

F(p) = (F(Z7w;p))z,w€S
so that some subsequencergf converges in the weaktopology tol' dv, whererv can be taken to be a
probability measure by scalifigif necessary. For notational ease, we continue to denote the subsequence

by 1.
Forz,w € S fixed, the expressiofl — ¢,(z)®,(w)*) is continuous irp by Lemma 2.11. Thus, letting
n tend to infinity in equation (5.2) gives

I - F(2)F(w)" = /H (1 = 6p(2)p ()T (2, w3 p) dv(p).
[l

5.4. Transfer Function Representations. For present purposes, a unitary colligatidn= (U, K, 1) con-
sists of a probability measune on II, a Hilbert spacef, and a unitary operatdy on the direct sum
(L?(1) ® K) @ C2, written as

(5.3) Ue:<g g)

with respect to the direct sum decomposition. HEf¢u) ® K signifiesK-valuedL?(u).
Define® : R — B(L?*(u) ® K) by (®(2)f)(p) = ¢»(2) f(p). Of coursed depends upop and X, but
this dependence is suppressed. The transfer function associates to

(5.4) W =Wsx(z) = D+ C®(2)(I — Ad(2)) ' B.

Note that asA must be a contraction anbl(z) is a strict contraction, the inverse in (5.4) exists for R.
Moreover, sinced(2)(I — A®(z))~! = (I — ®(2)A)~1®(2), the transfer function oE may also be
expressed as

(5.5) W=D+ C(I —®(2)A)"'®(2)B.

Proposition 5.7. The transfer function is contraction-valued; that|i$}/'s(z)|| < 1 for all z € R. Indeed,
forz,w € R,

1= Ws(m)Wa(w)® = C(I = @(2)4) (I = @(2)0(w))(I — B(w)4)"'C".
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By now the proof is entirely standard. Simply use the equation (5.4),[aBd = —CA*, BB* =
I — AA*,andDD* = I — CC* to verify:
I-WERW(w)* = 1—[D+Co(2)(I - Ad(2)) 'B|[D* + B*(I — ®*(w)A) "' ®*(w)C]
= 1—DD* - [CP®(2)(I — AD(2)) ' B][B*(I — ®*(w)A*)"1®*(w)C]
—DB*(I — ®*(w)A*) 10 (w)C* — C®(2)(I — A®(z)) ' BD*
= C[L-d(2)(I - Ad( >>-1< — AAT)(I - @*(w)A*)‘l@* )

(w
+HAM(I = &% (w) A) 71" (w) + @(2)(I — AD(2)) " A] C*
= Cl-(I-2(xA4)~" ()(1—AA*)<I>*( (I = A*®" (w)) ™!
+A* D (w) (I — A*®*(w)) ™t + (I — (2)A)~ 1(1’(z)A] c*
= CI=2(x)A) (I - () A)I - A" (w)) — D(2)(1 — AA") D" (w)

(
H(I = @(2)A) A" (w) + B(2) A(] — A" (w))] (I — A*®*(w)) ' C*
= CI—-3(2)A) 1 - d(2)0*(w)|(I — A*®*(w))~1C™.
Note that pointwise o2, we can definéd (w) = (I — A*®(w)*)~*C* : C? — L?(u) ® K. Thus,
for w fixed, H(w)* is a function onII, which we emphasize by writing a&,(w)*. Interpreting the
representation in Proposition 5.7 in terms of the spag:) ® K gives,

= WEW ) = [(1= 8,(2)6,(w)) Hy (2 Hy(w)" dup).

5.5. Nevanlinna-Pick Interpolation. The following proposition is an Agler-Pick type interpolation the-
orem for some matrix-valued functions éh The proof proceeds via a transfer function realization for a
solution. The now standard methods are purloined from those pioneered by Agler, and followed by Ball
and others. We eventually show that, roughly speaking, this theorem only ap@ies2tanatrix functions

which are, up to a fixed unitary, the direct sum of scalar contractive functions.

Proposition 5.8. If S C Ris afinite set)V : S — M, (C), and if there is a positive kern&l: Sx S xII —
M5 (C) such that

I=W(z)W(w)* = /H(l = p(2)p(w) )L (2, w; p) dpu(p)

forall z,w € S, then there exist& : R — M>(C) such that|G(z)|| < 1 andG(z) = W(z) forz € S.
Indeed, there exists a finite dimensional Hilbert spacédimension at most twice the cardinality 6j
and a unitary colligation = (U, K, 1) so that

G= WEa
and hence there exists : R x R x I — M,(C) a positive analytic kernel such that

I - G(2)G(w)" = /H [1 = 6p(2) b (w)*]A (2, w; p) dp(p)
forall z,w € R.

Proof. The proof employs a conventional lurking isometry argument. g=ar I1, the rank of the block
matrix with2 x 2 matrix entries
(F(Z7 w§p))z,w65’

is at most2N, whereN is the cardinality ofS. Thus, by Kolmogorov's theorem (see, for example, [7],
Theorem 2.53, especially the second proof), there exists a Hilbert gpadalimension2 N and a func-
tion H : S — L?*(p) ® B(C% K), denotedH,(z), such thatl'(z,w;p) = H,(z)H,(w)* (1 almost
everywhere).

Let £ and.F denote the subspaces(df(u) ® K) & C? spanned by

{(;ﬂégif) reCuwe S} ,

{<¢s<w>*§s<w>*w> eCuwe s}

and



28 M. A. DRITSCHEL AND S. MCCULLOUGH

respectively. The mapping from £ to F determined by

v (%((;)U))i) _ (%(w)*lf(w)*w)

is an isometry since

<(€IV<(5>)9:> ’ <5V<(>)5>> - </ H(2)H, (w)" du(s) y> + (W ()W (w)"x, )

( (ot e, (e G
x y
—( [ 6:(:10.0) Hu()H.w) du5) 2.5 + (o).

Both & and.F are finite dimensional, so there exists a unitdrgn (L2 (u) ® K) & C? such that/* extends
V. LetX = (U, K, 1) denote the resulting unitary colligation.
Write U as in equation (5.3). Sindé* restricted ta€ is V/,

A* C*\ (¢s(w)* Hg(w)*z\  (Hs(w)*z
B* D* x C\W(w)*x )
Expressing this as a system of equations

A*¢s(w)* Hy(w) z + C*x = Hy(w)*x
B*¢s(w)* Hy(w)*x + D*z = W(w)*z.

and

Solving the first equation foF (w)*x gives,
Hy(w)*z = (I — A*®(w)*) " 'C*x.
Substituting into this the second equation now gives,
B*®(w)*(I — A*®(w)*) " 1C*x = W(w)*x.
It follows that for each: € S,

Next is a unigueness result for Nevanlinna-Pick interpolatiofkon

Proposition 5.9. Supposd” : R — M,(C) is analytic in a neighborhood ok, unitary onB, and with
a standard zero set. Then there exiSts- R a set with seven elements such thay if R — M(C) is
contraction-valued and(z) = F(z) for z € S, thenZ = F.

Proof. Let K° denote the Fay kernel faR defined in Section 4. That igg° is the reproducing kernel
for the Hilbert spacél?(R) of functions analytic ink with L? boundary values with respect to harmonic
measure or3 relative to the poin®. Let H2(R) denoteC2-valuedH?(R). SinceF is unitary-valued on
B, the mapping’ onHZ(R) defined byl G(z) = F(z)G(z) is an isometry. As is shown below, the kernel
of V* is the span of K°(-,a;)y; : j = 1,2,...,6} whereF(a;)*y; = 0 and, of coursey; # 0; that is,
the pair(a;, v;) is a zero ofF™*.

Before proceeding, we note thatdfis scalar valued and analytic in a neighborhoodphas no zeros
on B, and has distinct zeras, . .., w, € R of multiplicity one, and iff € H?(R) with f(w;) = 0, then
f=pgforag € H?(R).

Now suppose) € H?(R) and for allh € H?(R), we have(y, ph) = 0. Then there is a linear
combinationf = ¢ — "7 ¢; K°(-,w;) so thatf(w;) = 0 as the se{K°(-,w;) : 1 < j < n} is linearly
independent, and thus by the above remdrk= ¢g for someg € H?*(R). Since(K°(-,w;),ph) =
e(w;)*h(w;)* = 0 for eachj andh, it follows that (f, ph) = 0 for all h. Choosingh = g gives,
{¢g,¢g) = 0 from which it follows thatg = 0. Hencey is in the span of K°(-,w;) : 1 < j < n}. This
shows{K°(-,w;) : 1 < j < n} is a basis for the orthogonal complement{gf: : h € H*(R)}.
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We next determine the kernel &*. Write a5 = ag = 0. SinceF'(0) = 0, there is a functiond
analytic in a neighborhood of so thatF' = zH. The functionp = z det(H) satisfies the hypothesis of

the preceding paragraph.
h22 _h12
G =
<h21 ha1 ) ’

Let
whereH = (h;,). Verify FG = zHG = zdet(H)I, wherel is the2 x 2 identity matrix.
Now suppose: € H3(R) andV*x = 0. Letz1, x5 denote the coordinates of For eachy € H3(R),

0= (Gg,V*z)y = (VGg,z) = (zdet(H)g,z) = (zdet(H)g1,z1) + (z det(H)ga, x2).

It follows from the discussion above that eachis in the span of K°(¢,a;) : 1 < j < 6} and therefore
zisinthe span of K°(¢,a;)v: 1 < j < 6,v € C%}. In particular, there exists vectors € C? such that

4
0=V"z= ZF(aj)*ijO(-,aj).
1

But K°(-,a;), j = 1...4 are linearly independent, and $&(a;)*v; = 0 for eachj. Conversely, if
F(a;)*v; =0, thenV*v; K°(-,a;) = 0 so that{ K°(¢,a;)v; : 1 < j < 6} is a basis for the kernel af*.

The projection onto the kernel &f* is I — V'V* and since the kernel f* has dimension six, — V'V *
has rank six. Thus, for any finite sétC R, the block matrix with2 x 2 matrix entries

Ma = (<<(I - VV*)KO('vw)ejvKO('72)62>)3‘,€=1,2)
= ((I = F(2)F(w)")K°(2,w))zwea

zZ,WEA

has rank at most six. (HeHe1, ex} is the usual basis fo€2.) In particular, ifA = {ay,...,as} where
thea; are the zeros odet(F) (with a5 = ag = 0), thenM 4 has exactly rank six. Choose points as
distinct fromay, . . ., ag so that the set = {ay, ..., as, a7, ag} has exactly seven distinct points. Singe

containsA, the rank ofMg is at least six. On the other hand, by what is proved above, it has rank at most
six. Thus the rank of/g is six.

Since the matrixd/g is 14 x 14 (viewed as & x 7 block matrix with2 x 2 matrix entries), and/s has
rank six, the kernel of\/s has dimension eight. Further, as the dimension of the subspace

7
0
- g4t
2
V2
(0) y=1| . |eC”
: V7
7
)
of C” ® C? has dimension seven, it follows that the there exists a nonzees y; ® e; in £ and in the

kernel of M. Similarly, by considering’; = {y ® ey : v € C"}, there exists a nonzerg, in the kernel
of Mg of the formzy = 15 ® es.

Ly
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LetX = (z; a2);thatis, X isal4 x 2 matrix,

(" )
X = <(y(1)>2 | (y(z))2>

((2%)7 . (y2)7>

It is convenient to us# to index itself, so that we have

for thew € S coordinate ofX. The identityM s X = 0 becomes,

Z K%z, w)X (w) = F(z) Z K°(z,w)F(w)* X (w)

wes weSsS

for eachz € S.
Now supposeZ : R — M(C) is analytic, contraction-valued, arifl(z) = F(z) for z € S. The
operatorV of multiplication byZ on HZ(R) is a contraction and

W*K (-, w)z = Z(w)*zK°(-,w).
Given{ € R, ( ¢ S, letS” = S U {(} and consider the decomposition of
Ne = (= 2(:2)2(w)) KO w)eg, KO, 2er) )

into blocks labelled bys and{¢}. Thus, N is an8 x 8 matrix with 2 x 2 block entries. The upper left
7 x 7 block matrix, the block determined k8 is Mg sinceZ(z) = F(z) for z € S. Let

(o)

Since V¢ is positive semi-definite andl/s X = 0, it follows that V.Y = 0. An examination of the last
two entries (the las? x 2 block) of the produciV.Y = 0 gives,

(5.6) S K¢ w)X(w) = Z(¢) > Z(w)* K¢, w) X (w).

weSs wesS

From the form ofX and since the kernel functiogg° (-, w) : w € S} form a linearly independent set
in H2(R, wp), it follows that the right hand side in (5.6) has rank two for all but at most countably giany
Hence,

> KOz, w)F(w)* X (w)
weS

also has rank two and is completely determined by the identity (5.6). Siricés also determined by this
identity, Z = F. O

The fact that we useft® in the last proof is not significant: any reproducing kernel would have worked.
However, certain facts that came to light in the proof will play a role in the proof of Lemma 5.11, where
Fay kernels are needed.
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5.6. A tight representation. The results in the previous sections now combine to produce a tight repre-
sentation forF' : R — M (C) which is analytic across the boundary, unitary on the boundary, has at most
six simple zeros imk, and hagpr = 1.

Theorem 5.10. SupposeF' is a2 x 2 matrix-valued function analytic in a neighborhood Bf which
is unitary-valued onB and with a standard zero set. Mz = 1, then there exists a unitary colligation
¥ = (U, K, p) such thatF = Wy, and so that the dimension &f is at mostl4. In particular, i is a
probability measure ofil, and there is an analytic functioH : R — L?(u) ® Mj42(C), denotedH,, ()
so that

1= F(z)F(w)" = /H(l = ¢p(2)Pp(w)") Hp(2) Hp(w)" dpu(p)
forall z,w € R.

Proof. Choose, using Proposition 5.9, a finite $ebf R with the property that iiG : R — M,(C) is
analytic, contraction-valued, ar@(z) = F(z) for z € S, thenG = F.

Using thisS, Proposition 5.6 produces a probability measu@nd positive kernel" : S x S x II —
M5 (C) such that

1= F(z)F(w)" = /H(l — ¢p(2)Pp(w) ") (2, w; p) dpu(p)

forall z,w € S.
By Proposition 5.8 there exists a unitary colligatlin= (U, K, i) so thatWx(z) = F(z) for z € S.
From our choice of, we see that’ = Wx. The integral representation follows. O

5.7. Fay Kernels Reprise. SupposeF’ satisfies the hypothesis of Theorem 5.10 anduletenote the
measure which appears in the conclusion.

Recall Fay's variant of the Szégkernel for R, K°(¢,z). Also recall, for eacly € II there is an
s € {1} x By x By so thatp,(z)¢s(w)* = ¢p(2)¢p,(w)*. In this case we label the zerosf (which of
course are the same as thoseof z5(= 0), 2§, z5.

Lemma 5.11. Supposé’ satisfies the hypothesis of Theorem 5.20is a2 x 2 matrix-valued function
analytic in a neighborhood oR which is unitary-valued orB, with a standard zero set, angr= = 1.
Assume furthermore that it is represented as in the conclusion of Theorem 5.16; etz = 0 and
d5 = e1 anddg = ey. Then there exists a sét of x measure zero such that fer ¢ F, for each
v € C" and for¢ = 0, 1, 2, the vector functior,,(¢)vK°(¢, z¢) is in the span of K°(¢, a;)d,}, where
z0(=0), 21, 22 are the zeros op,,. As a consequencél,, is analytic onR and extends to a meromorphic
function onY'.

Proof. Given a finite set) C R,

Mg = ((I = F(2)F(w)")K°(z,w)) .0

has rank at most six. Moreover, as interpreted in the proof of Proposition 5.9, the rahfg l&fs in the
span of{(K%(z,a;)0;).eq : 5 = 1,...,6}. Here(K°(z,a;)d;).cq is a column vector indexed k.
From the representation féf of Theorem 5.10,

Mq = </ Hy(2)(1 = pp(2)p(w) ") KO (2, w) Hp (w)* du(p))

Z,wEQ

For eachp, multiplication byg,, denoted,,, is isometric orl? (R, wy), the Hilbert space of analytic
functions onR. Hencel — M, My > 0, asis(I — M, M) @ E, whereFE is then x n matrix consisting
of all ones. From the reproducing propertyP (-, z), My K°(-, z) = ¢,(z)*K°(-, z). Thus, ifQ is a set
of n points inR andz is the vecto K°(-, w))weq, then the matrix

PQ(p) = <((I - MpM;) ® E)x,x> = ((1 - ¢p(z)¢p(w)*)Ko(27w))z,weQ > 0.

If we setQ = Q U {z;(s)}, for anyj = 0, 1, or 2, then P5(p) > 0 as well. Furthermore, the
upper leftn x n block equalsPg (p) and the righta x 1 column is(Ky(z, 2;(s))).cq- Hence as a vector
(Ko(z,2j(s))).cq € ranPg(p)'/? = ranPg(p) for j = 0,1, 2.
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SincePy(p) > 0,
No(p) = (Hp(2)(1 = ¢p(2)p(w) ") K (2,w) Hy(w)*) , o
is also positive semidefinite for eaphlf Mgz = 0, then

0 :/(NQ(p)x,x> du(p),

so that(Ng(p)z, z) = 0 for almost every. It follows that Ng (p)x = 0 almost everywhere. Choosing a
basis for the kernel oM, there is a seEg of measure zero so that fpr¢ Eg, the kernel ofMg, is a
subspace of the kernel &g (p). Thus, for suclp, the range ofV (p) is a subspace of the range .

In particular, the rank oV (p) is at mos®.

Moreover, if we letDg(p) denote theq x 14 block) diagonal matrix with(z, z) entry H,(z) (¢ €
@), thenNg(p) = Dqg(p)Po(p)Dgo(p)*. SincePgy(p) is positive semidefinite, we conclude that the
range of Dg(p)Pg(p) is a subspace oMq. Thus, as(K°(z,z;(s))).cq is in the range ofPg(p),
(Hy(2)vK°(2,2i(s))).cq is in the range o\l for everyv € C* andj = 0, 1, 2.

Now suppos&),, C R is a finite set withQ,, C Qn11, Qo = {a1,...,a4,a5(=0)}, andD = |J,, Q»

a determining set. Then since

(5.7) (Hy(2)vK°(2,2)(5))zeq. € 1anMa, C \/(K°(2,4;))):eq.
J
there are constant§ (p) such that
5
(5.8) Hy(2)0K%(2,2i(5) = > _ ¢} (0)K°(2,0;)0;, 2 € Qp.
j=1
By linear independence of th&°(-,a;)’s, the cj(p)'s are uniquely determined when = 0,1,... by
(5.8). SinceR),,+1 O @, We must in this case ha\a?“(p) = ¢} (p) for all n, and thus there are unique
constants:; (p) such that

5
(5.9) H,(2)vK°%(z,2i(s)) = ch(p)Ko(z7aj)6j 2 €D, p=0,1,2.
j=1

By considering this equation with= 5, and using the fact that®(z, 0) = 1, we see that{,, agrees with
an analytic function on the determining €@t It follows that we can assume thafk,(z) is analytic for
eachp ¢ E and that the relation of equation (5.8) holds through@ufurthermore, since thg°(-, a;)’s
extend to meromorphic functions af H, does as well. O

5.8. Diagonalization. In this subsection we show that whgp = 1, a contractive matrix valued function
with unitary boundary values and a standard zero set is diagonalizable.

Lemma 5.12. SupposeF’ is a2 x 2 matrix valued function ok whose determinant is not identically
zero. If there exists & x 2 unitary matrixU and scalar valued functiong;,vs : R — C such that
F(2)F(w)* =UD(z)D(w)*U*, where

P10
D =
( 0 1)’
then there exists a unitary matrix so thatF" = UDV'.

Proof. The hypothesis imply)(z) "'U*F(z) = D(w)*U*F(w)*~! wheneverF'(z) andF (w) are invert-
ible. Hence,D(2)~1U*F(z) = V is constant. One readily verifies thétV = I. O

Theorem 5.13. Supposer' is a2 x 2 matrix valued function which is analytic in a neighborhoodRyf
unitary valued onB and has a standard zero sét, a;, j = 1,...,4. Assume further that th&, a; have

the property that if: satisfies
4

h(¢) =D ¢;K°(¢,a;)8; +v
1
for somecy, ..., cs € Candv € C? and ifh does not have pole at eithét or P;, thenh is constant.
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Under these conditions, ifr = 1, thenF is diagonalizable; i.e., there exists2ax 2 unitary matrices
U andV and analytic functiong; : R — C such that, with

w1 O
D:
<0 s@z)’

Proof. By Lemma 5.11, we may assume that, except perhaps on/ayset measurd, if i is a column
of someH,, thenh(¢)K((, 2(s)) is in the span of K°(¢,a;)d; : 1 < j < 6} for £ = 0,1,2. Here
zo(p) = 0,21(p), z2(p) are the zeros op,. By hypothesish (and soH,) is constant as a function of
¢. From our normalization of the domain (see Corollary 2.13), one of the zerpgs, &fay z1 (p), is not
zero. Thus, Theorem 4.3 (or rather the argument there) also implies, that ifot zero, then there is a
1 <ji(p) < 4sothatz(p) = aj, () andh is a multiple ofé;, (,,). Thus, every column off,, is a multiple
of &5, (p)-
Theorem 5.10 gives us the representation

F=VDU.

(5.10) 1~ F(z)F(w)* = /H (1~ ()6 ()" ) H, H ds(p).
Substitutingw = 0 we find

(5.11) I= /HPH; dp(p).

In view of equation (5.11), rearranging equation (5.10) gives,

(5.12) F(2)F(w)" = /H 602y ()" Hy H dia(p).

Since the columns aff,, are all multiples of the single vectoy, ,,), H,H, is rank one and thus may be
written asG(p)G(p)*, for a vectorG(p) € C2. (IndeedG(p) is the square root of the sum of the squares
of the norms of the columns df,, timesd;, (,,y.) Consequently,

(5.13) F(2)F(w)" :/H¢p(2)¢p(w)*0(p)0(p)*d#(p)-

SinceF'(a;)*0; = 0 for all j, equation (5.13) gives,

0= 6 Fa) ()35 = [ lonlas) PIGE) 81 du(p).

Consequently, for each ¢,(a;)*G(p)*d; = 0 for almost every, and so off of a sef,, C II of measure
zero,¢,(a;)*G(p)*d; = 0 for all p and eachy. Thus, by defining=(p) = 0 on Z,, we may assume that
equation (5.13) holds and

¢p(a;)*G(p)*; =0
forall p, j.

LetAg = {p € Il : G(p) = 0}. If p & A, then for eacly, either¢,(a;) = 0 or G;0; = 0. Since
G, is a multiple ofé;, () and no three of thé; are collinear, it follows thad, has zeros at two of the;,
saya;, (p), aj,(p), and thed;, ,y andd;, ) are collinear (and orthogonal 1,), where{a, ..., a4} =
{aj,(p)s -+ aj,(p) }- We can now turn to Theorem 4.3 to conclude thdb) = a;, (), 22(p) = a;,(p)- IN
particular,¢, has distinct zeros ang, () anddj, ., are collinear (and orthogonal &, (,y andd;, (,,)). Let
J1 = {aj,(p), @4y (p) } @NAJ2 = {aj, (), aj, ()} IN @ddition, letA; denote the one dimensional subspace
of C? spanned by, (») andA, the the one dimensional subspacedfspanned by, (p)-

If p’ ¢ T1y, then by arguing as above, eith@(p’) € A, or G(p’) € As. In the former case, the zeros
of ¢, are inJ, and in the later in/;. Hence, for eacp, either

(0) G(p) =0; or
(1) G(p) € Ay and the nonzero zeras(p), z2(p) are inJs; or
(2) G(p) € A, and the nonzero zerag(p), z2(p) are inJy.
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Let
Iy ={p € II : (0) holds},
IT; ={p e I : (1) holds},
II; ={p € II : (2) holds}.

If p,q € II;, then¢, and ¢, have the same zeros, and are therefore equal up to a rotation. Hence, for
p,q € Iy, ¢p(2)dp(w)* = ¢g(2)¢g(w)*. Choosep' € II; and let Lety; = ¢, denote a representative.

If I, is not empty, choosg? € II, and lety, = ¢,2. Otherwise, letp, = 0. Substituting into equation
(5.12) and writing the integral as the sum of the integrals dlxeandll; gives,

F(2)F(w)* = hip1(2)¢1(w) h1 + hata(2)h2(w) h

for someh; € A;. Substitutingz = w = 1 and using the fact thaf' (1) F'(1)* = I shows{h4, ho} is an
orthonormal basis fof? (and+» # 0). Thus, we can apply the previous lemma and concludeRhiat
diagonalizable. O

6. THE OBSTRUCTION

We now demonstrate 2 x 2 matrix function® which is unitary on the boundary, analytic across the
boundary, has a standard zero set, and which cannot be diagonalized. Since by Theorem 5.13, any function
satisfying these conditions which hags = 1 is diagonalizablepy must be less thah for this ¥ and so
by Theorem 5.2, rational dilation does not hold.

Recall the matrix inner functiong,, ; introduced in subsection 3.2. Thevas fixed at the outset of that
section. By Lemma 3.8 for smajl ¥ = VU, , has a standard zero set. la%t 6? denote the standard zero
set for¥,,. (In particular, we can assund® = 63 = e; andd§ = 49 = ey.) Lete® > 0 denote the
e > 0in Theorem 4.3 corresponding to this zero set. Thus, for a spalD the function¥ = ¥, ; has a
standard zero set and this zero set satisfies the conditions in Theorem 4.®. S i promised function.

Lemma 6.1. ¥ has the following properties:

(1) W is unitary valued omnB;
(2) ¥ has a standard zero set;
(3) the zero setiy, . .., aq, d1, ..., 4 has the property: If, satisfies
4
h(¢) = ¢;K(¢,a;)8; + v

1

for somec,,...,cs € C andv € C2? and if h does not have pole at eithé?, or P,, thenh is
constant.

(4) v is not diagonalizable; i.e., there do not exist fixed unitafieand V' so thatU ¥ V* is pointwise
diagonal.

Proof. The only thing that remains to be proved is thais not diagonalizable. We argue by contradiction.
Suppose there is a diagonal functibrand fixed unitarie$/, V so thatD = U¥V*. Of courseD must be
unitary valued orB. In particular,D(1) is unitary and so by multiplying on the left (or right) l@y(1)*, it
may be assumed tha&t(1) = I. Since¥(1) =1,V =U.

Let 1, po denote the diagonal entries &f. Since D is unitary valued onB, both ¢, and ¢, are
unimodular onB. Further, aslet(¥) has6 zeros and a function unimodular dhhas at least three zeros
or is constant, we conclude that either bpthandy- have three zeros and thus take each valyéih< 1}
exactly three times i, or one has six zeros and the other is a unimodular constaifhis later case
cannot occur, since then

0=0(0)=U* (g 8) U.

From Lemma 3.7¥(q1)e; = e;. ThusUe; is an eigenvector foD(q;) corresponding to eigenvalue
1, whence at least one ¢f;(¢1) is 1. Similarly, Ues is an eigenvector foD(q}) with eigenvaluel, and
at least one ofp;(¢7) is 1. Now, D(g;) cannot be a multiple of the identity, as otherwise bgtlig; )
andys(q1) equall, in which case at least one of these two functions takes the Yadtidothg; andg;.
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Therefore, without loss of generalitf,e; = A\e; andUes = Ages for unimodularh; and,. SinceD is
also diagonal, we can assumg= 1. Hence ¥ = D.

From Lemma 3.7%(g2) (ne1 + (1 — 1%)Ze2) = ney + (1 — %) ez so that
D(gz)(ner + (1 = 1°)2e2) = nea(gz)er + (1= 11°) 2 palga)es.
Sincen # 0, it follows thaty;(¢2) = 1. Similarly, ¢;(g3) = 1. As g2 # ¢3, the functiony; takes the
valuel twice onB,, a contradiction. O

To prove our main theorem, simply note that the first three conditions of Lemma 6.1 imply, in view of
Theorem 5.13, that iby = 1, then¥ is diagonal. Hence, it follows thaty < 1 and this completes the
proof.

7. EXISTENCE OF AFINITE DIMENSIONAL EXAMPLE

Let A denote the closure d® (X)), the rational functions with poles off of as a subspace 6f(X).
Thatis A = R(X) C C(X). The algebrad is an (abstract) operator algebra with the family of matrix
norms,

I1F| = sup{[|F(2)]| : z € X},
for F = (f;.) € M, (A) and wherd| F(z)| is the matrix norm of thes x n matrix F'(z).
Given a finite subsed C R, let I, denote the idea{f € A : f(A\) = Oforall A € A} of A. The
guotient
Ap = A/,
inherits, in a canonical way, an operator algebra structure fdloMNamely,
lma(F)|| = inf {||G|| : G € M,,(A) and7wa(G) = wa(F)} .

Heren, denote the quotient map.

The following is a special case of a version of a theorem of Vern Paulsen [27]. By a representdtién
is a unital homomorphism : A — B(H), whereH is a Hilbert space. The representatiois contractive
if lv(H) < | f]l forall f € F and is completely contractive if for eachand eacht” = (f; ) € M,,(A),
(B = l[(v(fi.e)ll < |IF|l. Make similar definitions for representations, contractive representations,
and completely contractive representationsigf.

Theorem 7.1 (Paulsen) Every contractive representation gf is completely contractive if and only if
every contractive representation of evety is completely contractive.

The following observation of Paulsen is also useful. We give the proof.

Proposition 7.2. If v : Ay — B(H) is contractive, but not completely contractive, then 7y : A —
B(H) is contractive, but not completely contractive.

Proof. Sincerv andrw, are contractive, the compositioro 7 is contractive. On the other handgifo w5

is completely contractive, then it follows from the definition of the norm\és(.A ) as the quotient norm,
thatv is completely contractive. To see this, given(F') = (wa(f;.¢)) in M, (Ag) we can assume, by the
definition of the quotient norm, thdt can be chosen so thigk’|| is only a little larger thar{7, (F)||. Since

v o my is completely contractive, the norm ofo 7 (F) is no larger thar| F'|| and the result follows. O

We use Paulsen’s results, together with our own, to argue that there is a Katnith R as a spectral
set, but which does not dilate to a normal operator with spectruph ihis enough to prove that there is a
finite subset\ C R, a finite dimensional Hilbert spadé, and a representation: A — B(H) which is
contractive, but not completely contractive. We begin with a lemma.

Lemma 7.3. Fix A a finite subset oR. If v : Ay — B(K) is a representation, then there exists subspaces
&\, A € A, of K so that

(1) eaché&, is closed;

(2) K is the algebraic direct sumE,; and

3) if f € Aandk € &,, then

V(mA(f))k = Ak.
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Proof. For each\ € A, choose a function, € A such thak,(r) is0if u € A, buty # A and such that
ex(A) = 1. It follows that the operatorf = v(mwa(ey)) are idempotents such th&y E,, = 0 if pu # X
and)_ E, is the identity onK. LetE, = F)\ K. Properties (1) and (2) are readily verified. As for (3),

(V(ma(F) = F))Ex = v(ma(f — f(A))ex)
=7(m(0)) = 0.
O

From our result, there is a representationbfvhich is contractive, but not completely contractive.
From Paulsen’s theorem, there existd and Hilbert spacé( (possibly infinite dimensional) and a repre-
sentationy : Ay, — B(K) which is contractive, but completely contractive. Since this representation is
not completely contractive, there existsraandF' € M,,(.A) such that

L= [lma(F)| < lyv(ma(F))]-

Thus, there exists a vector
T

T2
r=| . |edlK=C"QK

Tn
such that|z|| = 1 and

Iy (A (F))]| > 1.
Write, z; = >~ x;(\) with respect to the algebraic direct suhg, and letH denote the span dfz; () :
1 <j<n, A€ A}. Thus,H is finite dimensional (the dimension is cardinality dftimesn). From
condition (3) of our lemmal{ is invariant fory. Definev : Agp — B(H) by restriction:v(f) = v(f)|x-
Since alsar € C™ ® H we haveyy(ma(F))z = v(mp(F))z and thus

[v(ma(F))z]| > 1 = [[wa(F)]-
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ABSTRACT. For R a bounded triply connected domain with boundary consisting of disjoint analytic curves
there exists an operat@r on a complex Hilbert spack so that the closure aoR is a spectral set fdr", but

T does not dilate to a normal operator with spectruniBirthe boundary ofR. There is considerable overlap

with the construction of an example on such a domain recently obtained by Agler, Harland and Rafael [5] using
numerical computations and work of Agler and Harland [4].
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