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Exponential distribution:
If X ~ Exp(\), then it has distribution function
F(z:)) =1— e,

x>0,A>0.

Generalised Extreme Value distribution:

If X ~GEV(u,o0,€) then it has distribution function

'exp{—[“rf(x;u)}:/ﬁ}, ‘o
| w5}

—00 < < 00, —00 < & < 00,0 > 0,a; =max(0,a).

GX(*T;M’O-v 5) =

Generalised Pareto distribution:

If X ~GPD(5,¢) then it has distribution function
-1/
1-— <1 + g) , EF#0;
T/ +

1—ep (-2) =0,

o

—00 < €< 00,6 >0,a, =max(0,a).
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1. (a) If there exist sequences of constants a,, > 0 and b,, such that, as n — oo,
Pr{(M, —b,)/a, <z} — G(x)

for some non-degenerate distribution GG, then G is of the same type as one of the
following distributions:

I:G(x)= exp{— exp(—2x)} —00 < T < 00
0 x <0
H.G(x)—{ exp(—z~%) x> 0,a > 0;
exp{—(—2)*t <0,aa>0
]H:G(x):{lp{( )}xzo.

[4 marks]

(b) We know that

Pum@gx}:ﬁmm)zagg:@m{—{1+g(x;“)]IM},

+

for some parameters u, o and £. Hence

nbgF@)%—[1+f(x;M>yﬂg (1)

+

Substitution of the result given, into (1), gives

e (252

1-F(u) ~

S|

for large u. Similarly, for y > 0,

1 +y—p\]
1—F(u+y)%—[1+f(w)]
n o +
Then
1—F(u+y)
Pr{X X _
r{X >u+y|lX >u} T~ F(a)
L[1+¢ (utam)] Ve

Q

Lere ()]

ey e
1) ],
r —-1/¢

= |1+ §Ty] ; as required,
L O

where 6 = 0 + &(u — p). [ |
8 marks

Question 1 continued on next page Page 3 of 7
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(¢) (i) The r year return level, z,, is the value we can expect to be exceeded once, on
average, every r years.
[2 marks]

(i)

~ -1/
Pr(X >u+ylX >u) = 1—1—@ :
o
+
Now Pr(X )
(X >u+y
Pr(X > X >u)=
giving

Pr(X >u+y) = APr(X > u+y|X > u),
where A\, = Pr(X > u). Thus,

&y —-1/¢
Pr(X >u+y) = A\, [1 + —} ie.
71+
_ —-1/¢
Pr(X >1) ~ A [1+§(w “)} .
g +

Equating the RHS of the above expression to 1/t and solving for z = z; gives
the t—observation return level:

Q

Zt

o
u+ = [(tA)* — 1] ;

£
On an annual scale, we now replace ¢ with r x n, to get the r—year return level
2

Zr = U+ % [(rnyAu)t — 1],

as required.
[6 marks]

[Total Q1: 20 marks|
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2.

(a) Model M2 allows for a linear trend in the location parameter, that is

()

M(t) - BO + Blta

where ¢t = 1,2,...,51. In fact, the slope term ; corresponds to the annual rate
of change in annual maximum sea surges at Grand Isle. It is positive, suggesting
increasing levels of sea surge extremes over time.

Model M1 assumes the location parameter is constant.
[3 marks]
We have
D = 2{—41.74466 — (—48.40894)} = 13.32856,

which is large relative to x%(0.05) = 3.841. Thus, the linear trend component
explains a substantial amount of the variation in the data, and is likely to be a
genuine effect in the sea surge process.

[2 marks]
(i) The 95% confidence interval is —0.028 £ 1.96 x 0.083 = (—0.191, 0.135) which
suggests a Gumbel-type tail (unbounded).
[2 marks]
(ii) For the GEV, we have

5=+ % [(_1og (1—r 1)) = 1] .

Here, we have ¢t = 59 for the year 2020, giving:

[ = 3.182+ 0.0185 x 59 = 4.2735,
& = 0.4780,
¢ —0.0278.

Substitution in the return level equation (with » = 100)

0.4780
0.0278

2100 = 4.2735 — [(—log(1 — 1/100))*%™ — 1] = 6.34 feet.

[2 marks]

[Total Q2: 9 marks]
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3. (a) Now the variance covariance matrix for (6, €) is given by

(i) =

1 2027.11 —256.7
38.21 x 2027.11 — 256.72 \ —256.7  38.21

(0175 —0.022
— \ —0022 0003 )

Also,
. . . 235 235
M) = A1 =X,)/N = - 1 =249 %107,
var(\,) ( )/ 30531 ( 30581) /3058 9 x 10
giving
2.49 x 1077 0 0
V = 0 0.175 —0.022
0 —0.022  0.003
[5 marks]
(b) We have
. 5.10 —0.44 0
250 =30 — oo [(50 x 365.25 x 0.00768) " — 1] = 40.27°C.
[2 marks]
(c) From the plot, using a cut-off of 0.5 x x3(0.05) = 1.921, gives
(39.75°C, 41.4°C).
[2 marks]

(d) Problems:

— How do we choose k7
— k too large — too few cluster peaks
— Kk too small — independence assumption violated

— Sensitivity of estimates of o and £ (and possible return levels) on the choice
of k (e.g. Fawcett and Walshaw (2012)!)

[2 marks]

[Total Q3: 11 marks|
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(a) Example: Often, it is the combination of extremes of many environmental variables
that cause destruction/devastation. For example, during a hurricane, it might be
the combination of (i) extremely strong winds, and (ii) extremely heavy rain, that
results in sea—surge and mass flooding.

[2 marks]

(b) (i) The assumptions are that X; and Y;, i = 1,2, ..., n are unit Fréchet distributed.
In practice, this is achieved by marginally fitting the GPD to excesses of u,
for X and excesses of u, for Y, and then transforming to unit Fréchet using
the fitted GPD parameters (6,,&,) and (6,,&,).

[2 marks]

(ii) The parameter « controls the degree of extremal dependence between X and
Y. For independent extremes, a = 1; as a — 1 we have increasing levels of
extremal dependence.

[2 marks]

(iii) If x; < u, and y; > u,, then we have

OH —(1/a /a1 1/
o . (1/a+1) <u;1/a ty; 1/ ) exp {_ <u;1/a ty; 1/ ) }

(uz7yi)

[4 marks]

[Total Q4: 10 marks|

THE END
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