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Beta distribution: If X ∼ Be(α, β), then it has density

f(x|α, β) =
xα−1(1− x)β−1

B(α, β)
, 0 < x < 1, α > 0, β > 0.

Also, E(X) = α/(α + β) and V ar(X) = αβ/{(α + β)2(α + β + 1)}.

Exponential distribution: If X ∼ Exp(λ), then it has density

f(x|λ) = λe−λx , x > 0, λ > 0.

Also, E(X) = 1/λ and V ar(X) = 1/λ2.

Gamma distribution: If X ∼ Ga(α, λ), then it has density

f(x|α, λ) =
λαxα−1e−λx

Γ(α)
, x > 0, α > 0, λ > 0.

Also, E(X) = α/λ and V ar(X) = α/λ2.

Normal distribution: If X ∼ N(µ, 1/τ), then it has density

f(x|µ, τ) =
( τ

2π

)1/2

exp
{

−
τ

2
(x− µ)2

}

, −∞ < x < ∞, −∞ < µ < ∞, τ > 0.

Also, E(X) = µ and V ar(X) = 1/τ .

Poisson distribution: If X ∼ Po(θ) then it has probability mass function

f(x|θ) =
θxe−θ

x!
, x = 0, 1, . . . , θ > 0.

Also, E(X) = θ and V ar(X) = θ.
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1. Consider the scenarios below. State whether a classical, frequentist or subjective
interpretation of probability is being used to estimate θ1, θ2 and θ3.

Classical?
Scenario Frequentist?

Subjective?
Your friend plays the piano and has her Grade 8 exam in Lee Fawcett is no good
the morning. You and some friends try to evaluate
θ1 = Pr(she passes her exam).

You work in the outbound sales team of a call centre. From
a list of all potential customers, the computer selects one
completely at random. θ2 = Pr(customer is female).

You have an interest in horse racing. You visit
three bookmakers in an attempt to determine
θ3 = Pr(Bayesian Beauty wins at the Grand National).

[Total Q1: 3 marks]

2. Scientists in Venezuela know that, in any given year, there is a 25% chance of an
earth tremour within a 50 mile radius of the capital city, Caracas. Such an event
can trigger catastrophic landslides: given an earth tremour has occurred, a scientist
specifies that there is a probability of 0.9 that this will be immediately followed by
a catastrophic landslide. If an earth tremour does not occur, the probability of a
catastrophic landslide drops to just 0.15.

Given that a catastrophic landslide occurs in Caracas in 2012, what is the prob-
ability that this was preceded by an earth tremour?

Answer:

[Total Q2: 4 marks]
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3. Suppose we have a random sample from the Rayleigh distribution, i.e. Xi|θ ∼
Rayleigh(θ), i = 1, 2, . . . (independent), where the probability density function is given
by

f(x|θ) =
2xe−x2/θ

θ
, x, θ > 0.

Use the Factorisation Theorem to find a sufficient statistic for θ.

Answer:

[Total Q3: 5 marks]
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4. On any day, the number of loggerhead turtles Xi observed off the northeast coast of
Australia is assumed Poisson with rate θ, i.e. Xi|θ ∼ Po(θ), Xi independent.

(a) On each day of a three day diving trip, a diver sees 1, 3 and 2 loggerhead turtles
respectively. Find the likelihood function f(x|θ).

[4 marks]

Answer:

(b) You interview a marine biologist in an attempt to elicit her beliefs about the rate
of occurrence of loggerhead turtles, θ. For this location, she tells you that she
would expect to see about 5 turtles per day; thus E[θ] = 5. After further

discussions, you agree that SD(θ) ≈
√

5/2.

(i) Use this information to suggest a suitable prior distribution for θ, specifying
fully the parameters in your model.

[5 marks]

Answer:

Question 4 continued on next page Page 5 of 10
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(ii) Show that the posterior distribution for the rate of occurrence of loggerhead
turtles is

θ|x ∼ Ga(16, 5).

[3 marks]

Answer:

(iii) The posterior mean can be written according to the Bayes linear rule

E(θ|x) = αE(θ) + (1− α)x̄,

where x̄ is the sample mean. Find α, and comment on whether this gives more
weight to the prior or the posterior.

[4 marks]

Answer:

Question 4 continued on next page Page 6 of 10
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(c) Suppose you did not have time to interview the marine biologist. What would be
your posterior distribution assuming vague prior knowledge? How does this affect
your posterior variability?

[7 marks]

Answer:

[Total Q4: 23 marks]
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5. The parameter θ represents the rate of the gamma or Pareto distributions, or the
binomial success probability. Complete the table below, choosing one word from the
following list for each empty cell in the table:

Gamma Normal Pareto

Beta Uniform Exponential

[Note: There is one mark for each empty cell. You must enter one word only into each
cell. Although more than one word might be appropriate, no marks will be given if you
enter multiple answers.]

Model: Xi ∼ Prior for θ Posterior for θ

ddddddddddddddddddddd ddddddddddddddddddddd ddddddddddddddddddddd

ddddddddddddddddddddd Exponential Gamma

Gamma

Binomial Beta

[Total Q5: 4 marks]
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6. Hurricane–strength wind speeds (X miles per hour) for locations in the Gulf of
Mexico, are modelled using a distribution with probability density function

f(x|σ) =
x

σ2
exp

{

−
x2

2σ2

}

, x > 0, σ > 0.

(a) During a hurricane, you collect wind speeds at n randomly chosen locations in the
Gulf of Mexico, giving x1, x2, . . . , xn. Find the likelihood function for σ, assuming
your observations are independent.

[3 marks]

Answer:

(b) A meteorologist suggests using the square root inverted gamma distribution as a
prior for σ, that is

σ ∼ SqIG(a, b),

where
π(σ) ∝ σ−(2b+1)exp

{

−
a

2σ2

}

, a, b > 0.

Find π(σ|x), and explain why the prior suggested by the meteorologist is
conjugate.

[8 marks]

Answer:

[The next page has been left blank for your solution to this question]
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[This page has been left blank for your solution to the last question]

[Total Q6: 11 marks]

THE END
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