
3 The basi
 model for blo
k maxima: The generalisedextreme value distribution[Some preamble here.℄3.1 History and theoreti
al motivationSuppose that X1, X2, . . . , Xn is a sequen
e of independent and identi
ally distributed(IID) random variables with 
ommon distribution fun
tion F . One way of 
hara
terisingextremes is by 
onsidering the distribution of the maximum order statisti

Mn = max {X1, X2, . . . , Xn} . (1)This is trivial (in prin
iple), sin
ePr {Mn ≤ x} = Pr {X1 ≤ x, X2 ≤ x, . . . , Xn ≤ x}

= Pr {X1 ≤ x} × Pr {X2 ≤ x} × · · · × Pr {Xn ≤ x}
= {F (x)}n .However, in pra
ti
e the distribution fun
tion F is unknown. This leads to an approa
hbased on asymptoti
 arguments � spe
i�
ally, limiting distributions for Mn as n → ∞.3.1.1 The three extremal types and the Extremal Types TheoremThe obvious question now, is, what possible distributions might be 
onsidered 
andidatesfor the distribution for Mn as n → ∞? It might also be 
onvenient to �nd out if we
an formulate this set of 
andidate distributions into a single 
lass � say G � whi
h isindependent of F ; if so, we 
an estimate the distribution of Mn using G, without anyreferen
e to F . Clearly, the limiting distribution of Mn is degenerate, sin
e Mn 
onvergeswith probability 1 to the upper endpoint of F . This is analogous to the sample mean X̄
onverging to the population mean µ with 
ertainty in the Central Limit Theorem; here,the degenerate limit is prevented by allowing a linear res
aling, so that

X̄ − µ

σ/
√

n
→ N(0, 1).Similarly, we look for limiting distributions as n → ∞ of normalised sequen
es (Mn −

bn)/an. The univariate 
lassi�
ation (due to Fisher and Tippett in 1928 and formallyproved by Gnedenko in 1943) is summarised by the `extremal types Theorem'; beforestating the result, it is important to de�ne an equivalen
e 
lass of distributions: F and
F ∗ are type equivalent if there exists 
onstants a and b su
h that F ∗(ax + b) = F (x), forall x.Theorem 3.1 (Extremal types theorem)If there exist sequen
es of 
onstants an > 0 and bn su
h that, as n → ∞,Pr {(Mn − bn)/an ≤ x} → G(x) (2)2



for some non�degenerate distribution G, then G is of the same type as one of the followingdistributions: I : G(x) = exp {−exp(−x)} −∞ < x < ∞; (3)II : G(x) =

{

0 x ≤ 0exp(−x−α) x > 0, α > 0;
(4)III : G(x) =

{ exp {−(−x)α} x < 0, α > 0
1 x ≥ 0.

(5)Conversely, ea
h of these distributions, G, may appear as a limit for the distribution of
(Mn − bn)/an and, in fa
t, does so when G itself is the distribution of X in equation (1).The three types of distribution in Theorem 3.1 (I , II and III ) have be
ome known asthe Gumbel, Fré
het and Weibull types (respe
tively), and are known 
olle
tively as theextreme value distributions. It should be noted that Theorem 3.1 does not ensure theexisten
e of a non�degenerate limit for Mn; nor does it spe
ify whi
h of types I , II orIII is appli
able if a limit distribution does exist (i.e. in whi
h domain of attra
tion thedistribution of G lies). However, when su
h a distribution does exist, we �nd that, byanalogy with the Central Limit Theorem, the limiting distribution of sample maxima fol-lows one of the distributions given in Theorem 3.1 no matter what the parent distribution
F . See Leadbetter et al. (1983) for a detailed exposition of the existen
e of limits anddomains of attra
tion.3.1.2 The Generalized Extreme Value DistributionIn pra
ti
e, it is in
onvenient to work with three separate 
lasses of limiting distribution(as in Theorem 3.1). However, there exists a parameterisation whi
h en
ompasses allthree types of extreme value distribution. Von Mises (1954) and Jenkinson (1955) inde-pendently derived the generalised extreme value distribution (GEV), denoted G(µ, σ, ξ),whose 
umulative distribution fun
tion is given by

G(x; µ, σ, ξ) = exp{− [1 + ξ

(

x − µ

σ

)]

−1/ξ

+

}

, (6)where a+ = max(0, a). The situation where ξ = 0 is not de�ned in (6), but is taken asthe limit as ξ → 0, given by
G(x; µ, σ) = exp{−exp(x − µ

σ

)}

. (7)The parameters µ (−∞ < µ < ∞), σ (> 0) and ξ (−∞ < ξ < ∞) are lo
ation, s
aleand shape parameters respe
tively. The value of the shape parameter ξ di�erentiatesbetween the three types of extreme value distribution in Theorem 3.1: ξ = 0, leading to(7), 
orresponds to the Gumbel distribution (type I ); ξ > 0 and ξ < 0 
orrespond to theFré
het (type II ) and Weibull (type III ) distributions respe
tively.3.1.3 When should we model blo
k maxima?The GEV distribution often proves useful for modelling environmental extremes. A typi-
al use of the GEV might be to aid the design of a sea wall or a tall building. We might3



want the sea wall to withstand the sea surge we 
an expe
t to o

ur, on average, on
eevery �fty years, or we might want the building to be built su�
iently strong so that it
an withstand wind gusts we might only expe
t to o

ur on
e every hundred years. Insu
h situations, it is the extremes, rather than the average level of the pro
ess, that is ofinterest. Theorem 3.1 and the results in Se
tion 3.1.2 provide a way of making inferen
eson the extremes of a pro
ess on
e a suitable set of maxima Mn have been extra
ted fromour data. For example, we might have daily total rainfall a

umulations re
orded at a
ertain lo
ation over a �fty year period. To implement the �tting of the GEV, we wouldneed to partition our series into blo
ks and then, from ea
h blo
k, sele
t the maximumrainfall total. For 
onvenien
e, and possibly to avoid non�stationarity issues, we might
hoose the 
alendar year as our blo
k unit; thus, the extreme dataset to be analysedwould 
onsist of 50 annual maximum rainfall a

umulations. Su
h an approa
h is oftenreferred to as a `blo
k maxima' approa
h. Although this sounds fairly straightforward,
hoosing the blo
k size 
an be di�
ult: if the blo
k size is too large, there is likely to belarge estimation varian
e owing to the relatively small number of blo
k maxima generated,whereas a blo
k size that is too small will give a poor approximation to the asymptoti
model in (6), possibly leading to estimation bias.It is often the 
ase that, where interest was always going to be in the extremes of aparti
ular pro
ess, that only the annual maxima � or indeed the maxima taken over someother blo
k � have been re
orded; in this 
ase, blo
k size may not be an issue and we
an pro
eed to model our data with the GEV immediately. Conversely, there may bemu
h data � perhaps we have hourly wind speed measurements, or indeed measurementsthat have been re
orded 
ontinuously. In su
h 
ases, to avoid wasting pre
ious data,we might 
hoose to take maxima over shorter blo
k lengths, perhaps obtaining a set ofdaily or monthly maxima. Doing so 
ould, as previously mentioned, lead to issues ofnon�stationarity, and su
h issues will be 
overed in Chapter 5. In fa
t, we may even 
on-sider an altogether di�erent approa
h for identifying and analysing extremes; one su
happroa
h using threshold methods will be 
onsidered in Chapter 4.3.1.4 How is the GEV distribution used?A typi
al appli
ation of the generalised extreme value distribution is to �t (6) to a seriesof blo
k (often annual) maxima. Numerous ways of �tting this to a set of annual max-ima have been 
onsidered, though numeri
al maximum likelihood estimation has be
omegenerally a

epted as the most robust pro
edure (Hosking (1990) argues that using L�moments 
an provide a more robust estimative pro
edure in small samples; appli
ationsof L�moments 
an be found in Guttman et al. (1993) and Hosking and Wallis (1993)). Apotential di�
ulty with the use of likelihood methods for the GEV 
on
erns the regular-ity 
onditions that are required for the usual asymptoti
 properties asso
iated with themaximum likelihood estimator to be valid. Su
h 
onditions are not satis�ed by the GEVbe
ause the end�points of the GEV distribution are fun
tions of the parameter values:
µ = σ/ξ is an upper end�point of the distribution when ξ < 0, and a lower end�pointwhen ξ > 0. This violation of the usual regularity 
onditions means that the standardasymptoti
 likelihood results are not automati
ally appli
able. Smith (1985) found that,for −1 < ξ ≤ −0.5, maximum likelihood estimators are obtainable but, in general, do nothave all of the standard asymptoti
 properties: estimators are `super�e�
ient' (i.e. havevarian
es smaller than the Cramér�Rao lower bound) and are not asymptoti
ally normal.4



Further, he found that maximum likelihood estimators for ξ ≤ −1 do not, in general,exist. However, when ξ > −0.5, though the 
lassi
al regularity 
onditions are still notsatis�ed, the information matrix is �nite and the 
lassi
al asymptoti
 properties 
ontinueto hold.The (relatively) re
ent explosion in simulation�based inferen
e and the advent of Markov
hain Monte Carlo algorithms have o�ered an alternative way to make inferen
es fromthe likelihood fun
tion, whi
h many pra
titioners prefer. Although (in most environmen-tal appli
ations) instan
es of ξ < −0.5 are rare, they are not unheard of, and so herethe Bayesian framework provides a viable inferential alternative to maximum likelihoodestimation (see, for example, Coles and Powell, 1996). We 
onsider Bayesian inferen
efor extremes, and more generally, in Chapter 8; until then, we adopt standard likelihoodte
hniques to demonstrate appli
ations of extreme value theory.On
e the model in (6) has been �tted to our series of, say, annual maxima, and esti-mates of the lo
ation, s
ale and shape obtained (µ̂, σ̂ and ξ̂, respe
tively), estimates ofextreme quantiles of these annual maxima 
an then be obtained by inversion of (6). Forexample, assuming we have annual maxima (blo
k lengths of one year), the 100�yearreturn level, q100, is the level that is ex
eeded, on average, on
e every 100 years, and isestimated by setting 1−G(q̂100; µ̂, σ̂, ξ̂) = 1/100 and solving for q̂100. It is trivial to showthat the r�year return level, qr, 
an be found as
qr = µ − σ

ξ

[

1 − {−log(1 − 1/r)}−ξ
] (8)for ξ 6= 0, where G(qr; µ, σ, ξ) = 1 − 1/r. In the 
ase of ξ = 0, inverting (7) gives

qr = µ − σlog [−log(1 − 1/r)] . (9)It is usually the return level estimate that is of most interest to pra
titioners � for example,
ivil engineers or planners may need to know how high to build a sea wall or how strongto make a building so that it withstands the on
e�in�a�hundred year sea surge or theon
e�in��fty year wind gust. The delta method (referen
e?) provides a way of measuringthe un
ertainty about the estimate q̂r (see Se
tion 3.2.3) though, due to the (often severe)asymmetry of the likelihood surfa
e for qr, 
on�den
e intervals are often obtained via themethod of pro�le likelihood (see Se
tion 3.2.4).3.2 Simple 
ase studyIn this Se
tion we demonstrate a simple appli
ation of the GEV to a series of annualmaxima, where we:
• de�ne the log�likelihood fun
tion for the GEV in R;
• maximise this log�likelihood fun
tion using the nlm routine in R, to obtain �ttedvalues for the GEV parameters;
• use R to obtain the expe
ted information matrix, and then invert this to obtain theestimated varian
e�
ovarian
e matrix for (µ̂, σ̂, ξ̂)T ;5



• use the �tted values of the GEV parameters to estimate some return levels qr, usingthe delta method to estimate the standard errors for these;
• use R to plot the pro�le log�likelihood for the GEV parameters and some returnlevels, and demonstrate the method of pro�le likelihood for obtaining more realisti

on�den
e intervals (parti
ularly for qr);
• use R to 
he
k the goodness�of��t of the GEV to our series of annual maxima.The series we 
onsider are the annual maxima of daily rainfall a

umulations (in mm) at alo
ation in southwest England, from 1914 to 1961 (in
lusive). This set of annual maximaare given in Table 1, and 
an be manually typed into R using the following 
ode; we will
onsider how to extra
t these maxima from the full set of daily observations in Se
tion3.3.1.> anmax.rainfall<-
(44.5,43.2,38.1,39.1,32.3,25.4,33.0,32.5,48.5,34.3,...A plot of these maxima is shown in Figure 1 below; su
h a plot 
an be produ
ed in Rusing the 
ommand> plot(anmax.rainfall~year)where the ve
tor year is a ve
tor of years 
onstru
ted using the 
ommand> year<-seq(1914,1961,1)The title of the graph was in
luded using the argument main=, and the labels on the axesusing the arguments xlab= and ylab= respe
tively. The argument type=b was also usedto plot both points and lines. Ea
h blo
k has 365 observations (or 366 in leap years),whi
h is reasonably large, and so we will �t model (6) to the 48 annual maxima.44.5 43.2 38.1 39.1 32.3 25.4 33.0 32.548.5 34.3 45.7 35.3 76.7 34.0 86.6 48.559.4 53.3 30.5 42.7 83.3 59.2 37.3 67.338.4 47.0 38.1 72.4 40.9 47.0 36.3 85.335.6 55.9 44.2 45.2 51.6 59.4 47.8 55.442.4 40.1 36.6 47.0 48.8 51.3 39.4 45.7Table 1: Annual maximum rainfall a

umulations from a lo
ation in southwest England
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Figure 1: Annual maxima of daily rainfall totals at a lo
ation in south west England6



3.2.1 Fitting the GEVAssuming our 48 annual maxima M = (M1, . . . , M48) are independent, the likelihood forthe GEV parameters is given by:
L(µ, σ, ξ; M) =

48
∏

i=1

g(Mi; µ, σ, ξ), (10)where g represents the density fun
tion for the GEV and is found, by di�erentiation of(6), to be
g(x; µ, σ, ξ) =

1

σ

[

1 + ξ

(

x − µ

σ

)]

−(1/ξ+1)

+

exp{− [1 + ξ

(

x − µ

σ

)]

−1/ξ

+

}

. (11)Substituting this into (10) for ea
h annual daily rainfall maximum Mi, i = 1, . . . , 48,gives:
L(µ, σ, ξ; M) =

48
∏

i=1

1

σ

[

1 + ξ

(

Mi − µ

σ

)]

−(1/ξ+1)

+

exp{− [1 + ξ

(

Mi − µ

σ

)]

−1/ξ

+

}

.Taking logs gives the log�likelihood ℓ(µ, σ, ξ; M):
ℓ(µ, σ, ξ; M) = −48logeσ −

48
∑

i=1

[

1 + ξ

(

Mi − µ

σ

)]

−1/ξ

+

(12)
−(1 + 1/ξ)

48
∑

i=1

loge

[

1 + ξ

(

Mi − µ

σ

)]

+

.We leave the derivation of this as an exer
ise for the reader.We de�ne the GEV log�likelihood fun
tion in R in the following way:> dataset<-anmax.rainfall #see note 1> theta<-
(mean(dataset),sd(dataset),0.1) #see note 2> gev.loglik<-fun
tion(theta){ mu<-theta[1℄sigma<-theta[2℄xi<-theta[3℄m<-min((1+(xi*(dataset-mu)/sigma))) #see note 3if(m<0.00001)return(as.double(1000000)) #see note 4if(sigma<0.00001)return(as.double(1000000)) #see note 5loglik<--length(dataset)*log(sigma)-sum((1+(xi*(dataset-mu)/sigma))^(-1/xi))-(1+1/xi)*sum(log(1+(xi*(dataset-mu)/sigma)))return(-loglik) #see note 6} 7



Notes on the above 
ode1. This line stores our rainfall data in the ve
tor dataset for use in the fun
tiongev.loglik.2. We need to initialise the parameter ve
tor θ = (µ, σ, ξ) at some sensible valuesbefore we maximise the log�likelihood; here, we 
hoose the mean of our data for µ,the standard deviation for σ, and 0.1 for ξ.3. This line stores the 
omponent
[

1 + ξ

(

Mi − µ

σ

)]

+in the s
alar m.4. Re
all that, if the 
omponent m is less than zero, we take it to be equal to zero,as a+ = max(0, a). Thus, if for a parti
ular 
ombination of θ = (µ, σ, ξ) we getm<0.00001, we return a huge value for the negative log�likelihood (1e+06) ensuringthat this 
ombination will almost surely never be the 
ombination that minimises thenegative log�likelihood (and so will almost surely never maximise the log�likelihood� see note 6).5. This line performs a similar task for sigma as the 
ode referred to in note 4 doesfor m. σ is the s
ale parameter and so 
an never be negative; thus, any attempt tominimise the negative log�likelihood using sigma<0.00001 returns a huge negativelog�likelihood (1e+06), again ensuring that this 
hoi
e of σ 
an almost surely neverminimise the negative log�likelihood (again, see note 6).6. TheR routine nlm is a minimisation routine that minimises a supplied fun
tion (heregev.loglik) using a Newton�type algorithm. Sin
e the aim is to �nd estimates ofthe GEV parameters that maximise the log�likelihood, this will be equivalent to�nding estimates of the GEV parameters that minimise the negative log�likelihood,whi
h is why we ask the fun
tion gev.loglik to return -loglik.We implement the nlm routine in the following way, giving the output shown underneath:> nlm(gev.loglik,theta)$minimum[1℄ 188.0154$estimate[1℄ 40.7829629 9.7283652 0.1072363$gradient[1℄ 1.216790e-06 -5.638553e-07 8.782308e-06$
ode[1℄ 1$iterations[1℄ 19 8



Thus, our estimates of the GEV parameters are
µ̂ = 40.78 σ̂ = 9.73 ξ̂ = 0.11The minimised negative log�likelihood is 188.0154, giving a maximised log�likelihood atthe above values for the GEV parameters of −188.0154. gradient gives the gradientat the estimated minimum of the fun
tion gev.loglik, iterations gives the numberof iterations performed before the solution to the minimisation problem was found, and
ode is an integer whi
h indi
ates why the optimisation pro
ess terminated (1 indi
atesthe relative gradient is 
lose to zero and so the 
urrent iterate is probably the solution).3.2.2 Standard errorsUsing nlm to minimise the negative log�likelihood fun
tion is �ne, but our estimates of theGEV parameters do not have any asso
iated estimate of variability atta
hed. However,using the argument hessian in the nlm routine returns the matrix of se
ond�order partialderivatives (the Hessian matrix ) of the fun
tion we are trying to minimise � in a statisti
alinferen
e 
ontext, this would equate to the elements of the expe
ted information matrix.In R, we type:> a<-nlm(gev.loglik,theta,hessian=TRUE)This will give the same output as before, but now the Hessian matrix will also be returned.Note we have also stored the output in a. To look at the output, we type:> awhi
h gives the following:$minimum[1℄ 188.0154$estimate[1℄ 40.7829629 9.7283652 0.1072363$gradient[1℄ 1.216790e-06 -5.638553e-07 8.782308e-06$hessian [,1℄ [,2℄ [,3℄[1,℄ 0.5686920 -0.3346753 2.106623[2,℄ -0.3346753 0.9167153 -0.205903[3,℄ 2.1066232 -0.2059030 94.085661$
ode[1℄ 1$iterations[1℄ 19 9



We now want the inverse of the expe
ted information matrix (hessian above) to obtainthe varian
e�
ovarian
e matrix for our GEV parameters. One way of doing this is to usethe R 
ommand solve. This 
ommand solves, for X, a system of equations of the form
aX = b,where both a and b 
an be numeri
 or 
omplex matri
es, a 
orresponding to the 
o-e�
ients of the linear system and b giving the right�hand�side of this system. In ourexample, a is the expe
ted information matrix (hessian). If b is missing in the exe
utionof solve, then the identity matrix is assumed and R will thus return the inverse of a �exa
tly what we want here! In R, this gives:> solve(a$hessian)[,1℄ [,2℄ [,3℄[1,℄ 2.48370206 0.89470121 -0.05365326[2,℄ 0.89470121 1.41368485 -0.01693899[3,℄ -0.05365326 -0.01693899 0.01179286Thus, the square roots of the diagonal elements of the above matrix will give the expe
tedstandard errors for the GEV parameters (µ, σ and ξ respe
tively). We 
ould obtain thesestandard errors in the following way:> var
ovar<-solve(a$hessian)> sqrt(diag(var
ovar))[1℄ 1.5759765 1.1889848 0.1085950The �rst line of 
ode stores the matrix shown above in the matrix var
ovar; the se
ondline of 
ode �nds the square roots of the diagonal elements of var
ovar. The resulting ex-pe
ted standard errors are shown underneath. Thus, we now have the following inferen
efor our annual maxima of daily rainfall totals, in terms of the GEV distribution:

µ̂ = 40.78 (1.58) σ̂ = 9.73 (1.19) ξ̂ = 0.11 (0.11)From this, we 
an 
onstru
t 
on�den
e intervals in the usual way (�Wald� 
on�den
eintervals). For example, standard symmetri
 95% 
on�den
e intervals are found as:parameter estimate± 1.96 × standard error, giving
(37.68, 43.88) (7.40, 12.06) and (−0.11, 0.33)for µ, σ and ξ (respe
tively). Note that the 
on�den
e interval for ξ in
ludes zero,suggesting the possibility of a Gumbel�type tail for our data.3.2.3 Return level inferen
eAs dis
ussed in Se
tion 3.1.4, of most interest to pra
titioners are estimates of return levels,i.e. levels whi
h are ex
eeded, on average, on
e every r years. Sin
e our data o

ur yearlyanyway (we have annual maxima of daily rainfall totals, and so we have one observationper year), a point estimate for qr 
an be obtained using equation (8), substituting µ, σand ξ with our maximum likelihood estimators found by minimisation of the negativelog�likelihood (see previous Se
tion). In fa
t, doing so will give the maximum likelihoodestimates of qr due to the invarian
e property of MLEs. Table 2 overleaf gives the MLEsfor the 10, 50, 100 and 1000 year return levels obtained via equation (8).10



q̂10 q̂50 q̂100 q̂1000Point estimate 65.54 87.92 98.64 140.34Table 2: Some estimated return levels for the rainfall data (units are millimetres)The R fun
tion below was written to �nd these estimates, essentially just using R like a
al
ulator:gev.ret.level<-fun
tion(mu,sigma,xi,period){ret.level<-mu-(sigma/xi)*(1-(-log(1-(1/period)))^(-xi))ret.level}Then, for example, the 100�year return level is found by typing:> gev.ret.level(a$est[1℄,a$est[2℄,a$est[3℄,100)[1℄ 98.63595As with our inferen
e for the GEV parameters, it is preferable to quote estimates ofreturn levels with their estimated standard errors. Sin
e qr is a fun
tion of the GEVparameters µ, σ and ξ, we 
an use the delta method to �nd the approximate varian
e of
q̂r. Spe
i�
ally, Var(q̂r) ≈ ∇qT

r V ∇qr,where V is the varian
e�
ovarian
e matrix of (µ̂, σ̂, ξ̂)T and
∇qT

r =

[

∂qr

∂µ
,
∂qr

∂σ
,
∂qr

∂ξ

]

=
[

1,−ξ−1(1 − y−ξ
r ), σξ−2(1 − y−ξ

r ) − σξ−1y−ξ
r logyr

]

,where yr = −log(1 − 1/r), evaluated at (µ̂, σ̂, ξ̂).Re
all that V is stored in the ve
tor var
ovar in R. We 
an de�ne ∇z10, for example, inR as> y10<--log(1-(1/10))> del<-matrix(n
ol=1,nrow=3)> del[1,1℄<-1> del[2,1℄<--((a$est[3℄)^(-1))*(1-(y10^(-a$est[3℄)))> del[3,1℄<-((a$est[2℄)*((a$est[3℄)^(-2))*(1-((y10)^(-a$est[3℄))))-((a$est[2℄)*((a$est[3℄)^(-1))*((y10)^(-(a$est[3℄)))*log(y10))> del.transpose<-t(del)Then the R 
ommand for matrix multipli
ation � %*% � 
an be used to obtain an estimateof the standard error for q̂10 in the following way:> sqrt(del.transpose%*%var
ovar%*%del)[,1℄[1,℄ 4.526629 11



q̂10 q̂50 q̂100 q̂1000MLE (e.s.e.) 65.54 (4.53) 87.92 (11.48) 98.64 (16.22) 140.34 (41.83)Table 3: Some estimated return levels for the rainfall data, with asso
iated estimatedstandard errors (units are millimetres)Estimated standard errors for other return levels 
an be obtained in a similar way. Forexample, for the standard error for the 50�year return level, we would repla
e> y10<--log(1-(1/10))with> y50<--log(1-(1/50))and then y10 would be repla
ed with y50 throughout. Table 3 shows the estimated returnlevels from Table 2, but now with standard errors in parentheses. Caution is required inthe interpretation of return level inferen
es. For instan
e, estimates of these return levelsassume the model is 
orre
t. Now for the 10 year return level this 
an be 
he
ked; however,we only have 48 years worth of data, so estimates of the other three return levels shownin Table 3 extrapolate beyond the range of the observed data, and this extrapolation isbased on unveri�able assumptions. This is re�e
ted in the in
reasing standard errors aswe move further into the tails of the GEV, with a very large standard error (41.83) for the1000�year return level estimate. The normal distribution also provides a poor approxima-tion to the distribution of the MLE for qr, meaning the usual Wald 
on�den
e intervals
an be misleading. For example, for the 100�year return level we get (66.85, 130.43),whi
h will not properly 
apture the (often severe) asymmetry of the likelihood surfa
eoften en
ountered for return levels. Indeed, better approximations are usually obtainedfrom the appropriate pro�le likelihood fun
tion (see Se
tion 3.2.4).Obviously, it would be preferable to 
ombine the 
ode in the 
urrent Se
tion with that inSe
tions 3.2.1 and 3.2.2 to 
reate a single fun
tion that estimates the GEV parametersand a desired return level, with asso
iated standard standard errors, in a single sweep.An example of this is shown in the fun
tion gevfit below:gevfit<-fun
tion(data,r){ theta<-
(mean(data),sd(data),0.1)gev.loglik<-fun
tion(theta){ mu<-theta[1℄sigma<-theta[2℄xi<-theta[3℄m<-min((1+(xi*(data-mu)/sigma)))if(m<0.00001)return(as.double(1000000))if(sigma<0.00001)return(as.double(1000000))loglik<--length(data)*log(sigma)-sum((1+(xi*(data-mu)/sigma))^(-1/xi))-(1+1/xi)*sum(log(1+(xi*(data-mu)/sigma)))return(-loglik)} 12



a<-nlm(gev.loglik,theta,hessian=TRUE)gev<-a$estvar
ovar<-solve(a$hessian)ese<-sqrt(diag(var
ovar))ret.level<-gev[1℄-(gev[2℄/gev[3℄)*(1-(-log(1-(1/r)))^(-gev[3℄))yr<--log(1-(1/r))del<-matrix(n
ol=1,nrow=3)del[1,1℄<-1del[2,1℄<--((gev[3℄)^(-1))*(1-(yr^(-gev[3℄)))del[3,1℄<-((gev[2℄)*((gev[3℄)^(-2))*(1-((yr)^(-gev[3℄))))-((gev[2℄)*((gev[3℄)^(-1))*((yr)^(-(gev[3℄)))*log(yr))del.transpose<-t(del)ese.ret.level<-sqrt(del.transpose%*%var
ovar%*%del)ese.ret.level<-ese.ret.level[1,1℄return(gev,ese,ret.level,ese.ret.level)}To exe
ute this for the annual maximum rainfall dataset, and to estimate the 100�yearreturn level with its standard error, we would type:> gevfit(dataset,100)whi
h would give the following output:$gev[1℄ 40.7829629 9.7283652 0.1072363$ese[1℄ 1.5759765 1.1889848 0.1085950$ret.level[1℄ 98.63595$ese.ret.level[1℄ 16.219653.2.4 Pro�le likelihoodIn Se
tion 3.2.3 we obtained estimated standard errors for the GEV parameters via 
lassi-
al likelihood theory; the delta method was then employed to obtain estimated standarderrors for return levels. Maximum likelihood estimates, and their asso
iated standarderrors, were then used to obtain symmetri
al 
on�den
e intervals assuming the limitingquadrati
 behaviour of the likelihood surfa
e near the maximum (parameter estimate±
1.96×standard error for a 95% 
on�den
e interval, for example). An alternative, and oftenmore a

urate, method for making inferen
es on a parti
ular parameter 
an be found us-ing the pro�le log�likelihood. Formally, the log�likelihood for θ 
an be written as ℓ(θi, θ−i),where θ−i 
orresponds to all 
omponents of θ ex
luding θi. The pro�le log�likelihood for
θi is de�ned as

ℓp(θi) = maxθ
−i

ℓ(θi, θ−i).13



Thus, for ea
h value of θi the pro�le log�likelihood is the maximised log�likelihood withrespe
t to all other 
omponents of θ.For example, to �nd the pro�le log�likelihood for ξ in our rainfall maxima 
ase study, we�x ξ = ξ0 and maximise (12) with respe
t to the remaining parameters µ and σ, repeat-ing this for a range of values of ξ0. In R, the following 
ode 
reates a ve
tor xi.0 that
ontains values of ξ0 from −0.3 up to 0.6, in steps of 0.001:> xi.0<-seq(-0.3,0.6,0.001)We then de�ne the pro�le log�likelihood fun
tion for ξ as:> theta2<-
(mean(dataset),sd(dataset))> prof.loglik<-fun
tion(theta2){ mu<-theta2[1℄sigma<-theta2[2℄m<-min((1+(xi*(dataset-mu)/sigma)))if(m<0.00001)return(as.double(1000000))if(sigma<0.00001)return(as.double(1000000))if(xi==0){ loglik<--length(dataset)*log(sigma)-sum((dataset-mu)/sigma)-sum(exp(-((dataset-mu)/sigma)))}else{loglik<--length(dataset)*log(sigma)-sum((1+(xi*(dataset-mu)/sigma))^(-1/xi))-(1+1/xi)*sum(log(1+(xi*(dataset-mu)/sigma)))} loglikreturn(-loglik)}Noti
e that 
are has been taken to repla
e the GEV log�likelihood with the Gumbel limitwhen ξ = 0. We then minimise the negative log�likelihood (and so maximise the log�likelihood itself) provided by the fun
tion prof.loglik for ea
h of ξ = ξ0, and plot theresulting negated value against the 
orresponding value of ξ0 to obtain the pro�le of thelog�likelihood surfa
e viewed from the ξ�axis. In R, we type> prof.plot<-ve
tor(`numeri
',length(xi.0))to 
reate a ve
tor in whi
h we will store the maximised log�likelihood value for ea
h valueof ξ0. Then the following 
ode> for(i in 1:length(prof.plot)){xi<-xi.0[i℄a<-nlm(prof.loglik,theta2)prof.plot[i℄<--(a$minimum)}> plot(prof.plot~xi.0,main='Profile log-likelihood for xi',xlab='xi',ylab='Profile log-likelihood',type='l')14



maximises the log�likelihood for ea
h ξ0 (with respe
t to the other parameters µ and
σ), populates the ve
tor prof.plot with the maximised log�likelihood values, and thenplots these values against the 
orresponding value of ξ0 used. Figure 2 below shows theresulting plot. The 
ode> abline(h=-188.0154)> abline(v=0.1072363)superimpose the (solid) horizontal line at the maximised log�likelihood (minimised nega-tive log�likelihood), and the (solid) verti
al line at the MLE for ξ, respe
tively.
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Figure 2: Pro�le log�likelihood for ξ in the rainfall exampleIn this example, we are partitioning the GEV parameter ve
tor θ = (µ, σ, ξ) into two
omponents (θ(1), θ(2)), where θ(1) = ξ and θ(2) = (µ, σ), and the pro�le log�likelihood isnow de�ned as
ℓp(θ

(1)) = maxθ(2)(θ(1), θ(2)).The following result leads to a pro
edure for making inferen
es on the maximum likeli-hood estimator of θ(1).ResultLet x1, . . . , xn be independent realisations from a distribution within a parametri
 family
F , and let θ̂0 be the maximum likelihood estimator of the d�dimensional model parameter
θ0 = (θ(1), θ(2)), where θ(1) is a k�dimensional subset of θ0. Then, under suitable regularity
onditions, for large n

Dp(θ
(1)) = 2

{

ℓ(θ̂0) − ℓp(θ
(1))
}

∼ χ2
k.15



Thus, for our single 
omponent θ(1) = ξ, the set of values Cα for whi
h {ξ : Dp(ξ) ≤ cα}provides a (1 − α) 
on�den
e interval for ξ, where cα is the (1 − α) quantile of the χ2
1distribution.We apply this result to the pro�le log�likelihood for ξ; a 
ut�o� point equal to 1

2
×χ2

1(0.05)is shown in Figure 2 by the horizontal broken line, and was superimposed using the 
ode:> abline(h=-188.0154-0.5*q
hisq(0.95,1),lty=2)The points of interse
tion between this line and the pro�le log�likelihood for ξ de�ne theset of values C0.05 giving a more appropriate 95% 
on�den
e interval for ξ than obtainedusing the usual Wald approa
h. These points of interse
tion are also shown on Figure 2(broken verti
al lines), and give a 
on�den
e interval for ξ based on the pro�le likelihoodapproa
h of (−0.089, 0.343). Re
all that the 
orresponding Wald interval is (−0.11, 0.33);a little left�shifted relative to the more appropriate interval based on the pro�le likelihood,but only slightly di�erent.It is for return level inferen
e that the pro�le likelihood is most useful. Suppose ourinterest lies in estimation of the 100�year return level. We 
an simply re�parameterisethe GEV model so that q100 is one of the model parameters; the pro�le log�likelihood 
anthen be obtained via maximisation with respe
t to the remaining parameters in the usualway. For example, transposition of Equation (9) to make µ the subje
t gives
µ = qr +

σ

ξ

[

1 − {−log(1 − 1/r)}−ξ
]

. (13)We 
an then repla
e µ with (13) in the expression for the log�likelihood (12) to obtain
ℓ(qr, σ, ξ) � the log�likelihood for θ = (qr, σ, ξ). Inferen
es for qr based on the pro�lelog�likelihood 
an then be made in exa
tly the same way we made inferen
es for ξ. Forexample, shown in Figure 3 is the pro�le of the log�likelihood surfa
e viewed from the
q100�axis � i.e. the pro�le log�likelihood for the 100�year return level. Adopting thesame result to form the 95% 
on�den
e interval as used for ξ gives (78.85, 159.73) for
q100 (shown by the broken lines in Figure 3). A symmetri
 
on�den
e interval for q100was 
onstru
ted in the usual way in Se
tion 3.2.3 and was found to be (66.85, 130.43)� quite di�erent from the more realisti
 interval obtained via the pro�le log�likelihood.Engineers often design to the upper�endpoint of a 95% 
on�den
e interval for su
h returnlevel estimates; doing so based on a symmetri
 Wald interval 
ould result in substantialunder�prote
tion (130mm instead of 160mm).3.2.5 Model diagnosti
sWe usually �t a statisti
al model to data to draw 
on
lusions about some aspe
t of thepopulation from whi
h the data were obtained. The more a

urate the �tted model is, themore reliable these 
on
lusions are likely to be. Sin
e inferen
es are sensitive to the a

u-ra
y of the �tted model, it is important that we 
he
k that the model �ts well. Ideally, wewould like to 
he
k that our model des
ribes well the variations in the wider population,but this is usually not possible unless there are other sour
es of data for us to judge themodel,against. Thus, it is 
ommon to assess the goodness�of��t of a parti
ular modelusing the data that were used to estimate it in the �rst pla
e.16
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Figure 3: Pro�le log�likelihood for q100 in the rainfall exampleA probability plot is a plot of the points
{(

F̂
(

x(i)

)

,
i

n + 1

)

: i = 1, . . . , n

}

,where x(i), i = 1, . . . , n is an ordered sample of independent observations and F̂ is a 
an-didate model for the true probability distribution F . The quantity i/n + 1 
orrespondsto the empiri
al distribution fun
tion evaluated at x(i). If F̂ is a reasonable model for thetrue distribution, the points in the probability plot will lie 
lose to the unit diagonal.A quantile�quantile plot (q�q plot, or just quantile plot) is a plot of the points
{(

F̂−1

(

i

n + 1

)

, x(i)

)

: i = 1, . . . , n

}

.The quantity F̂−1(i/(n + 1)) gives a model�based estimate of the i/(n + 1) quantile pro-vided by the 
andidate distribution F̂ whilst x(i) itself provides an empiri
al estimate ofthis quantile. Again, a well��tting model would provide points on this plot lying 
lose tothe unit diagonal.In R, the 
ode> ordered<-sort(dataset)stores the ordered annual rainfall maxima x(i), i = 1, . . . , 48, in the ve
tor ordered. Forea
h point in our ordered sample, the following 
ode then stores the empiri
al distributionfun
tion de�ned by i/(n + 1) in the ve
tor empiri
al:17



> empiri
al<-ve
tor(''numeri
'',length(ordered))> for(i in 1:length(empiri
al)){empiri
al[i℄<-i/(length(dataset)+1)}The fun
tion GEV.DF de�nes the distribution fun
tion for the GEV, as provided by equa-tions (6) and (7):> GEV.DF<-fun
tion(data,mu,sigma,xi){ if(xi==0){ GEV<-exp(-exp(-((data-mu)/sigma)))}else{ GEV<-exp(-(1+xi*((data-mu)/sigma))^(-1/xi))}GEV}Then the following 
ode stores a model�based estimate of the distribution fun
tion, eval-uated at ea
h point in the ordered sample ordered, in the ve
tor model (re
all thatmaximum likelihood estimates of the GEV parameters were stored in the obje
t a previ-ously):> model<-ve
tor("numeri
",length(dataset))> for(i in 1:length(model)){ model[i℄<-GEV.DF(ordered[i℄,a$est[1℄,a$est[2℄,a$est[3℄)}Plotting model against empiri
al produ
es the 
orresponding probability plot for the setof rainfall annual maxima; this 
an be done using the 
ode:> plot(model~empiri
al,main='Probability plot')> abline(0,1)where the 
ode abline(0,1) superimposes the line with inter
ept 0 and gradient 1 (i.e.the unit diagonal). The resulting plot is shown in Figure 4.In a similar fashion, we 
an produ
e a quantile plot using the following 
ode in R:> model.quantile<-ve
tor("numeri
",length(dataset))> GEV.INV<-fun
tion(data,mu,sigma,xi){ if(xi==0){ INV<-mu-sigma*log(-log(1-data))} 18



else{ INV<-mu+(sigma/xi)*(((-log(data))^(-xi))-1)}INV}> for(i in 1:length(model.quantile)){ model.quantile[i℄<-GEV.INV(empiri
al[i℄,a$est[1℄,a$est[2℄,a$est[3℄)}> plot(model.quantile~ordered,main='Quantile plot')> abline(0,1)The fun
tion GEV.INV 
omputes the inverse of the GEV distribution at ea
h of the pointsin data; we evaluate this for ea
h value in empiri
al to �nd F̂ (i/(n + 1)) and store theresults in the ve
tor model.quantile. We then plot model.quantile against orderedto obtain the quantile plot, again superimposing the line of equality using abline. Theresulting plot is shown in Figure 5. Both plots show a reasonable �t of the annual rainfallmaxima to the GEV model, with points lying fairly 
lose to the unit diagonal.
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Figure 4: Probability plot for the GEV in the annual maximum rainfall example
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Figure 5: Quantile plot for the GEV in the annual maximum rainfall example3.2.6 Using the ismev pa
kage in RThe ismev pa
kage provides an add�on suite of fun
tions for R users to support the ex-amples and 
omputations in An Introdu
tion to Statisti
al Modeling of Extreme Values(Coles, 2001); the a
ronym of this book gives the pa
kage its name. On
e installed, ismevgives the user a

ess to the datasets used in Coles (2001), and the fun
tions supplied bythis pa
kage allow the user to reprodu
e the examples used in the book as well as performrudimentary extreme value analyses on other datasets. All routines in the ismev pa
kageassume the data (where ne
essary) have been pre�pro
essed so that, for example, theuser has a set of blo
k maxima ready to analyse. We shall give some thought to thepra
ti
alities of obtaining a set of blo
k maxima and dealing with in
omplete datasets inthe next Se
tion of this book; for now, we assume any ne
essary data pre�pro
essing hastaken pla
e.Installing the ismev pa
kage requires a version of R no older than R 1.50. Providedyou have R 1.50, or something more re
ent, installed on your 
omputer, you 
an loadismev using the 
ommand:> library(ismev)Doing so will give you a

ess to the following fun
tions whi
h 
an be used to perform a ba-si
 analysis of annual maxima in R: gev.fit, gev.prof, gev.profxi and gev.diag. The20




ommand gev.fit provides a maximum likelihood �tting routine for the GEV that alsoallows generalised linear modelling of ea
h parameter (we will return to this in Chapter5). For example, with our set of annual maximum rainfall stored in dataset, typing> gev.fit(dataset)gives the following output:$
onv[1℄ 0$nllh[1℄ 188.0154$mle[1℄ 40.784484 9.727975 0.107147$se[1℄ 1.5759871 1.1882402 0.1085371If the 
onvergen
e 
ode, 
onv, takes the value zero, then su

essful 
onvergen
e has beena
hieved, as is the 
ase in our example above. nllh gives the value of the minimisednegative log�likelihood, whi
h has been found to be 188.0154 here � exa
tly as it waswhen we minimised the negative log�likelihood in Se
tion 3.2.1 using the nlm routine.The output also shows the maximum likelihood estimators, with their standard errors,giving (to two de
imal pla
es):
µ̂ = 40.78 (1.58) σ̂ = 9.73 (1.19) ξ̂ = 0.11 (0.11)Again, this is exa
tly what we obtained when �tting the GEV `from �rst prin
iples' inSe
tions 3.2.1 and 3.2.2.The fun
tion gev.profxi produ
es the pro�le log�likelihood for the shape parameter

ξ; this 
an be implemented by typing gev.profxi(z,xlow,xup,
onf=0.95), where z isan obje
t returned by gev.fit, xlow and xup are the lower and upper values at whi
h toevaluate the pro�le log�likelihood, and 
onf evaluates the appropriate 
ut�o� point fromthe χ2
1 distribution for the 
on�den
e interval required (this is then superimposed on thepro�le log�likelihood plot). For example, to obtain the pro�le log�likelihood plot for ξ inour rainfall data, and to 
onstru
t a 95% 
on�den
e interval from this, we might type:> a<-gev.fit(dataset)> gev.profxi(a,-0.3,0.6,
onf=0.95)Doing so gives the plot shown in Figure 6, whi
h is almost identi
al to the plot produ
edin Se
tion 3.2.4. Lower and upper bounds for the 95% 
on�den
e interval for ξ 
an thenbe found at the interse
tion of the lower horizontal line and the pro�le log�likelihood.Con�den
e intervals using the pro�le log�likelihood 
an also be obtained for any returnlevel of interest using the fun
tion gev.prof. For example, the following 
ode:> gev.prof(a,75,180,
onf=0.95) 21
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Figure 6: Pro�le log�likelihood for ξ in the rainfall example, 
onstru
ted using thegev.profxi fun
tion in ismev
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Figure 7: Pro�le log�likelihood for q100 in the rainfall example, 
onstru
ted using thegev.prof fun
tion in ismev
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produ
es the pro�le log�likelihood for the 100�year return level (see Figure 7). Again, we
an obtain the 95% 
on�den
e interval in the usual way. To 
he
k the goodness�of��t ofthe GEV we 
an use the ismev fun
tion gev.diag. Re
all that the output of the �ttingpro
edure is stored in the obje
t a. Then, typing> gev.diag(a)gives the plots shown in Figure 8. The two plots in the top row of this panel are equiva-lent to the probability plot (left�hand�side) and quantile plot (right�hand�side) we 
on-stru
ted in Se
tion 3.2.5; note the swit
hing of axes in the quantile plot produ
ed bygev.diag. However, gev.diag also produ
es a return level plot (bottom left) and a den-sity plot (bottom right). One problem with probability plots, parti
ularly for extremevalue models, is that both the model�based and empiri
al estimates of probability arebound to 
onverge to 1 as the ordered value (x(i)) in
reases, and it is the goodness�of��tof the model at su
h high levels that is of most interest here (in pra
ti
e, la
k�of��t athigh levels of the data are usually not dete
ted by the probability plot). The quantileplot gets around this issue. Indeed, in our rainfall example a potential problem at highlevels of the rainfall pro
ess is dete
ted by the quantile plot (Figure 5 and Figure 8 (topright)) but not dete
ted by the probability plot (Figure 4 and Figure 8 (top left)).The return level plot is even more informative than the quantile plot for assessing theadequa
y of an extreme value model. Here, qr is now plotted against log(−log(1 − 1/r)),giving a linear plot when ξ = 0, a 
onvex plot when ξ < 0 (with an asymptoti
 limit at
µ = σ/ξ as 1/r → 0) and a 
on
ave plot when ξ > 0 (with no �nite bound). This 
hoi
eof s
ale also 
ompresses the tail of the distribution, drawing attention to the e�e
t ofextrapolation far beyond the range of the data observed. To a

ount for sampling error,
on�den
e intervals have been superimposed on the return level plot for our data in Figure8, as have empiri
al estimates taken from the data themselves. Provided the empiri
alestimates do not show any substantial departure from the model�based estimates (givenby the line) � and fall within the 95% 
on�den
e bands to allow for sampling error � we
an assume the model 
hosen is adequate. Indeed, there appears to be little 
ause for
on
ern in the return level plot shown in Figure 8.The density plot shown in Figure 8 (bottom right) shows the probability density fun
tionfor the GEV superimposed onto a histogram of the set of annual maxima. Although su
ha plot is generally less informative than the other plots des
ribed (mainly be
ause theform of a histogram 
an 
hange substantially with the size of the 
lass intervals used), we
an see from our density plot that the data are in reasonably 
lose agreement with whatwe'd expe
t from the model.3.3 Pra
ti
al 
onsiderations3.3.1 Obtaining maxima from a set of dataThe example in Se
tion 3.2 assumed that we already have the data in the form of annualmaxima. Sometimes this might be the 
ase, and so we 
an use R to �t the GEV toour dataset dire
tly. However, it might be the 
ase that we have daily, or maybe evenhourly, measurements, and before we implement an extreme value analysis in R we must�rst obtain this set of maxima. Suppose we have daily measurements on a parti
ular23
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Figure 8: Diagnosti
 plots 
reated using the fun
tion gev.diag to 
he
k the goodness�of��t of the GEV model in the rainfall examplevariable over a period of seven years � say 2003�2009 in
lusive � and we want to performan extreme value analysis on the set of annual maxima. We 
an set up a ve
tor 
ontainingthe years by typing:> year<-seq(2003,2009,1)If we use 
alendar years as our blo
ks, we should ensure that we take into a

ount leapyears. The following 
ode 
reates a ve
tor the same length as year 
alled ind; this willindi
ate whether or not the 
orresponding year is a leap year by taking the value 366 forleap years, and 365 elsewhere (a leap year has 366 days, a non�leap year 365):> year.over.four<-year/4> rounded<-round(year.over.four)> ind<-ve
tor("numeri
",length(year))> for(i in 1:length(ind)){ if(rounded[i℄==year.over.four[i℄){ ind[i℄<-366}else{ 24



ind[i℄<-365}}The �rst line in the above 
ode divides the year by four; the se
ond line then rounds thisanswer. For leap years only, year.over.four will be identi
al to the 
orresponding valuein rounded, and this is used in the for loop to give ind a value of 366 (or 365 for non�leapyears). When obtaining the set of annual maxima, we want to �nd the maximum valuebetween lower and upper in ea
h blo
k: for example, for our �rst year of data, lowerwould be 1 and upper 365 (sin
e 2003 is not a leap year), for the se
ond year of data,lower would be 366 and upper 731 (sin
e 2004 is a leap year). We 
an 
ompute lowerand upper for ea
h year using the following 
ode:> upper<-ve
tor("numeri
",length(ind))> for(i in 1:length(upper)){ upper[i℄<-sum(ind[1:i℄)}> lower<-ve
tor("numeri
",length(ind))> lower[1℄<-1> for(i in 2:length(lower)){ lower[i℄<-upper[i-1℄+1}Now typing> 
bind(year,ind,lower,upper)gives year ind lower upper[1,℄ 2003 365 1 365[2,℄ 2004 366 366 731[3,℄ 2005 365 732 1096[4,℄ 2006 365 1097 1461[5,℄ 2007 365 1462 1826[6,℄ 2008 366 1827 2192[7,℄ 2009 365 2193 2557Suppose our daily measurements observed over the seven years are stored in the ve
tormydata; then the following 
ode would extra
t the set of annual maxima:> anmax<-ve
tor("numeri
",length(year))> for(i in 1:length(anmax)){anmax[i℄<-max(mydata[lower[i℄:upper[i℄℄)}Of 
ourse, the above 
ode 
ould be in
orporated into a fun
tion where the start year andend year are arguments. For example: 25



> extra
t<-fun
tion(data,start.year,end.year){ year<-seq(start.year,end.year,1)year.over.four<-year/4rounded<-round(year.over.four)ind<-ve
tor("numeri
",length(year))for(i in 1:length(ind)){ if(rounded[i℄==year.over.four[i℄){ ind[i℄<-366}else{ind[i℄<-365}}upper<-ve
tor("numeri
",length(ind))for(i in 1:length(upper)){ upper[i℄<-sum(ind[1:i℄)}lower<-ve
tor("numeri
",length(ind))lower[1℄<-1for(i in 2:length(lower)){ lower[i℄<-upper[i-1℄+1}anmax<-ve
tor("numeri
",length(year))for(i in 1:length(anmax)){ anmax[i℄<-max(data[lower[i℄:upper[i℄℄)}return(
bind(year,ind,lower,upper),anmax)}More generally, the following fun
tion would extra
t a set of blo
k maxima from ourdataset with a spe
i�ed (
onstant) blo
k length of k observations:> maxima<-fun
tion(data,k){ blo
kmax<-ve
tor("numeri
",length(data)/k)for(i in 1:length(blo
kmax)){ blo
kmax[i℄<-max(data[((k*i)-(k-1)):(k*i)℄)}blo
kmax}This fun
tion assumes that the blo
k length used divides the data exa
tly into k equallysized blo
ks. For example, we might have 300 measurements taken over time stored in26



mydata2, and we might want to extra
t the maximum value for every 30 observations (i.e.we are using a blo
k length of k = 30). Then typing> blo
kmax.mydata2<-maxima(mydata2,30)would store the set of 10 blo
k maxima in the ve
tor blo
kmax.mydata2. Then we 
ouldpro
eed with an extreme value analysis by typing> gev.fit(blo
kmax.mydata2)Similar approa
hes to data pre�pro
essing 
an be taken to extra
t, for example, monthlymaxima or weekly maxima, or blo
k maxima from data observed more/less frequentlythan every hour.The series of 48 annual maxima used to illustrate the use of the GEV in Se
tion 3.2was extra
ted from a set of daily rainfall measurements. The entire dataset is availablefrom the ismev pa
kage by typing> data(rain)Typing> help(rain)gives the following display in R:Daily Rainfall A

umulations in South-West EnglandDes
ription:A numeri
 ve
tor 
ontaining daily rainfall a

umulations at alo
ation in south-west England over the period 1914 to 1962.Usage:data(rain)Format:A ve
tor 
ontaining 17531 observations.Sour
e:Coles, S. G. and Tawn, J. A. (1996) Modelling extremes of theareal rainfall pro
ess. _Journal of the Royal Statisti
al So
iety,B_ *53*, 329-347.Referen
es:Coles, S. G. (2001) _An Introdu
tion to Statisti
al Modelling ofExtreme Values._ London: Springer.27



Noti
e that the des
ription tells us we have daily rainfall a

umulations from 1914�1962;this would suggest there are 49 years of daily measurements, not 48 as we suggested inSe
tion 3.2. However, we are also told that there are 17,531 observations. Now thereare 12 leap years between 1914 and 1962 (and thus 37 non�leap years), giving (12 ×
366) + (37 × 365) = 17, 897 daily observations, not the 17,531 as we are told. In fa
t,
17, 897 − 17, 531 = 366, suggesting there 
ould be a whole year of missing observations,that year being a leap year. Another possibility is that the data have been re
ordedover the period 1914�1961, instead of 1914�1962, though 1962 was not a leap year andso this would not a

ount for the di�eren
e of 366 observations. Both the sour
e (Colesand Tawn, 1996) and referen
e (Coles, 2001) texts do not shed any light on this, and sowe 
hoose to assume that we have 
ontinuously 
olle
ted daily measurements from 1914�1961, terminating our �nal year one observation early. This requires a slight modi�
ationof the fun
tion extra
t; the last element of the ve
tor upper would be 17,532, but thelength of our dataset is only 17,531. Inserting the following line of 
ode:> upper[length(upper)℄<-length(data)straight after the loop for(i in 1:length(upper)){...} would make this adjustmentfor our dataset whilst still keeping the extra
t fun
tion generi
 enough to work for anyset of daily observations. Now we type:> extra
t(rain,1914,1961)whi
h gives the following (edited) output:year ind lower upper[1,℄ 1914 365 1 365[2,℄ 1915 365 366 730[3,℄ 1916 366 731 1096[4,℄ 1917 365 1097 1461[5,℄ 1918 365 1462 1826[6,℄ 1919 365 1827 2191[7,℄ 1920 366 2192 2557[8,℄ 1921 365 2558 2922. . . . .. . . . .. . . . .[47,℄ 1960 366 16802 17167[48,℄ 1961 365 17168 17531$anmax[1℄ 44.5 43.2 38.1 39.1 32.3 25.4 33.0 32.5 48.5 34.3 45.7 35.3 76.7 34.0 86.6[16℄ 48.5 59.4 53.3 30.5 42.7 83.3 59.2 37.3 67.3 38.4 47.0 38.1 72.4 40.9 47.0[31℄ 36.3 85.3 35.6 55.9 44.2 45.2 51.6 59.4 47.8 55.4 42.4 40.1 36.6 47.0 48.8[46℄ 51.3 39.4 45.7Noti
e that the observations listed in anmax are exa
tly the set of maxima we examinedin Se
tion 3.2 (see Table 1). To store these in the ve
tor anmax.rainfall, as we usedinitially in Se
tion 3.2, we 
ould type: 28



> b<-extra
t(rain,1914,1961)> anmax.rainfall<-b$anmaxNow that the annual maxima have been extra
ted, and stored in the ve
tor anmax.rainfall,we 
an pro
eed with an extreme value analysis using, for example, gev.fit (as we did inSe
tion 3.2.6), or by using our own fun
tions written `from �rst prin
iples' (as we did inSe
tions 3.2.1�3.2.5).3.3.2 In
omplete data sets and missing valuesSomething here.3.3.3 Models for minimaLet M̄n = min {X1, . . . , Xn}. If we 
an assume the Xi are independent and identi
allydistributed, we 
an apply similar arguments to M̄n as we applied to Mn in Se
tion 3.1.Theorem 3.2If there exist sequen
es of 
onstants an > 0 and bn su
h that, as n → ∞,Pr{(M̄n − bn)/an ≤ x
}

→ Ḡ(x)for some non�degenerate distribution Ḡ, then Ḡ is a member of the GEV family of dis-tributions for minima:
Ḡ(x; µ̄, σ, ξ) = 1 − exp{− [1 − ξ

(

x − µ̄

σ

)]

−1/ξ

+

}

,where a+ = max(0, a), −∞ < µ̄ < ∞, σ > 0 and −∞ < ξ < ∞. This result 
an beuseful where we are interested in modelling extremely small, rather than extremely large,observations (e.g. annual minimum air temperatures). Alternatively, we 
ould negate ourset of blo
k minima and then model the 
orresponding set of maxima, giving identi
almaximum likelihood estimates of the GEV parameters but for the sign 
orre
tion ˆ̄µ = −µ̂.3.4 Generalisation to the r�largest order statisti
sGiven a sequen
e of IID random variables X1, X2, . . . we have shown how the generalisedextreme value distribution (expression 6) 
an be used to model the set of normalisedannual maxima. This approa
h is highly ine�
ient sin
e all but the maximum in ea
hyear (or blo
k) are dis
arded � other observations whi
h 
ould be 
onsidered extreme aresimply thrown away be
ause they are not as extreme as the maximum value in that year.A generalisation of the result in expression (6) attempts to over
ome this, by in
orporatingthe largest r order statisti
s from ea
h year, where r is any positive integer. If we denotethe r largest order statisti
s in an IID sample by M (1) ≥ M (2) ≥ . . . ≥ M (r), for r ≥ 1,then the te
hnique here is to obtain the limiting joint distribution of
(

M
(1)
n − bn

an
,
M

(2)
n − bn

an
, . . . ,

M
(r)
n − bn

an

)

.29



It 
an be shown that the 
omplete 
lass of limiting non�degenerate joint distributions isin fa
t given by the probability density fun
tion
f(x1, x2, . . . , xr; µ, σ, ξ) = σ−rexp{− [1 + ξ

(

x(r) − µ

σ

)]−1/ξ

+

−
(

1 +
1

ξ

) r
∑

j=1

log[1 + ξ

(

x(j) − µ

σ

)]

+

} (14)for j = 1, . . . , r. As before, the 
ase ξ = 0 is taken as the limit as ξ → 0 in (14), to give
f(x1, x2, . . . , xr; µ, σ, ξ) = σ−rexp{− exp [−(x(r) − µ

σ

)]

−
r
∑

j=1

(

x(j) − µ

σ

)

}

.Obviously, the 
ase where r = 1 is equivalent to the annual maxima approa
h, for whi
hthe GEV holds as the limiting distribution. The in
reased pre
ision over the traditionalannual maxima approa
h (due to more extremes being in
orporated into the analysis) hasobvious appeal; however, Smith (1986) shows that as r in
reases, the rate of 
onvergen
eto the limiting distribution de
reases rapidly, and so the number of order statisti
s toin
lude must be 
onsidered 
arefully. Su
h methods must also take a

ount of serial
orrelation, and are vulnerable to the e�e
ts of seasonal variation. Papers in the Journalof Hydrology by Smith (1986) and Tawn (1988b) illustrate the use of r�largest methods;inSe
tion 3.5.6, we apply the te
hnique to the 10 largest sea levels observed ea
h year inVeni
e.3.5 Case studies3.5.1 Wind speed3.5.2 Rainfall3.5.3 Air pollution3.5.4 Material strengths3.5.5 Finan
ial data3.5.6 Sea level data3.6 Further reading
30



4 The basi
 model for threshold ex
eedan
es: the Gen-eralised Pareto distribution4.1 History and theoreti
al motivationGeneralisation of the 
lassi
al annual maxima approa
h for modelling extreme values tothe r�largest order statisti
s method was dis
ussed in Se
tion 3.4, the main advantage be-ing the in
lusion of more extreme data in the analysis, leading to more pre
ise inferen
eson the extremal behaviour of the pro
ess under study. However, only the r largest valueswithin ea
h year (or blo
k) are used, and any other extremes dis
arded. In the present
hapter, we dis
uss an approa
h whi
h aims to in
lude all extreme values in the analysis,extreme in the sense that they ex
eed some pre�determined high level, or threshold.Threshold methods developed rapidly during the 1980s, 
ulminating in the Davison andSmith (1990) paper whi
h applied these te
hniques to an environmental data set thatdisplayed short�term serial dependen
e and seasonal variation (see Chapter 5 for moredetail on su
h modelling issues). Sin
e then, threshold methods have be
ome the standardtool for many pra
titioners involved in modelling extreme values. Relative to the tradi-tional annual maxima and r�largest approa
hes, threshold methods attempt to maximisee�
ien
y by using all extreme values in their analysis; however, as we shall dis
uss inChapter 5 (and Se
tion 4.1.2 below), the fa
t that we use all extremes 
an itself 
reateproblems (though, as Davison and Smith (1990) illustrate, pragmati
 solutions to theseproblems 
an be found).4.1.1 The generalised Pareto distributionIgnoring, for now, the pra
ti
al impli
ations of using all our extreme data, again 
onsidera sequen
e of IID random variables X1, X2, . . . , Xn with 
ommon distribution fun
tion
F . Then for a su�
iently large threshold u, the distribution of (X − u), 
onditional on
X > u, is approximately

G(y; σ̄, ξ) = 1 −
(

1 +
ξy

σ̄

)

−1/ξ

+

, (15)where σ̄ (> 0) and ξ (−∞ < ξ < ∞) are s
ale and shape parameters respe
tively. Theshape parameter ξ in the GPD takes exa
tly the same value as that for the 
orrespondingGEV distribution; the s
ale parameter σ̄ is equal to σ + ξ(u− µ), where σ and µ are thes
ale and lo
ation parameters (respe
tively) in the 
orresponding GEV distribution (seeexpression 6). Spe
i�
ally, G is de�ned on 0 < y < ∞ if ξ > 0, and 0 < y < −σ̄/ξ if ξ ≤ 0.The 
ase ξ = 0 is interpreted as the limit ξ → 0, and is the exponential distribution withrate 1/σ̄. This is known as the generalised Pareto distribution, or GPD. The GPD is alimiting distribution for ex
esses over thresholds if, and only if, the parent distribution liesin the domain of attra
tion of one of the three extreme value distributions (see Theorem3.1). However, sin
e the limiting distribution of sample maxima follows one of the distri-butions given in Theorem 3.1 no matter what the parent distribution, the GPD is the onlynon�degenerate limiting distribution for ex
esses over thresholds of IID sequen
es. Untilthis point we have used the notation σ̄ to denote the s
ale parameter for the GPD, so as todistinguish it from the 
orresponding parameter of the GEV distribution. For notational31




onvenien
e we now drop this distin
tion, using σ to denote the s
ale parameter withineither family.The GPD yields several important properties. One �rst of these, known as the `thresholdstability property', is that if (X − u0) follows a generalised Pareto distribution (
ondi-tional on X > u0), then (X − u) also follows a generalised Pareto distribution for any
u > u0. In other words, on
e a suitably high enough threshold has been found su
h thatthe GPD may be assumed a valid model for ex
esses over that threshold, then the GPDholds for ex
esses over any higher threshold too. Another property unique to the GPDis that if N ∼ Poisson, and X1, . . . , XN are IID random variables following a GPD, thenmax {X1, . . . , XN} has the GEV distribution. As will be demonstrated, the thresholdstability property 
an be exploited in graphi
al pro
edures for threshold sele
tion andassessing the �t of the GPD. The se
ond property suggests that, if the ex
eedan
es of uo

ur as a Poisson pro
ess with threshold ex
esses whi
h are IID and generalised Paretodistributed, then the maximum value over any blo
k size has a generalised extreme valuedistribution. Thus, if we assume extreme events o

ur over time as a Poisson pro
ess,models whi
h �t the GEV to sets of blo
k maxima are 
onsistent with models whi
h �tthe GPD to sets of threshold ex
esses.As with �tting the GEV, most pra
titioners use numeri
al maximum likelihood estima-tion to �t (15) to a set of threshold ex
esses. For −1 < ξ ≤ −0.5, maximum likelihoodestimators exist (in large enough samples), though in general (as before) do not possess allof the standard asymptoti
 properties; when ξ ≤ −1, maximum likelihood estimators donot, in general, exist. For ξ > −0.5, maximum likelihood estimators are asymptoti
allynormal and e�
ient (Smith, 1985). Lu
kily, in most environmental appli
ations, valuesof ξ ≤ −0.5 are rare, but do o

ur from time to time. Again, the Bayesian methodologyprovides a framework within whi
h this problem 
an be avoided. However, in a Bayesiansetting, use of the GPD(σ, ξ) model may be restri
tive sin
e the s
ale parameter σ isdependent on the 
hoi
e of threshold level u; an uninformative prior for σ then be
omesinformative at higher thresholds. To over
ome this, the GPD 
an be reparameterisedwith s
ale and shape parameters σ̃ and ξ (respe
tively, ξ remaining un
hanged), where
σ̃ = σ−ξu. Under this parameterisation, both parameters are threshold�independent. Asdemonstrated in Chapter 3 for the GEV, estimates of extreme quantiles 
an be obtainedthrough inversion of (15).4.1.2 When should we model threshold ex
eedan
es?Sin
e extremes are � by their very nature � s
ar
e, any modelling approa
h that in
reasespre
ision has obvious appeal. The r�largest approa
h attempts to in
rease pre
isionthrough the in
lusion of more data, but 
ould still be 
onsidered rather wasteful. Theaim of threshold methods is to maximise pre
ision by analysing all extremes. However,we might not have a

ess to the entire dataset; it might be the 
ase that we only havethe set of derived blo
k maxima � in whi
h 
ase the most appropriate method of analysiswould be to �t the GEV to our data dire
tly.As we shall dis
uss in Se
tion 4.3 of this Chapter, and Chapter 5, there might alsobe various modelling issues to address arising as a dire
t 
onsequen
e of using thresholdex
eedan
es, not least the problem of short term temporal dependen
e. Shown in Figure32



9 is the auto
orrelation fun
tion, and partial auto
orrelation fun
tion, for the entire seriesof daily rainfall measurements dis
ussed in Chapter 3 (re
all that we analysed the set ofrainfall annual maxima in Chapter 3). These plots were produ
ed using the 
ommands:> a
f(rain)> pa
f(rain)where, as in Chapter 3, the series of daily rainfall measurements are stored in the ve
torrain.
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Figure 9: Auto
orrelation fun
tion, and partial auto
orrelation fun
tion, for the rainfalldataBoth plots in Figure 9 indi
ate the presen
e of short term auto
orrelation in the series,parti
ularly the plot of partial auto
orrelations whi
h eliminates the e�e
t of interme-diate auto
orrelations. For example, a pro
ess that is truly �rst�order Markov mighthave signi�
ant auto
orrelations at lag 2 and beyond owing wholly to the temporal ef-fe
ts indu
ed by the strength of dependen
e between su

essive observations. However,the partial auto
orrelation fun
tion would provide a better indi
ation of the order of de-penden
e, showing only the �rst partial auto
orrelation as signi�
ant. For the rainfalldata, we see signi�
an
e in the partial auto
orrelation fun
tion up to lag 4, suggestinggenuine short�term temporal dependen
e. The GPD in the form it is given in equation(15) assumes our series is IID, whi
h is 
learly not the 
ase here. Though (as we shallsee in Chapter 5) various te
hniques have been developed to 
ir
umvent the problem oftemporal dependen
e, it is not always obvious how to implement these and parameter es-timates 
an be sensitive to the te
hnique 
hosen. When temporal dependen
e and othermodelling issues might arise as a dire
t 
onsequen
e of using all threshold ex
eedan
es, itmight be 
onsidered preferable to work with a set of blo
k maxima (or perhaps a set of�
luster maxima� � see Se
tion 4.3.3).4.1.3 How is the GPD used?On
e we have identi�ed our set of threshold ex
eedan
es, a typi
al appli
ation would�t the model in (15) via maximum likelihood (perhaps) to obtain estimates of the s
ale33



and shape parameters σ and ξ (the problems asso
iated with maximum likelihood forparti
ular values of ξ, for example, are dis
ussed in Se
tion 3.1.4 and also apply here).We 
an then use our estimates of σ and ξ to obtain estimates of return levels by inversionof (15). For example, suppose that a GPD with parameters σ and ξ is a suitable modelfor ex
eedan
es of a threshold u by a variable X, i.e. for x > u,Pr(X > x|X > u) =

[

1 + ξ

(

x − u

σ

)]

−1/ξ

+

.Then Pr(X > x) = λu

[

1 + ξ

(

x − u

σ

)]

−1/ξ

+

,where λu = Pr(X > u). Hen
e, the level xt that is ex
eeded on average on
e every tobservations is the solution of
λu

[

1 + ξ

(

xt − u

σ

)]

−1/ξ

+

=
1

t
.Rearranging, we get

xt = u +
σ

ξ
[(tλu)

ξ − 1],provided t is su�
iently large to ensure that xt > u, and ξ 6= 0. If ξ = 0, we have theexponential 
ase, and so
xt = u + σlog(tλu),again provided t is su�
iently large. By 
onstru
tion, xt is the t�observation return level;however, it is often more 
onvenient to give return levels on an annual s
ale, so that the

r�year return level is the level expe
ted to be ex
eeded on
e every r years. If there are nyobservations per year, this 
orresponds to the t�observation return level with t = r × ny.Hen
e, the r�year return level qr is de�ned by
qr = u +

σ

ξ

[

(rnyλu)
ξ − 1

]

, (16)unless ξ = 0, in whi
h 
ase
qr = u + σlog(rnyλu). (17)We 
an then estimate the r�year return level qr by substituting our estimates of σ and

ξ (say σ̂ and ξ̂) into equation 16 (or equation 17 when ξ = 0); λu 
an be estimatedempiri
ally as the proportion of threshold ex
eedan
es, and u is the threshold 
hosen toidentify extremes (see Se
tion ?.??). The usual approa
h for estimating standard errorsfor the GPD parameters 
an be used (i.e. inversion of the expe
ted information matrix)and, as in Chapter 3, the delta method 
an be used to obtain estimated standard errors forreturn levels. We 
an also use pro�le likelihood to estimate more appropriate 
on�den
eintervals for return levels. 34



4.2 Simple 
ase studyIn this Se
tion, we demonstrate a simple appli
ation of the GPD to a set of thresholdex
eedan
es. We illustrate this by using a set of threshold ex
eedan
es from the fullrainfall series used in Chapter 3. Re
all that this 
an be loaded into R by �rst installingthe ismev pa
kage:> library(ismev)and then typing:> data(rain)Typing> help(rain)gives a des
ription of the rainfall series. In this Se
tion, we will
• exploit the threshold stability property of the GPD to produ
e a graphi
al tool foridentifying a suitable threshold u;
• maximise the log�likelihood fun
tion for the GPD in R;
• use R to obtain the expe
ted information matrix, and then invert this to obtain theestimated varian
e�
ovarian
e matrix for (λ̂u, σ̂, ξ̂)T ;
• use the �tted values of the GPD parameters to estimate some return levels qr, alongwith standard errors for these;
• use R to plot the pro�le log�likelihood for some return levels and obtain pro�lelikelihood 
on�den
e intervals;
• useR to 
he
k the goodness�of��t of the GPD to our series of threshold ex
eedan
es,4.2.1 Identifying a suitable threshold: the mean residual life plotIn a mean residual life (MRL) plot we make use of the fa
t that if the GPD is the 
orre
tmodel for all ex
eedan
es xi above some high threshold u0, then the mean ex
ess, i.e. themean value of (xi − u), plotted against u > u0, should give a linear plot. This is be
ause

E[Xi − u0] is a linear fun
tion of u : u > u0. By produ
ing su
h a plot for values of ustarting at zero, we 
an sele
t reasonable 
andidate values for u0. In R, the following 
odesets up a ve
tor of possible thresholds, starting at zero and going up to the maximumvalue in our dataset in steps of 0.1:> u<-seq(0,max(rain),0.1)The ve
tor x will now be set up to take the 
orresponding values for the mean ex
ess overea
h value in u:> x<-ve
tor(`numeri
', length(u))Then the following 
ode 
omputes the mean ex
ess for ea
h value in u and stores it in x:35



> for(i in 1:length(x)){ threshold.ex
eedan
es<-rain[rain>u[i℄℄x[i℄<-mean(threshold.ex
eedan
es-u[i℄)}The MRL plot is then produ
ed using the following 
ode, giving the plot in Figure 10:> plot(x~u,type=`l', main=`MRL plot',ylab=`mean ex
ess')
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Figure 10: Mean residual life plot for the rainfall dataThough interpretation of these plots 
an be subje
tive, linearity in Figure 10 might besuggested at about u0 = 30mm (information in the far right�hand�side of these plots isunreliable; here, variability is high due to the limited amount of data above su
h highthresholds). Using u0 = 30 as our threshold for identifying extremes, we 
an then obtainour set of threshold ex
eedan
es for modelling with the generalised Pareto distribution:> above.threshold<-rain[rain>30℄> threshold.ex
eedan
es<-above.threshold-30We 
an look at our set of threshold ex
eedan
es by typing:> threshold.ex
eedan
es[1℄ 1.8 2.5 1.8 14.5 0.5 13.2 5.6 8.1 2.0 1.8 3.0 9.1 0.5 1.8 2.3[16℄ 3.0 0.5 2.5 18.5 5.3 10.6 0.5 4.3 2.8 0.5 15.7 1.8 3.5 3.5 1.8[31℄ 4.8 5.3 7.8 46.7 2.3 4.0 3.8 6.6 0.5 15.7 56.6 5.6 17.8 17.5 4.3[46℄ 18.5 0.7 13.4 29.4 5.1 23.3 3.5 0.5 0.2 10.9 12.7 53.3 24.9 29.2 1.836



[61℄ 7.3 2.5 4.0 37.3 1.2 0.2 6.1 6.8 8.4 1.0 3.3 17.0 2.0 3.0 8.1[76℄ 0.5 42.4 4.3 7.1 3.0 10.9 9.9 17.0 6.3 0.5 0.5 25.9 1.8 21.3 55.3[91℄ 11.9 0.5 3.0 5.6 25.9 14.2 8.1 4.3 1.8 2.0 1.8 5.6 15.2 0.5 9.4[106℄ 0.2 14.5 1.8 3.8 21.6 5.3 29.4 3.5 5.3 0.5 6.8 17.8 12.9 7.6 25.4[121℄ 5.3 12.4 3.0 3.0 10.1 4.8 8.1 9.4 4.0 5.6 4.3 3.5 1.0 6.6 6.3[136℄ 8.4 8.1 17.0 1.0 0.5 1.2 5.6 18.8 11.9 1.7 1.2 21.3 3.5 7.6 9.4[151℄ 9.4 15.7Thus, we have identi�ed 152 observations as being extreme.4.2.2 Fitting the GPDThe GPD log�likelihood fun
tion 
an be derived in the same way that the log�likelihoodfor the GEV was derived in Se
tion 3.2.1; this is left as an exer
ise for the reader, but
an be shown to be:
ℓ(σ, ξ; y) = −152logσ − (1 + 1/ξ)

152
∑

i=1

loge

(

1 +
ξyi

σ

)

+

, (18)where y = (y1, . . . , y152) are the set of ex
eedan
es above threshold u0 = 30. For the 
ase
ξ = 0, interpreted as ξ → 0, we have the log�likelihood for an exponential distributionwith rate 1/σ. We thus de�ne the GPD log�likelihood in R in the following way:> dataset<-threshold.ex
eedan
es> theta<-
(sd(dataset),0.1)> gpd.loglik<-fun
tion(theta){ sigma<-theta[1℄xi<-theta[2℄m<-min(1+(dataset*(xi/sigma)))if(m<0.00001)return(as.double(1000000))if(sigma<0.00001)return(as.double(1000000))loglik<--length(dataset)*log(sigma)-sum(log(1+(dataset*(xi/sigma)))*(1/xi+1))return(-loglik)}The reader is referred to the 
orresponding 
ode for the log�likelihood fun
tion for theGEV (Se
tion 3.2.1) at this point for any 
lari�
ation of the above 
ode. We 
an now usethe R routine nlm to minimise the negative log�likelihood, as we did for the GEV:> nlm(gpd.loglik,theta,hessian=TRUE)$minimum[1℄ 485.0937$estimate[1℄ 7.4402433 0.1845009$gradient 37



[1℄ -2.101763e-05 8.327561e-05$hessian [,1℄ [,2℄[1,℄ 2.000085 12.79144[2,℄ 12.791440 179.34888$
ode[1℄ 1$iterations[1℄ 12As in Chapter 3, we 
ould then obtain estimated standard errors for the GPD parameters:> a<-nlm(gpd.loglik,theta,hessian=TRUE)> var
ovar<-solve(a$hessian)> sqrt(diag(var
ovar))[1℄ 0.9588034 0.1012522An estimate of the threshold ex
eedan
e rate, λu, 
an be obtained by typing:> lambda<-length(threshold.ex
eedan
es)/length(rain)[1℄ 0.008670355Sin
e the number of ex
eedan
es of u0 = 30 follows a binomial distribution Bin(N, λu),where N is the total number of observations in our series, thenVar(λ̂u) ≈ λ̂u(1 − λ̂u)/N,giving an estimated standard error for the threshold ex
eedan
e rate of
√

0.0087(1 − 0.0087)/17531 ≈ 0.0007.Thus, in summary, we have:
σ̂ = 7.44 (0.96) ξ̂ = 0.18 (0.10) λ̂u = 0.0087 (0.0007),giving the following symmetri
 
on�den
e intervals for σ, ξ and λu respe
tively:

(5.56, 9.32) (−0.016, 0.376) (0.007, 0.010)Note the similarity in estimates of ξ in this analysis (0.18) and the GEV analysis inChapter 3 (0.11), with the 
on�den
e intervals from both analyses in
luding zero (bothsuggesting the possibility of a Gumbel�type tail). Also noti
e that, using the earliernotation for the s
ale parameter of the GPD, and denoting by µ̂GEV, σ̂GEV and ξ̂GEV theGEV parameter estimates from Chapter 3, we have
ˆ̄σ = σ̂GEV + ξ̂GEV(u0 − µ̂GEV)

= 9.73 + 0.11 × (30 − 40.78)

= 8.54,whi
h is not signi�
antly di�erent from our estimate of the s
ale parameter in the analysisof threshold ex
eedan
es. 38



4.2.3 Threshold 
hoi
e revisited: parameter stability plotsIf the GPD with shape parameter ξ and s
ale parameter σu0 is the 
orre
t model forex
esses over u0, then, owing to the threshold stability property, for any threshold u > u0,the ex
esses will be GPD with shape parameter ξ and s
ale parameter
σu = σu0 + ξ(u − u0).If we now use a modi�ed version of the s
ale parameter,

σ∗ = σu − ξu,we 
an see that both σ∗ and ξ should be 
onstant over thresholds greater than u0 if wemodel ex
esses xi − u for u > u0 using the GPD. This provides us with a further toolfor assessing our original 
hoi
e of threshold u0: we 
an re�t the GPD for a range ofthresholds upwards of u0 and investigate the stability of our estimates of ξ and σ∗. In R,we now let u take values between the threshold indi
ated by the mean residual life plot(u0 = 30) and some values upwards of this (we arbitrarily 
hoose a maximum value of50):> u<-seq(30,50,1)Now the following 
ode sets up ve
tors sigma.star, xi, and s.e.sigma.star and s.e.xi,to take the MLEs for σ∗ and ξ and and the 
orresponding estimated standard errors(respe
tively) for ea
h threshold in u:> sigma.star<-ve
tor(`numeri
',length(u))> xi<-ve
tor(`numeri
',length(u))> s.e.sigma.star<-ve
tor(`numeri
',length(u))> s.e.xi<-ve
tor(`numeri
',length(u))The following loop identi�es the set of threshold ex
esses for ea
h value in u and then �tsthe GPD, storing ea
h estimated value of σ∗ and ξ in sigma.star and xi (respe
tively):> for (i in 1:length(u)){ above.thresh<-rain[rain>u[i℄℄threshold.ex
eed<-above.thresh-u[i℄dataset<-threshold.ex
eedb<-nlm(gpd.loglik,theta,hessian=TRUE)xi[i℄<-b$estimate[2℄sigma.star[i℄<-b$estimate[1℄-xi[i℄*u[i℄Our parameter stability plots will show our estimated values for σ∗ and ξ for ea
h thresh-old in u, along with the asso
iated 
on�den
e intervals 
onstru
ted using the estimatedstandard errors. The estimated standard error for ξ is obtained dire
tly from the varian
e�
ovarian
e matrix, whi
h itself is found using the 
ode solve(a$hessian) within the loopabove. However, the standard error for the modi�ed s
ale parameter σ∗ requires use ofthe delta method (see Se
tion 3.2.3), whereVar(σ∗) ≈ ∇σ∗T V ∇σ∗39



and
∇σ∗T =

[

∂σ∗

∂σu

,
∂σ∗

∂ξ

]

= [1,−u].The 
ode shown below 
ontinues the loop from above, storing the estimated standarderror for ξ at ea
h threshold in s.e.xi; the delta method is also applied to obtain theestimated standard error for ea
h σ∗, and this is stored in s.e.sigma.star.var
ov<-solve(a$hessian)s.e.xi[i℄<-sqrt(var
ov[2,2℄)del<-matrix(n
ol=1,nrow=2)del[1,1℄<-1del[2,1℄<--u[i℄del.transpose<-t(del)s.e.sigma.star[i℄<-sqrt(del.transpose%*%var
ov%*%del)}Then the lower and upper 95% 
on�den
e bounds 
an be obtained for σ∗ and ξ:> lower.sigma.star<-sigma.star-(1.96*s.e.sigma.star)> upper.sigma.star<-sigma.star+(1.96*s.e.sigma.star)> lower.xi<-xi-(1.96*s.e.xi)> upper.xi<-xi+(1.96*s.e.xi)Finally, a plot 
an be produ
ed (Figure 11) showing ea
h estimated value of σ∗ and ξagainst u, with their asso
iated 95% 
on�den
e intervals, using the following 
ode:> par(mfrow=
(2,1))> plot(sigma.star~u,type=`b',ylim=
(-50,170),lwd=2,ylab=`sigma.star')> lines(lower.sigma.star~u,type=`l',lty=2)> lines(upper.sigma.star~u,type=`l',lty=2)> plot(xi~u,type=`b',ylim=
(-2,1),lwd=2,ylab=`xi')> lines(lower.xi~u,type=`l',lty=2)> lines(upper.xi~u,type=`l',lty=2)The values in ylim determine the plotting range; for the parameter stability plot for
σ∗, for example, typing min(lower.sigma.star) and max(upper.sigma.star) suggesta plotting range between about �50 and 170 would be appropriate. The argument lwd=2
ontrols the weight of the plotting line, and in this example we have set this equal to 2 sothat the maximum likelihood estimates will appear bold relative to the lines that representthe 
on�den
e bounds. Figure 11 shows mu
h variation in the far right�hand�side of theplots, owing to few observations being available for analysis above su
h high thresholds.However, overall we seem to have reasonable `stability' in our plots for all thresholds above30, whi
h suggests we 
an be reassured about our original 
hoi
e of u0 = 30.4.2.4 Return level inferen
eWe 
an obtain point estimates of any return level by substituting our estimates of theGPD parameters into equation (16). For example, an estimate of the 100�year returnlevel q100 
an be found as

q̂100 = 30 +
7.44

0.18

[

(100 × 365.25 × 0.0087)0.18 − 1
]

= 105.26 40
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Figure 11: Parameter stability plots for σ∗ and ξ for the rainfall datawhere, to a

ount for leap years, 365.25 is used as the number of daily observations peryear. The delta method 
an, on
e again, be used to obtain estimated standard errors forsu
h return levels. We should, however, also in
lude un
ertainty in our estimate of λu inthe 
al
ulation (sin
e qr is a fun
tion of λu). Re
all that, by the delta method,Var(q̂r) ≈ ∇qT
r V ∇qr.Here, V is now the varian
e�
ovarian
e matrix of the triple (λ̂u, σ̂, ξ̂)T ; in our rainfallexample, this is

V =





0.00072

0 0.962

0 −0.0656 0.102



 ;the value �0.0656 is the estimated 
ovarian
e between σ̂ and ξ̂, and is found in thevarian
e�
ovarian
e matrix var
ovar. We now write a new varian
e�
ovarian
e matrixin R to in
lude the varian
e of λ̂u; we 
all this var
ovar2:> var
ovar2<-matrix(n
ol=3,nrow=3)> var
ovar2[℄<-0> var
ovar2[1,1℄<-0.0007^2> var
ovar2[2,2℄<-0.96^2> var
ovar2[3,3℄<-0.1^2> var
ovar2[2,3℄<--0.0656> var
ovar2[3,2℄<-0.0656 41



q̂10 q̂50 q̂100 q̂1000MLE (e.s.e.) 65.96 (5.14) 92.34 (14.09) 105.26 (20.09) 168.10 (58.33)Table 4: Some estimated return levels for the rainfall data using the threshold ex
essmodel. Asso
iated standard errors are in parentheses (units are millimetres)As before,
∇qT

r =

[

∂qr

∂λu

,
∂qr

∂σ
,
∂qr

∂ξ

]

;this 
an be shown to give
∇qT

r =
[

σ(rny)
ξλξ−1

u , ξ−1
{

(rnyλu)
ξ − 1

}

,

−σξ−2 {(rnyλu) − 1} + σξ−1(rnyλu)
ξlog(rnyλu)

]

,whi
h we evaluate at (λ̂u, σ̂, ξ̂). In R, the following 
ode 
omputes the estimated standarderror for the 100�year return level q100:> r<-100> ny<-365.25> del<-matrix(n
ol=1,nrow=3)> sigma<-a$estimate[1℄> xi<-a$estimate[2℄> lambda<-length(threshold.ex
eedan
es)/length(rain)> del[1,1℄<-sigma*(r*ny)^(xi)*lambda^(xi-1)> del[2,1℄<-xi^(-1)*((r*ny*lambda)^(xi)-1)> del[3,1℄<--sigma*(xi^(-2))*((r*ny*lambda)^(xi)-1)+sigma*xi^(-1)*(r*ny*lambda)^(xi)*log(r*ny*lambda)> del.transpose<-t(del)> sqrt(del.transpose%*%var
ovar2%*%del)[,1℄[1,℄ 20.09450Thus, an estimate of the 100�year return level q100, with its standard error in parentheses,is: 105.26 (20.45) from whi
h we 
ould obtain a 
on�den
e interval. Obviously, we 
ouldrepla
e r<-100 in the above 
ode with r<-10, r<-50 or r<-1000, for example, to obtainthe estimated standard error for the 10, 50 and 1000 year return levels (respe
tively). Infa
t, Table 4 shows exa
tly these results.As we did for the GEV in Se
tion 3.2.3 we 
ould, of 
ourse, 
ombine the above 
odewith that used to obtain the GPD MLEs and estimated standard errors to write a fun
-tion that does everything in a single sweep; i.e., given the data, a suitable threshold, thenumber of observations per year ny and a spe
i�ed return period r, our fun
tion 
ouldreturn (λ̂u, σ̂, ξ̂), with the estimated standard errors for these, as well as the r�year returnlevel qr along with its estimated standard error. An example of this is shown overleaf inthe fun
tion gpdfit. 42



gpdfit<-fun
tion(data,threshold,ny,r){ above.threshold<-data[data>threshold℄thresh.ex
eed<-above.threshold-thresholdlambda<-length(thresh.ex
eed)/length(data)s.e.lambda<-sqrt(lambda*(1-lambda)/length(data))theta<-
(sd(thresh.ex
eed),0.1)gpd.loglik<-fun
tion(theta){ sigma<-theta[1℄xi<-theta[2℄m<-min(1+(thresh.ex
eed*(xi/sigma)))if(m<0.0001)return(as.double(1000000))if(sigma<0.0001)return(as.double(1000000))loglik<--length(thresh.ex
eed)*log(sigma)-sum(log(1+(thresh.ex
eed*(xi/sigma)))*(1/xi+1))return(-loglik)}a<-nlm(gpd.loglik,theta,hessian=TRUE)gpd<-
(lambda,a$est)var
ovar<-solve(a$hessian)ese<-
(s.e.lambda,sqrt(diag(var
ovar)))ret.level<-threshold+(a$est[1℄/a$est[2℄)*(((r*ny)*lambda)^(a$est[2℄)-1)var
ovar2<-matrix(n
ol=3,nrow=3)var
ovar2[℄<-0var
ovar2[1,1℄<-ese[1℄^(2)var
ovar2[2,2℄<-ese[2℄^(2)var
ovar2[3,3℄<-ese[3℄^2var
ovar2[2,3℄<-var
ovar[2,1℄var
ovar2[3,2℄<-var
ovar[2,1℄del<-matrix(n
ol=1,nrow=3)del[1,1℄<-(a$est[1℄)*(r*ny)^((a$est[2℄))*lambda^((a$est[2℄)-1)del[2,1℄<-(a$est[2℄)^(-1)*((r*ny*lambda)^((a$est[2℄))-1)del[3,1℄<--(a$est[1℄)*((a$est[2℄)^(-2))*((r*ny*lambda)^((a$est[2℄))-1)+(a$est[1℄)*(a$est[2℄)^(-1)*(r*ny*lambda)^((a$est[2℄))*log(r*ny*lambda)del.transpose<-t(del)ese.ret.level<-sqrt(del.transpose%*%var
ovar2%*%del)ese.ret.level<-ese.ret.level[1,1℄return(gpd,ese,ret.level,ese.ret.level)} 43



To exe
ute this 
ode for the threshold ex
eedan
es in the rainfall dataset, and to estimatethe 100�year return level, we would type:> gpdfit(rain,30,365.25,100)whi
h gives the following output:$gpd[1℄ 0.008670355 7.440243310 0.184500851$ese[1℄ 0.0007002033 0.9588034461 0.1012521934$ret.level[1℄ 106.3430$ese.ret.level[1℄ 20.85760The three elements returned in gpd are the MLEs for λu, σ and ξ, respe
tively; underneath,in ese, we have the 
orresponding estimated standard errors. ret.level is the estimated100�year return level, whose estimated standard error is stored in ese.ret.level. Noti
ethat here, we have q̂100 = 106.34 (20.86), whereas in Table 4 we have q̂100 = 105.26 (20.09).These dis
repan
ies 
an be attributed to rounding error � the fun
tion gpdfit uses thefull values for σ̂ and ξ̂, for example, from a$est[1℄ and a$est[2℄ (respe
tively), insteadof σ̂ = 7.44 and ξ̂ = 0.18 to two de
imal pla
es. Similarly, the full values of the estimatedstandard errors of the GPD parameters (and λu) are used instead of 0.96 and 0.10 (and0.0007 for λ̂u), respe
tively.4.2.5 Pro�le likelihoodAs previously dis
ussed in Se
tion 3.2.4, using the estimated standard error to produ
e asymmetri
 
on�den
e interval for a parameter 
an sometimes be misleading, parti
ularlywhen the parameter of interest is a return level; we often observe severe positive skew inthe likelihood surfa
e when viewed from the qr�axis, and so using the pro�le likelihood for
qr usually o�ers a more appropriate method for obtaining 
on�den
e intervals. We againdemonstrate the 
al
ulation of a 95% pro�le 
on�den
e interval for qr in R, but this timeusing the threshold ex
eedan
e model.Suppose our interest lies in the 100�year return level q100. Firstly, we re�parameterisethe GPD so that q100 is one of the parameters. We 
an do this by rearranging equation(16) to make σ the subje
t, whi
h gives

σ =
ξ(q100 − u)

(100nyλu)ξ − 1
. (19)We then repla
e σ with (19) in the expression for the log�likelihood (18) to obtain

ℓ(q100, ξ). Fixing q100 = q100,0 and maximising ℓ(q100, ξ), for a range of values for q100,0,gives the pro�le log�likelihood for q100. For example, we know from the previous se
-tion that q̂100 = 106.34; thus in R, we de�ne the ve
tor q100.0 to take values between(arbitrarily) 80 and 190: 44



> q100.0<-seq(80,190,0.01)We then de�ne the pro�le log�likelihood fun
tion as:> theta2<-sd(dataset)> prof.loglik<-fun
tion(theta2){ xi<-theta2sigma<-xi*(q100-30)/((100*365.25*0.008670355)^(xi)-1)m<-min(1+(dataset*(xi/sigma)))if(m<0.0001)return(as.double(1000000))if(sigma<0.0001)return(as.double(1000000))if(xi==0){ loglik<-length(dataset)*log(1/sigma)-(1/sigma)*(sum(dataset))}else{loglik<--length(dataset)*log(sigma)-sum(log(1+(dataset*(xi/sigma)))*(1/xi+1))} loglikreturn(-loglik)}As before, 
are has been taken to repla
e the GPD log�likelihood with the exponentiallimit when ξ = 0. Noti
e the parameter ve
tor (
alled theta2 here) now only has oneelement � ξ; this is be
ause we are going to minimise the negative log�likelihood (andso maximse the log�likelihood itself) with respe
t to ξ whilst keeping q100 �xed at q100,0(and hen
e keeping σ �xed via equation (19)). We do this for ea
h value in q100.0, andthen plot the maximised likelihood value against the 
orresponding q100.0 value. Thefollowing 
ode:> prof.plot<-ve
tor(`numeri
',length(q100.0))
reates a ve
tor in whi
h we will store the maximised log�likelihood value for ea
h valueof q100,0. Then the following 
ode> for(i in 1:length(prof.plot)){q100<-q100.0[i℄a<-nlm(prof.loglik,theta2)prof.plot[i℄<--(a$minimum)}> plot(prof.plot~q100.0), main=`Profile log--likelihood for q100',xlab=`q100',ylab=`Profile log-likelihood',type=`l')produ
es the plot shown in �gure 12. The 
ode> abline(h=-485.0937)> abline(v=106.34) 45



superimposes a horizontal line at the maximised log�likelihood (see the output in Se
tion4.2.2) and a verti
al line at the MLE for q100. We 
an then apply the result from Se
tion3.2.4 to superimpose a horizontal broken line giving a 
ut�o� point equal to 1
2
×χ2

1(0.05),from whi
h we 
an dedu
e the 95% pro�le 
on�den
e interval for q100:> abline(h=-485.0937-0.5*q
hisq(0.95,1),lty=2)
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Figure 12: Pro�le log�likelihood for q100 in the rainfall example, using the threshold ex
essmodelThe horizontal dotted line interse
ts with the pro�le log�likelihood for q100 at 80.86 and185.03, giving the 95% 
on�den
e interval (80.86, 185.03) millimetres. A symmetri
 
on�-den
e interval using the MLE and estimated standard error obtained via the delta methodis 106.343 ± 1.96 × 20.8576, i.e. (65.46, 147.22) millimetres; given the positive skew ob-served in the plot in Figure 12, the upper bound provided by the symmetri
 
on�den
einterval is far too low. Constru
ting a sea wall, for example, to with a height as spe
i�edby the upper endpoint of the standard 95% 
on�den
e interval 
ould provide substantialunder�prote
tion.4.2.6 Model diagnosti
sRe
all from Se
tion 3.2.5 that a probability plot and a quantile�quantile plot 
an be usedto 
he
k the goodness�of��t of our 
hosen model to the data � in this 
ase, the GPD asa model for threshold ex
eedan
es. Re
all that a probability plot is a plot of the points
{(

F̂
(

x(i)

)

,
i

n + 1

)

: i = 1, . . . , n

}

,46



and a quantile�quantile plot is a plot shows the pairs of points:
{(

F̂−1

(

i

n + 1

)

, x(i)

)

: i = 1, . . . , n

}

.If our threshold ex
eedan
es are stored in the ve
tor dataset, then> ordered<-sort(dataset)stores the ordered threshold ex
eedan
es x(i), i = 1, . . . , 152 in the ve
tor ordered. Forea
h point in this ordered sample, the following then stores the empiri
al distributionfun
tion de�ned by i/(n + 1) in the ve
tor empiri
al:> empiri
al<-ve
tor(`numeri
',length(ordered))> for (i in 1:length(empiri
al)){empiri
al[i℄<-i/(length(dataset)+1)}The fun
tion GPD.DF de�nes the distribution fun
tion for the GPD, as given by equation(15); re
all that, for the 
ase ξ = 0, we have the exponential distribution with rate 1/σ).> GPD.DF<-fun
tion(data,sigma,xi){ if(xi==0){ GPD<-1-exp(-data/sigma)}else{ GPD<-1-(1+(xi*data)/sigma)^(-1/xi)}GPD}Then, as we did for the GEV in Se
tion 3.2.5, we store a model�based estimate of thedistribution fun
tion, evaluated at ea
h point in the ordered sample ordered, in model:> model<-ve
tor(`numeri
',length(dataset))> for(i in 1:length(model)){ model[i℄<-GPD.DF(ordered[i℄,a$est[1℄,a$est[2℄)}Then plotting model against empiri
al produ
es the probability plot for the set of rainfallthreshold ex
eedan
es; this is shown in Figure 13, with the line of equality superimposed.For the quantile plot:> model.quantile<-ve
tor(`numeri
',length(dataset))> GPD.INV<-fun
tion(data,sigma,xi){ 47



if(xi==0){ INV<--sigma*log(1-data)}else{ INV<-(sigma/xi)*((1-data)^(-xi)-1)}INV}> for(i in 1:length(model.quantile)){ model.quantile[i℄<-GPD.INV(empiri
al[i℄,a$est[1℄,a$est[2℄)}The fun
tion GDP.INV 
omputes the inverse of the GPD distribution fun
tion at ea
h of thepoints in the ve
tor data; we evaluate this for ea
h value in empiri
al to �nd F̂ (i/(n+1))and store the results in the ve
tor model.quantile. Plotting model.quantile againstordered produ
es the quantile plot shown in Figure 14, again with the line of equalitysuperimposed to visually assess the goodness�of��t. As 
an be seen from both �gures13 and 14, the GPD seems to provide a more than adequate �t to the set of rainfallthreshold ex
eedan
es, with most points lying on or 
lose to the line of equality; however,as in the GEV analysis of annual maxima, we noti
e a potential problem at high levels ofthe rainfall pro
ess dete
ted by the quantile plot.4.2.7 Using the ismev pa
kageAs in Chapter 3, we now illustrate �tting the GPD to the set of threshold ex
eedan
esusing the fun
tions provided by the ismev pa
kage (see Se
tion 3.2.6). Re
all that, pro-vided you have a version of R no older than R 1.50, you 
an install the ismev pa
kagesby typing:> library(ismev)The fun
tion gpd.fit �ts the GPD to a set of threshold ex
eedan
es; however, no datapre�pro
essing is ne
essary. You simply supply the fun
tion with the full data set, andyour threshold. We know from the previous Se
tion that a threshold of about 30mmseemed adequate for the rainfall data, and we used a mean residual life plot to �nd thisvalue. The ismev fun
tion mrl.plot produ
es the plot that we 
onstru
ted from �rstprin
iples in Se
tion 4.2.1 (see Figure 10). Typing> mrl.plot(rain)produ
es the plot shown in �gure 15. Noti
e that this plot is the same as that produ
edearlier, but also has the 
orresponding 95% bounds superimposed.As before, we see that this plot appears linear above a value of about 30mm (though theseplots 
an be open to interpretation). Remember that, sin
e there is a limited amount ofdata available above very high thresholds, variability is high in the right�hand�side ofthese plots). We 
an now �t the GPD to threshold ex
eedan
es above u0 = 30mm bytyping 48
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Figure 15: Mean residual life plot for the rainfall data produ
ed suing the mrl.plotfun
tion in ismevgpd.fit(rain,30)whi
h gives the following output:$threshold[1℄ 30$nex
[1℄ 152$
onv[1℄ 0$nllh[1℄ 485.0937$mle[1℄ 7.4406505 0.1843329$rate[1℄ 0.008670355$se[1℄ 0.958432 0.101151As before, the MLEs for σ and ξ (provided by $mle) are 7.44 and 0.18, respe
tively.The standard errors are stored in $se and are 0.96 and 0.18 for σ and ξ (again, as we50



found before). The R output also gives an estimate of the threshold ex
eedan
e rate
λ̂u = 0.0087. $nex
 gives the number of ex
eedan
es above the spe
i�ed threshold (152values ex
eed the threshold 30), and $nllh gives the value of the negative log�likelihood.As with the gev.fit fun
tion used in Chapter 3, $
onv is a 
onvergen
e 
ode for theminimisation routine; a zero (as shown here) indi
ates su

essful 
onvergen
e. A moredetailed explanation of this output 
an be obtained by typing help(gpd.fit). Justas the fun
tions gev.profxi and gev.prof produ
ed pro�le log�likelihood plots for theshape parameter ξ and a spe
i�ed return level (respe
tively), the fun
tion gpd.profxiand gpd.prof 
an be used to produ
e pro�le log�likelihood 
urves for ξ and a spe
i�edreturn level using the threshold ex
ess model. For example, if we store the output of the�tting routine gpd.fit in the obje
t a, i.e.:> a<-gpd.fit(rain,30)then the following 
ode produ
es a pro�le log�likelihood plot for ξ between the values�0.1 and 0.7 (the resulting plot is shown in �gure 16); 
onf=0.95 gives the 
ut�o� pointthat 
an be used to 
onstru
t a 95% 
on�den
e interval for ξ, though of 
ourse this 
anbe 
hanged to provide 
ut�o� points for other 
on�den
e intervals. From �gure 16, we
an read o� a 95% 
on�den
e interval for ξ as (0.007, 0.416)mm.> gpd.profxi(a,-0.1,0.7, 
onf=0.95)Figure 12, whi
h shows the pro�le log�likelihood for the 100�year return level using thethreshold ex
eedan
e model, 
an be repli
ated by typing:> gpd.prof(a,100,80,190,
onf=0.95)where 100 is the return period, and 80,190 provides the plotting range for the pro�lelog�likelihood. This plot 
an be seen in �gure 17, and, of 
ourse, gives rise to the same
on�den
e interval for q100 as we obtained in Se
tion 4.2.5: (80.86, 185.03)mm. Con�-den
e intervals for other return levels 
an be obtained in the same way, by 
hanging thereturn period in the gpd.prof fun
tion, though the plotting range will also have to be
hanged a

ordingly.To 
he
k the goodness�of��t of the GPD for our threshold ex
eedan
e above 30mm,we 
an 
onstru
t probability plots and quantile plots using the fun
tion gpd.diag. Forexample,> gpd.diag(a)where the obje
t a stores the results from the �tting routine gpd.fit, gives the diagnosti
plots shown in �gure 18. As before with the gev.diag fun
tion in Se
tion 3.2.6, we geta 2 × 2 panel of plots: the top row repli
ates the probability plot and quantile plot weprodu
ed from �rst prin
iples in Se
tion 4.2.6 (�gures 13 and 14 respe
tively), whilst thebottom row shows the return level plot and a plot of the empiri
al density with the GPDdensity overlaid. All four plots seem to indi
ate that the GPD provides quite a good �tto ex
esses above a threshold of 30mm.We 
an also use the gpd.fitrange fun
tion in ismev to reprodu
e the �parameter stabilityplots� shown in �gure 11. Re
all that these plots 
an aid in the threshold sele
tion pro
ess:on
e a 
andidate threshold u0 has been identi�ed in the mean residual life plot (�gures 1051



0.0 0.2 0.4 0.6

−4
92

−4
91

−4
90

−4
89

−4
88

−4
87

−4
86

−4
85

Shape Parameter

P
ro

fil
e 

Lo
g−

lik
el

ih
oo

d

Figure 16: Pro�le log�likelihood for ξ in the rainfall example, 
onstru
ted using thegpd.profxi fun
tion in ismev
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Figure 18: Diagnosti
 plots 
reated using the fun
tion gpd.diag to 
he
k the goodness�of��t of the GPD model in the rainfall exampleand 15), then, owing to the threshold stability property of the GPD, we should observestability in estimates of σ∗ and ξ for all thresholds u > u0 if the GPD is appropriate forex
eedan
es over u0. In R, typing> gpd.fitrange(rain,umin=30,umax=50)reprodu
es plots similar to those shown in �gure 11, again with the asso
iated 
95% 
on-�den
e bands. The default pro
edure �ts the GPD at 10 equally�spa
ed points between
u = umin and u = umax; the optional argument nint 
an be used to 
hange this. Forexample, the 
ode> gpd.fitrange(rain,umin=30,umax=50,nint=50)�ts the GPD at 50 equally�spa
ed values of u between 30 and 50 (in
lusive); this plot isshown in �gure 19.4.3 Pra
ti
al 
onsiderations: temporal dependen
eThe asymptoti
 results for the GEV introdu
ed in Chapter 3, and for the GPD in the
urrent Chapter, have assumed the underlying pro
esses independent and identi
ally dis-tributed (IID). They also assume this pro
ess is stationary. In pra
ti
e, extreme valuedata � parti
ularly environmental time series � exhibit some form of departure from thisideal. The most 
ommon forms are:� Lo
al temporal dependen
e, where su

essive values of the time series are dependent,but values farther apart are independent (to a good approximation);53
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Figure 19: Parameter stability plots for σ∗ and ξ for the rainfall data, 
onstru
ted usingthe gpd.fitrange fun
tion in ismev� Long term trends, where the underlying distribution 
hanges gradually over time;� Seasonal variation, where the underlying distribution 
hanges periodi
ally throughtime.These departures 
an be handled through a 
ombination of extending both the theory andthe modelling. However, although a wide range of theoreti
al models for non�stationarityhave been studied, only in a few 
ases have these been used for statisti
al modelling;the results have generally been too spe
i�
 to be of use in modelling data for whi
h theform of non�stationarity is unknown. Over the last de
ade or so, it has been more usualfor pra
titioners to employ statisti
al pro
edures whi
h allow the existing results to beapplied. In Chapter 5 we will 
onsider some of these in detail. For now, we will fo
us ourattention on pro
edures whi
h deal with short term temporal dependen
e.For the types of data to whi
h extreme value models are 
ommonly applied, tempo-ral independen
e is usually an unrealisti
 assumption. In parti
ular, extreme 
onditionsoften persist over several 
onse
utive observations, bringing into question the appropri-ateness of models su
h as the GEV. A detailed investigation of this requires mathemati
altreatment at a level of sophisti
ation beyond the s
ope of this book; however, the generalideas are not di�
ult and the main result o�ers a simple, pra
ti
al, interpretation. Forthe remainder of this Se
tion on dependent sequen
es, we shall assume that our pro
essis stationary, 
orresponding to a series whose variables may be mutually dependent, butwhose sto
hasti
 properties are homogeneous throughout time.54



Dependen
e in stationary sequen
es 
an take many di�erent forms. With pra
ti
al appli-
ations in mind, it is 
ommon to assume a 
ondition that limits the extent of dependen
eto short�range temporal dependen
e so that, for example, events Xi and Xj, both ofwhi
h are extreme, are independent provided time points i and j are far enough apart.Indeed, many stationary sequen
es satisfy this property. By ex
luding the possibilityof long�range dependen
e in this way, we fo
us our attention on dependen
e at a mu
hshorter range. E�e
ts of su
h short�range dependen
e, it turns out, 
an be quanti�edwithin the standard extreme value limits dis
ussed in Chapter 1 for the GEV and the
urrent Chapter for the GPD.4.3.1 Maxima of stationary sequen
esThe book by Leadbetter et al. (1983) 
onsiders, in great detail, properties of extremes ofdependent pro
esses. A key result often used is `Leadbetter's D(un) 
ondition', whi
h en-sures that long�range dependen
e is su�
iently weak so as not to a�e
t the asymptoti
sof an extreme value analysis. This 
ondition is stated more formally in the De�nitionbelow.De�nition (Leadbetter's D(un) 
ondition)A stationary series X1, X2, . . . is said to satisfy the D(un) 
ondition if, for all i1 < . . . <
ip < j1 < . . . < jq with j1 − ip > l,






Pr{Xi1 ≤ un, . . . , Xip ≤ un, Xj1 ≤ un, . . . , Xjq

≤ un

}

−Pr{Xi1 ≤ un, . . . , Xip ≤ un

}Pr{Xj1 ≤ un, . . . , Xjq
≤ un

}






≤ α(n, l), (20)where α(n, l) → 0 for some sequen
e ln su
h that ln/n → 0 as n → ∞.For sequen
es of independent variables, the di�eren
e in probabilities in the above ex-pression is exa
tly zero for any sequen
e un. More generally, we will require that the

D(un) 
ondition holds only for a spe
i�
 sequen
e of thresholds un that in
reases with
n. For su
h a sequen
e, the D(un) 
ondition ensures that, for sets of variables that arefar enough apart, the di�eren
e in probabilities expressed in (20), while not zero, is su�-
iently 
lose to zero to have no e�e
t on the limit laws for extremes.TheoremLet X̃1, X̃2, . . . be a stationary series satisfying Leadbetter's D(un) 
ondition, and let
M̃n = max{X̃1, . . . , X̃n}. Now let X1, X2, . . . be an independent series with X havingthe same distribution as X̃, and let Mn = max{X1, . . . , Xn}. Then if Mn has a non�degenerate limit law given by Pr {(Mn − bn)/an ≤ x} → G(x), it follows thatPr{(M̃n − bn)/an ≤ x

}

→ Gθ(x) (21)for some 0 ≤ θ ≤ 1.The parameter θ is known as the extremal index, and quanti�es the extent of extremaldependen
e: θ = 1 for a 
ompletely independent pro
ess, and θ → 0 with in
reasinglevels of (extremal) dependen
e. Sin
e G in the above theorem is ne
essarily an extreme55



value distribution, and due to the max�stability property (see Leadbetter et al., 1983),then the distribution of maxima in pro
esses displaying short�range temporal dependen
e(
hara
terised by the extremal index θ) is also a GEV distribution; the powering of thelimit distribution by θ only a�e
ts the lo
ation and s
ale parameters of this distribution.The above theorem implies that if maxima of a stationary series 
onverge � whi
h, fromChapter 3, we know they will do � then, provided an appropriate D(un) 
ondition is sat-is�ed, the limit distribution is related to the limit distribution of an independent series.The e�e
t of dependen
e, as seen in expression (21), is just a repla
ement of G as the limitdistribution with Gθ. In fa
t, if G 
orresponds to the GEV distribution with parameters
(µ, σ, ξ), then

Gθ(z) = exp{− [1 + ξ

(

z − µ

σ

)]

−1/ξ
}θ

= exp{− [1 + ξ

(

z − µ∗

σ∗

)]

−1/ξ
}

,where µ∗ = µ− σ
ξ

(

1 − θ−ξ
) and σ∗ = σθξ. Thus, if the (approximate) distribution of Mnis GEV with parameters (µ, σ, ξ), then the (approximate) distribution of M̃n is GEV withparameters (µ∗, σ∗, ξ).4.3.2 Modelling blo
k maximaProvided long�range dependen
e is weak, we 
an pro
eed to model blo
k maxima fromseries with short�range extremal dependen
e as outlined in Chapter 3, sin
e the distribu-tion of blo
k maxima falls within the same family of distributions as would be appropriateif the series were truly independent. This is fantasti
 news! Short�range temporal de-penden
e is a mu
h more plausible assumption than 
omplete independen
e, and ourmodelling approa
h is still valid! However, the main di�eren
e � ex
luding the 
hange inparameters from (µ, σ, ξ) to (µ∗, σ∗, ξ) � is that our implied n (the number we are takingthe maxima over) is now e�e
tively redu
ed due to the dependen
e, so 
onvergen
e ofmaxima to the limit distribution will be slower. And shouldn't we be using thresholdmethods anyway, whi
h use information on all extremes and not just those that are themaximum within their blo
k?4.3.3 Modelling threshold ex
eedan
esThough the modelling pro
edure for �tting the GEV to a set of annual maxima is un-
hanged for series whi
h display short�term temporal dependen
e, some revision is neededof the threshold ex
eedan
e approa
h. If all threshold ex
eedan
es are used in our anal-ysis, and the GPD �tted to the set of threshold ex
esses, the likelihoods we use will bein
orre
t sin
e they assume independen
e of sample observations. In pra
ti
e, severalte
hniques have been developed to 
ir
umvent this problem, in
luding:1. �ltering out an (approximately) independent set of threshold ex
eedan
es2. �tting the GPD to all ex
eedan
es, ignoring dependen
e, but then appropriatelyadjusting the inferen
e to take into a

ount the redu
tion in information56



3. Expli
itly modelling the temporal dependen
e in the pro
essThough the �rst approa
h above is by far the most widely�used, resear
h has re
ently fo-
ussed on the relative merits of the other two approa
hes. The third approa
h makes useof multivariate extreme value theory, and so we shall re�visit this idea in more detail inChapter 6. For now, let us 
onsider the �rst two approa
hes, whi
h we will 
all removingdependen
e and ignoring dependen
e, respe
tively.Removing dependen
e between threshold ex
eedan
es: de
lusteringFigure 20 shows a series of 3�hourly measurements of sea�surge heights at Newlyn, a
oastal town in the southwest of England, 
olle
ted over a three year period. The sea�surge is the meteorologi
ally indu
ed non�tidal 
omponent of the still�water level of thesea. The pra
ti
al motivation for the study of su
h data is that stru
tural failure �probably a sea�wall in this 
ase � is likely under the 
ondition of extreme surges. Alsoshown in Figure 20 is a plot of the time series against the lag 1 time series. These dataare available via the ismev pa
kage by typing:> data(wavesurge)Typing wavesurge[1:10,℄ shows the �rst ten rows of this dataset:> wavesurge[1:10,℄> wavesurge[1:10,℄wave surge1 1.50 -0.0092 1.83 -0.0533 2.44 -0.0244 1.68 0.0005 1.49 0.0796 1.20 0.0687 1.35 -0.0098 1.15 -0.0039 1.20 0.01110 1.07 0.024The data represented in �gure 20 has been 
onstru
ted using the se
ond 
olumn of thisdataset; we will 
ome ba
k to the wave heights in Chapter 6. To isolate the surge mea-surements in order to reprodu
e the graphs shown in �gure 20, type:> surge<-wavesurge[,2℄the plots in �gure 20 
an then be re�produ
ed using the R 
ommands plot(ts...) forthe time series plot, hist for the histogram and plot for the s
atter plot of ea
h valueagainst the next.A natural way of modelling extremes of su
h time series is to use the Generalised ParetoDistribution (GPD) as a model for ex
esses over a high threshold. Figure 20 shows thepresen
e of substantial temporal dependen
e in the sequen
e of three�hourly surges. Themost 
ommonly adopted approa
h to 
ir
umvent the problems 
aused by su
h tempo-ral dependen
e is to employ a de
lustering s
heme to �lter out a set of approximately57
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independent threshold ex
esses. One method, whi
h is often 
onsidered to be the most`natural' way of identifying `
lusters' of extremes, is runs de
lustering. This is how itworks:1. Choose an auxiliary `de
lustering parameter' (whi
h we 
all κ)2. A 
luster of threshold ex
esses is then deemed to have terminated as soon as at least
κ 
onse
utive observations fall below the threshold3. Go through the entire series identifying 
lusters in this way4. The maximum (or `peak') observation from ea
h 
luster is then extra
ted, and theGPD �tted to the set of 
luster peak ex
esses.This approa
h is often referred to as the peaks over threshold approa
h (POT, Davisonand Smith, 1990) and is widely a

epted as the main pragmati
 approa
h for dealing with
lustered extremes. Although this approa
h is quite easy to implement, there are issuessurrounding the 
hoi
e of κ; if

• κ is too small, the 
luster peaks will not be far enough apart to safely assumeindependen
e
• κ is too large, there will be too few 
luster ex
eedan
es on whi
h to form ourinferen
eIt has also been shown that parameter estimates 
an be sensitive to the 
hoi
e of κ. In thisexample, we use a separation interval of 60 hours (and so κ = 20) following the exampleof Coles and Tawn (1991), whi
h should be large enough to safely assume independen
ebetween su

essively identi�ed 
lusters allowing for wave propagation time. We used amean residual life plot (see Se
tion 4.2.1) to identify a suitably high threshold (0.3m).The following R 
ode 
an be used to implement a runs de
lustering s
heme with κ = 20observations:> 
luster20<-fun
tion(data,threshold){ x<-list()z<-list()j<-1{for(i in (21):length(data)){if(data[i-20℄>threshold & data[i-19℄<=threshold& data[i-18℄<=threshold & data[i-17℄<=threshold& data[i-16℄<=threshold & data[i-15℄<=threshold& data[i-14℄<=threshold & data[i-13℄<=threshold& data[i-12℄<=threshold & data[i-11℄<=threshold& data[i-10℄<=threshold & data[i-9℄<=threshold& data[i-8℄<=threshold & data[i-7℄<=threshold& data[i-6℄<=threshold & data[i-5℄<=threshold& data[i-4℄<=threshold & data[i-3℄<=threshold& data[i-2℄<=threshold & data[i-1℄<=threshold59



& data[i℄<=threshold){x<-max(data[j:i℄)ifelse(i !=length(data), j<-i+1, NA)z<-
(z,x)}}}z}Noti
e that this fun
tion starts work at observation 21 in the series data. It then looksba
k over the last 20 observations; if the �rst in this group of 20 ex
eeded the threshold,but the following 20 (present value in
luded) lie sub�threshold, then a 
luster of thresholdex
eedan
es is deemed to have terminated. The maximum value between 
ounter j andtexttti then goes into the list x. Noti
e that this must be the 
luster maximum, sin
e allvalues between i-19 and i are at least less than i-20 sin
e they are below the thresh-old, and so the routine will s
an ba
k and sele
t the maximum value in the 
luster ofex
eedan
es before observation i-19. Implementing this gives:> as.numeri
(
luster20(surge,0.3))[1℄ 0.326 0.390 0.490 0.451 0.328 0.417 0.326 0.365 0.339 0.302 0.629 0.696[13℄ 0.323 0.445 0.376 0.307 0.438 0.503 0.716 0.363 0.465 0.405 0.487 0.323[25℄ 0.517 0.397 0.819 0.533 0.444 0.458 0.556We need to use the 
ommand as.numeri
 sin
e the fun
tion 
luster20 returns the setof 
luster maxima in a list; as.numeri
 
oer
es this list into a ve
tor of usable numbers.Thus, we have 31 
luster maxima to work with. We 
an then �t to our set of 
luster peakex
esses by typing:> 
luster.peaks<-as.numeri
(
luster20(surge,0.3))> gpd.fit(
luster.peaks,0.3)$threshold[1℄ 0.3$nex
[1℄ 31$
onv[1℄ 0$nllh[1℄ -28.53091$mle[1℄ 0.1845773 -0.2307157$rate 60



[1℄ 1$se[1℄ 0.04607956 0.17830126This gives σ̂ = 0.185 (0.046) and ξ̂ = −0.231 (0.178), where estimated standard errorsare shown in parentheses.
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4.4 Case studies
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