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Chapter 1

| ntroduction

1.1 Motivation

Early morning, Monday 29 August 2005, Hurricane Katrina emkhdfall on the Gulf of Mex-
ico shores, bringing devastation to the states of LouisiBlississippi and Alabama. Its intense
winds, high rainfall, waves and storm surge impacted thatgst on New Orleans and south-
east Louisiana. This report considers, in particular, tegtrdiction caused to the city of New
Orleans and how it might have been prevented.

New Orleans was built upon low lying marshland along the M&ppi River, with levees and
floodwalls consequently being built around the city to pcotainst flooding. Initially, it was
thought that the city had weathered the worst of the stormvédyer, within hours of the storm
passing, it emerged that many of the floodwalls had been ameetd and several key levees
had been breached in more than 50 locations [1]. As a resllilbnis of gallons of water from
the Gulf of Mexico and surrounding lakes flowed into New Oniealeaving an estimated 80
percent of the city under flood water — more than ten feet despme parishes [2].

“This catastrophic failure of the city’s hurricane proiectsystem represents one of the nation’s
worst disasters ever” [2]. A year later, 1118 people werdinoed dead in Louisiana and an-
other 135 people are still missing. Approximately 400 ttaouspeople evacuated the city as
the storm advanced, with over half having not returned; @B 000-100 000 failed to pay
heed to the warnings or were unable to flee [3]. Direct damagedperty has been estimated
at $21 billion, with another $6.7 billion estimated for pighhfrastructure damage. Thousands
of homes were destroyed, nearly 124 thousand jobs were holstre region’s economy was
crippled. [ref paragraph - 2]

A report by the American Society of Civil Engineers Hurrieafatrina external Review Panel
[2] revealed two direct causes for the levee breaches: $ewtd concrete floodwalls (called
I-walls) collapsed because of a design flaw — the margin adtgafsed in the design process
was too low and it did not account for the variability in theestgth of soft soils beneath and
adjacent to the levees; many levees were overtopped andatiee @roded the structures away
— despite some overtopping of levees to be expected in a rs@jon, several of these levees



were constructed of highly erodible soil but were not arnedusr protected against erosion [2].
Furthermore, some levees were built 1-2 feet lower thanntemded design elevation, despite
the acknowledged fact that New Orleans is subsiding (sg){2]. Had engineers regularly re-
viewed the city’s subsidence level and accounted for sughlems in the design, the hazardous
waters may have been held at bay.

Thus, the motivation for this investigation is very real. eTthesign of a levee is made up of
several components such as the composition of surroundimdy the strength and depth of its
base, the material to use and its height. This report wilsater the fatal error resulting from

using incorrect data and statistical models and technitpuesedict levee elevations, causing
many levees to not be built high enough.

1.2 TheData

The data for analysis consists of hourly maximum storm su(geetres) with corresponding
maximum wave heights (metres) observed at Shell Beach (3HBLLouisiana. This stations
is one of a network of dozens of moored buoys and manned aiganstations set up under
the Coastal-Marine Automated Network (C-MANN) programmigiated in the 1980s (Figure
1.1). This network collects information on other enviromta variables such as atmospheric
pressure, wind speed and direction, number of sunshineslpeurday and rainfall maxima.
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Figure 1.1: Locations of observation stations

For the purposes of this report, the data have been restticteine years from 1996 to 2004
(inclusive) so that we can examine whether the recordecmds that occurred during Hur-
ricane Katrina are captured in our analysis. The hurrica&@san runs from June through to
November and, since this is an extreme value analysis, thehaoicane seasons have been



discarded. Consequently, the data has been reduced tocgessisting of six months worth of
data. This gives 183 days per year, meaning there are 439% lotservations per year. Thus,
in total, there are 39 528 observations of each variabldalaifor analysis.

This report will begin by demonstrating the application dfedent models to a single data set,
in this case sea surges, in order to show the potential $brngs of models that are currently
being used in design procedures and the benefits that migisibed from using alternative
models and techniques. Following this, a bivariate analydi be performed on two datasets —
storm surge and wave height.

1.3 What isa Storm Surge?

i:|_|:||
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Figure 1.2: Effect of a storm surge

The sea level is made up of four components at any one timen seslevel, tide, waves and
surge. A storm surge is generated by wind (friction) and esspure which perturbs the wa-
ter surface, forcing it towards the shore. "This advancunge then combines with the normal
tides to create the hurricane storm tide, which can incrieesmean water level 15 feet or more.
In addition, wind-driven waves are superimposed on thisstidde.” [4]. Severe flooding in
coastal areas is particularly likely, even more so when thrstide coincides with the normal
high tide.

Since much of New Orleans lies below sea level, the dangdpaohgides is extremely threat-
ening. The level of a storm surge is also defined by the sloggeafontinental shelf. A shallow
coastal slope will allow a greater surge to overpower thstabarea. However, even coastlines
with steep continental shelves are at threat — “water weagipgoximately 1700 pounds per cu-
bic yard and extended pounding by frequent waves can demanig structure not specifically
designed to withstand such forces.” [4].

1.4 Initial Analysisof Data

The New Orleans storm surge dataset will be analysed thoughe report. Figure 1.3 displays
a time series plot of the data, a histogram and a plot of the Saries against itself at lag 1.
From the graphs, it is clear that the time series has suedgskid any potential seasonal
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Figure 1.3: Graphical display of surge data

variability removed by the exclusion of non-hurricane nieniThere appears to be no evidence
of trend either. However, there does seem to be strong teahgependence between successive
observations, which will be dealt with later on.



Chapter 2

Extreme Value Theory

2.1 Introduction to Extreme Value Theory

As we have seen, statistical modelling of extreme weatheahmactical motivation: reliability.

Structures that are built need to have a good chance of suguive environment for the whole
of their working life. Thus, the ability to estimate what tbigongest wind or highest tide, for
example, will be over some fixed period of future time is eiaénThe only sensible way of
doing this is to use data on the variable of interest and fiitalsle statistical model.

The models used in extreme value theory are motivated bytatsyfheory, since extreme value
modelling has a central theoretical result analogous taCiwetral Limit Theorem. Suppose
X1, X5, ...is an independent, identically distributed sequence aleanvariables. Define

M, = max{Xy,..., X, }.

We are interested in the limiting distribution @f,, asn — oo. As with the mean X, of
{Xy,...,X,}, this limiting distribution is degenerate, meaning we né&eavork with a nor-
malised version.

Extremal Types Theorem
If there exist sequences of constaftg > 0} and{b, } such that

Pr{(M, —b,)/a, <z} — G(z) as n — oo,

where G is a non-degenerate distribution function, th@nbelongs to one of the following
families:

| G(z):exp{—exp [— (zgﬁ)}} —00 < 2 < 00




for parameters > 0, andj, a > 0.

Familiesl, Il andlll are generally referred to as Gumbel, Fréchet and Weibedhectively.
Fortunately, they can be combined into a single family knawithe Generalised Extreme Value
distribtion (GEV) which has c.d.f.

G(z)_exp{—[Hg(Z;“)]%}, (2.1)

defined onthe stz : 1 + ¢(z — p)/o > 0}; whereu, o > 0 and¢ are the location, scale and
shape parameters, respectively. Equation (2.1) corradpgo familied, Il andlll in the cases
whené = 0, £ > 0 and{ < 0, respectively.

Now the Extremal Types Theorem can be restated with (2.1)esmiting form, which pro-
vides the basis for the first modelling approach.

2.2 TheBlock Maxima Approach

The New Orleans storm surge data was divided into blockszefsi= 30 days, roughly corre-
sponding to calendar months, each from which the maximurarehton was extracted.

Monthly Partition
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Figure 2.1: Block Maxima Plot of Data

The GEV distribution was then fitted to the resulting segeeot extracted block maxima,
My, ..., M(n=s5), using maximum likelihood estimation, obtaining the fallag parameter
estimates:

fi=12.444 (0.273) 6 = 1.849 (0.208) & = —0.464 (0.093).
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Using the standard errors shown in brackets, this gives @altindence intervals ¢t 1.909, 12.979),
(1.442,2.256) and(—0.646, —0.282) for the parameterg, 6 and¢, respectively.

The goodness-of-fit of the GEV model on the storm surge dataasaessed by considering
four diagnostic plots, shown in figure 2.2 below.
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Figure 2.2: Diagnostic plots for GEV fit to storm surge anmaakima

The probability plot shows the fitted value fo the c.d.f. pdtagainst the empirical values of
the c.d.f. for each data point. The quantile plot shows thpigoal quantile plotted against the
fitted quantile for each data point. This plot contains th@eanformation as the probability
plot but expressed on a different scale. In both plots, thetpare sufficiently close to linearity
to lend support to the GEV model.

The return level plot shows the return level, with error baitstted against the return period.
Here, each data point defines a sample point. EXPLAIN. Rindie density plot shows the
fitted p.d.f. superimposed on a histogram of the data. EXRLAI

The 99" percentile in the distribution of annual maxima is knowntees 100 year return level.
The fitted value of this is easily obtained on inversion of Mib@.1):

d100 = 15.957 (0467)

Usually, a symmetric Wald confidence interval would be cartded using the above standard
error. However, this has been proven rather inaccuaraies #i assumes the limiting quadratic

9



behaviour of the likelihood surface near the maximum. lualctact, the likelihood surface is
very asymmetrical. To account for this asymmetry, the me:tbfoprofile likelihood is used to
calculate confidence intervals.

Profile likelihood...??

A plot of the profile log-likelihood for the storm surge anhosxima is shown below in figure
2.3. The MLE of the 100 year return level has been overlayledgawith the upper 95% Wald
confidence interval.
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Figure 2.3: Profile log-liklihood fot;o

From figure 2.3, the 95% confidence interval is obtained byirepoff the points of inter-
section, leading to a confidence interval fgg, of (15.63,16.99). Compared with the Wald
confidence interval of15.04, 16.87), the profile likelihood interval is slightly smaller in widt
and is shifted to the right, corresponding to the skewnessrkd.

2.3 Exceedancesover Thresholds Approach

Threshold methods tend to be a more natural way of determivegher an observation is ex-
treme, since all values greater than a specified (high)tibids are considered, thus, allowing
a more efficient use of the data available.

Theorem

If it exists, any limiting distribution as — oo of (X — u|X > u) is of Generealised Pareto
Distribution (GPD) form (setting” = X — u):

H(y)=1— (1 + g—y)_E , (2.2)
+



wherea; = max(0,a) ando (¢ > 0) and¢{ (—oo < < oo) are scale and shape parameters
respectively.

Simlar to the GEV, the GPD exists fgr= 0 by taking the limit of (2.2) ag — 0, giving:
H(y> =1 — exp (——y) )
2

defined fory > 0. This shows that wheé = 0, the GPD is the Exponential distribution with
mean equal to the scale parametdr > 0).

The return levels under the threshold excess approach ceaidgated based on the following
theory. If the GPD is a suitable model for the exceedancesmkghreshold., then forz > w,

Pri{X > ulX > u} = [1+§<$;“)}_%.

It follows that

Pr{X >z} =\, {1+£<x;u)]‘§,

where)\, = Pr{X > u}. So, the level,, that is exceeded once everyobservations is the

solution of )
T — U\ | € 1
Y {1 e ( )} _ L
ag m

Rearranging this equation gives

T :u—i-% [(mA)s —1],

conditional onm being large enough to ensure that > «. Now, if there were:, observations
per year, setting» = N x n, would give theN-year return level as

_ g £ _
Il ¢ [(Nny)\u) 1]
or, when¢ = 0,

Ny = p+olog (Nnyku> )

with standard errors being obtained using the delta method.

In order to fit the GPD to the storm surge data, a threshglthust be chosen which is high
enough so that the GPD will be a good model f&r — | X > uy). If the GPD is the correct
model for all the exceedances above some high threshold, then the mean excess plotted
againstu > ug should give a linear plot. Hence, by producing this plot (kncas a mean
residual life plot) for values of, starting at zero, a reasonable value fgrmay be chosen.
Figure 2.4 shows the mean residual life plot for the storngeulata, followed by a time series
plot of the data with the chosen threshold superimposed.
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Figure 2.4: Mean residual life plot and threshold superisgabon time series plot of data

From observation of figure 2.4, linearity seems to begin radaihe threshold value af, = 7.
Based on this threshold value, model (2.2) turns out to wedsonably well, giving 7343
exceedances;;i = 1, ..., 7343. Using maximum likelihood methods, the GPD is then fitted to
the valuegz; — ), giving

6 =1.383(0.022) €= —0.079 (0.010).

Using the standard errors shown in brackets, this gives @¢atfidence intervals dfi.340, 1.425)
and(—0.099, —0.059) for the parameters and¢, respectively.

Again, the goodness-of-fit of this model was assessed byidensg the same four diagnostic
plots as before, shown in figure 2.5.

The probability and quantile plots show the points to be &edously close to linearity, thus
lending significant support to the GPD model for excesses @wvé&he return level plot shows
the return level, with error bars, plotted against the reperiod. Here, each data point defines
a sample point. EXPLAIN. Finally, the density plot shows fhied p.d.f. superimposed on a
histogram of the data. EXPLAIN.

The 100-year return level can be estimated by assuming aranifate of exceedances, giving:
Gioo = 17.341 (0.418).

Using profile likelihood, shown below in figure 2.6, the 95%nfidence interval foigo IS
approximately(16.608, 18.26). Overlaid are the maximum likelihood estimates of the 100-
year return level and it's upper bound. Compared with the ¥8&d confidence interval of
(16.523,18.160), the profile likelihood interval is of a similar width, butified to the right to

12
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Figure 2.5: Diagnostic plots for GPD model for storm surgeda

reflect the skewness obvserved.

In order to determine whether the GPD with shape paramterd scale parametér is the
correct model for the excesses ougr= 7, then for any threshold > u, the excesses will also
be GPD with the same shape and scale parameters:

Oy = Oy —|—€(U—UO)
It is necessary to use a modified version of the scale pargmete
o =0, — &u.

This now suggests that bottf and¢ should be constant over any thresholds greater igah
the excesses; — u for u > uy are modeled using the GPD.

This provides another tool for assessing the initial choicéresholdu, and for investigating
the stability of the estimates obtained foandc*. These parameter stability plots are shown in
figure 2.7.

Since the plots for both parameters seem to be reasonabby fithe original choice af, = 7
is verified.

13
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2.4 Moddling Issues

So far, we have considered two approaches to modellingragtralues - the block maxima
approach and the threshold exceedances approach. Déesitbtistness of the block maxima
approach, it is extremely wasteful of data. Since extrenhgegare rare in their very nature,
it doesn’t seem sensible to then exclude all extremes bamithen each block. Especially if
the extremes have been collected quite infrequently and, thividing the data into blocks may
result in a small sample of maxima from the total data setrdfoee, it would seem fruitful to
use the threshold exceedances approach which will allove@&sed precision due to the inclu-
sion of more extremes and, in turn, providing a larger setxtrieenes from which inferences
can be made.

That'’s all well and good, but there are several issues thet teebe addressed under the thresh-
old approach. Firstly, how should a threshold be selectedetatify observations as extreme?
The method of observing a mean residual life plot for lingas rather subjective and leaves
room for contradcition from person to person. Although, theice of threshold can be sup-
ported by parameter stability plots. OTHER WAY?

Secondly, the asymptotic results previously describedrasghe underlying process to be in-
dependent and identically distributed (i.i.d.). In preetithere is usually the issue of local
temporal dependence, where successive values of a times aeg dependent, but values fur-
ther apart are independent (to a good approximation). Haxmresecutive block maxima will

often be far enough apart to be deemed indepent observatibiie consecutive exceendances
will probably not (depending on how the data was collect@dmporal depedence is an unreal-
istic assumption, since extreme conditions often persist several consecutive observations,
thus, questioning the suitability of models such as the GBEY @PD. This issue will be dealt

14
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Figure 2.7: Parameter stability plots for GPD for surge data

with in Chapter 3.

There are also issues of long term trends and seasonal iliyiaAs discussed in the initial
analysis of the storm surge data set, there appears to betiveatne trend in the data and
seasonal variation has been removed by only consideringdkrowledged hurricane months.

?? STATIONARITY

Conclusively, the threshold exceedances approach pvitemost beneficial model when
considering extreme data. Despite the independence oétlué Block maxima extracted using
the GEV model, this approach uses the available data iresftigi The lack of independent
data obtained through the threshold exceedance approadbeceectified, and this choice of
model is supported further by the large data set often eskegul for inference. Therefore, the
remainder of this project will be concerned with the thrddlexceedances approach provided
by the GPD model.

15



Chapter 3

Temporal Dependence

3.1 Introduction

As shown in figure 3.1, the storm surge time series has strotggarrelation, implying sub-
stantial temporal dependence.

Autocorrelation Plot
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Figure 3.1: Autocorrelation plot of surge data at lag 1

This dependence creates a problem, in that if the GPD is fittdue extracted set of all thresh-
old exceedances, the likelihoods obtained will be incarsete they assume the observations
to be independent. Fortunately, there are several tecesitpat have been developed to circum-
vent this problem. The temporal dependence can be removidtebyg out an (approximately)
independent set of threshold exceedances or, having fite@PD, the temporal dependence
could be ignored and the standard errors adjusted accdydidlgernatively, the temporal de-
pendence could be explicitly modelled in the process.
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While all the approaches are valid, it is the first that is mwistely implemented. The third
approach is based on multivariate extreme value theory laaidllze revisited in more detail in
chapter 4. For now, let us consider the options of simply r@ngpthe temporal dependence
versus ignoring it.

3.2 Comparison of Methods

The most commonly adopted approach employed to remove t@tgbependence is a declus-
tering scheme which filters out the set of approximately pahelent threshold exceedances.
One method, which is thought to be the most ‘natural’, is &ntify ‘clusters’ of extremes us-
ing ‘runs-declustering’. It is often referred to as the peaker threshold approach and works
in the following manner:

1. Choose an auxiliary ‘declustering parameter’

2. Acluster of threshold excesses is terminated as sooressat consecutive observations
fall below the threshold,.

3. The entire data set should be declusterd in this way.

4. The maximum observation from each cluster is then exdadbrming a cluster peaks
data set to which the GPD is fitted.

This approach is relatively easy to implement, howevergtlage issues surrounding the choice
of k. If k is too small, the cluster peaks will not be far enough apastskume independence;
whereas, ifx is too large, there will be too few cluster peaks on which teebany inferences
made. Furthermore, it has also been shown that parameieragst can be sensitive to the
choice ofx.

Before applying this to the storm surge data, a suitablecehoix must be found. When con-
sidering storm surge data, the presence of wave propagsttiomd be taken into account in
an attempt to ensure valid independence between the dustece a collection of successive
points may all be measurements from the dispersion of aesingl/e. Therefore, the average
propagation of these waves must be taken into consideratimm determining: in order to
ensure the separation interval is large enough so that teetefrom the propagation of one
wave are not captured in consecutive clusters, as the sawal still be dependent. Coles and
Tawn (1991) suggest that a separation interval of 60 houraldhoe large enough to safely
assume independence between successive clusters andalivave propagation. Since vari-
ables within the New Orleans data set have been collectedyhthis suggests a separation
interval of 2.5 days, i.ex = 60. The threshold,, = 7 was determined from the mean residual
life plot discussed in section 2.2.

Table 3.1 shows the maximum likelihood estimates of the G&ddesand shape parameters
and¢, along with the associated 95% Wald confidence intervalsenwitted to the set of cluster
peaks using: = 60. Shown for comparison, are the corresponding estimates whiag all
threshold exceedances (ignoring temporal dependence).

17



g §

Cluster Peaks 6.617 —0.727
95% ClI (5.228,8.005) (—0.893,—0.560)
All Excesses 1.383 —0.079

95% CI (1.340,1.425) (—0.099, —0.059)

Table 3.1: GPD parameter MLEs and associated confidenaeaige

HUGE DIFFERENCE IN PARAMETERS - CLUSTER PEAKS R METHOD WROR®?

Table 3.2 shows the 10, 50 and 100 year return level estimateg both cluster peaks and all
exceedances methods with the associated 95% profile ldadibonfidence intervals.

qAIO Q50 qAIOO
Cluster Peaks 15.824 16.018 16.053
95% Cl (NA,16.455)  (NA,16.8)  (NA,16.878)
All Excesses 15.912 16.938 17.341
95% Cl (15.405,16.53) (16.275,17.765) (16.608,18.26)

Table 3.2: 10, 50, 100 year return levels with associatefidemce intervals

The above table shows that the estimates for the ten yeanrpé&uiod barely differ, but are
consistently smaller in the cluster peaks analysis for tharkd 100 year return periods — sub-
stantially so for the 100 year return level. It is with thissebvation that the importance of using
the correct method is amplified. These long-range estinadtesturn levels are often used as
a design requirement in oceangraphic situations, suchedsdiight at which to build sea walls,
and are, therefore, extremely influential. If a sea wall,dgample, was to be designed to a
level specified by an analysis based on the peaks over thdeapproach, it could result in
considerable under-protection.

Consider the results in table 1. Although there is a slightmipancy in parameter estimation
between the two methods, these discrepancies are negligibking this insignificant differ-
ence in estimation, together with the large difference tarreperiod estimation, leads to the
conlcusion that surely all exceedances is the more redperanalysis method to be using if
the real-life impact such a choice has is considered. Asiomed earlier, however, using this
approach means that the standard errors produced for theagst must be inflated to account
for ignoring the short-term temporal dependence. DISCI?SS?

3.3 Simulation Study

It is clear that there are significant disagreements in paramand return period estmations
between the cluster peaks method and the all exceedancesdn&he method that is in prac-
tice in most places today is cluster peaks. Although tempmEpendence has effectively been
removed, this method is still significantly flawed by the urdstimation of return levels — the
most crucial result from such an analysis. In order to gaith&r support for the claim that all

18



exceedances should be the method of choice, a simulatidy atas conducted.

The GPD was fitted to a simulated dataset of 10 000 obsengtionwhich the true values of
o (%), £ and the 1000 and 100 000 return levels (units are a singledig®m) were known
—o =1(c* =0.301), £ = —0.4, qr000 = 2.34226 andqipo000 = 2.475. The strength of the
temporal dependence in a dataset is contained within treara, which lies in the range
0 < a < 1. a = 1 represents a lack of temporal dependence, white 0 signifies complete
temporal dependence. For the simulation studwas set to 0.2, since it is believed that this
is representative of real-life environmental data. Theghold for the study was chosen so that
5% of the observations would lie above, giving a 95% thregalue ofu, = 1.745278. The
simulation was performed using the peaks over thresholdbaph, with a separation interval
based onx = 10, and using the all exceedances method. These baselines\ialumeed the
control study, from which several deviations were made.

The simulation was run 1000 times to obtain sampling digtrdns for the parameters and re-
turn periods, along with the standard errors. Alteratianghe control study included varying
the strength of the temporal dependengaltering the separation interval of the cluster peaks
x and varying the length of the simulated dataset. Figure.3.2.

Figure 3.3 shows a collection of graphs showing the mostifsignt results, along with tabu-
lated values.

o 5 QIOOO (j100000
(True Value) |  (0.301) (-0.4) (2.34226) (2.475)
Cluster Peaks 0.468 —0.669 2.289 2.441
95% ClI | (0.370,0.586) (—0.886,—0.503) (2.231,2.339) (2.371,2.494)
All Excesses 0.305 —0.417 2.332 2.458
95% ClI | (0.258,0.360) (—0.510,—0.326) (2.274,2.383) (2.382,2.524)

Table 3.3: Values associated with Figure 3.3

STANDARD ERRORS
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Chapter 4

Bivariate Extremes

4.1 Multivariate Extreme Value Theory

Multivariate analysis of variables thought to be dependenbne another is an important part
of the inference procedure. In this case, existing wavehtgig/ould most certainly have a
huge effect on the height of storm surges. Even the abilibptapare the storm surges across a
range of shoreline locations would be useful. It is, therfaecessary to consider some multi-
variate extreme value theory through simplification to tivabate case, for ease of explanation.

Let (X;,Y7), (Xo,Ys),. .. bei.id. vectors with the distribution functidf(z, y). To begin with,
consider the componentwise block-maxima

My, = max {X;} and M,, = max {Y:}.
The vector of componentwise maxima is then defined tdbg = (M, ,,, M, ,,) and we are
interested in the limiting behaviour @¥7,, asn — oo. It should be noted thad1,, will not
necessarily be one of the original observations, Y;) and that standard univariate extreme
value results apply in each margin.

It is conveniently assumed that tB& andY; variables have known marginal distributions —
conveniently, GEV(0,1,1) distributions. This distribarti is also known as the unit Fréchet
distribution, with c.d.f.

F(z) =exp(—1/z), z>0.

This gives rise to a very simple normalisation of maxima:

M, 1
Pr(X; < x) :Pr< i <x) = exp (——), x>0,

n X

with a similar result forY;. Now consider the re-scaled vector
max;— n Xq, axX;— n }/Z
M;:( Xi=1..n1 }7mx1 ..... {})7
n

n

the margins are unit Fréchet for all
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Theorem
Let M, = (M;,, M,,) be the normalised maxima as above, whexg, Y;) are i.i.d. with

z,ny

standard Fréchet marginal distributions. If

Pr(M;,,M;,) — G(r,y),

z,n?

thend has the form
G(l’,y) :eXp{—V(x,y)]g x,y > 0

Viz,y) = 2/01 max (f, 1_—”) dH (w)

T Y
and H is a distribtion function on [0,1] satisfying the mean coastt:

where

/Olw dH(w) = 0.5.

Since the GEV provides the complete class of marginal linsitrdbutions, the complete class
of bivariate extreme value distributions is obtained a®fe$. Suppose andY are GEV with
parametersy.,, 0., &) and(u,, 0y, &,) respectively, then unit Fréchet margins are obtained by
the transformations

= [1+§x<x;“l’)rw and jj = {1+gy<y;“y)r’.

G('I? y) = exp{—V(j, g)}
is a bivariate extreme value distribution with the appraf@imargins for valid/(.), provided
that {[1 = & (x — 1) /0] > 0} and{[1 + &,(z — j1,)/a,] > 0}

Hence,

Adapting this theory to the threshold approach for a bivaridservatior.X, Y'), the aim is now
to define bivariate extremes in those observations whicketka threshold in the respective
margins. Focusing oX, the distribution function for the exceedances of a thrishdy a
variableX has previously been shown to be:

G(x)zl—A{1+M}_

g

i

defined on{z —u : x —u > 0} and{(1 + {(x — u)/o) > 0}, where{ # 0, o > 0 and
A = Pr(X > u). This produces a unit Fréchet margin with the transforomati

X=- <log{1—>\x {Hg(im}s})l
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Applying the analogous transformation to tHamargin gives:

F(z,9) = exp{-V(Z,7)}; T> Uy, Y > Uy,

where: .
1—
V(z,y) = 2/ max <£7 —w> dH(w)
0 r oy
andH is a distribution function orf0, 1] satisfying the mean constraint:

1
/ wdHw = 0.5.
0

4.2 Practical Application

Considering the storm surge and wave height data in a biessiauation, we can examine the
dependence between the two variables. A bivariate plot@fstbrm surge and wave height
data is shown in Figure 4.1 with the corresponding thresh@ttained from mean residual life
plots). There is a strong tendancy for large values of onabker to correspond to large values
of the other.

surge

wave

Figure 4.1: Threshold classification of Bivariate Data

Inference for bivariate thresholds is complicated by thesfuility that a bivariate paifz, y)
may be an ‘exceedance’ and yet only exceed the specifiechtiidssin one of the two compo-
nents. This can clearly be seen by dividing the plot into fegjions:

Region 1: Ry = [ugz, 00) X [u,, 00)

Region 2: Ry o = [uy, 00) X (—00,u,)
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Region 3: Ry = [—00,u,) X [u,, 00)
Region 4: Ry = (—00,u,) X (—00, uy)

This has an effect on the likelihood calculations. The batarmodel described only applies
to points located in Region 1, with the densityEJ(bE, ) giving the appropriate likelihood com-
ponent. For the remaining regions, the likelihood compof@nthe points must be censored.
??INCLUDE??

4.2.1 Modeling the Dependence

Bivariate extreme value models contain many families ofritigtions which can be used to
model the dependence structure in the data. The chosendispenstructure has to statisfy the
conditions onHw. There are several possible choices, but this report wéli$oon only two:
the Logisitic model (symmetric) and the Bilogisitic modas§ymetric). Both these models are
commonly used, yet contrast greatly.

The Logisitic Model
This model has the form

1

G(z,y) = exp {— (x_é + y‘a)a} :

wherez,y > 0 anda € (0,1]. Asa — 1, the variables are considered to be independent. As
a — 0, the variables are considered to be perfectly dependemte $inis model is symmetric,
the variables are exchangeable.

The Bilogisitic M odel
This model has the form

G(z,y) =exp {ay""* +y(1—7)""},

where0 < «, f < 1 andy = ~(z, y; a, 3) is the solution of:

(1—a)z(l =) = (1-B)yy"

In this model, independence is achieved when: 5 — 1 or when either or 3 is fixed and
the other approachds The extent of asymmetry in the dependence structure isndited by
the value ol — 3. If a = f3, this model reduces to the Logisitic model.

Fitting these two models to the wave-surge data obtaineftosving results tabulated in Table
4.1, with standard errors shown in brackets. These resujgest a fairly weak, yet significant,
dependence. A formal likelihood ratio test can be used topasemthese models, since the lo-
gisitc model is a subset of the bilogisitc model. This lead teviance test statistic of 27.12,
which is significantly large when compared tg distribution. Hence, there is significant ev-
idence of asymmetry in the dependence structure, suggebgbilogisitic model is the more
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M odel Log-lik. & J6;
Logisitic | —38518.02 | 0.760(0.006)
Bilogisitc | —38504.46 | 0.796(0.008) 0.688(0.017)

Table 4.1:
appropriate.
Figure 4.2 confirms the asymmetry of the dependence steydiyrdisplaying the spectral den-

sities of the logisitic and bilogistic models, at the regpecvalues ofa.

Spectral Density Spectral Density

h(t
h(t)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Logistic and Bilogisitc model dependence fiord, respectively

4.2.2 Examining Asymptotic Dependence

There is a problem when modelling bivariate extremes udiegthreshold excess model — it
is likely to overestimate dependence on extrapolation. Sthength of extremal dependence
when using the bilogisitic model can be summarised by examithe behaviour ofy(u),

(0 < x < 1). For asymptotically independent variablgs,= 0. The value ofy increases
with the strength of dependence at extreme levels, withimasotically depenedent variables.

There is a corresponding measugéy) (—1 < x < 1), which provides a measure of discrim-
ination for asymptotically independent distributions.r Bsymptotically dependent variables,
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x = 1, while for independent variableg, = 0. The value ofy increases with strength of
dependence at extreme levels for asymptotically independeiables.

Taken togethef,y (u), x(u)) provide a summary of extremal dependence; ¥ 1, theny = 0,
suggesting that the variables are asymptotically indepeindin this case, the value qf is

a more appropriate measure of the strength of extremal depeer. Figure 4.3 displays the
empirical estimates of (u) andy(u) for the wave-surge data.

Chi Plot Chi Bar Plot

1.0
1.0

0.5
0.5

Chi
0.0
Chi Bar
0.0

-1.0

I I I I I I I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Quantile Quantile

Figure 4.3: Chi and Chi bar plots with 95% confidence intexval
The second graph seems to be consistent with the possibiity — 1 asu — 1. In the first

graph,x(u) seems to converge to a value of around 0.7. These obsersétiwh support to the
use of the bilogisitic model for asymptotic dependence alibe threshold, = 7.
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Chapter 5

Bayesian | nference for Extremes

5.1 Motivation

Throughout this report, parameter estimation has beewieed using the general method of
maximum likelihood. This method adopts the model with geetlikelihood, such that, of all
the possible models, it is the one that assigns the highebapility to the observed data. An
alternative and more desirable way to draw inferences fimenlikelihood function is to use
Bayesian techniques.

The appeal of performing a Bayesian anaylsis rather thammam likelihood is threefold. Due

to the scarcity of data, a Bayesian analysis of extreme \déiti@ can include other sources of
information through a prior distribution. It also outputp@sterior distribution which provides

a more complete inference than maximum likelihood anayigturthermore, since the aim
of an extreme value anaylsis is to estimate the probablfitipytre events reaching extreme
levels, predicitive distributions reflect this aleatorycartainty in future observations and the
epistemic uncertainty in the parameters, with all remanincertainty properly reflected. The
prior predictive distribution then describes our beliedédre we have seen data and the posterior
predicitve distribution dsecribes our beliefs afterwards

5.2 General Theory

The fundamental defining characteristic of Bayesian imfegeds that parameters are treated as
random variables. This is quite different from the freqisribference, when the data are re-
garded as coming from a distriution described by paramefdised but unknown value.

In general, we can use Bayes' rule to change a prior prolyadiltribution , which expresses
our beliefs about parameters before we see the data, toerijpogirobability distribution, repre-
senting beliefs about the parameters given the data. Seppmbkave a prior probability density
function for a vecto® of parametersf,(0). Suppose the p.d.f. for a vectdt of observations
given@ is fys(y, ). This latter p.d.f. is treated as a function@bncey is observed and is
called the liklihood.
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Then the posterior p.d.f. is given by

- fo(0) fy10(y|0)
Jo(Oly) = J5 0(6) frio(y|6) dO”

Often it is sufficient to write

for(0ly) o< fo(0) fy1a(y|0).

That is
posterior « prior x likelihood.

5.2.1 Predicitive Distributions

Suppose that our beliefs about a paramétare represented by the distribution with density
function fy(6). The distribution of a future observatidhgivend has density functiorfy o (y|6).
The joint density ob) andY’ is, therefore,

fo(0) fyio(y|0).
To find the marginal density df, we simply integrate out:
fY(y) = / f@(e)fy\e(yW) do.

This marginal distribution is called a predictive distriion of Y. Its mean is the predictive
mean and so on.

Most likely, we are interested in the case where we obsemegstata and then make predici-

tions about future observations which we have not yet saethi$ case, before we ahve seen
the data, we can evaluate the prior predictive distribution

O(y) = / " 19 60) fy (y16) db,

wheref,” (6) is the prior density of. After we have seen dafa, we can evaluate the posterior
predictive distribution:

D) = [ 561D) fvatuld) do.
wherefg(l%(@w) is the posterior density df given the dataD.

522 MCMC

Bayesian analysis, therefore, provides a distributiorpmameters. Often these distributions
are very complicated analytically, so we use stochastiakition to simulate samples from
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the distribution in question. The main idea is to construchain such that the stationary dis-
tribution is the one we are interested in. We then generatgles from the distribution by

simulation the Markov chain. This is known as Markov chainf#oCarlo (MCMC). There are

a variety of different techniques, however, we shall usettheemost fundamental: the Gibbs
sampler and the Metropolis-Hastings algorithm. We will adgybrid method which uses dif-

ferent Metropolis-Hastings chains to sample from eachduitiditional at each step of a Gibbs
sampling algorithm.

The Gibbs Sampler

This is a way to sample from multivariate distributions lthea the ability to simulate from
conditional distributions. Suppose the density of inteies (), whered = (64, ...,6,)" and
that the full conditionals are available for simulation. Aé&note the conditionals by

W(@i‘el, N 62‘_1, 62‘4_1, N 6d> = W(ei, 9_2‘), 1= 1, ‘e ,d.
The Gibbs sampler is defined by the following algorithm:

1. Initialise the iteration counter tb= 1.
Initialise the state of the chain t§0) = (9&0), . ,Hc(lo))’.
This value must lie in the support of

2. Obtain a new valué’) from #U—1) by successive generation of values:

07 ~ w1657, 007
05 ~ w(6:)07,097V .. 007y

_ : . -
ec(lj—)l ~ W(Qd—llﬂj)’ R ez(i]—)27 ez(i] ))
09 ~ 7w(0407,....69)
3. Change counteirto j + 1 and return to step.

This defines a homogeneous Markov chain, since each sirdulatae depends only on the
previous simulated value and not on any previous value oiténation countey.

M etropolis-Hastings Sampling

Suppose that(0) is the density of interest. Suppose we have some (almostashitransition
kernelq(6, ¢). This is used to propose a new realisatipgiven the current realisatich The
Metropolis-Hastings algorithm is as follows:

1. Initialise the iteration counter tp= 1 and initialise the chain t6”), chosen from some-
where in the support of (0).

2. Generate a proposed valg@sing the transition kerngl(0®, ¢).
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3. Evaluate the acceptance probabitity’, ¢) of the proposed move, defined by

— min M
a(l, ¢) = {1’ m(0)q(0, ¢) } '

4. PutgU+t) = ¢ with probabilitya(6V), ¢); otherwise putv+1 = i),
5. Putjtoj + 1 and go to step.

At each stage, a new value is generated from the proposabdisbn. This is eacher accepted,
in which case the chain moves, or rejected, in which case libgcstays at the same point.
Whether the move is accepted or rejected depends on theaacepprobability, which itself
depends on the relationship between the density of intarekthe proposal distribution.

5.3 Practical Application

Using the GPD as a model for all exceedances over the thigkghel7,
X, ~GPD(0,§) i=1,...,7484.

When using MCMC methods, the GPD scale parameter is usuaibaramererised by =
log(c) in order to retain the positivity. In the absence of expeidrpknowledge regarding the
GPD parameters, a ‘naive’ approach is apdopted, usingarpm-informative, independent
priors. In this case, the following distributions were used

m(n) ~ N(0,10000)
m(&) ~ N(0,100),

the large variances impose near-flat priors.

Initialising the MCMC scheme at several different pointg values for both cluster peaks and
all excesses are shown in Figure 5.1. The value for clustétgp@ere genereated by 50 000 it-
erations. The burn-in period seems to take about 10 00Qidges after which the chains appear
to converge to the stationary distribution. Deleting thigse 10 000 simulations, the remaining
40 000 simulated values can now be treated as dependesiateais, whose marginal distri-
bution is the posterior. The values for all excesses wererngéed by 10 000 iterations. The
burn-in period seems to take about 400 iterations, aftechwtiie chains appear to converge to
the stationary distribution. Deleting these first 400 siatiohs, the remaining 9 600 simulated
values can now be treated as dependent realisations, wtesganal distribution is the posterior.

Figure 5.2 displays the sampling distributions for the GRIbameters and the 100-year return
level, for cluster peaks and all excesses. The correspgmdaximum likelihood estimations
(red dotted line) have been superimposed on each plot ferdassual comparison.

Table 5.1 compares the values obtained by the two differedyais methods with 95% credible
intervals, the Bayesian estimates have been acheived imgtdde posterior medians.
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Figure 5.1: MCMC realisations of GPD parameters for clystaks and all excesses, respec-
tively

6- 5 QIOO
(95% CI) (95% CI) (95% CI)
Max. Likelihood | Cluster Peaks

All Excesses 1.383 —0.079 17.341
(1.340,1.425) (—0.099,—0.059) (16.608,18.26)

Bayesian Cluster Peaks 5.562 —0.587 16.232
(4.543,6.671) (—0.722,—0.428) (15.963,17.651

All Excesses 1.381 —0.078 17.380
(1.339,1.422) (—0.097,—0.056) (16.642,18.323

Predictive

Table 5.1:
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Figure 5.2: Sampling distrbutions for the posterior deesifor cluster peaks and all excesses,
respectively
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Discussion

better bivariate method - point process model
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