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1. (a) Briefly explain the purpose for which each of the following inferential statistical
data analysis techniques are applied in practice (use examples to explain your
answers).

(i) Independent samples t—test

Answer:

— Purpose: To compare means for two independent samples or groups. The
data for the two groups are assumed to be approximately normal.

— Any relevant example.

(ii) Paired (or related) samples t—test

Answer:

— Purpose: To compare means for two paired/related /dependent samples
or groups. The data for the two groups are assumed to be approximately
normal.

— Any relevant example.

(iii) Analysis of Variance (ANOVA)

Answer:

— Purpose: To compare means for two or more samples or groups. The
data for the two groups are assumed to be approximately normal and are
of equal variance.

— Any relevant example.

Question 1 continued on next page Page 2 of 16
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(iv) Multiple linear regression

Answer:

— Purpose: To model the relationship between one dependent variables (y)
and any number of independent/predictor variables. Used to predict y
based on or given .

— y must be quantitative (continuous) but z’s can be take any level of mea-
surement (quantitative or qualitative/dummy variables).
— Any relevant example.

(v) Logistic regression
Answer:

Similar to multiple linear regression but y is binary (qualitative), e.g. success
or failure. Used to predict y (e.g. success or failure) based on or given x. Any
relevant example.

(b) An experiment was conducted to compare the yields of five new varieties of winter
wheat named Crusoe, Gator, Horatio, Relay and Torch. Researchers sowed eight
randomly chosen plots with each type of seed and recorded the yield (in tonnes/Ha)
of each variety. A one—~Way ANOVA was used to analyse the data and the results
from Minitab are shown overleaf. Look at this output, and then answer the
following questions.

Question 1 continued on next page Page 3 of 16
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One-way ANOVA: Yield(t/ha) versus Variety

Source DF
Variety 4
Error 35
Total 39

S = 2.836

Level
Crusoe
Gator
Horatio
Relay
Torch

O 00 00 0 00 =

SS MS
157.65 39.41
281.49 8.04
439.13

R-Sq = 35.90%

Mean StDev
13.168 4.091
11.797 3.299

8.675 2.064
9.470 2.268
7.858 1.787

Pooled StDev = 2.836

F p
4.90 0.003

R-Sq(adj) = 28.57%

Individual 95% CIs For Mean Based on
Pooled StDev
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(i) State the null and alternative hypotheses for the study.

Answer:

Hy
H,

p1 = po = g = pg = ps(mean yield of five varieties are equal)

Not all mean opinion scores are equal

(ii) Based on your interpretation of the results, compare the mean yields between
the five wheat varieties.

Answer:

Differences

‘ No Differences

Crusoe and Horatio
Crusoe and Torch

All others

[20 marks]
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2. Hotcow Marketing is considering two alternative advertising plans for a client.

The first plan uses radio and television commercials that will cost £100,000. The
agency estimates a 40% chance that the client’s revenues will increase by £80,000, a
25% chance that revenues will increase by £110,000, and a 35% chance that revenues
will increase by £120,000 as a result of this advertising approach.

The second plan is to use newspaper and magazine advertisements, at a cost of £20,000.
The agency estimates the chances are 20% that this print media approach will increase
revenues by £14,000, 50% that revenues will increase by £30,000, and 30% that rev-
enues will increase by £40,000.

(a) Set up a decision tree for this problem.

Answer:
Not shown here.

Question 2 continued on next page Page 5 of 16
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(b) Calculate the Expected Monetary Value (EMV) for the Radio/television advertis-
ing plan and the EMV for the Newspaper/Magazine plan.

Answer:

EMV (Radio/TV) = (—20,000)(0.4) 4+ (10,000)(0.25) + (20, 000)(0.35)
1500 and

EMV (Newspapers/Mag) = (—6000)(0.2) + (10,000)(0.5) + (20, 000)(0.3)
9800.

(c) Which advertising plan should Hotcow recommend to the client? Why?

Answer:
Newspapers/magazine advertising plan as the EMV is higher.

(d) Calculate the expected value of perfect information and explain what it means to
the client.

Answer:

EV PI = Expected profit under certainty — FMV of the best decision.

EMYV (Newspapers/Mag) is obtained in (b) above as £9,800. The expected profit
under certainty is weighted (weighted by probabilities) sum of the values of the
best decision under each state of nature=(20,000)(0.35)4 (20,000)(0.3)=13,000;
thus

EV PI = 13000 — 9800 = 3200,

i.e. £3,200.

Interpretation: The EVPI represents the additional expected value that can
be obtained if perfect information were available about the likelihood of revenue
stream from the two advertising plans. In this case, the client should be willing to
pay a maximum of £3,200 for this information, e.g. through market research aimed
at providing information that could help them improve probability assessments of
the states of nature (chances of the various revenue levels).
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3. You are a rural developer specialising in summer cottage properties, and you are consid-
ering purchasing a large tract of land adjoining a lake. The current owner has already
divided the land into several plots and has prepared these plots by removing some of
the trees. You want to estimate the value of each plot of land.

From a nearby area, you gather the following data from 60 recently sold plots of land:

Yy
|

T2

€3

Price, in thousands of pounds
Plot size, in thousands of square feet
Number of mature trees

Distance from the lake, in metres

(a) Minitab was used to fit a multiple linear regression model to these data; the re-
sulting (edited) output for the “full” model is shown below. Look at it, and then
answer the following questions.

Regression Analysis: y versus x1, x2, x3

The regression equation is

y’:

182.576 + 0.3091x1 - 0.20499x2 - 1.21487x3

Predictor Coef

Constant 182.576

x1

X2

x3

S:

0.3091

-0.20499

-1.21487

SE Coef T P

9.867 18.50 0.000

0.2345 1.3181 0.193

0.09621 -2.13 0.038

0.08192 -14.83 0.000

16.8855 R-Sq = 81.8% R-Sq(adj) = 80.8%

(i) Complete the regression output above by filling in the blanks indicated by the ques-
tion marks (7). If you need to, you may use the space below to show you working.
Students know that, generally,

B Coef
~ SE Coef’

(ii) Complete the following statement about the residuals ¢;:

Question 3 continued on next page

e; ~ N (0,16.8855%) .
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(iii) With reference to the estimated coefficients, explain the direction of the relationship
between each of the predictors and the response.
Answer:
21 has a positive coefficient and x5 and z3 both have negative coefficients, sug-
gesting that
an increase in plot size results in an increase in price;
— an increase in the number of trees results in a decrease in the price;

— as distance from the lake increases, price decreases.

(iv) Which variable should be removed before a reduced model is fitted? Explain.

Answer:

Plot size is the least significant predictor (in fact, it is the only insignificant pre-
dictor) at this stage; it’s coefficient has a p—value of 19.3%. Thus we should remove
r3 and then re—fit.

(b) The output from Minitab shown below represents the “final” model. Look at it, and
then answer the following questions.
Regression Analysis: y versus x3

The regression equation is
y = 187 - 1.25 x3

Predictor Coef SE Coef T P
Constant 186.844 4 .537 41.19 0.000
x3 -1.25038 0.08167 -15.31 0.000

S = 17.3204 R-Sq = 80.2% R-Sq(adj) = 79.8%

(i) Briefly explain what has happened between the fit of the “full” and “final” models.

Answer:

The final model is a simple linear regression model including only x5 as a predictor;
thus, after removing x; (plot size), an intermediate regression must have shown that
x2 (number of trees) is also insignificant, and so this has also been removed.

Question 8 continued on next page Page 9 of 16



ACE2013

(ii) Comment on the change in the R? statistic from the “full” to the “final” model.
Answer:

The R? statistic has dropped from 81.8% to 80.2% — not much considering two pre-
dictors have been removed. 80.2% of the variability in price is explained by distance
from the lake.

(iii) The graph below shows a plot of y against x5, with the fitted regression line from
the output shown above superimposed. Comment.
Answer:

Although the fitted line looks OK, there is evidence in the plot of a non-linear
relationship between x3 and y.

Question 8 continued on next page Page 10 of 16
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(c) A further analysis was performed in Minitab, the output from which is shown below.
Look at it, and then answer the following questions.

Regression Analysis: y versus x3, x3squared

The regression equation is
y = 171 - 0.128 x3 - 0.0125 x3squared

Predictor Coef SE Coef T P
Constant 171.071 4.897 34.93 0.000
x3 -0.1280 0.0621 -2.06 0.044

x3squared -0.012469 0.002448 -5.09 0.000

S = 14.4835 R-Sq = 91.4% R-Sq(adj) = 89.8Y%

(i) Explain the link between the scatter plot shown previously and the output given
above.
Answer:
The scatterplot revealed a possible non-linear relationship, and this output shows
that a quadratic regression of y on z3 and 3 has been attempted to cater for this.

(ii) Compare the fit of the model above to the simple linear regression model fitted in
part (b).
Answer:
Fitting a quadratic regression has certainly improved the fit of the model — the
R? statistic has increased from 80.2% to 91.4%, and both the x3 and xg predictors
are significant in the model (both have p—values less than 5%).

(iii) Using the output given above, estimate the value of a plot of land that is 50 metres
from the lake.
Answer:
If z3 = 50, then, from the quadratic regression model, we have

y = 171.071 — 0.128 x 50 — 0.012469 x 50% = 133.4275,

ie. £133,428.

[20 marks|
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4. As the manager of a hotel in the Lake District you have recorded the average occu-
pancy rate of your hotel, per quarter, for the last ten years (2002-2011, inclusive); this
information is shown in the time series plot below. The table underneath gives the
occupancy rates for the last three years (2009-2011 inclusive).

Jan—Mar

Apr—Jun Jul-Sep Oct—Dec

2009
2010
2011

0.68
0.72
0.74

0.82
0.77
0.82

0.90
0.94
0.88

0.71
0.74
0.68

(a) Other than an obvious positive trend, comment on any interesting features revealed
by the time series plot.

Answer:

There is clear seasonal variability, as well as a couple of pontential outliers

(2006(Q1) and 2011(Q4)).

(b) We can use centred moving averages (y;) to isolate the trend. Show that the last
such moving average is

and superimpose this on the time series plot above.

Answer:

*

Ys3g =

0.74 + 2(0.74 + 0.82 + 0.88) + 0.68

Yt = 0.7875,

Question /4 continued on next page

8

= (.7875.

Page 12 of 16



ACE2013

(c) Let T represent time, and let ¢;, i = 1,2,... correspond to Jan-Mar (2002), Apr—
Jun (2002), ... (respectively). Suppose you calculate

38
Sry+ =Y tiy; —nly" = —18.651
=3

and
38

Srr =Yt —nt® = 3885,
i=3
where ¢ = 20.5 and y* = 0.734 are the mean of the time-points, and moving
averages, respectively.

(i) Without performing any further calculations, how do you know your answer
for S7y« must be wrong?

Answer:

If Sty- really was negative, then the slope would also be negative — the time
series plot clearly shows a positive trend.

(ii) Suppose that, on recalculating, you find that Spy«~ = 15.991. Estimate the
slope term f; in the simple linear regression model

Y* = 5o+ BT + e,

where € ~ N(0,0?).

Answer:

5 Sty
B = o

= 15.991/3885 = 0.00412.

(iii) Now also estimate the intercept term [y, and hence write down the estimated
linear trend equation.

Answer:

Bo = 7" — Bif = 0.734 — 0.00412 x 20.5 = 0.6495,
giving Y* = 0.6495 + 0.004127 + e.

(iv) Use your equation in part (iii) to estimate the trend for July—September 2012.

Answer:
This is time point ¢t = 43, giving

0.6495 4 0.00412 x 43 = 0.8266.

Question /4 continued on next page Page 13 of 16
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(d) The following (edited) output has been obtained from Minitab:

Period 1 2 3 4

Seasonal Indices -0.0860 0.0570 0.1225 -0.0935

(i) One of the missing seasonal indices is 0.1225. Enter this in the correct space
in the Minitab output above. From the time series plot, we can see that the
seasonal effect for Q3 is positive, and for Q4 is negative.

(ii) Now calculate the remaining seasonal effect, and enter this in the remaining
space above. Must add to give zero.

(e) You now use Minitab to subtract the estimated trend in part (c), and the seasonal
effects in part (d), from the original data shown in the time series plot. You then
examine the autocorrelation in the resulting residual series by producing a plot of
the partial autocorrelation function, as shown in the graph below.

(i) Use this plot to estimate the lag 1 autocorrelation.

Answer:

7‘1%0.3

(ii) Does this plot suggest an AR(1) or an AR(2) model might be most appropriate
for the residual series? Briefly explain.

Answer:
AR(1), since only the autocorrelation associated with lag 1 is significant here.

Question /4 continued on next page Page 14 of 16
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(f) You now use Minitab to fit the most suitable autoregressive model, as suggested
by the plot in part (e), to the residual series. This gives the forecasted values
shown below:

Forecasts from period 40
95% Limits
Period Forecast Lower  Upper
41 -0.0104 -0.0591 0.0383
42 -0.0033 -0.0524 0.0457
43 -0.0025 -0.0515 0.0466

44 -0.0024 -0.0514 0.0467
45 -0.0024 -0.0514 0.0467

Using the output above, your answer to part (¢)(iv) and the seasonal effects in part
(d), forecast the average occupancy rate of your hotel in July—September 2012, and
provide a 95% confidence interval for this forecast. Comment.

Answer:
July—September 2012 is time point 43 and is in the third quarter. Thus,

forecast = —0.0025 + 0.8266 + 0.1225 = 0.9466.
Similarly, for the 95% confidence interval we have

lower bound = —0.0515 4 0.8266 + 0.1225 = 0.8976 and
upper bound = 0.0466 + 0.8266 + 0.1225 = 0.9957,

giving (0.8976, 0.9957). This interval almost includes 1 - i.e. maximum occupancy!

[20 marks]
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5. (a) In the context of Statistical Process Control, outline two ways a production process
could go out of control.

Answer:

Possibilities:
Level shift: This is a change in the mean of the process distribution.

— Instability: This is the name we apply to the process when the standard
deviation increases.

— Trend: When there is a slow, steady shift (either up or down) in the process
distribution mean, the result is a trend.

— Cycle: This is a repeated series of small observations followed by large obser-
vations.

(b) It is thought that Econase XT, an enzyme added to hen feed, can increase the size
of eggs produced by factory—farmed hens. During the feed—production process, a
machine adds the enzyme to standard hen feed. Too much of the enzyme can be
extremely harmful to hens, and so the amount added must be continuously moni-
tored.

Every hour, a random sample of three batches of hen feed is inspected, and the
amount of enzyme (miligrams) in the feed recorded. Results for a ten hour period
are shown in the table below.

(i) Complete the table of results shown below for the last two samples.

Answer:
Sample (j) | 1st 2nd  3rd | zZ; S;
1 1.04 0.96 0.98 | 0.993 0.042
2 0.99 1.03 1.04 | 1.020 0.026
3 1.02 0.97 1.08 | 1.023 0.055
4 0.97 097 1.03 | 0.990 0.035
5 0.98 0.97 0.98 | 0.977 0.006
6 1.02 1.03 1.04 | 1.030 0.010
7 0.94 1.02 0.99 | 0.983 0.040
8 1.12 1.00 1.05 | 1.057 0.060
9 1.04 1.09 1.02 | 1.05 0.036
10 1.09 1.08 1.02 | 1.063 0.038

Question 5 continued on next page Page 16 of 16
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(ii) Find Z.
Answer:

~0.993+1.020 + ... + 1.063
N 10

8l

= 1.0186 mg.

(iii) It can be shown that the pooled standard deviation is S = 0.0385. Use this,
and your answer to part (ii), to find the 2.5-sigma control limits for an z—chart
— and hence complete the graph produced by Minitab below.

Answer:

0.0385
V3

1.0186 £ 0.05557,

1.0186 =+ 2.5 X

giving LC'L = 0.963 and UC'L = 1.074.

Question 5 continued on next page Page 17 of 16
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(c) Your z-chart produced in part (b)(iii) should show that the process is under con-
trol.

(i) Show that the probability of a false alarm is 0.0124.

Answer:

Pr(false alram) = 2 x Pr(Z < —2.5)
2 x 0.0062
0.0124.

(ii) Find the Average Run Length, and hence find the expected number of batches
of feed produced before a false alarm is called, if the company produces 50
batches per hour.

Answer:

ARL = — 80.645,

0.0124

i.e. once every 81 samples. Thus, there would expect a false alarm after
81 x 50 = 4050 batches have been produced.

(d) The next two samples give
Z11 = 1.075mg and Z12 = 1.08mg.

Add these two points to the z—chart on the previous page, and comment.

Answer:

Appears that the process has now gone out of control; however, we cannot be
sure as the control limits would need to be recalculated to accommodate these new
samples.

[20 marks]

THE END
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