MAS2104/MAS3104 Problems, Part 4
Gradient, Divergence and Curl

Question 1

2,2 2

T z
(a) Find the directional derivative of the field f = — + Y 1% ata point (z,y, z) in the direction
a

2 T2 T2
of the vector r = (z,y, z). Here a, b, and ¢ are constants.

(b) In what case is the directional derivative of part (a) equal to the modulus of the gradient?

Question 2

Find the directional derivative of a two-dimensional scalar field f = 2% + y? at a point (1,1) in the
directions of the following vectors:

(a) b=(1,1), (b) b=(0,1),and (¢) b=(-1,1).
(d) Also find Vf at (z,y) = (1,1) and compare the above directional derivatives with |V f.

Question 3
Find V - v for the following vector fields:
(a) v=("+)@+y)x+(+2°)(y+2)y + (@7 +¢7)(z +2)7,

(b) v =fily,2)X+ falz,2)y + fa(z,9)2 ,

() v==zfily,2)X+yfalz,2)y + 2fs(z,y)z .
Question 4
Find (a) V-r, (b) V- ; , (¢) V-(r'r), wherer = |r| and r = (z,v, 2).

Question 5
Find V x v for v = 2% + E}Af + 2% at the points (a) (z,y, z) and (b) (—1,—1,—1).
x Y 2
Question 6
Find V X v at a point (1,1,2) for
(a) v=yy+az, (b) v=y?x+2ay, (c) v=y’z2+ax.
Question 7

Find V x v for the following vector fields:
(a) v =923+ 20y2%y + 329%2°z, (b) v=yzX+z2(0+29)y +ylzr+v)z,

_ Yo 1 PSP
(C) V= ny %Z ) (d) V= .I'QX ZEy’
Y -~
() v=-52—--X.
x x

Question 8
Find (a) V xr, w)ng,@)vX

r
5 where r = |r| and r = (,y, 2).
Question 9

Find a function ¢(z) such that the vector field <2y, 2z + g(z2), 3y22) = 0 is irrotational.

Question 10

Which of the following vector fields are irrotational?
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(a)  (2zyz, 2%z, 2%) , (b) (0,1,zy) .

Question 11
Which of the fields of Question [L0| are solenoidal?

Question 12
Consider a scalar field f(z,y, z), where z, y and z lie on a curve t — (x(t), y(t), z(t)) Show that
df
b
Question 13
Prove that

1 df

V x (e x f(r)r) = 2f(r)e+ ~ert —x(e 1))

(v-V)f, where v is tangent to the curve.

Here f(z,y, z) is a scalar field, r = (z,y, z) is the position vector, r = |r|, and c is a constant vector.
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Solutions

Note: The Solutions presented below are given in both coordinate and subscript notation. The latter
has only been presented in a handout and is OPTIONAL. You are free to use any method you wish
when solving the problems.

Solution [1]
(a) We first calculate the gradient of f (it is useful to take advantage of the symmetry of f in x, y
and z, but note that z combines with a, y with b and z with c¢):

2x T
2 2

Vf— S X+ 62y+ y-

. r oz 2
The unit vector in the direction r = (x,y,2) isST = — = —X + gy + =z, where r = /22 + y2 + 22.
r r r

r
Hence,
a 2 2 2 2 2
O gogp2(m v 22
or r\a® b 2 r
. 1512 2x; 1 A .
erwise, f = —, where a; = a, a; = b, a3 = ¢. So, = e,—-. With r = z;/r, we obtain
Oth f 5, Wh b So, Vf 5 With / bt
a; a;
2x; x; 21
Vi-F= ‘Z ﬁzg%,_gf‘
a; r a; r r
2 y 2
b) The modulus of the gradient is given by |V f| = 2{/ — + = + — and this is equal to df/0r
P b4 1
c

only if a = b = ¢, and then both are equal to 2r/a?.

To understand this result, we can observe that V f is a normal to the surface f(z,y,2) = const.
For f given above, this surface is an ellipsoid, which reduces to a sphere if only a = b = ¢. The
directional derivative can be equal to the gradient if only the direction B, along which the derivative
is calculated, is the direction of the normal vector. However, r is a normal to an ellipsoidal surface
only if the surface is in fact a sphere, a = b = c.

Solution [2
We first find the gradient of f: Vf = 22X + 2yy. At a point (1,1), we have V f(1,1) = 2x + 2y.
Using our definition of the directional derivative, we obtain:

(@ P opxioy) B 2 a5

b V12 + 12 2
of Ox—l—ly_l_
(b) (%—(2 X+2y) V02 £ 12 1_2’

(c) g (2x + 2y) —1x—|—1y 0
0b y / 2412 \/5

(d) |Vf(1,1)] = /224 22 = 2¢/2. The modulus of the gradient is equal to the directional derivative
in (a). This is not surprising since here b = (1, 1) is parallel to Vf(1,1) = (2,2).

The modulus of the gradient is larger than the directional derivative in (b) and (c); this must be
so since |V f] is the maximum rate of change of f.

Note that the directional derivative is zero in (c). It is easy to verify that b = (—1, 1) is orthogonal
to Vf =1(2,2): indeed, b-Vf=—-1-2+1-2=0. Since V[ is a normal to a surface f = const, b
must be tangent to the surface. We conclude that the directional derivative is zero in those directions
which are tangent to the surface.

=0.
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Solution [3]
@) Vv = S (P4 g () 2 o ) 4 ) = () + () + (e ?)

=202 +y’ + %) =22
0 0 0
b . = — _ _ = = .
(b) V-v a$f1(y,2)+ayfz(w,Z)ﬂLazfg(x,y) 0+0+0=0

(©) Vv = ool )+ g lufale )+ 5 (2w 0)] = Fly:2) + fala2) + )
Solution 4

Taking advantage of the symmetry of expressions containing r can significantly accelerate calcula-
tions and help to avoid errors.

_Or Oy 0Oz
V- —+ =4+ —=1+1+1=3.
(a) =5 taytE ot
Otherwise, V - r = axi =0; =14+ 1+ 1= 23 (remember the summation convention).
T
r dxz Jdy 0z r—(xfr)x r—(y/r)y r—(z/r)z

b - _ = — _— =
(b) V r 6xr+8yr ozr r2 + r2 + r?

2
. 2
_ @+y 42/ _drer . (we recall that, e.g., dr/0z = x/r).

r2 5 r2 / 5
. r x; T —xx/r . rox
Alternatively, V - — — = ———— since = . Thus,
r 8% r ox; r
r r-—3r 2.
V.—= >— = —— since T, =12
r r r

0 0 0
ey Y4 Y4 v _ 4
(c) V-(r'r)= x(rx)—l— y(ry)+ Z(rz) 4r® Tm—H" + 4r® y—l—r +4T7’ r

=4r?(2* + P + )+ 3t =Tt

0
Alternatively, V - (r'r) = ——r'z; = a;

I’A
= 243 = + 3rt = 49" + 3r* = 71, Note
ox; o0x; 8% ! T
or  x 5 x; ) )
that = —, x;x; = r° and —09;; = 3 because of the summation convention.
ox; Ox;
Solution [5]

In this example we can take advantage of another, more subtle form of symmetry. The three compo-
nents of the vector v in this question can be obtained from each other by the CYCLIC PERMUTATIONS
of x, y and z according to the following pattern: * — y, y — 2,2 — x. The order here corresponds
to the standard ordering of the coordinates z, y and z.

In other words, if in the z-component (y/z)X we replace x by y and y by z, we obtain the y-
component (z/y)y, and replacing here y by z and z by x, we obtain the z-component of v. It can
be easily verified (just inspect our basic definitions) that the operator V and the cross product also
possess this symmetry. Therefore, it is sufficient to calculate only ONE component of the curl, and
the remaining two will follow via cyclic permutations.

(a) Applying the definition of curl, we have

X vy z
Uxy = | 2 9 0| _g(0x_0z\ (0y_ Odx\ [0z Oy
| oz y 0z | ~\dyz Ozy Y\o:2 0z2 ory Oyx
Jr zly x/z
1. 1. 1.
= ——X—-y—-Z.

Y z T
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(b) Forzx=-1,y=—-land z=—1,weobtain VXxv=xX+y+z=r.
Solution [6]

(a)
X v z
o 0 0 (0 0 L\ (0 0 . , 0 -
= e e _— = —_—r — — Y - — e _ — :—2 —
Vxv Jdxr 0Oy 0z X(@yx 82y2>+y<320 0 x)—i—z (8 vz 8@/0) gy
0 yz? =x
Thus, V x v(1,1,2) = —4x —y
(b)
X v z
B o o0 09| _[(0 0 (0 5 0 (0 J
VXvo= or 0Oy 0z _X<8y0 azx>+y<82yz 8$0>+Z<8xx 8yyz>
yz2 x 0
= 22y + (1 —2%)z
Thus, V x v(1,1,2) = 4y — 3z.
(c)
X y z
1929 0 (9, 2 9\, (2, 2 i(20_9.) = 2%
VXVEL o oy 0 X(a vz 820>+y(82x 0:63’2)”(3900 agﬁ)“
x 0 yz?

Thus, V x v(1,1,2) = 4x.
Solution [7]

(a) There is no symmetry with respect to cyclic permutations in this example [and also in parts
(b)—(e) below)], so each component must be evaluated separately.

X y z
0 0 0
\Y4 = | — = —
*v ox dy 0z
y?23 2xyz? 3xy??
= X (;y?)xy222 — iZa:yf) +y (igﬁz?’ — §E3xy222> +z <£E2xyz2 — aayyzz3>
= (6wyz® — dwy2)X + (3y22% — 3y222)y + (2u2* — 2y2°)z
= 2ay2(32z — 2)X +2y2*(1 — 2)Z .
X y Z
0 0 0
b) Vxv=|— — <
(b) *v ox Jy 0z
yz z(x+2y) yl@+y)

=X 2(:1:—1— )—gz(:c—l—Q) +y 0 z—g(a:—l— )| +2z 2z(x—i—2)—gz
N 8yy Y 0z Y Y 5’zy &Uy Y ox Y 8yy
=@x+2y—2-2y)X+Wy—-y)y+(z—2)z2=0.
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X y z
(c) Vxv= 88 ; 9 :i<_51_3y>+y<80+81>+2<3y_60>

x Y 0z dyr  0zx? 0z  Orx dxx? 0Oy
0 y/a? —1/z
1 2y
R
X y Z
| 0 0 g | 0 01 (0 vy 0 _ o1 0wy
(d) Vxv= or Oy 0Oz _X<_8y 8zx> (823:2 81:) Z< or 8yx2>
y/x®> —1/x 0
=0.
X y Z
B 0 g 0 | [0y 0 . o1 0y . 0 01
(€) Vxv= dr Oy 0Oz _X<8yx2_8z>+y< 0zx 8a:x2>+ < 0 8y3:>
—1/z 0 y/z?
1 . 2y

Solution

Symmetry with respect to cyclic permutations can be employed here with a very rewarding effect.

X y z
o o0 0 [0z 0Oy _(O0x 0z _(0y Oz
\Y = =— — — |=xX|=-= — - — ——-—1]1=0.
(2) xr or Jdy 0z x <8y 62) Y (82 8:10) T <8x 8y>
r oy oz
Otherwise, using subscript notation, V x r = eijk% = €ijkljk = €55 = 0.
J
0 01 10 1
(b) First note that, say, %% =Yg, = _yﬁé = — ﬁ; = —%. The z-component of
X y z
o o0 0 |. . dy 0=z yz Yz
V x (r/r) = ot oy 0: is given by 9ir ayr =3 + = 0 . From symmetry w.r.t.
x/r y/r z/r

cyclic permutation, we obtain V x (r/r) = 0.

. r 0 x Oipr — TR /T
Alternatively, with subscript notation: V x — = &?ijk——k = ijkw
r oz, r r
€iiil — EiikTRT; /T EiikTiX rxr
= ¢, Z;kk]/ :—Lﬂ:— 5— = 0,since 6555 = 0, gipajapy =r xranduxu=0
r r r
for any vector u.
X y Z
0 0 0 d vy 0 z 3yz
c¢) The z-component of V x (r/r?) =| — — — |isgivenby —= — — =2 = 222 4
( ) p ( / ) O Ay O g y Dz 13 83/7"3 r5

x/rd y/rd z/r?

3% = 0 . From symmetry w.r.t. cyclic permutation, we obtain V x (r/r?) = 0.
0 x Sir® — xp3ria; fr
Alternatively, with subscript notation: V x (r/r®) = Eijka——]; = Eijk L g i/ =
T r
3
€ijiT° — 34k TRT ;T €ijkT ;T rxr )
7 GkTRZGT _ _gtikeitk g =0, since €;;;, =0, g;xr;2, =r xr and u x u = 0 for

76 ro 5
any vector u.

hitp://www.mas.ncl.ac.uk/~ngrs/mas2104/


http://www.mas.ncl.ac.uk/~ngrs/mas2104

MAS2104/MAS3104 Problems, Part 4 7

Solution
d
A vector field v is irrotational if V xv = 0. Then V x <2y, 2x+9g(2), 3y22) = <322 Y 0, 0) =0

dz’
d )
if ch =322 = g¢g=2°+C, where C is an arbitrary constant.

2
Solution
(a) V x (2zyz,222,2%y) = (0,0,0) = irrotational.
(b) Vx(0,1,zy) = (z,—y,0) #0 = not irrotational.

Solution 11

(a) V- (2zyz,2%z,2%y) =2yz = not solenoidal.
(b) V-(0,1,zy) =0 = solenoidal.

Solution 12l

| | i Of dv Of dy Of dz
USlng the chain I‘U.le, % = % E aiy E % E =V- Vf
Solution 13l

All the expresions below are symmetric with respect to cyclic permutations, r — vy, y — z, z — .
Therefore, it is sufficient to calculate just one component of the vector idenitity. (But the solution
given below includes all three components for illustrative purposes.)

We use the following relation: m = f’g, where [/ = Zf, and similarly for y and z.
x r r
X y z
cx f(rr=| ¢ ¢ ¢ |=(cfz—cify, cofv—cufz, cofy—cyfx).
fe fy fz
X y Z
0 0 0
V X% (C X f(T)I‘) = 871‘ aig/ &
fleyz —cy) flew —cpz) flewy —¢y)
|0 0
= X layf(cxy - ny) - %f(czx - sz)]

+ y [aazf(cyz - Czy) - ;Cf(cxy - ny)]

|0 0
+z [axf(czx —Cy2) — a—yf(cyz — czy)]
P ) 1%
= X|f ;(ny - ny) + fea— f ;(Czaj —2) + feu
~ z x
3 [0y = ) + fey = ey = eya) + fey
[,
+7z {f’r(czx —cp2) + fe, — f/%(cyz —cy)+ fcz]
Frag, o 2
= 2 _ T - — Gz T
fc+r[x<cy CyTY cxz+cz>
+y (cy22 — Yz — Y + cyx2>
+z (cza:2 — CpTZ — CyYz + czy2>}
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!/

= 2fc+ I {f{ {cx(:vz + 92+ 2%) — o1 — cyzy — czzvz}
r
+y [cy(xz + 92+ 2%) — ey’ — cyz — cxmy}

+Z [cz(a:Q + 2+ 2% —c.2? — cpwr — cyyz}}

= 2fc+ J:CT2 - J: [xz(c-r)+yy(c-r)+2zz(c-r)
= 2f(r)c+igj;[cr2—r(c-r)].

Otherwise, using the subscript notation, consider the i-th component of the identity:
[V x (e x f(r)r]; = il x f(r)r]y .
To find [c x f(r)r], we use the definition [a x b]; = €;;,a;b), where we replace ¢ by k and j, k by p, ¢:

[ X f(r)r]x = erpecpf(r)Tg -

Therefore,
[V x(ex f(r)rl; = eijrcrpg0jlcyf(r)z,]
= €ijkEkpqCpO;[f(r)xy] (since c is a CONSTANT vector)
1Lj

= &ijk€kpqCp <f 7JZL’q + f(sz) )

) 0 df or T , df

— = ——=f'~= wh = —.
since o, f(r) dr oz, f - where f o

To evaluate €;jrExpq, We use the identity €;;4€ipg = 0;p0q — 0jq0kp. However, summation is carried
over the FIRST index in this identity, but the index k, over which summation is understood in €;;,€p4,
is not the first one. So, we should first transform the expression to be evaluated in order to make k
the first index, and only then the above identity can be applied after suitably renaming the indices:

€ijkEkpg = —E€ikj€kpg = Ekij€kpq = OipOjq — OigOjp »
so that we obtain
V% (e X Sl = Gudig = Sy (£ 2, + £33
= Buia (gt £050) = S (120 + 03

Now note that, say, dipc, = ¢, djqxq = xj, that 0;,0;4 = 6;; = 011 + 022 + 033 = 3, and that
5iq6jp5jq = 6iq5pq = 5z'p to obtain

IV x (¢ x f(r)r], = f’ci@ + 3 f
_ flcj

1 i
= ;flcﬂ"z +2¢f — f’%(r ‘¢,

T

r

which represents the i-th component of the identity to be proved. Here f' = df /dr.
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