MAS2104/MAS3104 Solutions to Exercises, Part 4
Gradient, Divergence and Curl

Question 1 [5 marks]
Find the directional derivative of the scalar field f(x,y,z) = xyz in the direction of b = (0,4, 3), at
the point r = (=2, 3,4).

Solution

The directional derivative is given by 8f/0b = b -V f.

Here b = (0,4,3),s0 |b| =v0+16+9 =5, and b=Db/|b| = (0,4/5,3/5).

flx,y,2z) = xyz, so Vf = (0f/0x,0f/0y,0f/0z) = (yz,xz,xy); at point r = (=2,3,4), Vf =

(12, -8, —6).
S0 of 43 32 —18
L =b-Vf=(0,-,2)-(12,-8,—6) =0+ — 4+ — = —10 .
0 Vi=027) (12,78 -6) =0+ —+ — 0
Question 2 [6+4 marks]

(a) Expand and simplify V - ( f (7”)1‘) , where r = |r|, r = (x,y, 2) and f is a differentiable scalar
field.

(b) (x) Find f(r) such that V - (f(r)r) = 0.

Solution
(a) Since r = (2,5, 2), we have f(r)r = (F(r)a, f(r)y, F(r)2) = (&£ (), yf (1), 2 (r)), s0
0 0 0
V- (f(r)r) = %(xf(r)) + a*y(!/f@")) + $<zf(r))
d d d
:f(r)—l—xd];f%—f('r)—l—ydj;iij(r)—l—zjni
2,2 .2
—3/(r) + ZJ;W — 3£ (r) +rfli |
Here we have used the product rule and chain rule to expand terms such as
0 0 0 9] df o
O (@f(r)) = SOV (@) + 2 (1) = £+ 23 (70) = F0) 42 DI

or
and have also used the result that Freiet just as we did in Question 4 of Exercises, Part 3. (Please

x T
see those solutions to recall where this result came from, and also for a fuller explanation of the use

of the chain rule.)
Alternatively, using the subscript notation,

V- (500) = o (70)) =222 4 F) D2 = ) 5+ 370

= ) 3) =S () + 3 (),

where f'(r) = ;Z];

(Remember about summation convention to get the factor 3 right.)
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(b) V- (f(r)r) =0if3f(r)+rf'(r) =0, where f'(r) = Zf. This differential equation can be easily
T
solved by separation of variables:

3f—|—7‘3];=0 = Oj"cf:—?)/cid = In|f| = -3Inr+C (note that r >0) = f=0Cr 2,

where C' is an arbitrary constant.

Question 3 [5 marks]
Expand and simplify V x (rr) , where r = |r| and r = (z,y, 2).
Solution
X vy z
V x (rr) = 8856 ({fy 882 , so the z-component is given by (;;rz — airy> — (y: _ y:) _

0 . From the symmetry with respect to cyclic permutations, we conclude that all the remaining

components vanish too.
: : : : Oxyr x;
Otherwise, using the subscript notation, V x (rr) = eijkT = €ijk | OjuT + Tp—
SL’j r
1 1
= | &yr + 5ijkxjxk> =0+ -r xr =0, since ¢;;; = 0 and u x u = 0 for any vector u.
r

,
Alternatively, using the identity of Question
1
Vx(rr)=Vrxr+rVxr=-rxr+0=0.
r

Note that the vector rf(r) is irrotational for any f(r), i.e., its curl vanishes.

Question 4 [7 marks]
Show that V x (fv) = Vf xv+ fV x v, where f(z,y, 2) is a differentiable scalar field and v(z,y, z)
is a differentiable vector field.

Solution

We can take advantage of the symmetry with respect to cyclic permutations and only consider the
x-component of the identity. Since

X y z
o 0 0 (0 0 (0 0 (0 0
Vx(fv)= Oz 873; 9 _X<8yfvz_Gz'fvy>+y<8zfvm_&cfvz>+z<8vay_8yfv‘r>’
fva fuy fos
the z-component reduces to
0f v 0f du, ( 0f  0f\, (0v. v,
Uzaerfay o, 82_<U23y Uy8z>+f<3y 0z )~ (1)

This cannot be simplified any further. In order to verify that the last expression is indeed equal to
fxv+ fV x v (if it is not yet clear), it is useful to write out the z-component of the right-hand
side of the identity to be proved:

2 v 2 2 v 2
oy o of 2 9 0
VIxvfvxvl =50 5, o | T e o os
Vp Uy Vx| Uz Uy Uz |,

http://www.mas.ncl.ac.uk/~ngrs/mas210/


http://www.mas.ncl.ac.uk/~ngrs/mas2104

MAS2104/MAS3104 Solutions to Exercises, Part 4 3

which is identical to Eq. (T).

Alternatively, using the subscript notation allows a very compact proof:

0 of vy
V x = k= = ECiipk—=—— ginf=— =Vf X V xv.
(fv) =€ oz, (for) * D v + ]kfaxj [xv+ [V xy

Question 5 [34+3+5 marks]
Given that ¢ = (¢, ¢y, ;) is a constant vector, and r = (z,y, ) is the position vector, simplify the
following expressions, expressing your answer in terms of ¢ wherever possible:
(a) V(c-r); (b) ¢(V-r); (c) (x) Vx(ecxr).
Solution

(a) Here c-ris a scalar (the dot product, c-r = ¢,z + ¢,y + ¢,2), and the expression required is the
gradient of this quantity:
Vic-r)=V(cx + cyy+ c.2)

0 0 0
= %(Cxx +eyy +cx2), ny(C‘rx +ecyy +c.z), a(cm:c + ¢y + ¢.2)

= (cz,¢y,¢.) =C.
(Note that, since c is a constant vector, all derivatives of any of its components vanish.)

(b) Here V - r is a scalar quantity (the divergence of the position vector r), and the expression
required is just this quantity times the vector c:

_ (0z oy Oz\ B
C(V~r)—c<ax+ay+az>—c(1+1+1)—3c

(c) Here ¢ X r is a vector quantity (the cross product of the two vectors involved), and the
expression required is the curl of this vector product:

X Vv z
CXT=|C ¢ C |=(Cz—CY, C2T —CyZ, CY — CT) .
x oy z
So
X y Z
0 0 0
Vx(cxr)= g a—y E =(cg+cp,cy+cey,c.+c,)=2c.
(cyz —cy) (cow —cp2) (cpy — cyx)
GRS 7/12/2011
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