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Abstract

I have studied a couple of topics on Monte Carlo and quasi-Monte Carlo

methods. This dissertation covers its applications in integration, optimiza-

tion and simulation.

Chapter 1 and 2 are the basic knowledge to use Monte Carlo and quasi-

Monte Carlo methods. Chapter 1 presents the error bounds of Monte Carlo

and quasi-Monte Carlo integration methods. By comparing these two meth-

ods, we show the advantages of quasi-Monte Carlo method. We also intro-

duce the standard quasi-Monte Carlo random search for optimization. The

last but not least application is Metropolis algorithms which is the origin

of Monte Carlo method. Because the random numbers generators are the

key of Monte Carlo methods and quasi-Monte Carlo methods. Chapter 2

describes the pseudo-random number generators and quasi-random number

generators. How to generate non-uniform random number from its dis-

tributed function is also introduced.

Chapter 3 introduces B-spline smoothed rejection sampling method.

The standard rejection sampling method which is introduced in chapter 2 is

closely related to the problem of quasi-Monte Carlo integration of character-

istic functions, whose accuracy may be lost due to the discontinuity of the

characteristic functions. We use B-spline smoothing technique to smooth

the characteristic function without changing the integral quantity and get a

differentiable weight function. The method considerably improves the qual-

ity of sampling points. We apply the B-spline smoothed rejection sampling

method to importance sampling. Numerical experiments show that the error

size O(N−1) is regained by using the B-spline smoothed rejection method

for quasi-Monte Carlo estimate. The error bound of Monte Carlo method

using B-spline smoothed importance sampling is also better than that of the
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standard Monte Carlo method. So the B-spline smoothed rejection sampling

method is indirectly proved to be superior to the standard rejection sam-

pling method.

Chapter 4 is about the Monte Carlo integration. We get a theoreti-

cal error of the fine antithetic variables Monte Carlo(FAMC) method for

multidimensional integration. The error size of FAMC is O(N−( 1
2
+ 2

s
)) for

functions having second continuous derivative, where s is the dimension of

the integrand. We also give the theoretical error result of antithetic variable

Monte Carlo(AMC) method for multi-variable functions whose degree is no

more than two. The constant before O(N− 1
2 ) is less than that of the MC

method. We realize the parallel algorithm in C for the FAMC and AMC

methods. The results of the numerical experiments coincide with the theo-

retical results very well.

Chapter 5 introduces adaptive monte carlo method(AQMC) for global

optimization. AQMC algorithm progresses in the nondifferentiable opti-

mization. First, we develop the local search such that the search direction,

search radius and number of search points are adjusted according to the

previous search result. Second, we introduce the ideas of population and

generate new individuals according to population evolution degree. Because

the search procedure will be adjusted according to the previous result, the

method not only speeds up the random search but also balances the global

and local demands (adaptive equalization).

Chapter 6 combines the genetic programming with AQMC optimization

method to solve the prediction problems. There are many complex systems

in real life. In order to analyze, design and predict the system, we often

want to model the dynamic systems of ordinary differential equations ac-

cording to the observed data. We use genetic programming to optimize the

the right hand functions of the ordinary differential equations. Adaptive

quasi-Monte Carlo optimization methods are used to optimize the coeffi-

cients of the functions. The program for the prediction of electrical power

consumption of Hangzhou city shows that the hybrid method is powerful.

In Chapter 7, we combine the Monte Carlo simulation and optimiza-



xi

tion. We first introduce the Monte Carlo simulation of light transport in

tissue, explain how to generate the random number according to the prac-

tical problems using the transform method introduced in chapter 2. Then

use the AQMC method to solve the inverse problem of light transport. We

further discuss how to balance the global and local search demands in prac-

tical problems.

The C codes of some programs are given in the appendix.
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Ä��£"

1.1 �AkÛÈ©

'u�AkÛÈ©§Caflisch [4]31998c�Ñ
��nã"V���È

¼êf(x)�È©�±L«¤¼êf3�Å:þ¼ê��²þ�½Ï"�"�

Ä3s�ü �á�N(unit cube)Is = [0, 1]sþ�È©§Kk

I = E[f(x)] =

∫

Is

f(x)dx = f̄ (1.1)

ùpx´3ü �á�Nþ�þ!©Ù��Åê�þ"

�©�AkÛ�O(crude Monte Carlo(MC) estimator)´ÄuéÈ©�

VÇ)º"ek�Ñlþ!©Ù�S�ξn§Kk²�Cq�Oªµ

M =
1

N

N
∑

k=1

f(ξk) (1.2)

�âr�ê½Æ(Strong Law of Large Numbers)[5]§d�O±VÇ1Âñ§

�Ò´µ

lim
N→∞

M → I. (1.3)



2 �AkÛÚ[�AkÛ�{�Ä��£

,	§dCqª´Ã �§ùÒ¿�Xé?¿N§M�²þ�Ò�uI"�

Ò´µ

E[M ] = I, (1.4)

ùp´3ÀJ�:ξkþ�²þ�"

��5`§�AkÛÈ©Ø�½Â¤µ

εN = I − M (1.5)

ù� �(bias)´E[εN ]§þ��Ø�(rmse)½Â¤µ

E[ε2
N ]1/2. (1.6)

1.1.1 Ø��O

¥%4�½n(CLT)[5]£ã
�AkÛÈ©�Ø����ÚÚO5�"

½n 1.1.1 é?¿��N§

εN ≈ σN−1/2ν (1.7)

ùpν´IO��©Ù�ÅCþ(N(0, 1))§~êσ = σ[f ]´f����(square

root of the variance)§�Ò´`µ

σ[f ] =
(

∫

Is

(f(x) − I)2dx
)1/2

. (1.8)

�°(�L�ª´

lim
N→∞

Prob(a <
√

N
σ εN < b) = Prob(a < ν < b)

=

∫ b

a
(2π)−1/2e−x2/2dx.

. (1.9)

ùÒ´`�AkÛÈ©�Ø�´±O(N−1/2)��§Xê´�È¼

êf����",	§Ø��ÚO©Ù��´����©ÙCþ"�Ï~�

ê�©Û(J�'�§ù´��ÚO(J§§¿ØJø��ýé�Ø�þ

.§@�Ø�´VÇ¿Âþ��O",��¡§d�O´���ª§¤

±q´î��"
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1.1.2 �AkÛ�{����{�'�

éõ<1�g�>�AkÛ�{�¬¯çud�{��15"��o

�Åü�¬'��(grid-based method)�Ðº�±lA��¡5£�ù�¯

K"Äk§�±'��AkÛÚ���{X"ÊÜ�{(Simpson’s rule)�

Âñ�"éus�¯K�k���¦È�{�Âñ�´O(N−k/s)"�Ak

ÛÈ©�Âñ�´O(N−1/2)§��êvk'X"¤±3p�È©�§��

ês÷vk/s < 1/2�§�AkÛÈ©�{'��È©�{°Ýp"

,§éu±Ï)Û¼ê(analytic function)§k��´Ã¡�§�Ò´

`þã{ü)ºØ¤á"é�AkÛ�{�¢^5��rkå�)º´¢

SA^¥éJép�¯K?1��z"és¯K�{ü��á�����

I�2s�:"és = 20ù�3¢S¯K¥¿Øé���ê§Ò�k1z�õ

�:",	§�ép�¯K?1��[zÒ�Øy¢
§Ï�z�g[©

��Ñ�O\2s��:"�'u���{3p�¯K¥-��ù
(J§

�AkÛ�{�°ÝA���êÃ'§�:�O\Ñ¬JpØ�°Ý"

3¢SA^�§�N�:§°ÝO(N−1/2)¿Ø�½U��"�²�w«§

éu¥��ê('Xs = 20)�¥�E,�¯K§��¥�5��N�§Ø�

�O(N−1/2)��ÑU��"

1.2 [�AkÛÈ©

£��AkÛÈ©§^N��Å:§ÙÈ©Ø���²þêþ?

´O(N−1/2)"w,§�½�3ù��N�:§¦�Ø��ýé�Ø�u²

þ�"XJ·�U�Eù��:8§Ò�±é�k��{?1���U

?"[�AkÛÈ©�{Ò´�
uÐê�È©JÑ�"§�åu�

EÙÈ©Ø�'²þØ�wÍ�Ð�@«:8"ÙÈ©/ª��AkÛ

È©��§�ØL¤^��ÅêØ��"'X§éuü �á�NÈ©«

�Is = [0, 1]s§·�½Â[�AkÛ�OXeµ

∫

Is

f(x)dx ≈ 1

N

N
∑

k=1

f(xk) (1.10)

dªwå5��AkÛ�O§�ùp^�´(½5(deterministic)�:x1,

x2, · · · , xN ∈ Is"·��±²�/ÀJù
:¦�ª(1.10)¥�Ø��±C

�"
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Ïd§[�AkÛÈ©�{�Ä�g�´^°À�(½5:5��

�AkÛÈ©¥��Åê:"ÀJ:�IO�ûuê�¯K��"éu

ê�È©ó§ÀJ��IOéN´é�§�ddÚ?
þ!©ÙS

�(uniformly distributed sequence)Ú �(discrepancy)�Vg"

1.2.1  �

 ��±w¤´éþ!©Ù� l�þzÝþ"

PP´�¹:x1, · · · ,xN ∈ Is�:8"é?¿áuIs�f8B§·�½

Â

A(B;P ) =
N

∑

n=1

χB(xn), (1.11)

ùpχB´B�A�¼ê(characteristic function)"ù�A(B;P )B´O�÷

vxn ∈ B(1 ≤ n ≤ N)�@
:��ê�¼ê"XJB´áuIs�V��ÿ

Ýf8���8Ü§K:8P� �L«¤µ

DN (B;P ) = sup
B∈B

|A(B;P )

N
− λs(B)|. (1.12)

ùpλs´s�V��ÿÝ§DN (B;P )ok0 ≤ DN (B;P ) ≤ 1"�8ÜB�·

��;�z§·�kn«��� �Vg"·�PĪs = [0, 1)s"

½Â 1.2.1 (( �) :8P�( �(star discrepancy) �±½Â�D∗
N (P ) =

D∗
N (x1, · · · ,xN ) = DN (J ∗;P )§ùpJ ∗´Īs�äk/ª

∏s
i=1[0, ui)�¤k

f«m�8Ü"

½Â 1.2.2 (4z �) :8P�4z �(extreme discrepancy) �±½Â

�DN (P ) = DN (x1, · · · ,xN ) = DN (J ;P )§ùpJ ´Īs�äk/ª
∏s

i=1[ui, vi)

�¤kf«m�8Ü"

½Â 1.2.3 (��5 �) :8P���5 �(isotropic discrepancy) �±

½Â�JN (P ) = JN (x1, · · · ,xN ) = DN (C;P )§ùpC´Is�¤kàf8�

8Ü"

 ��5�3[6]¥k�ã"e¡�Ø��O©Û�5gù�Ö"
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1.2.2 Koksma-HlawkaØ�ª

·�?Ø'uª(1.10)¤O��[�AkÛÈ©�Ø��O��(

J"·�l���/m©§Ù¥��²;�(JÒ´e¡�KoksmaØ�

ª"

½n 1.2.1 XJ¼êf3«m[0, 1]þkk.C©(variation)V (f)§Ké?

¿N�:x1, · · · , xN ∈ [0, 1]§k

| 1

N

N
∑

k=1

f(xk) −
∫ 1

0
f(x)dx| ≤ V (f)D∗

N (x1, · · · , xN ). (1.13)

½n 1.2.2 XJ¼êf3«m[0, 1]þ´ëY�§Ké?¿N�:x1, · · · , xN ∈
[0, 1]§k

| 1

N

N
∑

k=1

f(xk) −
∫ 1

0
f(x)dx| ≤ ω(f,D∗

N (x1, · · · , xN )). (1.14)

ùpω(f, δ) = sup
‖t‖<δ

x,x+t∈D

|f(x + t) − f(x)|´ëY�(modulus of continuity)"

òKoksmaØ�ªò��õ��/§Bke¡�HlawkaØ�ª§Ï~�

�Koksma-HlawkaØ�ª"

½n 1.2.3 XJ¼êf3Isþ�3Hardy-Krause¿Âþ�k.C©V (f)§

Ké?¿N�:x1, · · · ,xN ∈ Is
§k

| 1

N

N
∑

k=1

f(xk) −
∫

Is

f(x)dx| ≤ V (f)D∗
N (x1, · · · ,xN )). (1.15)

þã¤k½n�y²ÑU3Ö�[6]¥é�"

¹N�:�[�ÅS�:8� ���´O(N−1(log N)s−1)§¤±[

�AkÛÈ©�Ø��´O(N−1)"

1.2.3 [�AkÛÈ©�`:

±[�AkÛÈ©ÀJ(½5:�A5§·�k(½�Ø��O"�
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�5`§·�ÑU�âØ�°Ý�¦¯k(½O�¤�^�:ê",	§

^Ó�õ�¼ê�(��5`O�¼ê�´�¤��)§[�AkÛ�{'�

AkÛ�{k�p�°Ý"¤±§ùü:—(½5Úp°Ý5—`²[�

AkÛÈ©`u�AkÛÈ©"

1.3 �AkÛ`z

�AkÛ3ê�©Ûþ,	��A^´�Û`z"Rubinstein3©[7]¥

ÄgJÑ�AkÛ|¢�±^5éØ��¼ê��Û4�"[�AkÛ

`zK´dNiederreiter3©[8]¥0��"�f´Rs(s ≥ 1)�k.f8Eþ

�k.¢¼ê"�x1, · · · ,xN´Eþ�:§K

mN = max
1≤n≤N

f(xn) (1.16)

�w�¼êf3Eþ�þ(.M�Cq�"½ÂEþ�:x1 , · · · ,xN �Ñ

Ý(dispersion)Xeµ

dN = dN (E) = sup
x∈E

min
1≤n≤N

d(x,xn) (1.17)

ùpd(y, z) = max
1≤j≤s

|yj − zj |§y = (y1, · · · , ys), z = (z1, · · · , zs)´Rsþ��

þ"Niederreiter3©[8]¥y²Xe½n

M − mN ≤ ω(dN ) (1.18)

ùpω(t) = sup
x,y∈E

d(x,y)≤t

|f(x) − f(y)|, t ≥ 0´ëY�(modulus of continuity)"

XJf´Eþ�ëY¼ê§þã�`z�{´Âñ�"�
\¯|¢

�ÝÚ�y|¢��Û5§·�315Ù�Ñg·A[�AkÛ�Û`

z(Adaptive Quasi-Monte Carlo§AQMC)�{"·�éXÛ²ïÛÜ|

¢Ú�Û|¢�
�
&?"

1.4 �AkÛ�[�Metropolis�{

� A k Û � [ K 3Ôn + � k 2 � � A ^ § X � N � A k Û �

[�{[9]§9Æ�§�âf�[[10]§À�[ù(Boltzmann)�§�[)
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{[11]�"

Metropolis�{[12]´�AkÛ�{�å§3Ôn�[¥^��~2

�"·�3d0�d�{"

3�N�[¥§b�XÚ�c´mG�§XÚoUþP�Vm"XÚ

ÁX=�G�n"kO�G�n�oUþVn§2'�ü�G��Uþ"X

JδVnm = Vn − Vm ≤ 0§=G�n´'G�mUþ$�G�"Ï�XÚo´

ª�uUþ�$�G�§¤±XÚ?uG�n�VÇ'XÚ?uG�m�V

Ç�§d�XÚÃ^�=�G�n"XJδVnm = Vn − Vm > 0§=G�n´

'G�mUþp�G�§d�XÚ±VÇρn/ρm=�G�n"éu�KX

Ú(canonical ensemble)§=NVTð½�XÚ

ρn

ρm
= exp(−βδVnm)

Ù¥β´À�[ù~ê"¤±�)���Åêξ§XJξ < exp(−βδVnm)§

KXÚ=�G�n§ÄKXÚ�±3�5�G�"nþ¤ã§XÚlG

�m=�n�VÇ´µmin(1, exp(−βδVnm))"XÚlÐ©G���Ee¡

üÚµ

• Ú½1µÁrÚ§=O�e�Ú�Uþ¶

• Ú½2µO�r�e�Ú�VÇmin(1, exp(−βδVnm))¿û½XÚe�

Ú�ý�G�"

ù´��ê��Å(Markov Chain)L§§�ªXÚ¬��½G�"

Ù¢Metropolis�AkÛ�[�'�´O�XÚ=£�e�G��V

Ç"·�ò317Ù0�1�DÂ��AkÛ�[�{§Ó�rN
XÛO

��¯��VÇ"

1.5 �Ö]�

kéõÖ�0��AkÛÚ[�AkÛ�{"Ù¥[13][14][15] CXÈ

©!`z!�[n��¡ÌK§,	[16]5u�Åêu)ì§�k[17]K

?Ø�AkÛ�{3)Ô+��A^"





1�Ù �Åêu)ì

�Åæ�´�AkÛ�{�Ø%"�AkÛ�{�¤õ�,�ûu�

Å�.��E§�é�§Ýþ��ûu�.O�¥�Åê�5�"ù�Ù

Xu�Åêu)ì"

��5`�Åê©¤þ!�Åê(uniform random numbers)Ú�þ!�

Åê(nonuniform random numbers)"þ!�Åê�8I©Ù(target distribu-

tion)´Iþ�þ!©Ù(uniform distribution)U"�)�þ!�ÅêÏ~´k

)¤þ!�Åê§,�2=�¤Ñl8I©ÙF 6= U��Åê"·�k0

���Åê(pseudorandom numbers)Ú[�Åê(quasirandom numbers)u)

ì§,�0�=��{"

2.1 ��Åê

3¦^�AkÛ�{�@Ï§<�Ò®²@£�3y¢)¹¥Ø�U

ký��/�Å0ê"u´<�¦ÏuUÏL�½�{9A�ëê^O�

Å�)���Åê(PRN) "

��²;��y3E,2�¦^��)þ!��Åê��{´�5

Ó{�{(linear congruential method)§d�{�ÐdLehmer[18]JÑ"�

5Ó{�{kn�ëê§Ù¥M´�é����ê§a´÷v1 ≤ a <

MÚgcd(a,M) = 1��ê§c´8ÜZM = (0, 1, · · · ,M − 1)�?¿��"�

�·�ÀJ!(½
Ð©�y0 ∈ ZM §Ò�±^e��48úª�)�X�

�êy0, y1, · · · ∈ ZM"

yn+1 ≡ ayn + c mod M n = 0, 1, · · · (2.1)
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u´�5Ó{��ÅêÒ�±^ù
êØ±M��"

xn =
yn

M
∈ Ī = [0, 1) n = 0, 1, · · · (2.2)

ùp§M�¡��(modulus)§a�¡�¦ê(multiplier)"��ÀJÏ~´

�âO�Å�i�§;.��kM = 232½öMersenne�êM = 232 − 1"

�÷v�p°Ý�O�I¦§M���¬�248"

2.2 [�Åê

ÃØ��Åê^�o�{�)§§�Û�53uù
�Åêo´��

k���Ì�8Ü§�S� ��þ(.�����"¤±eU�)$

 ��(½5S�´ék^�§�)�S�ATäkù��5�§=?¿

��fS�ÑUþ!/W¿¼ê�m"

<�®²�)
eZ«÷vù��¦�S�§XVan der CorputS

�§Halton S�[19]§Faure S�[20]§Sobol’ S�[21]ÚNiederreiter�(t, s)

S�[22]"·�¡ù
S��[�ÅS�(quasirandom sequences)"��Å

S�´�
�[�Å5§[�ÅS���åuþ!5"�é(k��)�[

�ÅS��U¦þþ!W¿ü �á�N"©[4]Ú[23]�Ñ
'u[�ÅS

��nã"

2.2.1 HaltonS�

HaltonS�´Van der CorputS��í2"HaltonS�´ÏLò�X�

�êL«¤,�Ä(base)�ê (digit)�/ª§,�òù
ê U�Sü�

23c¡\�ê:����"·�òs�HaltonS�L«¤x1,x2, · · ·§Ù

¥z���Åê´��s��þ§=xi = (xi1, xi2, · · · , xis)")¤HaltonS

��{ü´1�Ú½XeµÄkÀJs�Äb1, b2, · · · , bs§'XÀJcs��

ê",�é,��êm§òmL«¤±bj�Ä�ê §2òù
ê U�S

ü�23c¡\�ê:��#��§B´S�¥,��Åê�þ�1j��

�"=é,��êmk±eÚ½µ

1. ÀJ·���tmj§éz�ÄòmL«¤:

m =

tmj
∑

k=0

amkb
k
j , j = 1, · · · , s
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2. òê U�Sü�23c¡\�ê:��#��

xij =

tmj
∑

k=0

amkb
k−tmj−1
j , j = 1, · · · , s

3. �m = m + 1§,�E1§2üÚ

Þ � ~ f § ' Xs = 3§ =�ê´3§�m = 15§ À J2§3Ú5�

�Ä"·�k15 = 11112§15 = 1203Ú15 = 305§u´Bk1���

Åê� þx = (0.11112 , 0.0213, 0.035)§ =(0.937500, 0.259259, 0.120000)"

òm\1§XdÌ�§B����S�"

2.2.2 Sobol’S�

Sobol’S�´Äu�|��/��ê(direction numbers)0�êvi�

E�"�mi´�u2i��Ûê§K

vi =
mi

2i

êvi(Ó�mi)�)¤/ÏuXê��0½1�{üõ�ª(primitive polyno-

mial)"õ�ªL«¤

f(z) = zp + c1z
p−1 + · · · + cp−1z + cp (2.3)

éi > p§·�k48úª

vi = c1vi−1 ⊕ c2vi−2 ⊕ · · · ⊕ cpvi−p ⊕ bvi−p/2
pc (2.4)

ùp⊕L«�?�U É½(exclusive-or)"éumi§é��48úª´

mi = 2c1mi−1 ⊕ 22c2mi−2 ⊕ · · · ⊕ 2pcpmi−p ⊕ mi−p (2.5)

Þ�~f§�{üõ�ª

x4 + x + 1

éA�48úª´

mi = 8mi−3 ⊕ 16mi−4 ⊕ mi−4
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XJ·��m�Ð��m1 = 1§m2 = 1§m3 = 3Úm4 = 13§Kk

m5 = 8 ⊕ 16 ⊕ 1

= 010002 ⊕ 100002 ⊕ 000012

= 110012

= 25

K�±��Sobol’S��1i�ê

xi = b1v1 ⊕ b2v2 ⊕ b3v3 ⊕ · · · ,

ùp· · · b3b2b1´i��?�L«/ª"

AntonovÚSaleev[24]JÑ
,�«�)Sobol’S��{ü�{"d�{

^e¡�48úª

xi = g1v1 ⊕ g2v2 ⊕ g3v3 ⊕ · · · , (2.6)

Ù¥· · · g3g2g1´±i�Cþ��Xè(Gray code)��?�L«"�XèG(i)´

±�K�êi�Cþ�¼ê§¦�G(i) ÚG(i + 1)��?�L«�k��ê

 ØÓ§=3G(i)��m��" þØÓ"AntonbovÚSaleev¦^��?

�L«��Xè´|^eª�)�"

· · · g3g2g1 = · · · b3b2b1 ⊕ b4b3b2.

(ù´�~^��Xè§U�)�X�¼ê�0, 1, 3, 2, 6, 7, 5, 4, · · · )u´�

)Sobol’S��(2.6)ª�±^e�ªf�O"

xi = xi−1 ⊕ vr

ùpr�ÀJ´¦br´i − 1��?�L«��m" "

BratleyÚFox3©[25]¥?Ø
å©m1,m2, · · ·:���(dÙ~f¥¤

��{üõ�ªéA�m�å©�÷v@
IO)"

ã2.1´��ü��Sobol’S�§ã2.2´Sobol’S����ÅêS��

'�"¼êran2´Ö[26]¥����Åêu)ì"Ö[26]¥�Sobol’S�

�C�ó�è²L?U§�3N¹¥"
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points 1 to 128
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points 513 to 1024
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ã 2.1: ü�Sobol’�Åê§#�)��U�:©Ù3kc�)�:��Y

¥"
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pseudo random (ran2) points 1 to 1024
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Sobol' points 1 to 1024

ã 2.2: [�ÅêS�'��ÅêS�k�Ð�þ!5"
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2.2.3 Niderreiter�(t, m, s)��Ú(t, s)S�

ù�!·�0�(t,m, s)��Ú(t, s)S�"ù«S�´�~5K©Ù�

S�"

�
½ÂdS�§·�P�ês ≥ 1§�êb ≥ 2§¿¡Īs�f«mE

E =
s

∏

i=1

[aib
−di , (ai + 1)b−di)

�±b�Ä�Ä�«m(elementary interval)§Ù¥é?¿1 ≤ i ≤ skai, di ∈
Z�÷vdi ≥ 0, 0 ≤ ai < bdi"

½Â 2.2.1 ((t,m, s)��) �t´÷v0 ≤ t ≤ m��ê"é?¿±b�Ä

�V��ÿÝ�λs(E) = bt−m�Ä�«mE§XJĪs¥��¹bm�:�:

8P÷vA(E,P ) = bt
§K¡P�(t,m, s)��"

½Â 2.2.2 ((t, s)S�) �t´÷vt ≥ 0��ê"Īsþ�x0,x1, · · ·´��Ã

¡S�"XJé¤k�k ≥ 0Úm > t§÷vkbm ≤ n < (k + 1)bm�:xn|

¤�:8Ñ´±b�Ä�(t,m, s)��§K¡S�x0,x1, · · ·´(t, s)S�"

2.3 lþ!�Åê��þ!�Åê�=��{

lþ!�ÅêÏL=�U�)Ñl�½VÇ©Ù¼ê��þ!©Ù�

Åê"d!0���{´Ê·�§Ï��±^5�)ý�õê©Ù��Å

ê"

2.3.1 \È©Ù¼ê(CDF)¦_�{

XJx´këY�VÇ\È©Ù¼ê(CDF)Px��ÅIþ§Kdeª�

)��ÅCþkU(0, 1)©Ù"

ξ = Px(x) =

x
∫

a

p(t)dt (2.7)

ù�~£�±4·�3þ!©Ù�ÅCþξÚ�ÅCþx�mïá��{ü

'X§@Ò´µ

x = P−1
x (ξ).
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·�¡ù���
��=��ª�CDF¦_Eâ"Ï�©Ù¼ê¦_N´

O�§¤±d�{´éÐ��)�ÅCþ��{",§Ï�O�,
©

Ù¼ê�_¼ê¿ØN´§CDF¦_�{Ø�ý��@�¦^2�"

2.3.2 áý�{(rejection method)

-p(x)´½Â3Isþ�VÇ�Ý¼ê"IO�áýæ��{Xe£ãµ

1. ÀJγ¦�γ ≥ supx∈Is p(x).

2. Ee�Ú½��N�:��Éµ

(a) lU([0, 1]s+1)æ��Å�þ(xt, yt)§

(b) XJkyt < γ−1p(xt)K�É:xt¶

ÄK§áýù
:"

�Ù§�)�þ!�Åê�{aq§áýæ��{��6u¤¦^�þ!

�Åê�þ!5"





1nÙ B�^1wáýæ��{9Ù3

�Ä�¥�A^

áýæ��{´�AkÛ�{¥�61�æ��{��"áýæ��

{Ù¢�A�¼ê(characteristic functions)��AkÛÈ©k���'X"

duA�¼ê�ØëY5§�AkÛÈ©Ak�Ø�°Ý¬�Ø�§á

ýæ���J�ÒÉ�K�"·�3©[27]¥JÑ
B�^1wáýæ��

{§ÏL^B�^�1Eâ3ØUCÈ©��cJe�1A�¼ê"·�

òB�^1wáýæ��{^u�5Ä��{¥§ê�~fw«[�Ak

ÛÈ©�°Ý#��
O(N−1)��§éu�AkÛÈ©§æ^B�^

1w�Ä�§Ù°Ý�'IOÈ©�°ÝO(N− 1
2 )Ð"ddy²§B�^

1wáýÄ�'IOáýÄ�k��õ"

3.1 Úó

IOáýæ��{3ÃXûüL§§Ñl�Ý©Ù¼ê�æ��[�

AkÛ¢SA^¥k�~��/ "�´§¿ØXnØ(J¤Ï"�@

ok�"

áýæ��{�±)º¤éA�¼ê�È©"£�11Ù¤0��[�

AkÛÈ©§ÙÈ©Ø��^Koksma-HlawkaØ�ª£ã§Ø�°Ý��

���O(N−1)"�´Ø�¼ê½Â�´>²1u�I¶���/§ÄKA

�¼ê�C©´Ã¡�"ù�È©Ø��þ.ÒØU^Koksma-HlawkaØ

�ª5�O§O(N−1)�nØØ��ÒÃ{��"

·�^B�^�1Eâ�1A�¼ê§#¼�
O(N−1)Ø��"3

13.2.3!·�0�B�^1wáýÄ��{§313.3.2!¥òB�^1wá

ýÄ��{^3�5Ä�¥"313.4!¥�Ñ
ê�¢�"
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3.2 áý�{

3.2.1 IOáý�{�±)º¤A�¼ê�È©

·�?Ø312.3.2!¥0��IOáý�{"|^��dúª§�É

:��Ý¼êpaccept(x)�±)º¤Xe��AkÛÈ©µ

p accept(x) =

∫ 1
0 χ(y < γ−1p(x))dy

∫

Is [
∫ 1
0 χ(y < γ−1p(x))dy]dx

=
p(x)/γ

1/γ
= p(x).

Ù¥χ(y < γ−1p(x))´Xe½Â�A�¼êµ

χ(y < γ−1p(x)) =

{

1, if y < γ−1p(x),

0, otherwise.
(3.1)

dd��IOáý�{�É�:¤|¤s�:8P´Ñl�Ý¼êp(x)�Ã

¡S�"

�´S�P�cN����5�XÛº�
`²ù�:§·�Ú?

©[28]¥0���ä��5� �Vg"

½Â 3.2.1 (F �) b�PN = {xi, , i = 1, . . . , N}´Isþ�:8§FN (x)´

d:8�²�©Ù(empirical distribution)§=

FN (x) = (1/N)

N
∑

i=1

χ{xi ≤ x}

KéA\È©Ù¼ê(cumulative distribution function)F (x)�F �½Â

�µ

DF (PN ) = sup
x∈Is

|FN (x) − F (x)|. (3.2)

F �´\È©Ù¼êF (x)é:8PN ��yÐ��ïþ"X©z[29]¤

ã§F �¢Sþ´A�¼ê�[�AkÛÈ©�Ø�§duA�¼ê�Ø

ëY5§nØØ�����kO(N−1/(s+1))"©[29] [30]�Ñ
^ëY�Ø

��¼ê�OØëYA�¼ê�1wáý�{§·�313.2.3!JÑ
^

��¼ê�OA�¼ê�B�^1wáýÄ��{"
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3.2.2 A�¼ê��1

©z[31]0�
^u�1¼ê�B�^�1Eâ"¯¤±�§é?Û�

È¼êf(x), x ∈ R§·�¡

fh(x) =
1

h

∫ x+ h
2

x−h
2

f(t)dt (3.3)

�²þ¼ê(average function)"PD−1f(x) =
∫ x
a f(t)dt§·�k

fh(x) = h−1δhD−1f(x)

Ù¥δhF (x) = F (x + h
2 ) − F (x − h

2 )"ò�1�fh−1δhD−1 (h´�1°

Ý)A^u�
{ü�Ä�ØëY¼ê§'Xf(x) = x+§Kk

fh(x) = 1
2h [(x + h

2 )2+ − (x − h
2 )2+]

=











0, if x ≤ −h
2 ,

(x + h
2 )2/2h, if − h

2 < x ≤ h
2 ,

x, if x > h
2 .

w,²þ¼êfh(x)´ëY¼ê"�hv
��§¼êfh(x)´¼êf(x)�

Cq§§���O3u«m[x − h
2 , x + h

2 ]þ�¼ê�ØÓ"

½n 3.2.1 XJ¼êfh(x)´Xª(3.3)¤½Â�¼êf(x)�²þ¼ê§Kk

fh(x) ≈ f(x).

9limh→0 fh(x) = f(x)"

·�¡þã�1wEâ�B�^1wEâ"

3.2.3 B�^1wáýÄ��{

·�Ó��±òB�^�1Eâ^uª(3.1)¤½Â�A�¼êχ(y <

γ−1p(x))"kòA�¼êU�¤µ

W0(x, y) = (γ−1p(x) − y)0+, 0 ≤ y ≤ 1.

,�ò�1�f(2h)−1δ2hD−1A^uW0(x, y)§ùp�1°Ý´2h§�
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�§

Wδ(x, y) = (2h)−1δ2hD−1W0(x, y)

= (2h)−1[(γ−1p(x) − y + h)+ − ((γ−1p(x) − y − h)+]

Pf1(y) = (γ−1p(x) − y + h)+9f2(y) = (γ−1p(x) − y − h)+§2ò�1�

fh−1δhD−1©OA^uf1(y)Úf2(y)§·�������¼ê"

Wδδ(x, y) = (2h)−1[h−1δhD−1f1(y) − h−1δhD−1f2(y)]

=















































































1 , 0 ≤ y < γ−1p(x) − 3h
2

[(γ−1p(x)−y+h)− (γ−1p(x)−y−h
2 )2

2h
]

2h , γ−1p(x) − 3h
2 ≤ y < γ−1p(x) − h

2 ,

(γ−1p(x)−y+h)
2h , γ−1p(x) − h

2 ≤ y < γ−1p(x) + h
2 ,

(γ−1p(x)−y+ 3h
2

)2

4h2 , γ−1p(x) + h
2 ≤ y < γ−1p(x) + 3h

2 ,

0 , γ−1p(x) + 3h
2 ≤ y ≤ 1.

(3.4)

¼êWδδ(x, y)Ò´·�^5�OA�¼êχ(y < γ−1p(x))�§¡Ù��

¼ê"u´U?�B�^1wáýÄ��{�±£ãXeµ

1. ÀJ÷vγ ≥ supx∈Is p(x)�γ"

2. EeãÚ½���wt�Ú���N :

(a) lU([0, 1]s+1)æ���(xt, yt)¶

(b) ò:xt����wt = Wδδ(xt, yt)§=:xt��É�VÇ´wt"

½n 3.2.2 Wδδ(x, y)´dª(3.4)½Â��¼ê§χ(y < γ−1p(x))´d

ª(3.1)½Â�A�¼ê"·�k

∫ 1

0
Wδδ(x, y)dy =

∫ 1

0
χ(y < γ−1p(x))dy

=B�^1wáýÄ��{¤)¤�S�ÑlVÇ©Ùp(x)"
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y²: -t = γ−1p(x) − 3h
2 §K

∫ 1
0 Wδδ(x, y)dy =

∫ t
0 1dy +

∫ t+h
t

[(t−y+ 5h
2

)− (t−y+h)2

2h
]

2h dy +
∫ t+2h
t+h

(t−y+ 5h
2

)

2h dy

+
∫ t+3h
t+2h

(t−y+3h)2

4h2 dy

= t + 11h
12 + h

2 + h
12 = t + 3h

2 = γ−1p(x)

¤±k
∫ 1
0 Wδδ(x, y)dy =

∫ 1
0 χ(y < γ−1p(x))dy"

�Ò´`^B�^1wáýÄ��{¤)¤�S�ÑlVÇ©Ùp(x)"

·�ò313.3.2!¥òB�^1wáýÄ��{^u[�AkÛÈ

©��5Ä�"

3.3 �5Ä�

3.3.1 IO�5Ä�

�5Ä�(importance sampling)�N´�AkÛ¥����� 

~(variance reduction)Eâ"òÈ©I(f)U�¤µ

I(f) =

∫

Is

f(x)dx =

∫

Is

f(x)

p(x)
p(x)dx,

ùp¼êp(x)¡�5¼ê(importance function)§�5¼ê�ÀJ�¦

þÎÜ¼êf(x)3�mIsþ�5�"IO��5Ä��O��¤µ

I
(IS)
N =

1

N

N
∑

i=1

f(xi)

p(xi)
, (3.5)

ùpx1, . . . ,xN´Ñl�Ý¼êp(x)�æ�:"áýæ�Ò´^u�)Ñl

©Ùp(x)�æ�:�¢^�{",duA�¼ê�ØëY5§l¦^

[�AkÛ�{U���UõÃ{��"·�òB�^1wáýÄ��{A

^u�5Ä�§#��
O(N−1)�Ø��"
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3.3.2 ^B�^1wáýÄ��{U?�5Ä�

·�òÈ©I(f)U�¤µ

I(f) =
∫

Is f(x)dx = γ
∫

Is
f(x)
p(x)γ

−1p(x)dx

= γ
∫

Is
f(x)
p(x) [

∫ 1
0 χ(y < γ−1p(x)dy]dx

= γ
∫

Is
f(x)
p(x) [

∫ 1
0 Wδδ(x, y)dy]dx

≈ γ
N∗

∑N∗

i=1 Wδδ(xi, yi)
f(xi)
p(xi)

u´U?�[�AkÛ�5Ä��O�±½Â¤µ

I
(BIS)
N =

1

N

N∗
∑

i=1

Wδδ(xi, yi)
f(xi)

p(xi)
, (3.6)

ùpWδδ(x, y)dª(3.4)½Â§N∗�ÀJ¦��É�wi�ÚØ�LN"w

,

N ≈ N∗/γ

U?��AkÛÚ[�AkÛ�5Ä��ê�~f3e�!¥�

Ñ"

3.4 ê�¢�

3ù�!¥§·�'��AkÛÚ[�AkÛ�IO�O§IO�

5�OÚB�^1wáýÄ��O"·�ÀJ
A�²;¼êÁ�ù
�O

±y²B�^1wáýÄ��{�k�5§3d=Þ�~"e¡�O�úª

©O5guª(1.2)§ª(3.5) Úª(3.6)µ

�©�AkÛ(Crude Monte Carlo):

Y
(1)
N = (1/N)

∑N
i=1 f(xi)§xi ∼ U([0, 1]s)¶

IOáý�{(Standard rejection method):

Y
(2)
N = (1/N)

∑N
i=1 f(xi)/p(xi)§xi ∼ p(xi)§é�É�:

B�^1wáýÄ�(B-spline smooth rej.):

Y
(3)
N = (1/N)

∑N∗

i=1 Wδδ(xi, yi)f(xi)/p(xi)"
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éu�½�N§O�ù
�O�m���(z���^�:´ü�S�¥

�U��ã�Åê)§é¤k÷v1 ≤ k ≤ m�k§P�Y
(j)
N (k)"u´È©

�I(f)��ª�O�½Â¤Î(j) = (1/m)
∑m

k=1 Y
(j)
N (k)"·�oU^e�ü

«/ª5£ãê�Ø�§ùÒ´²�IOl�(standard deviation(sd))Ú²

�þ��Ø�(root mean square error(rmse))§©O½ÂXeµ

sd(σ̂(j)) =

√

√

√

√

1

(m − 1)

m
∑

k=1

[Y
(j)
N (k) − Î(j)]2, j = 1, 2, 3. (3.7)

rmse(σ̂(j)) =

√

√

√

√

1

m

m
∑

k=1

[Y
(j)
N (k) − I]2, j = 1, 2, 3. (3.8)

·�^©[32]¥�HaltonS�5�)[�Åê:§©[26]¥�ran2¼ê

5�)��Åê:"-m = 75§�Ò´z��O$175g§^75�ØÓ�

�ÅêfS�"·�xã�éCþ�
éê§ù��Ç(�®3ã¥IÑ)Ò

éAuØ��"

~1. dê�~f´3«mI7 = [0, 1]7þ�¼ê

f1(x) = e1−(sin2(Π
2

x1)+sin2(Π
2

x2)+sin2(Π
2

x3)) arcsin(sin(1) +
x1 + · · · + x7

200
)

��AkÛÚ[�AkÛÈ©"���5¼ê´µ

p1(x) =
1

η
e1−(sin2(Π

2
x1)+sin2(Π

2
x2)+sin2(Π

2
x3)),

ùpη =
∫

I7 e1−(sin2(Π
2

x1)+sin2(Π
2

x2)+sin2(Π
2

x3))dx = e · (
∫ 1
0 e−(sin2(Π

2
x)dx)3§ù

´��È©§Ù��±p°Ý/��"

ê�~f©O3áýÄ�¥^[�ÅêÚ��ÅêO�¤���Ä

��O�sdØ�3ã3.1Úã3.2¥"

O�(Jw«µ

• ^Ó�õ��Åê:§[�AkÛ�{'�AkÛ�{�Ø��(Ã

Ø^Ø^�5Ä�)"

• ÃØ´é[�AkÛ�{�´�AkÛ�{§B�^1wáýÄ��

{Ñ'IOáýÄ��{Ð
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10
2

10
3

10
4

10
5

10
-5

10
-4

10
-3

10
-2

10
-1

 

 
E

rr
o

r(
s
d

)

N

Crude Monte Carlo                 (-0.479)

Standard Rejection Method    (-0.483)

B-spline Smooth Rej. h=0.1    (-0.802)

ã 3.1: ê�~f^��ÅêO�¤���Ä��O�sdØ�"

10
2

10
3

10
4

10
5

1x10
-5

1x10
-4

10
-3

10
-2

 

 

E
rr

o
r(

s
d

)

N

Crude Monte Carlo                 (-0.949)

Standard Rejection Method    (-0.642)

B-spline Smooth Rej. h=0.1    (-0.994)

ã 3.2: ê�~f^[�ÅêO�¤���Ä��O�sdØ�"
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• é�AkÛ�{§^B�^1wáýÄ���Ä��O�Jp
°

Ý§'�©�AkÛ�°ÝO(N− 1
2 )Ð"

3.5 (�

nc¤ã§B�^1wáýÄ��{U?
IOáý�{§l[�A

kÛ�Ä��O#��°ÝO(N−1)����"Ó�·��uyòB�

^1wáýÄ�^3�AkÛ�Ä��O¥§�UJpÈ©°Ý§

X©¥�ê�~f§Ø�°Ý��O(N−0.8)§'�©�AkÛÈ©�°

ÝO(N−0.5)Ð�õ"�,§éu©¥�ê�~f§·���±��^�©

[�AkÛÈ©�{§Ø7¤¦±ò/Ï��^�Ä�^áýÄ�"

�éuXûüL§�§7L^�áýÄ��{§d�^B�^1wáýÄ�

Òw�é�
§�J'IOáýÄ�Ð�õ"





1oÙ °[éóCê�AkÛÈ©�{

9Ù¿1§S¢y

3ù�Ù·��Ñ
^uõÈ©�°[éóCê�AkÛ(fine anti-

thetic variables Monte Carlo§{¡FAMC)�{�Ø��Oª"é�ê´s�

���êëY�¼ê5`§FAMC�{nØØ���´O(N−( 1
2
+ 2

s
))"·

�Ó��?Ø
éóCê�AkÛÈ©(antithetic variable Monte Carlo§{

¡AMC)�{"égêØpu2�õCþ¼ê§AMC�{ÙØ��´O(N− 1
2 )§

�ÙXê'�©�AkÛÈ©(MC)�{�Ø���Xê�"·�^C�ó

¢y
¿1O�§S§ê�¢�(J�nØ(J¬Ü�éÐ"

4.1 Úó

�ÄýéÂñ�p�È©

I =

∫

Is

f(x)dx (4.1)

�ê��O§ùpIs = [0, 1]s´s��á�N"K�©�AkÛ¦Èú

ª(crude Monte Carlo(MC) estimator)

M =
1

N

N
∑

k=1

f(ξk) (4.2)

�±^5�OI��"ùp:ξ1, ξ2, · · · , ξN´IsþÕáþ!©Ù�Åê"

3©[4][6]¥®²y²�©�AkÛ�{�Ø��´O(N− 1
2 )"©[33]�Ñ


,��È©�Oª§¡�éóCê�AkÛ(antithetic variables Monte

Carlo(AMC)) "

A =
1

2N

N
∑

k=1

[f(ξk) + f(2c − ξk)] (4.3)
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ùp:c = (1
2 , · · · , 1

2)T´Is�¥%:"éóCê�{´dHammersley�

<3©[34]¥ÄkJÑ"·�ò�mIs^þ!��©¤N = ns�f�á�

NDk§Pck�Dk�¥%:"½Â:dk��f�m¥l�:O = (0, · · · , 0)T�

C�:§-ηk = dk + ξk/N
1/s§K°[éóCê�AkÛ�O(fine anti-

thetic variables Monte Carlo(FAMC) estimator)½ÂXeµ

F =
1

2N

N
∑

k=1

[f(ηk) + f(2ck − ηk)] (4.4)

S.Haber3[35]JÑ
Ó���{¿�Ñ½ny²���êëY�¼ê�Ø

��´O(N−( 1
2
+ 2

s
))§·�314.2!¥�Ñ
½n9·��y²"íØ�

ÑAMC�{�Ø��O(N− 1
2 )c�Xê'MC�{Ó��Ø��c�Xê

�"Ï�éóCê�{�¦O��¼ê��ê��êsk'§¤±DÚ�G

1§Sé�p�ê�¯KO��~s�"·�314.3!�Ñ
C�ó¢y

�¿1§S"14.4!�Ñ�ê�(JéÐ/¬Ü
nØ(J"

4.2 °[éóCê�AkÛÈ©�{�nØ(J

é:x = (x1, · · · , xs)
T ∈ RsP�‖x‖ = (

s
∑

i=1

(xi)
2)

1
2 §b�D´Rs¥�

à�§δ > 0§K¼êf : D → R�ëY�(modulus of continuity)ω(f, δ)Ú

��ëY�(second order modulus of continuity)Ω(f, δ)©O½ÂXeµ

ω(f, δ) = sup
‖t‖<δ

x,x+t∈D

|f(x + t) − f(x)| (4.5)

Ω(f, δ) = sup
‖t‖<δ

x±t∈D

|f(x + t) − 2f(x) + f(x− t)| (4.6)

é¼êf : D → Rs§ëY�K½Â�µ

ω(f, δ) = (

s
∑

i=1

ω(fi, δ)
2)

1
2 (4.7)

·�òFAMC�O{P�F§AMC�O{P�A§I´Úó¥½Â�°(È

©§e¡�ÑnØ(J"

Ún 4.2.1 PC1(D)�à�Dþ���êëY�¼êa§b�¼êf ∈
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C1(D)§K��ëY�Ω(f, δ)ÚëY�ω(f, δ) üö�mkXeØ�ª"

Ω(f, δ) ≤ 2δω(f ′, δ) (4.8)

ùpδ > 0"

y². é¤k�x± t ∈ D§�3θi ∈ (0, 1), i = 1, 2§¦�

f(x + t) − f(x) =

s
∑

i=1

∂f(x + θ1t)

∂xi
ti,

f(x− t) − f(x) = −
s

∑

i=1

∂f(x− θ2t)

∂xi
ti.

⇒ f(x + t) − 2f(x) + f(x− t) =

s
∑

i=1

(
∂f(x + θ1t)

∂xi
− ∂f(x− θ2t)

∂xi
)ti.

é¤k�‖t‖ < δ§$^�ÜØ�ª§B�

Ω(f, δ)2 ≤
s

∑

i=1

(

|∂f(x + θ1t)

∂xi
− ∂f(x)

∂xi
| + |∂f(x)

∂xi
− ∂f(x − θ2t)

∂xi
|
)2

s
∑

i=1

(ti)
2

≤
s

∑

i=1

[2ω(
∂f

∂xi
, δ)]2 · δ2

¤±Ω(f, δ) ≤ 2δω(f ′, δ)¤á"

½n 4.2.2 PC(Is)�Is = [0, 1]sþëY¼êa§¼êf ∈ C(Is)§KFAMC�

OF����±^��ëY�Ω(f, δ)5�O

E(F − I)2 <
1

4N
Ω(f,

1

2N1/s
)2 (4.9)

ùpN´¤¦^��Åê:ê"

y². P

Fk =
1

2N
[f(ηk) + f(2ck − ηk)],

Ik =

∫

Dk

f(x)dx.
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òηk = dk + ξk/N
1/sU�¤ξk = N1/s(ηk − dk)§�\eª��

EFk =
1

2N

∫

Is

[f(ηk) + f(2ck − ηk)]dξk

=
1

2

∫

Dk

[f(ηk) + f(2ck − ηk)]dηk

= Ik.

òFkÚIk�\E(Fk − Ik)
2§,�\��2f(ck)~��2f(ck)§B��Fk��

���"

E(Fk − Ik)
2 = N

∫

Dk

(Fk − Ik)
2dηk

= N

∫

Dk

{[ 1

2N
(f(ηk) − 2f(ck) + f(2ck − ηk))

]

−
[1

2

∫

Dk

(f(x) − 2f(ck) + f(2ck − x))dx
]}2

dηk

ò²��Ðm§¿�n��ªf§�

E(Fk − Ik)
2 =

1

4N

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

−1

4

{

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]dx
}2

<
1

4N

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

Ï�ck´Dk�¥%:§¤±éx ∈ Dkk‖x − ck‖ <
1

2N1/s
"�âΩ(f, δ)�

½Â§qkf(x) − 2f(ck) + f(2ck − x) ≤ Ω(f, 1
2N1/s )"¤±

E(Fk − Ik)
2 ≤ 1

4N

∫

Dk

Ω(f,
1

2N1/s
)2dx

=
1

4N2
Ω(f,

1

2N1/s
)2
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Ï��Åê:´�pÕá�§¤±�i 6= k�Cov(Fi − Ii)(Fk − Ik) = 0"ò

¤k�E(Fk − Ik)
2�\§��

E(F − I)2 =

N
∑

k=1

E(Fk − Ik)
2 <

1

4N
Ω(f,

1

2N1/s
)2

½ny²�."

òÚn4.2.1A^u½n4.2.2§��

íØ 4.2.3 PC1(Is)�Is = [0, 1]sþ���êëY�¼êa§XJf ∈
C1(Is)§KF����±^ëY�ω(f, δ)5�Oµ

E(F − I)2 <
1

4N1+2/s
ω(f ′,

1

2N1/s
)2 (4.10)

ùpN´¤^��Åê:ê"

^aq�í��{§é¼êaf ∈ C2(Is)§·��±�OE(F − I)2��

�O( 1

N1+ 4
s
)§e¡´°(�(J"

½n 4.2.4 PC2(Is)�Is = [0, 1]sþ���êëY�¼êa§b�f ∈
C2(Is)§KF���kXe°(�Oªµ

E(F − I)2 =
1

288

∫

Is

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

(∂2f(x)

∂xi∂xj

)2
dx · 1

N1+ 4
s

+ o(
1

N1+ 4
s

),

(4.11)

Ù¥δij =

{

0, i 6= j

1, i = j
´KronecleerÎÒ§N´¤^��Åê:ê"

y². l½n4.2.2�y²·���

E(Fk − Ik)
2 =

1

4N

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

−1

4

{

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]dx
}2

.

(4.12)



32 °[éóCê�AkÛÈ©�{9Ù¿1§S¢y

y3O�

f(x) − 2f(ck) + f(2ck − x)

= (x− ck)
Tf ′′(ck)(x − ck) + o(

1

N
2
s

)

=

s
∑

i=1

s
∑

j=1

∂2f(ck)

∂xi∂xj
(xi − cki)(xj − ckj) + o(

1

N
2
s

)

Ï�ck´Dk�¥%:§¤±

∫

Dk

(xi − cki)(xj − ckj)dx = 0§u´

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]dx

=

s
∑

i=1

∂2f(ck)

(∂xi)2

∫

Dk

(xi − cki)
2dx + o(

1

N1+ 2
s

)

=
1

12N1+ 2
s

s
∑

i=1

∂2f(ck)

(∂xi)2
+ o(

1

N1+ 2
s

)

(4.13)

Ó�[f(x) − 2f(ck) + f(2ck − x)]23Dkþ�È©´

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

=

∫

Dk

s
∑

i=1

s
∑

j=1

∂2f(ck)

∂xi∂xj
(xi − cki)(xj − ckj)

s
∑

m=1

s
∑

n=1

∂2f(ck)

∂xm∂xn
(xm − ckm)(xn − ckn)dx

+o(
1

N1+ 4
s

)

�k@
÷v











m 6= i

j = i

n = m

½











j 6= i

m = i

n = j

½











j 6= i

n = i

m = j

½n = m = j = i���

""

¤±
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∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

=
s

∑

i=1

∑

m6=i

∂2f(ck)

(∂xi)2
∂2f(ck)

(∂xm)2

∫

Dk

(xi − cki)
2(xm − ckm)2dx

+2

s
∑

i=1

∑

j 6=i

(∂2f(ck)

∂xi∂xj

)2
∫

Dk

(xi − cki)
2(xj − ckj)

2dx

+
s

∑

i=1

(∂2f(ck)

(∂xi)2

)2
∫

Dk

(xi − cki)
4dx + o(

1

N1+ 4
s

)

=
1

144N1+ 4
s

s
∑

i=1

∑

m6=i

∂2f(ck)

(∂xi)2
∂2f(ck)

(∂xm)2
+

2

144N1+ 4
s

s
∑

i=1

∑

j 6=i

(∂2f(ck)

∂xi∂xj

)2

+
1

80N1+ 4
s

s
∑

i=1

(∂2f(ck)

(∂xi)2

)2
+ o(

1

N1+ 4
s

)

3i�¦Úúªe\��~��
(∂2f(ck)

(∂xi)2

)2
§��

∫

Dk

[f(x) − 2f(ck) + f(2ck − x)]2dx

=
1

144N1+ 4
s

s
∑

i=1

s
∑

m=1

∂2f(ck)

(∂xi)2
∂2f(ck)

(∂xm)2
+

2

144N1+ 4
s

s
∑

i=1

s
∑

j=1

(∂2f(ck)

∂xi∂xj

)2

+(
1

80
− 3

144
)

1

N1+ 4
s

s
∑

i=1

(∂2f(ck)

(∂xi)2

)2
+ o(

1

N1+ 4
s

)

=
1

144N1+ 4
s

(

s
∑

i=1

∂2f(ck)

(∂xi)2

)2
+

1

72N1+ 4
s

s
∑

i=1

s
∑

j=1

(∂2f(ck)

∂xi∂xj

)2

− 1

120N1+ 4
s

s
∑

i=1

(∂2f(ck)

(∂xi)2

)2
+ o(

1

N1+ 4
s

)

(4.14)
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y3rª(4.14) Úª(4.13)�\ª(4.12)§k

E(Fk − Ik)
2 =

1

288N2+ 4
s

s
∑

i=1

s
∑

j=1

(∂2f(ck)

∂xi∂xj

)2

− 1

480N2+ 4
s

s
∑

i=1

(∂2f(ck)

(∂xi)2

)2
+ o(

1

N2+ 4
s

)

¤±

E(F − I)2 =

N
∑

k=1

E(Fk − Ik)
2

=
1

288N2+ 4
s

N
∑

k=1

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

(∂2f(ck)

∂xi∂xj

)2
+ o(

1

N1+ 4
s

)

=
1

288N1+ 4
s

lim
N→+∞

1

N

N
∑

k=1

[

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

(∂2f(ck)

∂xi∂xj

)2]

+ o(
1

N1+ 4
s

)

Ï�¼êf����êëY§¤±

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

(∂2f(x)

∂xi∂xj

)2
�´ëY¼

ê"u´òéeIk�¦ÚU¤È©§��

E(F − I)2 =
1

288N1+ 4
s

∫

Is

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

(∂2f(x)

∂xi∂xj

)2
dx + o(

1

N1+ 4
s

)

y²�."

��ò½n4.2.4�·�?U§Ò�±��

íØ 4.2.5 Pu2(I
s)�Is = [0, 1]sþgêØpu2�õCþ¼êa§b�f ∈

u2(I
s)§KAMC�O���kXe°(�Oªµ

E(A − I)2 =
1

288N

s
∑

i=1

s
∑

j=1

(1 − 3

5
δij)

( ∂2f(c)

∂xi∂xj

)2
(4.15)

ùpc = (1
2 , · · · , 1

2 )T§N´¤^��Åê:ê"

l½n4.2.4��FAMC�{�þ��Ø��´O(N−( 1
2
+ 2

s
))"ù�Ø�°
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Ý'MC�{�p"íØ4.2.5 w�·�AMC�{�Ø��O(N− 1
2 )�Xê

'MC�{�Ø���Xê�"cÙé�5¼ê§AMC�{�Ø��""

·�314.4!¥�Ñê�¢�"

4.3 éóCê�AkÛÈ©�{�¿1§S

·�?�
MPI¿1§S§¿3¥I�Æ��Æ�ó§O�I[:

¢�¿�/�5��ÆO�ïÄ0�ÅÅ+XÚ(ÌÅ¶�lssc.cc.ac.cn)þ

$1�ê�¢�"

G1§SN��Åê�¼ê�3���ÅþO�§¿1§S´©

3noprocs�?nìþO�"�
�y�Åê�Õá5§·��^���Å

êu)ì�)�^S�§¤±3�?nì�m�D4�Åê«f"MPI§

S�Ð©z^e��é

MPI Init(&argc,&argv);

MPI Comm rank(MPI COMM WORLD,&nid);

MPI Comm size(MPI COMM WORLD,&noprocs);

Ù¥nid´D�z�?nì�SÒ§�0�noprocs−1��"·�4z�?n

ì�g�)�1�sub seq len��Åê,¬kØn��ê§P�remainder"

procs step=sub seq len∗noprocs;

remainder=N%sub seq len;

size=N−remainder;

�)�Åê�,�r�Åêu)ì�«f(seeds[NTAB + 3])D�e�

�?nì§25O�ùsub seq len��Åê�¼ê�§u´3ù�?

n ì(nid)O � ¼ê� � Ó�§ e � � ? n ì(nid after)� ±  E Ó �

�ö�§=�)�Åê§D4�Åê«f§O�¼ê�"ù�Ø
�

)sub seq len��Åê9D4�Åê«f��m	§Ù¦�m�?nì

Ñ3¿1O�¼ê�"z�?nì3�)�Åê�c���l=�?n

ì(nid before)@p�Â«f"

Ï�éAMCÚFAMC�{§I�r�)��ÅêN��z��«m

þ§¤±�Åê�SÒ(0− (N − 1))´é��§·�^nid5��ù�S

Ò§e¡�È©�ON^(MC())¥k + m��Åê�SÒ"

for(k=nid∗sub seq len;k<N;k+=procs step) {...

if (k+sub seq len<=size)

{ for(m=0;m<sub seq len;m++)
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MC(k+m,n,random[m],interval,sum);

}

else

{ for(m=0;m<remainder;m++)

MC(k+m,n,random[m],interval,sum);

}

... }

�±wÑ§10Ò?nì�k´l0m©�§¤±N��Åê¥�10�

�Åê7L310Ò?nìþO�"�zgN��ÅêO��.§m©

#�ÓN��Åê�O��Ñ7L30Ò?nìþ?1"¤±·�7LP

e?n�����Åê(SÒ�N − 1)�?nìSÒ(last nid)§�§�)

�sub seq len��Åê½remainder��Åê�ò�Åê«fD�10Ò?

nì"0Ò?nì3�Â�Åê«f����ä´lnoprocs− 1Ò?nì

�´l?n1N − 1��Åê�?nì�Â, ^last nidP0Ò?nì��Å

ê«f��Â"

for(i=0;i<runs;i++) {for(j=1;j<=step;j++) {

N=points step[j];

...

last nid=noprocs−1;

for(k=nid∗sub seq len;k<N;k+=procs step)

{/∗receive the random seeds∗/

if (nid) /∗nid before=(nid+noprocs−1)%noprocs;∗/

nid before=nid−1;

else

nid before=last nid;

MPI Irecv(seeds,NTAB+3,MPI LONG,nid before,10,MPI COMM WORLD,&

req recv seeds);

MPI Wait(&req recv seeds,&status);

...

nid after=(nid+1)%noprocs;

/∗in general the (noprocs−1)’th process send the seeds to process 0∗/

last nid=noprocs−1;

/∗the process who deal with the N’th random number will send the seeds to process 0

then process 0 start the first random number of new successive N random points

∗/

if ((k+sub seq len==N)||k+remainder==N)

{ nid after=0;

last nid=nid;

/∗boadcast so that process 0 know the change of last nid∗/

MPI Bcast(&last nid,1,MPI INT,nid,MPI COMM WORLD);

}

MPI Isend(seeds,NTAB+3,MPI LONG,nid after,10,MPI COMM WORLD,&
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req send seeds);

...

}

...

}/∗end of j : step∗/ ... } /∗end of i :runs∗/

3�?nìþ��N��Åê�¼ê��^

MPI Reduce(sum,G sum,4,MPI DOUBLE,MPI SUM,0,MPI COMM WORLD);

�éòÜ©¼ê�Ú2¦Ú"

¿1§S±

MPI Finalize();

�é(å"���§S�3N¹¥"

4.4 ê�¢�

·�^FAMC�{ÚAMC�{O�
éõ²;¼ê§¿�MC�{�

(J?1'�"PY
(1)
N = M§Y

(2)
N = A§Y

(3)
N = F"-m = 75§=z

«�O$175g§O�ª(3.7)¤½Â�sdØ�Úª(3.8)¤½Â�þ��Ø

�rmse"^���Åê´©[26]¥�ran2u)ì�)�"ê�~fþ5g

©[36][37]"

~1.

I1 =

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

4x1x
2
3 exp (2x1x3)

(1 + x2 + x4)2
dx1dx2dx3dx4 (4.16)

~2.

I2 =

∫ 1

0
· · ·

∫ 1

0

s
∏

i=1

1 + 3(xi)
2

2
dx1 · · · dxs, s = 10 (4.17)

~3.

I3 =

∫ 1

0
· · ·

∫ 1

0
exp

s
∑

i=1

xi

i
dx1 · · · dxs, s = 15 (4.18)

È©°(�©O´I1 = 0.5753§I2 = 1.0§I3 = 5.610253495"·�

PØ� � /ª�O(Nα)§ l n Ø ( J � �α(MC) = α(AMC) = −1
2±

9α(FAMC) = −(1
2 + 2

s )"FAMC�{�rmseØ��3L4.1–4.3¥"L�1

�1´N���§=3�OÈ©��^
N = ns��Åê:"α(FAMC)�

nØ�ÚéA�ê�O�rmseØ���Ç�(¦^�êâ�Léê)�3
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L 4.1: ê�~f1�rmseØ�§�ês = 4

16 81 256 625 1296 2401 4096

MC 0.26816 0.12726 0.07522 0.04744 0.03278 0.02726 0.01828
AMC 0.19763 0.08531 0.04605 0.03064 0.02021 0.01497 0.01050
FAMC 0.09145 0.01912 0.00774 0.00302 0.00140 0.00082 0.00043

L 4.2: ê�~f2�rmseØ�§�ês = 10

1024 59049 1048576 9765625 60466176 282475249

MC 0.070045 0.010355 0.002235 0.000735 0.000299 0.000127
AMC 0.042890 0.006604 0.001491 0.000522 0.000186 0.000085
FAMC 0.017122 0.001541 0.000209 0.000041 0.000013 0.000004

L4.4¥"éuAMC�{ÚMC�{§Ø�sdx3ã4.1–4.6¥"ã¥êâ

´�Léê���§ù��ÇBéAα�§�åéAØ���Xê"

·��O�(Jw«µ

• lL4.1–4.3�FAMC�{�Ø����uAMC�{ÚMC�{�Ø

�¶

• L4.4¥�5[Ü��Ç�nØα(FAMC)¬Ü�éÐ"'X§��

ês = 10§α(FAMC) = −0.7§�Ç´−0.67¶

• ã4.1–4.6w«AMC�{�MC�{�'�§ÙØ��O(N− 1
2 )(éA�

Ç)�Ó§�cö�Xê(éA�å)'�ö�Xê�"

L 4.3: ê�~f3�rmseØ�§�ês = 15

32768 14348907 1073741824

MC 0.0093009 0.0004967 0.0000651
AMC 0.0023853 0.0001140 0.0000118
FAMC 0.0006000 0.0000134 0.0000008
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L 4.4: nØα(FAMC)��FAMCê��O�rmseØ�(�5[Ü��Ç)�'�

s α(FAMC) slope

Example 1 4 -1.00 -0.96
Example 2 10 -0.70 -0.67
Example 3 15 -0.63 -0.64

4.5 (�

ÃØ´lnØ(J�´ê�¢�§·�ÑU�Ñ(Øµé���êë

Y�¼êa§FAMC�O�Ø��´O(N−( 1
2
+ 2

s
))§`uAMC�OÚMC�

O�Ø��"ê�¢�Ó�<y
/AMC�O�MC�Ok�Ó�Ø�

�O(N− 1
2 )§�cö��Xê'�ö��Xê�0�nØ(J"



1ÊÙ g·A[�AkÛ�Û`z�{

3Ø��`zA^¥[�AkÛ|¢´�~k^�"·�JÑ
g·

A[�AkÛ�Û`z((AQMC))�{"Äk§3©[38]¥JÑ§3ÛÜ|

¢¥§g·AEâ�â|¢¥m(J5N�ÛÜ|¢�|¢��Ú|¢

�»±9|¢¤O��¼ê��ê§l¦ÛÜ|¢�±¯�é�ÛÜ4

�",�§·�3©[39]¥uÐ
g·AEâ§=Ú?¢D�{¥'u«+

?z�Vg§�â«+�üzÝ(evolution degree)g·A/O\#�N"é

uäk$ ��[�ÅS�§#�)�:©Ù3�c�)�:��Y¥§

ù�ÒU�y¼ê�½Â��mU�þ!/|¢lé��Û4�"o

ó�§AQMC�{Ø=�±\¯ÛÜ|¢§��±g·A²ï�Û�ÛÜ

|¢�I¦"

5.1 Úó

11Ù¥¤J�{ü`z�{�,Âñ§,§Âñ�Ý��5`

´�~ú�"�
\¯|¢�Ý§NiederreiterÚPeart3[40]©JÑ
�«

��/Û�z|¢0�Eâ§·�òÙ{¡�LQMC�{"��Ú�m

�[41]31990cJÑ�S0êØ`z�{�d�{�g���"·�¡��

�{�SNTO�{"

LQMC�{ÚSNTO�{�k�5é�§Ýþ�ûu^�dN < ε´

Ä÷v§ùpε´ÛÜ|¢�|¢�»§��u1
2��ê"©[42]�ÑÑ

ÝdN ≥ 1
2N−1/s´Is = [0, 1]sþN�:�ÑÝ(dispersion)U�����."

ÏdN����ε−sêþ?§ù
�{âUÂñ",	§XJ¼êkéõÛ

Ü4��§cÙ�ÛÜ4��é�CM§@o/Û�z|¢0Ò�U�\

ÛÜ4�Ã{aÑ§�Ò´éØ��Û4��"

3ù�Ù·�JÑ
g·A[�AkÛ�Û`z(AQMC)�{§3Û

Ü|¢Ú«+üzL§¥Ñ¦^
g·AEâ"AQMC�{Ø=��/\
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¯
ÛÜ|¢�Ý§�²ï
�Û�ÛÜ|¢�I¦(g·Aþï)"�{£

ã315.3!§ê�¢�315.4!"

5.2 lLQMC�LAQMC

b�f´½Â3�Ý/«�E = [a,b],a,b ∈ Rsþ"Niederreiter�ÛÜ

|¢(LQMC)�{�£ãXeµ

• Ú½1(Ð©z): �)N�[�Åê§^ªf(xm) = max
1≤n≤N

f(xn)é��

��:xm¶

• Ú½2(N�): òùN�:N��±xm�¥%§εi��»�s��á�

NS

gC(x) = xm + εi(2x − (a + b))

• Ú½3: Ïé#����:xm¦Ù÷v

f(xm) = max(f(xm), max f
1≤n≤N

(gC(xn)))

• Ú½4: EÚ½2ÚÚ½3��|¢�»�C""

ùpN�êþ?´O(ε−s)§|¢�»εiz�gN�Åg4~§��

-εi = εi, 0 < ε < 1/2(�ã5.3)"·�¡z��N�Ú���(generation)"

�
\¯|¢�Ý§·�U?
ÛÜ|¢�{¦�·�^��õ�

�Åê:ÒUé�ÛÜ4�"·�¡U?��ÛÜ|¢�{�LAQMC�

{"LAQMC�{k��UaÑÛÜ4�é��Û4�"

LAQMC�LQMC�{3n��¡ké�ØÓ"3PÒþ·�^e

IiL«1i�"|¢��Ú|¢�»εikò�â®k�|¢(JN�§,

	§zgÛÜ|¢¥¤^��Åê:Ni�|¢�»εik¤�'"

éÀ¥�ÛÜ|¢��Nxik§ò:x1, · · · ,xN �cNi�:^¼êgC :

E → CN��xik���".

1 ≤ Ni = [c2 × N × max{εik, c1}] ≤ N, 0 < c1 ≤ 1, 0 < c2 ≤ 1 (5.1)

gC(x) = c + εik(2x − (a + b)) x ∈ E (5.2)
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START

c     xik, j   1

if(j>Ni)

gcxj     c + εik(2xj - (a+b))

No

if ( f(gcxj)>f(c) )

c     gcxj

j     j+1

if (c==xik)

Yes

No

Yes

εi+1,k= d(c,xik),

    xik     c

No

if ( fmaxi<f(c) )

Yes

fmaxi     f(c)
  xmax     c

No
εi+1,k=c3*εik

Yes

END

ã 5.1: g·A[�AkÛ�Û`z�ÛÜ|¢�{(LAQMC)�6§ã

ùp[x]L«�ux����ê"�c�Ð���xik§XJkf(gC(xj)) >

f(c), j = 1, · · · , Ni§Kòc��gC(xj)"Xã5.1�6§ã(flow chart)¤

«§e�g1k��N�|¢�»εi+1,k¬�Xùg�|¢(JN�"

XJÛÜ|¢¥é�
'f(xik)��¼ê�§K-εi+1,k = d(c,xik)§Ó

�:xik�#:c��¶ÄK§|¢�»ò4~§-εi+1,k = c3 × εik§ù

p0 < c3 < ε0§²�w«��c3 = ε3
0�Ð"
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r=0.25;//search radius
a=x[m];//the center
Ni=int(c2*N*max(r,c1));
for(i=1;i<=Ni;i++)
  {gcx[i]=a+r*(x[i]-1);
    if(f(gcx[i])-f(a)>1.0E-8)
          a=gcx[i];
   }
tempx=fabs(x[m]-a);
if(tempx>1.0E-8)
      r=tempx;
else
      r=c3*r;//c3<1;

r=0.25;//search radius
a=x[m];//the center

for(i=1;i<=N;i++)
  {
    gcx[i]=a+r*(x[i]-1);
   }

r=r*r;

LQMC LAQMC

ã 5.2: LQMC�{�LAQMC�{é'�Ü©C�ó�è

·��ÑLAQMC�{ÚLQMC�{�Ü©C�ó�è(ã5.2)§�{B

å�§��ês�1"

315.4!¥éLAQMC�{ÚLQMC�{�ê�Á�w«µAQMC�

{�g·AÛÜ|¢��!�
O�þ"

5.3 g·A[�AkÛ�Û`z�{

�´é u � Û ` z¯K § Û Ü | ¢´Ø 
 �"·� / ^ ¢ D �

{(Genetic Algorithms)[43][44][45][46] ¥�«+üz�Vg§JÑ
g·A

[�AkÛ�Û`z�{"·��Ã¡�[�AkÛS��cN(é���

ês§N�±��é����)�:x1, · · · ,xN N��¼ê�mEþ��Ð©

«+§z��:´���N"ÄkO�z��N�·AÝ(fitness)§,�

ÀJ���N(ÀJVÇ�'u·AÝ)�g·AÛÜ|¢"�â«+üz

Ý(evolution degree)Edg·A/O\#��N§Ed���§Ú?#�N�

VÇÒ�"X·�312.2!¤?Ø�§#�)��U[�Åê:W¿3�

c�)�:3¼ê�mE�©Ù��Y¥§ùÒ�y¼ê�mEU�þ!/

|¢lé��Û4��"Pfmaxi = max
1≤k≤i

1≤j≤N

f(xkj)§éA�4��:

´xmax"K�4~S�fmax1, fmax2, · · ·�±w�¼êf�þ(.M�C

q�"
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½Â 5.3.1 (·AÝ(fitness)) -Fij = f(xij) − Cmin§ùpCmin´��

c�¤k�N�¼ê�����§f(xij)´1i�«+1j��N�¼ê�§

K

pij = Fij/

N
∑

k=1

Fik

L«1i�«+1j��N�·AÝ"w,

pij ≥ 0, j = 1, · · · , N,

N
∑

j=1

pij = 1.

½Â 5.3.2 (üzÝ(evolution degree)) 1i�«+¤k�N�²þ¼ê

�P�mi =
∑N

j=1 f(xij)/N, i = 1, · · ·"m0�Ð©���m1§��1i�«

+¥���N�S�¥#�)�:��§-m0 = mi"K

Edi = |1 − mi/m0| i = 1, · · ·

¡�1i�«+�üzÝ"

üzÝEd�A�´ÛÜ|¢Uå��ÚÝ"éÐ©«+§Ed = 0§�

)#�N��VÇ�0§ÛÜ|¢Óýé`³"�ÛÜ|¢ÅÚJp4�

��Cq�§ÛÜ|¢Ué��`:��U5ü$§d�üzÝEdO\§

�)#�N�VÇ��Jp"��)#��1[�Åê:�§«+��


�#§#�üzÝEd = 0§m©#�üz"dd�±wÑ§·��5

ÛÜ|¢§Ú?#�N�´�
�y|¢Ø�u�3,�ÛÜ4�:��

�"

y3·�òAQMC�{��/£ãXeµ

• Ú½1:

1. �)S���ÐN�:x1, · · · ,xN §-i = 1§PÐ©«+��

Nxij = xj§|¢�»�εij = ε0(0 < ε0 < 1
2) , j = 1, · · · , N§O

�·ÝÝpij¶

2. -fmaxi = f(xik) = max
1≤j≤N

f(xij)§éA����:�xmax =

xik¶

3. O�m1��¿-m0 = m1¶
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• Ú½2:

XJ(÷vÊ�^�):

§S(å

ÄK:

(a) i = i + 1

(b) �â·AÝpijÀJ���N�g·AÛÜ|¢(LAQMC)§

fmaxi ��3ÛÜ|¢��U�UC¶

• Ú½3: O�pij,mi, Edi¶

• Ú½4:

1. �)�Åênewp¶

2. XJ(newp < Edi):

(a) lS��)c4×N(0 < c4 ≤ 1)��U�[�ÅêO�1i�«

+¥����N§#�)��N�|¢�»εij�Ð©�ε0¶

(b) P#�)��N���¼ê��tempx§XJkfmaxi <

tempx§K-fmaxi = tempx¶

(c) O�pijÚmi§-m0 = mi¶

3. =�Ú½2"

§SÊ��^��±kØÓ��ª"'X§XJ3eZ��¼ê��

�fmaxi�vkUCÒÊ�§S"·���±¯k��o�üz�ê",

	§kéõ¢S¯K´Ïé�`ëê§�Ò´`���´®��§·�Ò

�±��fmaxiÚ�Û4��m�Ø�"

5.4 ê�¢�

·�^AQMC�{éeZ²;¼ê�
ê�¢�§¤^�[�Åê

´Sobol’S�[26][25]"e¡�ê�~f¥f15g©[44]"·�òAQMC�{

�(J�LQMCÚSNTO�{�(J?1
'�§AQMC�{�k�5´

�~²w�"

~1:

f1 = 100(x2
1 − x2)

2 + (1 − x1)
2, −2.408 ≤ xi ≤ 2.408 (5.3)
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search radius:

generation no.: 1 2 i... ...

ε ε ε... ...1 2

i =ε i

ã 5.3: Niederreiter�Û�z|¢(LQMC)z��|¢�»�Cz

search radius:

generation no.: 1 2 4... ...

ε ε ... ...1 2 ε4

5 10... ...

ε ε... ...5 1δ

7

ε7
δ

9

ε9
δ

ã 5.4: Niederreiter�Û�z|¢(LQMC)	S��{�z��|¢�»�

Cz(�ª(5.4))§'�ã5.3

´��éJ4�z�¼ê"�Û4��:3(1.0, 1.0):§�Û4��´0"

·��N = 64, ε0 = 0.25, δ = 4.0¿$1
81920g"éLQMC�{§�Û4

��ÚCq��m�Ø�þ�u�O(10−4)"

éLQMC�{�	S�L§[40]§XJ�(�ã5.4)

εi = εi−1 × δ if(!i%5)

εi = ε0 if(!i%10)

}

(5.4)

K 3 145� é � � � �(� ã5.5 LQMC)"Ó�§ e ^AQMC� g·A

Û Ü | ¢(LAQMC)§ ëêc1 = 1.0, c2 = 1.0, c3 = ε3
0§ K � � � 3

14�é�(�ã5.5 LAQMC)§�81920g�$1¥k41885g(51.13%)Ué

��Û4��"½Âerr�°(�4��ÚCq�4���m�Ø�§

ã5.5w«AQMC�g·AÛÜ|¢LAQMC'Niederreiter�Û�z|¢�

{LQMCr"

d	§AQMC�g·AÛÜ|¢LAQMC�±;�LQMC�U�\Û

Ü4��"�"·�5�	e¡�¼êµ



50 g·A[�AkÛ�Û`z�{
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ã 5.5: LQMC�{ÚLAQMC�{é¼êf1(s = 2)�Ø�'�

~2:

f2 = sA +
s

∑

i=1

[x2
i − A cos(2πxi)], −4.0 ≤ xi ≤ 5.0, A ∈ R (5.5)

d¼ê�Û4��´0"ùp·��~êA = 8"éu��(s = 2)�

/§�Û4��:3(0, 0):§�3«�[0, 1] × [0, 1]�3NõÛÜ4��

:(�ã5.6)"éLQMC�{§$181920gk36320g(44.33%)éØ��Û

4��"XJ^LQMC�	S�L§§|¢�»εi��¤ª(5.4)��§

��Åê:ê�N = 64§d�{3111�é���ÛÜ4��:�Ê

33ù�ÛÜ4��:(�ã5.7, LQMC N=64)¶�k�NO\�200§d

�{�125�(O�
5000�¼ê�)âé��Û4��:(�ã5.7, LQMC

N=200)"éuAQMC�g·AÛÜ|¢LAQMC§�/�¼êf1aq§
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ã 5.6: ê�~f2¥¼ê��pã

315�Òé�
�Û4��(�ã5.7, LAQMC N=64)"LAQMC�{�¤

õ�Ãug·AN�|¢��Ú|¢�»±9|¢¤O��¼ê��ê"

AQMC�{Ø=3ÛÜ|¢�Ýþ¯uLQMC�{§3�Û|¢U

åþ���Ê"éuª(5.5)½Â�¼êf2§XJ�ês = 6§LQMC�{

A�éØ��Û4��"éuN = 1024§ε0 = 0.25��/§$18192g

k8092g(98.78%)éØ��Û4��"�AQMC�ªUé��Û4��"

L5.1´AQMC�{é¼êf23�ês = 6����|¢(J§Ù¥Np´é

��Û4��¤O��¼ê���ê§fmin´¤é��¼êf2��Û4�

��Cq�"5¿LQMCéu¼êf2����/O�
5000�¼ê�§¤

±ùpO��¼ê��êýé���§��LQMC����/�'§ÒØ

�
"

y3·�5'�AQMC�{ÚSNTO�{�(J"e¡ü�¼ê5g

©[28]"

~3:

f3(x, y, z, u) = exp(xyzu) sin(x + y + z + u), (x, y, z, u) ∈ I4.
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 LQMC  N=64
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ã 5.7: LQMC�{ÚLAQMC�{¦¼êf2(s = 2)��Û4���Cq

�(fmin)�'�

~4:

f4(x, y, z, u) = −(x− 3

11
)2−(y− 6

13
)2−(z−12

23
)2−(u− 8

37
)2, (x, y, z, u) ∈ I4.

·� ® � ¼êf3� � Û 4 � �´1.0261986§ ¼êf4� 4 � �´0"

©[28]¥ � L3.4Ú L3.5w«ÃØ é ¼êf3�´¼êf4§SNTO� { Ñ �

3O�2000õ�¼ê��âU��Ø�°ÝO(10−7 )"���Ó�°

Ý§AQMC�{�IO��u400�¼ê�"dd��§AQMC�{�k�

5´wÍ�"L5.2ÚL5.3 ´AQMC�{�|¢(J"L¥¤k�PÒÑ

315.3!k¤`²"
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L 5.1: AQMC�{é¼êf2�ês = 6��Û`z(J"�LQMCé�ês = 2�

(J�'§Np��¿Ø�

c1 c2 c3 c4 Np fmin

0.040000 1.0 0.0625 0.25 134254 0.0000018688
0.050000 1.0 0.0625 0.25 145119 0.0000052123
0.080000 1.0 0.0625 0.25 190176 0.0000018547

L 5.2: AQMC�{é¼êf3�|¢(J(ëêc1 = 0.5, c2 = 1.0, c3 = 0.0625, c4 =

0.25)

Ni fmaxi x y z u

64 1.0170369 0.2187500 0.3437500 0.5312500 0.5937500
32 1.0250066 0.4375000 0.4375000 0.4375000 0.3125000
32 1.0250066 0.4375000 0.4375000 0.4375000 0.3125000
32 1.0256147 0.4340668 0.4310455 0.4357147 0.3428497
32 1.0261741 0.4150982 0.3969021 0.4091587 0.4149303
32 1.0261741 0.4150982 0.3969021 0.4091587 0.4149303
32 1.0261921 0.4139015 0.4027446 0.4100738 0.4123259
32 1.0261969 0.4100674 0.4065787 0.4098912 0.4125084
32 1.0261973 0.4115052 0.4080165 0.4084534 0.4120292
32 1.0261983 0.4106066 0.4085556 0.4100709 0.4104117

352

L 5.3: AQMC� { é ¼êf4� | ¢ ( J(ëêc1 = 0.5, c2 = 1.0, c3 =

0.015625, c4 = 0.25)

Ni fmaxi x y z u

64 -0.06343331 0.32812500 0.67187500 0.45312500 0.10937500
32 -0.01104883 0.31250000 0.46875000 0.59375000 0.28125000
32 -0.01104883 0.31250000 0.46875000 0.59375000 0.28125000
32 -0.00684690 0.30773926 0.46875000 0.57788086 0.26538086
32 -0.00004844 0.27798462 0.46279907 0.52432251 0.21975708
32 -0.00004844 0.27798462 0.46279907 0.52432251 0.21975708
32 -0.00000507 0.27474183 0.46206683 0.52254421 0.21651429
32 -0.00000211 0.27291776 0.46105346 0.52274688 0.21712231
32 -0.00000013 0.27286076 0.46156648 0.52154983 0.21649529

320
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ê�(Jw«µ

• AQMC�{´�Û`z�{§LQMCÚSNTO�{�U�\ÛÜ4

�¶

• AQMC�ÛÜ|¢LAQMC�Ý'LQMCÚSNTO�{¯�Øõ5�¶

• AQMC�{�«+���'LQMCÚSNTO�{�æ����"

5.5 (�

Xê�¢�¤«§g·A[�AkÛ�Û`z�{´���Û�{"

Ùg·AÛÜ|¢¿©|^|¢L�¼ê�gÄN�|¢��§Ul��

:¯�a�Ù�C�ÛÜ4�:"éuëY5Ð�¼ê§ÛÜ|¢�{c

Ù\¯
|¢�Ý"©¥�õê�ê�~f��g·AÛÜ|¢ÒUé�

�Û4�",	�â«+�üzÝ�±3|¢L§¥Ú?#�N§�y�

�|¢�{Âñ"

·�ïÆòAQMC�ÛÜ|¢�{^u¢D�{�ÛÜ|¢¥§ùü

«�{�(Ü¬k�½�cµ"16ÙÒ´(Ü¢D§S�OÚAQMC�~

f"



18Ù ¢D§S�O�g·A[�Ak

Û`z�{3ýÿ¥�A^

3y¢)¹¥�3Nõ��mCz�E,XÚÚy�§<�Ï~I

��âÄ�XÚ�*ÿêâïáÜn��©�§�.(ÄåÆ�.)§�XÚ

©Û!�OÚ�5G��ý�Jø�â"3ù�Ù·�(Ü¢D§S�O

Úg·A[�AkÛ�Û`z�{)ûýÿ¯K"¢D§S�O�{^5

`z~�©�§|mà�¼ê(�.(�)§g·A[�AkÛ�Û`z�{

K^5`z¼ê�Xê(�.ëê)"

6.1 Ä�XÚÄ��.

¦+@
��mCz�E,XÚ�3uó§Eâ!²L+n!g,

�ÆÚ�¬�Æ��«+�§·�Ñ�±òýÿ¯KÄ�/V)¤µd�

|{¤êâ5û½#�êâ"









x1(t1) · · · x1(tm)
... · · · ...

xn(t1) · · · xn(tm)









⇒









x1(tm+1) · · · x1(tm+num)
... · · · ...

xn(tm+1) · · · xn(tm+num)









ùpkn�Cþ§xi(tj)L«1i�Cþ3tj����"·�F"lt1,· · · ,
tm���{¤êâ���Cþ3tm+1, · · · , tm+num����"

du�Cþ�m�p�^§¤±ù´��E,�Ä�XÚ"~�©
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�§|(ordinary differential equations) �±£ãù���Ä�XÚ"



































































dx1

dt
= f1(t, x1, x2, · · · , xn)

dx2

dt
= f2(t, x1, x2, · · · , xn)

...

dxn

dt
= fn(t, x1, x2, · · · , xn)

(6.1)

��k~�©�§|§·�B�±^î.�{(Euler method)��{l

,��mÚ�êâ��e��mÚ�êâ(£8êâ(regression data))"

x′
i(t + ∆t) = xi(t) + fi(t, x1(t), x2(t), · · · , xn(t)) × ∆t (6.2)

·��8IÒ´�é�/Ð0�¼êfi¦�£8êâ�¢Sêâ[Ü�

éÐ"`z8I¼êXeµ

fit =

n
∑

i=1

m
∑

j=1

(x′
i(tj) − xi(tj))

2 (6.3)

¤¢“Ð”�¼êÒ´¦þª��4��0§��é�
Ð�¼êfi§·

�Ò�±^î.�{(ª(6.2))��I�ýÿ�êâ"

6.2 ¢D§S�O

¢D§S�O(Genetic Programming)[47][48]´l¢D�{uÐ5�§

ÏLO\(��E,5�±�(¹/?n¢D�{¥`zé��L«¯

K"ØÓu~5¢D�{@�æ^(½�Ý�/ÚNG§¢D§S�O

¥^����´5�Ú/GU
Ä�Cz�©��O�Å§S(computer

program)"ùp·��`zé�´¼ê(êÆL�ª)§«+�¹N��N§

z��N´n��§|"²Lüz§�±lc��«+��e��«+"

·�`z�é�´�§|§=n�¼ê§¼ê3O�Å§S¥�±^ä

ù«êâ(�L«"¢D§S�O�{�L§�IO¢D�{���§�

ùpüz�fö��é�´ä§Ø´��(½�Ý�/ÚNG(ê�)"r

`zé�ä�L��ªÚüz�f�ö��ªù²x��§Ù§�üzL
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sin

3.1

+

x

sin(3.1)

t

x+t

ã 6.1: ��äL«¼ê§$�Î��få´T$�Î�1��Cþ§$�

Î��få�mfå´T$�Î�1��Cþ

§�IO�¢D�{��§Ú½Xeµ

• Ú½1: (Ð©z)ïá«+§«+�¹N��N§=)¤N��§|§

z��§|´n�¼ê(êÆL�ª)§=n�ä¶

• Ú½2: éz��N�âª(6.3)O�·AÝ�¶ 

• Ú½3: dE�!CÉ!���f�)e��«+��N(ä)¶

• Ú½4: dAQMC�{`z¼êXê;

• Ú½5: =�Ú½2"

·�^C++�ó[49]?�§S§d!ò(ÜÜ©C++�è`²§S��

:"Äk`²XÛ^ä5L«êÆL�ª§,�`²XÛO�¼ê�§�

�`²n«üz�féä�ö��ª"Xê`zò3e�!üÕ�Ñ"

z��¼ê^����ä(binary tree)L«"Xã6.1§éuü8$�

Î§�k���få§Xã¥�>�äL«sin3.1"éuV8$�Î§$

�Î(:��få´T$�Î�1��Cþ§$�Î��få�mfå´

T$�Î�1��Cþ"Xã¥m>�äL«x + t§Ù¥1��Cþt´1

��Cþx�mfå"�¤±^ù«��äØ´r��CþÑ��$�Î

(:�få´�
�è�Ï^5"Ï�éukn�©|�(�§XO�Å
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class node

class plus class sin class variable class constant...

ã 6.2: $�Îa§~êaÚCþaÑdÄa/node0�)5

§S§XJr©|Ñ���(:�få§K�(:Ò�kn�få¶éu

ko�©|�(�§�(:�ko�få¶· · ·"·�ù�L«���ä

�±^Ú��êâ(�5L«ù
Ø½©|��O�Å§Sµr1n�©

|��1��©|�mfå§1o�©|��1n�©|�mfå· · ·"

ä´^óL(link)5L«�§Ï�®ò¤k�L�ª^��äL«§

z�(:�kü�få§¤±z�(:�I^ü���(pointer)©O��

�fåÚmfå"�´·�ùpä�(:�¹$�Î“+”§“−”§“×”§

 “/”§“ sin”§“cos”§“ln”§“exp”§~ê(Xã6.1¥“3.1”)ÚCþ§ù


��ØU^Ú��êâ(�5?n"C++�ó¥äkµC5!U«5Ú

õ�5�/a0(class) �~·Ü^5L«ù«É�(:�óL(ä)"·�

½Â��Äa(base class)(:“node”§$�Îa!~êa“constant”ÚC

þa“variable” ÑlÄa“node”�)5(ã6.2)"r¤k(:��Ó�5

�3Äa¥½Â§XÑkü���§Ñk�.Cþ“rank”5IPù
�

��SÒ§X“rank=0”L«ù�(:´“+”§“rank=8”L«ù�(:´~

ê§“rank=9”L«ù�(:´Cþ“t”"¯¢þ3^óLL«�ä¥¿Ø

��“+”§“t”§“3.1”ù
·�3ã6.1¥w��L�ª§���´IP�S

Ò"Äa¥�kn�J¼ê(virtual function)§copy node()´^5��(:

���Ó�(:§eval()´O�±d(:���ä�¼ê��§estr()´�£

±d(:���¼ê�êÆL�ª"��)aqk�gØÓ�¤
§X~

êa“constant”k��¤
´;�ù�~ê�ê��"Ó�Ï�éêÆ$�

Î§~êÚCþ�ö��ªØ��§Äa¥�J¼ê3�)a¥�ò�

1"J¼ê�1ò3�¡¼ê��O�¥`²"

class node

{ public:

friend class function;

friend class individual ;

node ∗right,∗ left ;

int rank;//node rank
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node

function

individual

population

ã 6.3: ¤ka�'X§(:a(node)´¼êa(function)�¤
§¼ê

a(function)´�Na(individual)�¤
§�daí· · · · · ·

int tag;//if operand,tag is the number of variable node(int Rank)

node(int Rank,int Tag)

{ rank=Rank;

tag=Tag;

right=NULL;

left =NULL;

}

virtual node ∗copy node(){return NULL;}// copy the node

virtual double eval(){return 0.;}//get the value of the tree (function)

virtual char ∗estr(){return NULL;}// get the expression of the tree

};

class constant:public node

{ public :

double random const;

...

};

¼ê��O�´ÏLz�(:�¤
¼êeval()¢y�"z�äÑk�

���(node *root)��ù�ä��(:§ÏLù����±ÌX�(:�

�få9Ù�få�fåé�ù�ä�¤k(:(ä�±i)"·��IN^

�(:�eval()¼ê§C++B¬�â�(:´áu=«(:agÄN^�'

�¼ê5O�¼ê�"·�c¡`L(:kn«a.§=$�Î§~êÚ

Cþ§¤±éØÓ�a.§J¼êeval()�kØÓ�?n�ª§ùÒ´·�

`�J¼ê1"'Xéu$�Î(:“+”§c¡QJ�§�1��Cþ´

Ù�få§1��Cþ´Ù�få�mfå§u´ÒATé�ùü�Cþ
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�(:§ò±ùü�(:���fä���\"

double plus::eval()

{ node ∗p=left;

p=p−>right;

return left−>eval()+p−>eval();

}

w,ù´��48N^§Ï�3§S¥�O�ü�fä�¼ê�"éu~

ê�I�Ñ(:¥;���Ò�±
"

double constant::eval()

{ return random const;

}

� ' � �´C þ ( : § Ï�·� � l	.Ñ\ Cþ(X“t”§“x1”�)�

�§F"X²~�S.��N^f1(x)ÒU��¼êf1��"·�^�

�a“symbol table”¥�ê|“table”5;�Cþ�L�ªÚ�"3Cþ

a“variable”¥k��¤
“index”´^5é“symbol table”�ê|“table”?

1¢Ú�§X“index=0”L«éAê|“table” ¥1����=“t”§Ó��

k“t”ù�iÎGÚ§��"

symbol table sym tab;

class symbol table

{private :

struct info

{ char var name[3];/∗to store the expression of the variable∗/

double var value;/∗to store the value of the variable∗/

};

info table [n+1];//t,x1,x2

int table index;

public :

symbol table();

void add value(int index,double r);

void add variable(char ∗s);

char ∗get name(int index);

double get value(int index);/∗to get the value of the variable by index∗/

void clear() ;

};

Cþ(:��´ÏL

double variable::eval()  

{return sym tab.get value(index);

}
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*

4.

sin

3.1 t

*

4.

*

t

+

x1

t

4.*(sin(3.1)*t)

*

4.*((x1+t)*t)

ã 6.4: «+üz�CÉ�f"k�ÅÀJä���(:§T(:��f

ä“sin(3.1)”�#�)�ä“x1 + t”¤�O§T(:�mfå(“t”)�±ØC"

5¼�"�
��N^f1(x)ÒU��¼êf1��§·�^
$�Î

1(operator overloading)�{µ

double function::operator()(double x[])

{double temp;

for(int i=0;i<=n;i++)

sym tab.add value(i,x[ i ]) ;/∗x[0]=t, x[1]=x1∗/

temp=root−>eval();

return temp;

}

�±wÑùã§SpN^
a“symbol table”�¼êadd value()§ù�Ò

òx(x3ùp´��ê|)��D�ê|“table”§�#
¤kCþ��§,

�N^ä��(:�eval()¼ê§ÏL48N^��·�I��¼ê�"

^aq��n§·��±ÏLN^root->estr()5�Ñä¤L«�êÆ
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L�ª§d¼ê�´^48�{§éØÓa�(:�IéJ¼ê?1

1"

� d §·� ® ² ò ¼ê� L � Ú ¼ê� � O � � 
 ù ) § k 


a“node”(L«ä(:)§a“function”(L«��¼ê)§·��I�,	

�
aXa“individual”(L«���§|)Úa“population”(L««+§=

�|�§|)§ù
a|¤��le�þ��¹'X(member)(ã6.3)§X

a“node”´a“function”�¤
§a“function”´a“individual”�¤
§�

daí· · · · · ·ù������êâ(�BeÐ
"�e5)ºüz�féä

�ö��ª"

n�üz�f(evolution operator)©O´E��f(duplicate operator)

§CÉ�f(mutate operator) Ú���f(cross operator)§§��ö�é

�Ñ´ä(L«¼ê)"E��f´{ü/����ä§=)¤�����

Ó�ä"CÉ�f(ã6.4)é�À¥�CÉ�äk�ÅÀJä���(:(X

ã6.4¥�(:“sin”)§,�ÏéT(:��fä(“sin(3.1)”)§=T(:9

Ù±T(:��få���ä§Ø�¹T(:�mfå((:“t”)§,�

^��#äO�dfä"�¤±ØUO�T(:�mfå´Ï�T(:

�mfå((:“t”)´T(:�I1(“∗”)�Cþ(�c¡'u��ä�£ã

�éA)"ã6.4¥fä“sin(3.1)”�#�)�ä“x1 + t”¤�O§�5�¼

ê“4. ∗ (sin(3.1) ∗ t)”CÉ¤¼ê“4. ∗ ((x1 + t) ∗ t)”"���f(ã6.5)´é�

À¥����ü�äk�ÅÀJü�äþ���(:§,�Ïéù
(:

��fä§©O��ùü��fä"¤kéä�ö�Ñ�5¿�±(:�

mfå§¦�ä¤L«�¼êL�ªk¿Â"

§S¥õ�/�^
ä�±i�{§I�^�æÒ(stack)§æÒÙ¢

´��ê|§�´éù�ê|½Â
�|¼ê§¦�é§�êâ�ö�

�ª´k?�Ñ"�
æÒU?nØÓ�êâa.§Xk��?n�´�

�§k��?n�´ê�§·�¦^
��(template)"Xc¡J����

ä�±L«õ�©|§¦^���´¦�è�Ï^��{"

template <class Tdatatype,int m0> class TStack

{public:

friend class function;

TStack(int t ini ,int StackDepth ini)

{ t=t ini ;

StackDepth=StackDepth ini;

}



6.2 ¢D§S�O 63

+

t

x1

-

5.

sin

3.1

+

sin

3.1 t

-

5.

x1

x1+t 5.-sin(3.1)

sin(3.1)+t 5.-x1

ã 6.5: «+üz����f"k�ÅÀJü�äþ���(:“x1” 
Ú“sin”§,�Ïéù
(:��fä“x1”Ú“sin(3.1)”§©O��ùü��

fä§mfå�±ØC"

void reset position (int position)

{ t=position;}

void push(Tdatatype X);

void pop();

void top(Tdatatype ∗X);
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int sempty();

Tdatatype ptop();

private :

Tdatatype s[m0+1];//s[1−m0]

int t ;

int StackDepth;

};

�±wÑ��§SÒ´�7XÛ?nE,`zé�(ùp´¼ê§3O

�Å¥Ò´��ä�;�§O��)�(�§ù�´¢D§S�O�)û�

¯K"¤±`é(��L�±9�éA�üz�f�ö��ª´¢D§S

�O�Ø%" 

6.3 Xê`z

·�3¢D§S¥i\
15Ù0��g·A[�AkÛ�Û`z

�{(AQMC)^uXê`z(coefficient optimization)"=¦¼êkÐ�(

��XêØÐ§ù��¼ê3üzL§¥�¬�¿ï"'Xã6.6¥�¼

ê“sin(0.5 ∗ t) + 3. ∗ x1”§��r¼ê¥�Cþx1�Xêd3.U¤5.ÒUéÐ

/[ÜXÚ�êâ"�eØ?1ëê`z§�5�¼êÒ�UÏ�é{¤

êâ[Ü�ØÐ3üzL§¥Ò��ï
"¤±�·���#���«

+�B�3�e���üzc?1Xê`z"

Xê`zL§´Äk±iä(¼ê)§é�~ê(:§P¹(:�/�§

,�3�½��SUCù
Xê��¿O�#�·AÝ¼ê�"·�|

^AQMC�{5�Xê`z"·AÝ(fitness)¼ê�c!¢D§S�O¥�

·AÝ¼ê�Ó"

6.4 ��¢SA^

·�^¢D§S�OÚg·A[�AkÛ�Û`z�{�(Üýÿ


É²½/«2000c��¬^>þ"·�ÃÞk1990c�1999c�^>þ{

¤êâ§,�^d©��{ýÿ2000c�^>þ"�,§�
ÿÁ�{�

k�5§2000c�êâ´®��" L6.1'�
¢SêâÚ��$1(J�

ýÿêâ§�éØ�´4.5%(¢SI¦´Ø��u10%)"·�$1�(JØ

���Ñ36%�m§�¤^��m��á"3�eZÙ§ýÿ�{X ²

�ä��{�'�¥§d�{ýÿ°Ý´�`D�"Ù§�{éuâ,�

UCÃ{ýÿ§Xl1999c�2000c^>þk
'���O�§�c�
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*

+

sin

*

0.5

t

3.

x
1

sin(0.5*t)+3.*x
1

ã 6.6: Xê`zµ±iä(¼ê)§é�~ê(:¿P¹(:�/�§,�

|^AQMC�{`zù
Xê

L 6.1: É²½/«2000c��¬^>þýÿ§�éØ�4.5%

t (year) x1 (107 wh) x′
1 (107 wh)

1990 485278.06
1991 535014.80 548806.96
1992 604257.63 605577.47
1993 680473.09 684688.80
1994 784010.28 771858.12
1995 851131.16 890411.27
1996 930382.96 967341.10
1997 992755.26 1058242.41
1998 1048329.91 1129830.92
1999 1168747.17 1193650.49
2000 1394604.41 1332031.53
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O�þ'�²�§^ ²�ä�{�â{¤êâÒÃ{éÐ/ýÿ2000c

�^>þ"·��§SUýÿ�ù«Cz§ù�8õu~�©�§UéÐ

/�yE,Cz�XÚ"¢D§S�O´`z~�©�§�kåóä§

cÙ´éõCþ��/§'DÚ��ÚnØ�ké��`³"
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9Ù_¯K

1�DÂ��{�«��§�AkÛ�{±ÙN´¢y§N´?§§

3?n÷*|�þ�`³��2�A^"�éuk����©�{(finite

difference time domain(FDTD))�°[�{§�AkÛ�[�{s���§

�·Ü��¦_¯K����{"1DÂ��AkÛ�[�13·b|�

¥�DÂJø
�«(¹�î��){"3ù�Ù·�k0�13|�¥

DÂ��AkÛ�[�{§,�$^g·A[�AkÛ�Û`z�{)1

�DÂ�_¯K"

7.1 Úó

1�)Ô|��p�^��£éu�O#��ä�{Ú/ÏY���

��{´�~��"é13|�¥�DÂïÄ��ß�§�O��{Ò

¬�°["

�AkÛ�[´ïá3Ñ$�§Ä:þ�VÇ�{"13|�¥

DÂ�§3ØÓ�0�p¬u)ØÓ§Ý�áÂÚÑ�"·�Ï~^

ò�Ç(refraction index)n§áÂXê(absorption coefficient)µa§Ñ�X

ê(scattering coefficient)µsÚ��É5Ïfg5£ã0���1Æ5�"

áÂXêÚÑ�Xê©O^5L«zü 1§1f�áÂÚÑ��VÇ"

áÂXêÚÑ�Xê�Úµa + µs��ê1/(µa + µs)�±)º¤1f�0

���p�^�²þgd§§þµt = µa + µs��oP~Xê(attenuation

coefficient)"gÏf(g-factor) ½Â¤Ñ��Ý�{u��²þ�"þãù


1Æëê3�AkÛ�[¥��Ñ\ëê§lû½1f30�¥�$

Ä"

3ù�Ù?Ø�1�DÂk�
Ä�b½"Äkb½1©Ù´�

�§ddCzÚu���máu1B¦(�·©��¦)�1Æ5�Ñ�Ñ
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ØO"Ùg§¤k0��1Æ5�Ñ´þ!�"é0�kþ!�ò�Ç

�b½�±�y13|�¥�Ñ�½áÂc±��DÂ"1n§|��A

Û/G�±Cq¤Ã��k�½þÝ�²1²�§ù«b½�¦\�1�

°Ý�'|��þÝ�"Ó�b½>.´1w�§º¡���ÌFresnel{

K(Fresnel’s law)"éù«²��.��[�{�±?�Ú^�©�|�¥

½í2�Ã�þÝ��/"����b½´Ø�Ä1�4zy�"

7.2 �AkÛ�[

�AkÛ�{�l�År¶�1f��;,§Ñ��áÂ¯�dÑ�

Xêµs�áÂXêµa9�¼ê(phase function)p(s, s
′
)5(½VÇ"�[�

'�´(½13ü�Ñ�¯�u)m�SrL�²þgd§±9Ñ��

Ý§,	��?nSÜ(>.)��"

Prahl3©[50]¥{�£ã
�AkÛ�[�Ì�úª§¿�Ñ
�[

L§�6§ã(ã7.1)"

1f�áÂÚÑ�dµaÚµsû½§1f3?Û�|��^� ��á

Â�VÇ´µa/(µa + µs)"Ø�µa�~�§1f3eZÑ�¯���¹�

VÇé�"ùÒ¿�X��l�~õ�1fâU¦3lm1é�� 

���[���±�É�°Ý"�
^��õ�1fêUJp�[°Ý§

|^
�«�� ~Eâ(variance reduction technology)"�©��{´

3áÂ¯�¥ª�1f�DÂ(1fÒk�
)§^�� ~Eâ�^1f

�(photon packet)��1f§1f���Ð©��1§3áÂ¯�¥'~

�µa/µt�1f��áÂ§�e�Ü©�Ñ�"1f�����l��3

Ó�Ù(roulette method)�§�ª�§=�1f����u,�K�('

X0.001)�§1fk 1
m VÇ3Ó�Ù¥�¹"XJ1f�¹§§��O\

��5�m�±�y¤k\�1�1UÅð"

1f�3u)áÂÚÑ�c¬DÂ�ãål"y3·�5?ØXÛ^

12Ù¥�ëY\È©Ù¼ê¦_(CDF)�{�)Ú�(step size)4s"

�âP~Xêµt�½Â§1f3DÂålsÚs + ds�mzü ´§�

0�u)�p�^�VÇ´µtds§L«¤VÇªf´µ
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Variable Stepsize Monte Carlo
with Weighting

Initialize Photon

Generate ∆s

Move Photon

Photon 
in 

Medium?

yes

noInternally
Reflected?

yes

Update
Absorption and
Photon Weight

Weight
too small?

no

yes

Survive
roulette?

Update
Reflection or
Transmision

Change
photon direction

Last
photon?

no

no

yes

yes

End

ã 7.1: 1DÂ�AkÛ�[�6§ã"1f��\�§DÂ4s�´§�u

)Ñ�§áÂ§UYDÂ§SÜDÂ½ß�(Ñ|�)"1fò��$Ä��

1fl|�¥�Ñ½�|�áÂ"XJ1fl|�¥�Ñ§KP¹1f�

�½ß�� �"XJ1f�áÂ§KP¹1f�áÂ� �"þãL§

��E���½þ�1f�ÜDÂ�."XJDÂ�1fêª�Ã¡§

KP¹���þ!ß�þÚáÂþ�©ÙB�Cý¢�"
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µtds =
−dP (S ≥ s)

P (S ≥ s)
(7.1)

ò�§ü>È©§�

µts = − ln P (S ≥ s)

¤±

P (s) = 1 − exp(−µts)

|^ª(2.7)§·�k

s =
− ln(1 − ξ)

µt

ùpξ´3«m[0, 1]þþ!©Ù��Åê§¤±dª�eª��

s =
− ln ξ

µt
(7.2)

·�^8�ëêL«1f�� �§n�ëêL«n�(k��I§

,�n�ëêL«1f�DÂ���{u�"¤±1fl �(x, y, z) �

�(µx, µy, µz)DÂ4s�ål�#� �(x′, y′, z′)O�Xeµ

x′ = x + µx4s

y′ = y + µy4s

z′ = z + µz4s

(7.3)

XJ1f�DÂßL>.��kØÓò�Ç�0��k�Uu)�

�"·�b½|��AÛ/G�±Cq¤xÚy��²1§z��þÝ�τ�

²�"1fSÜ���VÇdFresnel��Xê(reflection coefficient)R(θi)û

½"

R(θi) =
1

2

[sin2(θi − θt)

sin2(θi + θt)
+

tan2(θi − θt)

tan2(θi + θt)

]

(7.4)

ùpθi = cos−1 µz´\��§θt´ß��§§��'XdShell{Kû½"

ni sin θi = nt sin θt (7.5)

Ù¥niÚnt©O´\�0�Úß�0��ò�Ç"·�^þ!©Ù30Ú1�

m��Åêξ5û½1f´���´ß�"XJξ < R(θi)§K1fSÜ�

�§ÄK1f�Ñ|�"XJ1f´l|�ºÜ�Ñ§KP��Ñ�1¶

XJ1fl|�.Ü�Ñ§KP�ß�1"XJ1f3 �(x′′, y′′, z′′)´
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ã 7.2: éØÓ�gÏfHenyey-Greenstein�¼ê�/G

SÜ���§K��1� ��IUCz¶��"

(x′′, y′′, z′′) =

{

(x, y,−z) if z < 0,

(x, y, 2τ − z) if z > τ.
(7.6)

1f#�DÂ��(µ′
x, µ

′
y, µ

′
z)�

(µ′
x, µ′

y, µ
′
z) = (µx, µy,−µz) (7.7)

µxÚµy��Ñ�±ØC"

XJ1f�DÂ�E3|�¥½3>.��£|�SÜ§K1f��

�Ü©��áÂ"�{�1f�XJ��u,���§K�Ó�Ù"

XJ1f�����ØI�Ó�Ù½3Ó�Ù¥3�e5§K§ò�Ñ

�"Ñ�� =�(deflection angle)θ�±�â�¼ê�)"�¼ê(phase

function)p(s, s′) £ã1fl��s′Ñ����s�VÇ§�
rN§´�Ý

�'�§�¼êk���¤p(cosθ)�/ª"�~^�^u·b0���¼

ê��Henyey-Greenstein�¼ê(phase function)[51]µ

p(cos θ) =
(1 − g2)

2(1 + g2 − 2g cos θ)3/2
(7.8)

ùpg��Ñ���É5Ïf"éØÓ�gÏfHenyey-Greenstein�¼ê�

/Gx3ã7.2¥" òª(7.8)�\ª(2.7)§¦)cos θ���µ

cos θ =
1

2g
[1 + g2 − (

1 − g2

1 − g + 2gξ
)2] (7.9)
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éu��Ó5�0�§p(cos θ) = 1
2§¤±

cos θ = 2ξ − 1 (7.10)

Ñ��� �(azimuthal scattering angle)´þ!©Ù3«m0 < φ < 2π§

¤±k

φ = 2πξ (7.11)

XJ1flDÂ���(µx, µy, µz)±�Ý(θ, φ)Ñ�§K#�DÂ�

�(µ′
x, µ′

y, µ
′
z)�±O�Xeµ

µ′
x = sin θ√

1−µ2
z

(µxµz cos φ − µy sin φ) + µx cos θ

µ′
y = sin θ√

1−µ2
z

(µyµz cos φ + µx sin φ) + µy cos θ

µ′
z = − sin θ cos φ

√

1 − µ2
z + µz cos θ

(7.12)

XJ�Ý��C��('X|µz| > 0.99999)§7L^Xeúª?�DÂ�

�"

µ′
x = sin θ cos φ

µ′
y = sin θ sin φ

µ′
z = µz

|µz | cos φ

(7.13)

1f�ò��DÂ���Ñ|�½�Ü�|�áÂ£3Ó�Ù¥k

�¤§1f�zg�áÂ�§P¹1f�áÂ� �ÚáÂ�þ"XJ1

f�l|�¥�Ñ§KP¹1f���½ß�� �"±þ¤ã�Ò´�

�1f�DÂ���L§"ù��L§�õgE���½þ�1f�Ü

DÂ�."XJDÂ�1f�êª�Ã¡§KP¹���þ!ß�þÚá

Âþ�©ÙB�Cý¢�"

7.3 _¯K

1Æ��¤ì��O´ÏLÿ�13|�¥�DÂ5�í|��

1Æ5�'Xò�Ç(n)§áÂXê(µa)§Ñ�Xê(µs)ÚÑ���É5

Ïf(g)§=I�)1DÂ�_¯K"·�^õ�0��AkÛ�[§

S(MCML ) [52])��¯K§^15Ù�g·A[�AkÛ�Û`z�{¦

_¯K"

·�3Úó¥J�²��.�±?�Ú^�©�|�¥§MCML§S

Ò´O�õ�|���AkÛ�[§S"Ø
c!£ã�L§§MCML�
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Ä
õ�|��m�SÜ��Úß�¯K"�{Bå�§·��O�0�

��ê�1�|�§|�þ¡Úe¡�0�þ�Àæ"·�½Â·AÝ¼ê

�

fit =
num−1
∑

n=0

(Tr[n]− Tr0[n])2 (7.14)

ª¥Tr0�¢Sÿ��ß�©Ùþ(��±���©Ùþ§�ß�©Ù

þ3¢�¥´ÿ�)"3vk¢�êâ��¹e§�±^�AkÛ�[��

�O¢S�"ùpÒ´�1Æëê�ý¢�����AkÛ�[�ß�©

Ùþ§Tr´1Æëê3�½��Szg�[�ß�©Ùþ"·��8I´

�ÏéU��z·AÝ¼êfit�1Æëê§=Ïé¦fit�����0�1

Æëê"z�g$1§��Å©Ù�1Æëê§ò§���MCML�Ñ\

ëê§²LMCML�[§ÑÑß�©Ùþ§O�fit�"

·�3^g·A[�AkÛ�Û`z(AQMC)�{�3²ï�Û`z

ÚÛÜ`z�¡�
�
&¢"éuù�¢SÔn¯K§Ù`z8I¼ê

��´:ìCz�§��3�þÛÜ4��§¤±3|¢L§¥I��õ

�Ú?#�N"15Ù¥0��AQMC�{´XÛÜ|¢�§�,�âü

zÝ(evolution degree) 5Ú?#�N(3¼ê�m�)#��Åê)§�ü

zÝ�A�´ÛÜ|¢Uå��ÚÝ§�k�ÛÜ|¢éJ2é��`�

4��Ú?#�N�VÇâ�"���)#��1[�Åê:�§«+

��
�#§#�üzÝ�0§ù�=¦·�3Ú?#�N�|¢L§¥

é�
��'�5��Û4��Cq���õ�Cq�§��=�ÛÜ|

¢¥�§Ø´UYÚ?#�N"¤±�âüzÝ5Ú?#�N��{�

õê�m´3�1ÛÜ|¢§éuI��õÚ?#�N�¯Ké��Û4

���ÝÒú
"

·�ATk���yÛÜ|¢UåÚÚ?#�N�|¢Uå�Ýþ§

ù«Ýþ�5�N�U?"XJ3ÛÜ|¢¥é�
�Ð�4�:§

ÒJpÛÜ|¢�VÇ¶XJ3Ú?#�N�|¢¥é�
Ð�õ�4

�:§ÒJpÚ?#�N�VÇ"·�¦^5U/�d'(performance/cost

ratio)5�y|¢Uå"

½Â 7.3.1 (5U/�d') Pmax initial�Ð©«+¥8I¼ê���§

e3²LO�Nc�¼ê��é�#����max current§K½Â5U/�

d'�µ

eff = (max current − max initial)/Nc
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L 7.1: ^AQMC�{)13|�¥DÂ�_¯K���ê�(J

n µa µs g

origin 1.375 1 100 0.9
approximation 1.375 1.13 101. 0.9

u´·��±©OO�ÛÜ|¢�5U/�d'lseffÚÚ?#�N�|¢�

5U/�d'nieff§^ùü�'Ç5û½�)#�N�VÇnewp"�±é

ü�|¢D��lswÚniw§^5û½ÛÜ|¢ÚÚ?#�N�gÓ�'

"u´

if ( lseff <1.0E−10 && nieff< 1.0E−10)

newp=niw;

else

newp=niw∗nieff/(lsw∗lseff+niw∗nieff);

,�UVÇ$1ÛÜ|¢½�)#�N§=�)�Åêrnd§XJrnd <

newp§K�)�1#�N"

do{

rnd=(double)(rand())/RAND MAX;

if (rnd<newp)

{ /∗generate new individual∗/

...

}

else

{ /∗ local search∗/

...

}

}while(fglobalmax[S]<−1.0E−5);

��`z§S�N¹"

·���´ü�o�ëêéÜ�`z"é²��þÝ�1cm§1Æëê

�n = 1.375§µa = 1§µs = 100§g = 0.9�|�§��o�1Æëê�|

¢���n ∈ [1.0, 2.0]§µa ∈ [0.01, 3](�
;�§S[�Ì�§áÂXê�

�ØU��0)§µs ∈ [2, 200]Úg ∈ [0.0, 1.2] (¢Sþg�Ôn�´[-1, 1]§ù

p�
��gCþ«�§Ó��
�ÄÛÜ|¢�N�¥gCþ¬ÄÑ>

.§«��mà���
)§·��AQMC�{$1
263gMCML�é�


�Ð�1ÆëêCq�§�3L7.1¥"
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8.1 Sobol’S�u)ì�C�ó�è

d§Sl[26]U?§U�)���ê�160��Sobol’S�"Ñ\©

�sobol para.txt¥��´ê|mdeg[]({üõ�ª�gê)Úip[](õ�ª�X

ê|¤��?���)"

#include ”math.h”

#include <stdio.h>

#include <stdlib.h>

#include <time.h>

#define MAXBIT 30

#define MAXDIM 160

#define S 2

/∗When n is negative, internally initializes a set of

MAXBIT direction numbers for each of MAXDIM different

Sobol ’ sequences . When n is positive (but <= MAXDIM),

returns as the vector x [1.. n] the next values from n

of these sequences.

(n must not be changed between initializations .)∗/

int IMIN(int a,int b)

{

return a<b ? a:b;

}

void sobseq(int ∗n, double x[])

{ FILE ∗fr1;

int j ,k, l ;

unsigned long i,im,ipp;

static double fac;

static unsigned long in,ix[MAXDIM+1],∗iu[MAXBIT+1];
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static unsigned long mdeg[MAXDIM+1];

static unsigned long ip[MAXDIM+1];

static unsigned long iv[MAXDIM∗MAXBIT+1];

long temp;

if(∗n < 0)

{ //read mdeg[] and ip[]

if (( fr1=fopen(”sobol para.txt”,”r”))==NULL)

{

printf (”\nFile not found!”);

exit (0) ;

}

for(i=1;i<=MAXDIM;i++)

fscanf ( fr1 ,”%d”,&mdeg[i]);//read mdeg[]

for(i=1;i<=MAXDIM;i++)

fscanf ( fr1 ,”%d”,&ip[i]);//read ip []

fclose (fr1) ;

//set the values of iv []//

srand((unsigned)time(NULL));//give the rand seed

for(i=1;i<=mdeg[MAXDIM];i++)

{

for(j=1;j<=MAXDIM;j++)

{ temp=2∗(int((1L<<(i−1))∗float(rand())/RAND MAX)+1)−1;

iv [( i−1)∗MAXDIM+j]=temp;

}

}

/∗ Initialize , don’t return a vector .∗/

for (k=1;k<=MAXDIM;k++)

ix [k]=0;

in=0;

if ( iv [1] != 1)

return;

fac=1.0/(1L << MAXBIT);

for ( j=1,k=0;j<=MAXBIT;j++,k+=MAXDIM)

iu [ j] = &iv[k ];

/∗To allow both 1D and 2D addressing.∗/

for (k=1;k<=MAXDIM;k++)

{

for ( j=1;j<=mdeg[k];j++)

iu [ j ][ k] <<= (MAXBIT−j);

/∗Stored values only require normalization.∗/

for ( j=mdeg[k]+1;j<=MAXBIT;j++)

{
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/∗Use the recurrence to get other values .∗/

ipp=ip[k];

i=iu[j−mdeg[k]][k];

i ˆ= (i >> mdeg[k]);

for ( l=mdeg[k]−1;l>=1;l−−)

{

if (ipp & 1)

i ˆ= iu[ j−l ][k ];

ipp >>= 1;

}

iu [ j ][ k]=i;

}

}

}

else

{

/∗Calculate the next vector in the sequence.∗/

im=in++;

for ( j=1;j<=MAXBIT;j++)

{

/∗Find the rightmost zero bit .∗/

if (!( im & 1))

break;

im >>= 1;

}

if ( j > MAXBIT)

printf (”\nMAXBIT too small in sobseq\n”);

im=(j−1)∗MAXDIM;

for (k=1;k<=IMIN(∗n,MAXDIM);k++)

{

/∗XOR the appropriate direction number into each

component of the vector and convert to a floating

number.∗/

ix [k] ˆ= iv [im+k];

x[k]=ix[k]∗fac ;

}

}

}

void main( )

{FILE ∗fw1;

static double xsob[S+1];
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int i , j ;

int ini ,run;

ini=−1;

sobseq(&ini,xsob);

if ( ( fw1 = fopen( ”sobol points”, ”w” )) == NULL )

{printf ( ”The file ’ sobol points ’ was not opened\n” );

exit (0) ;

}

for(i=1;i<=1024;i++)

{run=S;

sobseq(&run,xsob);

for(j=1;j<=S;j++)

fprintf (fw1,”%f\t”,xsob[j ]) ;

fprintf (fw1,”\n”);

}//end of i

fclose (fw1);

}

// begin of input file sobol para . txt

1

2

3 3

4 4

5 5 5 5 5 5

6 6 6 6 6 6

7 7 7 7 7 7 7 7 7 7

7 7 7 7 7 7 7 7

8 8 8 8 8 8 8 8 8 8

8 8 8 8 8 8

9 9 9 9 9 9 9 9 9 9 9 9

9 9 9 9 9 9 9 9 9 9 9 9

9 9 9 9 9 9 9 9 9 9 9 9

9 9 9 9 9 9 9 9 9 9 9 9

10 10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 10

10 10 10 10 10 10 10 10 10 10

0

1

1 2

1 4

2 4 7 11 13 14
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1 13 16 19 22 25

1 4 7 8 14 19 21 28 31 32 37 41 42 50 55

56 59 62

14 21 22 38 47 49 50 52 56 67 70 84 97 103

115 122

8 13 16 22 25 44 47 52 55 59 62 67 74 81

82 87 91 94 103 104 109 122 124 137 138 143

145 152 157 167 173 176 181 182 185 191 194

199 218 220 227 229 230 234 236 241 244 253

4 13 19 22 50 55 64 69 98 107 115 121 127

134 140 145 152 158 161 171 181 194 199 203

208 227 242 251 253 265 266 274 283 289 295

301 316 319 324 346 352 361 367 382 395 398

400 412 419 422 426 428 433 446 454 457 472

493 505 508

// end of input file

8.2 HaltonS�u)ì�C�ó�è

d§S´l®k��â©[53]?��Fortran§S=¤C�è�"

//============the program to generate Halton sequence====//

#include ”math.h”

#include <stdio.h>

#include <stdlib.h>

#include <time.h>

#define MAXBIT 64

#define MAXDIM 40

#define MAXNUM 1000

#define S 2 /∗dimension∗/

/∗input:n, if the first time to run the subroutine , ∗n=−S;∗/

void halseq(int ∗n, double x[])

{ int j , s ;

static double prime[MAXDIM+1]={0.0,2.0,3.0,5.0,7.0,11.0,13.0,17.0,19.0,23.0,\

29.0,31.0,37.0,41.0,43.0,47.0,53.0,59.0,61.0,67.0,71.0,73.0,\

79.0,83.0,89.0,97.0,101.0,103.0,107.0,109.0,113.0,127.0,\

131.0,137.0,139.0,149.0,151.0,157.0,163.0,167.0,173.0};

static double xhal[MAXDIM+1],E,Delta,Tiny=1.0;

static unsigned char Flag[2]={0,0};

double T,F,G,H;
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if(∗n < 0)

{ /∗FIRST CHECKS WHETHER THE USER−SUPPLIED DIMENSION ”

DIMEN”

OF THE QUASIRANDOM VECTORS IS ACCEPTABLE

( STRICTLY BETWEEN 0 AND 41):

IF SO, FLAG(1)=.TRUE.∗/

s=−∗n;/∗the dimension∗/

Tiny=1L>>MAXBIT;

if ((s>=1)&&(s<=40))

Flag[0]=1;

else

{

printf (”The dimension must between 1 and 40!\n”);

exit (0) ;

}

/∗ COMPUTE AND CHECK TOLERANCE∗/

E = 0.9∗ (1.0/ ((double)MAXNUM∗prime[s])−10.0∗Tiny);

Delta = 100.0∗Tiny∗(double)(MAXNUM+1)∗log10((double)MAXNUM);

if (Delta <= (0.09∗ (E−10.0∗Tiny)))

Flag[1]=1;

else

{

printf (”The dimension must between 1 and 40!\n”);

exit (0) ;

}

/∗NOW COMPUTE FIRST VECTOR∗/

for(j=1;j<=s;j++)

{

prime[j]=1.0/prime[j ];

xhal[ j]=prime[j ];

x[ j]=xhal[j ];

}

}

else

{

s=∗n;

for(j=1;j<=s;j++)

{

T = prime[j];

F = 1.0 − xhal[j ];

G = 1.0;

H = T;

while ((F−H)<E)
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{

G = H;

H = H∗T;

}

xhal[ j ] = G + H − F;

x[ j]=xhal[j ];

} /∗end of for(j=1;j<=s;j++)∗/

} /∗end of else∗/

}

void main( )

{

FILE ∗result;

double xhal[S+1];

int i , j ;

int ini ,run;

int num random=120;

if ( ( result = fopen( ”halton.dat”, ”w” )) == NULL )

{ printf ( ”The file ’halton.dat’ was not opened\n” );

exit (0) ;

}

fprintf ( result ,”Halton sequence ........\ n”);

/∗ initialize and generate the first random number∗/

ini=−S;

halseq(&ini,xhal);

for(j=1;j<=S;j++)

fprintf ( result ,”%f\t”,xhal[j ]) ;

fprintf ( result ,”\n”);

fclose ( result ) ;

for(i=2;i<=num random;i++)

{ if ( ( result = fopen( ”halton.dat”, ”a” )) == NULL )

{ printf ( ”The file ’halton.dat’ was not opened\n” );

exit(0) ;

}

run=S;

halseq(&run,xhal);

for(j=1;j<=S;j++)

fprintf ( result ,”%f\t”,xhal[j ]) ;

fprintf ( result ,”\n”);

fclose ( result ) ;

} //end of i

}



84 N¹µ§S�è

8.3 �AkÛ(MC)§éóCê�AkÛ(AMC)§°[

éóCê�AkÛ(AMC)�O�¿1§S

·���´MPI¿1§S§�±3Å+þ$1"d!��èØ
f§

Sran2()5g[26]§Ù{�è���ö¤�§�ö�3��"

/∗

Copyright 2003 by Guiyuan Lei

All rights reserved . All codes except the ran2() in this section can be used in the

case that user cite this thesis .

Monte Carlo integration in parallel programming(MPI)

all the processes use a same sequence,

passing the random seeds and serial of random number(n) through the processes.

the pseudorandom sequence is generated by rans()

from book ”Numerical recipes in C: The art of scientific computing”

seeds :

static long idum2=123456789;

static long iy=0;

static long iv [NTAB];

∗/

#include ”math.h”

#include ”mpi.h”

#include <stdio.h>

#include <stdlib.h>

#include <time.h>

#define MAXBIT 64

#define MAXDIM 40

#define MAXNUM 1000000

#define S 15 //dimension=15

#define Pi 2∗arcsin(1.)

/∗length of sub−sequence generated by each process∗/

#define Max Len 32768

#define IM1 2147483563

#define IM2 2147483399

#define AM (1.0/IM1)

#define IMM1 (IM1−1)

#define IA1 40014

#define IA2 40692

#define IQ1 53668

#define IQ2 52774

#define IR1 12211

#define IR2 3791
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#define NTAB 32

#define NDIV (1+IMM1/NTAB)

#define EPS 1.2e−7

#define RNMX (1.0−EPS)

/∗Uniformally distributed random sequence generator

p282 Chapter 7. Random Numbers in ”Numerical Recipes in C”

∗/

static long idum2=123456789;

static long iy=0;

static long iv[NTAB];

/∗Long period (> 2 ∗ 10ˆ18 ) random number generator of L’Ecuyer with Bays−

Durham shuffle

and added safeguards. Returns a uniform random deviate between 0.0 and 1.0 (

exclusive of

the endpoint values) . Call with idum a negative integer to initialize ; thereafter ,

do not alter

idum between successive deviates in a sequence. RNMX should approximate the

largest oating

value that is less than 1.

∗/

float ran2(long ∗idum)

{

int j ;

long k;

float temp;

if (∗idum <= 0)

{ /∗ Initialize ∗/

/∗Be sure to prevent idum = 0∗/

if (−(∗idum) < 1)

∗ idum=1;

else

∗ idum = −(∗idum);

idum2=(∗idum);

for ( j=NTAB+7;j>=0;j−−)

{ /∗Load the shuffle table ( after 8 warm−ups)∗/

k=(∗idum)/IQ1;

∗ idum=IA1∗(∗idum−k∗IQ1)−k∗IR1;

if (∗idum < 0)

∗ idum += IM1;

if ( j < NTAB)

iv [ j] = ∗idum;

}

iy=iv [0];
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}

/∗Start here when not initializing .∗/

k=(∗idum)/IQ1;

/∗ Compute idum=(IA1∗idum) % IM1 without over ows by Schrage’s method.∗/

∗ idum=IA1∗(∗idum−k∗IQ1)−k∗IR1;

if (∗idum < 0)

∗ idum += IM1;

k=idum2/IQ2;

/∗Compute idum2=(IA2∗idum) % IM2 likewise.∗/

idum2=IA2∗(idum2−k∗IQ2)−k∗IR2;

if (idum2 < 0)

idum2 += IM2;

j=iy/NDIV;/∗Will be in the range 0..NTAB−1.∗/

iy=iv[j]−idum2;/∗ Here idum is shuffled, idum and idum2 are combined to generate

output.∗/

iv [ j] = ∗idum;

if ( iy < 1)

iy += IMM1;

if (( temp=AM∗iy) > RNMX)

return RNMX; /∗Because users don’t expect endpoint values.∗/

else

return temp;

}

/∗the integrand from:

Math. Comput. Modelling Vol. 23, No, 8/9, pp. 87−96, 1996

p92 Example2,Figure2,5

∗/

double f(double x[])

{/∗use the first S dimension of x [], just 1−S elements∗/

double f;

int i ;

double sum x=0.;

for(i=1;i<=S;i++)

sum x+=x[i]/i;

f=exp(sum x);

return f;

}

/∗Calculating function value and sum the value usint CMC,AMC,FAMC method∗/

void MC(long temp serial, int n, double x[],double interval,double sum[])

{

int l ;

double f x;

double x k[S+1];
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double c k[S+1];

f x=f(x);/∗function value of x∗/

sum[1]+=f x;/∗Crude Monte Carlo estimate∗/

sum[2]+=f x;

for(l=1;l<=S;l++)

c k[ l]=1.0− x[l ]; /∗the antithetic variables of x∗/

sum[2]+=f(c k);/∗Antithetic Monte Carlo estimate∗/

for(l=1;l<=S;l++)

{ /∗The domain of function is devided into N=nˆS subcube D k

c k[ l ]: leftest border of subcube k∗/

c k[ l]=temp serial%n;

temp serial=temp serial/n;

x k[ l]=(c k[ l]+x[l ])∗ interval ;

}

sum[3]+=f(x k);

for(l=1;l<=S;l++)

{ /∗Here c k[l ] is centre of subcube k

interval is the interval of subcube∗/

c k[ l]=(0.5+c k[l ])∗ interval ;

x k[ l]=2∗c k[l]− x k[ l ]; /∗the antithetic variables∗/

}

sum[3]+=f(x k);/∗Fine Antithetic Monte Carlo estimate∗/

}

/∗end of calculating function value usint CMC,AMC,FAMC method∗/

/∗Linear fit of the data (X,T), least square error method∗/

void Fit linear (long X[],double T[],int count,double A[])

{

int i ;

double Xi;

double Ti;

int sum true=1;/∗if sum the data∗/

double sum Xi=0.0;

double sum Xi square=0.0;

double sum Ti=0.;

double sum Xi Ti=0.;

double a;/∗slope∗/

double b;/∗intercept∗/

for(i=1;i<=count;i++)

{

sum true=1;/∗to sum the data∗/

Ti=T[i];

if (Ti<1.0E−20)

sum true=0;

/∗to calculate slope∗/
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if (sum true)

{

Xi=log10(X[i]);

sum Xi+=Xi;/∗sum x∗/

sum Xi square+=Xi∗Xi;/∗sum xˆ2∗/

Ti=log10(T[i]);

sum Ti+=Ti;/∗sum T∗/

sum Xi Ti+=Xi∗Ti;/∗sum x∗T∗/

} /∗end of if (sum true)∗/

else

count−−;

} /∗end of i(step)∗/

a=(count∗sum Xi Ti−sum Xi∗sum Ti)/(count∗sum Xi square−sum Xi∗sum Xi);

b=(sum Ti∗sum Xi square−sum Xi∗sum Xi Ti)/(count∗sum Xi square−sum Xi∗

sum Xi);

A[0]=a;

A[1]=b;

}

/∗Empirical standard deviate(sd) error∗/

double sd error(double s run[],int runs)

{

int l ;

double temp;

double proximate int average=0.;

for(l=0;l<runs;l++)

proximate int average+=s run[l];

proximate int average/=runs;

temp=0.0;

for(l=0;l<runs;l++)

temp+=(s run[l]−proximate int average)∗(s run[l]−proximate int average);

temp=sqrt(temp/(runs−1));

return temp;

}

/∗Empirical root mean square error(rmse)∗/

double rmse(double s run[],double exact int,int runs)

{

int l ;

double temp=0.;

for(l=0;l<runs;l++)

temp+=(s run[l]−exact int)∗(s run[l]−exact int);

temp=sqrt(temp/runs);

return temp;

}
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main(int argc,char∗∗ argv)

{

FILE ∗f value,∗f rmse, ∗ f sd ;

char str [20]; /∗ file name∗/

double s step run [4][4][76];

double variance step[4];

int step=3;

long points step [4];

long N;/∗number of random point points∗/

int runs=75;/∗compute the root mean square error over 75 runs∗/

/∗the sum of function value for Crude MC, AMC and FAMC methods∗/

double sum[4],G sum[4];

long i, j ,k,m;

int l ;/∗index for dimension∗/

int n;/∗number of sub−interval∗/

double interval;

double exact int=5.6102534948577798;/∗for s=15∗/

/∗exact int=3.0060133559748561; //for s=4∗/

long ini ;

double A[2];/∗the coefficient of linear fit ∗/

/∗each process calculate sub seq len random points every procs step random points

∗/

long procs step;

long size ,remainder;/∗size, loop size∗/

int sub seq len=Max Len;/∗no more than Max Len∗/

double random[Max Len][S+1];

int nid,nid before , nid after ,noprocs, last nid ;/∗for parallel programming∗/

MPI Status status;

long seeds[NTAB+3];/∗iv[NTAB],idum,iy,ini∗/

MPI Request req send seeds,req recv seeds;

/∗call MPI initialization∗/

MPI Init(&argc,&argv);

MPI Comm rank(MPI COMM WORLD,&nid);

MPI Comm size(MPI COMM WORLD,&noprocs);

for(j=2;j<=step+1;j++)

{

N=1;
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for(i=0;i<S;i++)

N∗=j;

points step [ j−1]=N;/∗set calculating points for each step∗/

}

if (nid==noprocs−1)

{

for(i=1;i<=3;i++)/∗deal with three methods:CMC=1,AMC=2,FAMC=3∗/

{ sprintf ( str ,”f value−%d.dat”,i);

f value=fopen(str, ”w” );

for(j=1;j<=step;j++)

fprintf ( f value ,”%ld\t\t”,points step[ j ]) ;

fprintf ( f value ,”\n”);

fclose ( f value ) ;

}

ini=−S;/∗the value of ini will be changed by ran2()∗/

for(m=1;m<=2500;m++)/∗ingore the first 2500 random number∗/

ran2(&ini);

/∗envelope the seeds∗/

for(m=0;m<NTAB;m++)

seeds[m]=iv[m];

seeds[m]=idum2;

seeds[m+1]=iy;

seeds[m+2]=ini;

nid after=(nid+1)%noprocs;

MPI Isend(seeds,NTAB+3,MPI LONG,nid after,10,MPI COMM WORLD,&

req send seeds);

}

/∗generate next random numbers and perform integration∗/

for(i=0;i<runs;i++)

{

for(j=1;j<=step;j++)

{

N=points step[j];

n=j+1;

interval=1./n;

/∗calculate the sum on distributed noprocs computer∗/

for(k=0;k<4;k++)

sum[k]=0.;

/∗the number of random points each process should calculate∗/

procs step=sub seq len∗noprocs;

remainder=N%sub seq len;

size=N−remainder;

last nid=noprocs−1;
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/∗============loop for size===========∗/

for(k=nid∗sub seq len;k<N;k+=procs step)

{ /∗receive the random seeds∗/

if (nid) /∗nid before=(nid+noprocs−1)%noprocs;∗/

nid before=nid−1;

else

nid before=last nid;

MPI Irecv(seeds,NTAB+3,MPI LONG,nid before,10,

MPI COMM WORLD,&req recv seeds);

MPI Wait(&req recv seeds,&status);

/∗unenvelope the seeds∗/

for(m=0;m<NTAB;m++)

iv [m]=seeds[m];

idum2=seeds[m];

iy=seeds[m+1];

ini=seeds[m+2];

if (k+sub seq len<=size)

{

for(m=0;m<sub seq len;m++) /∗generate sub−sequence∗/

{ for(l=1;l<=S;l++)

random[m][l]=ran2(&ini);

}

}

else

{

for(m=0;m<remainder;m++) //generate remainder points∗/

{

for(l=1;l<=S;l++)

random[m][l]=ran2(&ini);

}

}

/∗send the seeds

envelope the seeds∗/

for(m=0;m<NTAB;m++)

seeds[m]=iv[m];

seeds[m]=idum2;

seeds[m+1]=iy;

seeds[m+2]=ini;

nid after=(nid+1)%noprocs;

/∗in general the (noprocs−1)’th process send the seeds to process 0∗/

last nid=noprocs−1;

/∗the process who deal with the N’th random number will send the
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seeds to process 0

then process 0 start the first random number of new successive N

random points

∗/

if ((k+sub seq len==N)||k+remainder==N)

{

nid after=0;

last nid=nid;

/∗boadcast so that process 0 know the change of last nid∗/

MPI Bcast(&last nid,1,MPI INT,nid,MPI COMM WORLD);

}

MPI Isend(seeds,NTAB+3,MPI LONG,nid after,10,

MPI COMM WORLD,&req send seeds);

/∗calculate the function value and sum them∗/

if (k+sub seq len<=size)

{

for(m=0;m<sub seq len;m++)

MC(k+m,n,random[m],interval,sum);

}

else

{

for(m=0;m<remainder;m++)

MC(k+m,n,random[m],interval,sum);

}

} /∗end of k: loop size of sub seq len∗/

/∗send the data to process 0∗/

MPI Reduce(sum,G sum,4,MPI DOUBLE,MPI SUM,0,

MPI COMM WORLD);

if (nid==0)

{

for(k=1;k<=3;k++)

s step run [k ][ j ][ i ]=G sum[k];

}

} /∗end of j : step∗/

if (nid==0)

{

for(j=1;j<=step;j++)

{

N=points step[j];

s step run [1][ j ][ i ]=s step run [1][ j ][ i ]/N;

for(k=2;k<=3;k++)

s step run [k ][ j ][ i ]=s step run[k ][ j ][ i ]/N/2.;

}
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for(k=1;k<=3;k++)/∗deal with three method:CMC=1,AMC=2,FAMC=3∗/

{ sprintf ( str ,”f value−%d.dat”,k);

f value=fopen(str, ”a” );

for(j=1;j<=step;j++)

fprintf ( f value ,”%.20f\t”,s step run[k ][ j ][ i ]) ;

fprintf ( f value ,”\n”);

fclose ( f value ) ;

}

} /∗end of if (nid==0)∗/

} /∗end of i :runs∗/

if (nid==0)

{

for(k=1;k<=3;k++)

{

sprintf ( str ,”rmse−%d.dat”,k);

f rmse= fopen(str, ”w” );

for(i=1;i<=step;i++)

{

fprintf (f rmse,”%ld\t”,points step[ i ]) ;

variance step [ i]=rmse(s step run[k][ i ], exact int ,runs);

fprintf (f rmse,”%.10f\t”,variance step[ i ]) ;

fprintf (f rmse,”\n”);

}

Fit linear (points step , variance step ,step,A);

fprintf (f rmse,”\nFit Linear...\n”);

fprintf (f rmse,”Y=%.10f∗X+%.10f\n”,A[0],A[1]);

fclose (f rmse);

} /∗end of k∗/

for(k=1;k<=3;k++)

{

sprintf ( str ,”sd error−%d.dat”,k);

f sd= fopen(str, ”w” );

for(i=1;i<=step;i++)

{

fprintf ( f sd ,”%ld\t”,points step[ i ]) ;

variance step [ i]=sd error(s step run [k ][ i ], runs);

fprintf ( f sd ,”%.10f\t”,variance step[ i ]) ;

fprintf ( f sd ,”\n”);

}

Fit linear (points step , variance step ,step,A);

fprintf ( f sd ,”\nFit Linear...\n”);

fprintf ( f sd ,”Y=%.10f∗X+%.10f\n”,A[0],A[1]);
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fclose ( f sd) ;

} /∗end of k∗/

} /∗end of if (nid==0),analysize∗/

MPI Finalize();/∗end of MPI∗/

}
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/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

Copyright 2003 by Guiyuan Lei

All rights reserved . All codes except the MCML in this section can be used in the case

that user cite this thesis .

AQMC for inverse problem of light transport(optimize the optical parameters)

We use the Monte Carlo Multi−Layer(MCML) simulation programmer as the forward

method.

The Monte Carlo random search method for the global maximum

( if to find the global minimum, use the minus of the fitness function).

Do local search or generate new individuals according to their performance/cost ratio.

We use the Sobol’ sequence in optimization(so we need sobol .c file in compiling)

You can download MCML programs from the website

http://omlc.ogi.edu/software/mc/index.html

MCML’s inputfile is sample.mci, output file is sample.mco

in this program we use sample.mco as the inputfile and do optimization

all the file list :

mcmlaqmc.c //this file

sobol .h

sobol .c // sobol generator

mcml.h

mcmlgo.c

mcmlio.c

mcmlnr.c

∗/
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#include <math.h>

#include <stdlib.h>

#include <stdio.h>

#include <time.h>

#include ”mcml.h”

#include ”sobol.h”

#define N 100

#define S 4

/∗Declare before they are used in main()∗/

void sobseq(int ∗n, double x[]);

FILE ∗GetFile(char ∗);

short ReadNumRuns(FILE∗ );

void ReadParm(FILE∗ , InputStruct ∗ );

void CheckParm(FILE∗ , InputStruct ∗ );

void InitOutputData(InputStruct, OutStruct ∗);

void FreeData(InputStruct, OutStruct ∗);

double Rspecular(LayerStruct ∗ );

void LaunchPhoton(double, LayerStruct ∗, PhotonStruct ∗);

void HopDropSpin(InputStruct ∗,PhotonStruct ∗,OutStruct ∗);

void SumScaleResult(InputStruct, OutStruct ∗);

void WriteResult(InputStruct, OutStruct, char ∗);

InputStruct in parm;

InputStruct in parm opti;

OutStruct out parm;

OutStruct out parm opti;

/∗The pseudorandom number generator∗/

unsigned long Y1=3115,Y2=3115;

unsigned long m1=1L<<31,m2=1L<<30;

unsigned long a1=65539,a2=410092949;

int b1=0,b2=1;

unsigned long GambleMAX1=1L<<31−1,GambleMAX2=1L<<30−1;

unsigned long Gamblerand1()

{

Y1=(Y1∗a1+b1)%m1;

return Y1;

}
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unsigned long Gamblerand2()

{

Y2=(Y2∗a2+b2)%m2;

return Y2;

}

/∗end of the pseudorandom number generating∗/

double DMAX(double a,double b)

{

return a>b ? a:b;

}

//===============mcml.c==================//

void DoOneRun(InputStruct ∗In Ptr,OutStruct ∗out parm)

{

register long i photon;

/∗ index to photon. register for speed.∗/

/∗ distribution of photons.∗/

PhotonStruct photon;

long num photons = In Ptr−>num photons, photon rep=10;

out parm−>Rsp = Rspecular(In Ptr−>layerspecs);

i photon = num photons;

do

{

LaunchPhoton(out parm−>Rsp, In Ptr−>layerspecs, &photon);

do

HopDropSpin(In Ptr, &photon, out parm);

while (!photon.dead);

}

while(−−i photon);

}

/∗the range of variable of the function∗/

double xrange[S ][2]={{0.01,3},{2,200},{0.0,1.2},{1.0,2.0}};

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

Report time and write results .

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

void ReportResult(InputStruct In Parm, OutStruct Out Parm)

{

char time report[STRLEN];
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strcpy(time report , ” Simulation time of this run.”);

PunchTime(1, time report);

SumScaleResult(In Parm, &Out Parm);

WriteResult(In Parm, Out Parm, time report);

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

function definition

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

double f(double x[S])

{

int i ;

double f;

f=0.;

in parm.layerspecs [1]. mua=x[0];

in parm.layerspecs [1]. mus=x[1];

in parm.layerspecs [1]. g=x[2];

in parm.layerspecs [1]. n=x[3];

InitOutputData(in parm, &out parm opti);

DoOneRun(&in parm,&out parm opti);

ReportResult(in parm, out parm opti);

for(i=0;i<50;i++)/∗nr==50∗/

f+=(out parm.Tt r[i]−out parm opti.Tt r[i])∗(out parm.Tt r[i]−out parm opti.

Tt r[i]);

f=−f;/∗to find the minimum of f equal to find the maximum of −f∗/

return f;

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

calculate fitness

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

void fitness (double fv[N+1],double pf[N+1])

{

double Cmin;

double Sumf=0.;

int i ;

Cmin=fv[1];

Sumf+=fv[1];

for( i=2;i<=N;i++)

{

Sumf+=fv[i];

if ((Cmin−fv[i])>1.0E−8)
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Cmin=fv[i];

}

Sumf=Sumf−Cmin∗N;

for( i=1;i<=N;i++)

pf[ i]=(fv[ i]−Cmin)/Sumf;

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

select individual to do local search

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int individual select (double pf[])

{

int m;

double gamblep;

double gamblesum;

gamblep=(double)(Gamblerand1())/GambleMAX1;

gamblesum=0.0;

for(m=1;m<=N;m++)

{

gamblesum=gamblesum+pf[m];

if ((gamblesum−gamblep)>1.0E−20)

break;

}

if (m>N)

m=N;

return m;

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

roulette , select individual to be replaced by new point

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int individual replace (double pf[])

{

int m;

double gamblep;

double gamblesum;

gamblep=(double)(Gamblerand2())/GambleMAX2;

gamblesum=0.0;

for(m=1;m<=N;m++)

{ /∗the bigger fitness ,the less to be replaced∗/

gamblesum=gamblesum+(1−pf[m])/(N−1);

if ((gamblesum−gamblep)>1.0E−20)

break;

}
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if (m>N)

m=N;

return m;

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

adaptive local search of AQMC method

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

void laqmc(double x[N+1][S],double c[S],double ∗fv c, int Ni,double ∗search step,

double c3,int ∗vanish)

{

double gcx[N+1][S];

double flocalmax=∗fv c;

int j ,k;

int indomain;

double radius=∗search step;

double tempx;

for(j=0;j<S;j++)

gcx [0][ j]=c[j ];

for(j=1;j<=Ni;j++)

{

for(k=0;k<S;k++)

gcx[j ][ k]=gcx[0][k]+radius∗(2∗x[j ][ k]−(xrange[k][0]+xrange[k ][1]) ) ;

indomain=1;

for(k=0;k<S;k++)

{

if ((xrange[k][0]−gcx[j ][ k])>1.0E−6||(gcx[j][k]−xrange[k][1])>1.0E−6)

indomain=0;

}

if (indomain)

{

tempx=f(gcx[j]);

if ((tempx−flocalmax)>1.0E−8)

{

flocalmax=tempx;

for(k=0;k<S;k++)

gcx [0][ k]=gcx[j ][ k ];/∗to store the tempory max value∗/

}

} /∗end of indomain∗/

else

{

(∗ vanish)++;

printf (”\t%dth point not in the domain\t”,j);
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printf (”(%f,%f,%f,%f)\n”,gcx[j ][0], gcx[j ][1], gcx[j ][2], gcx[j ][3]) ;

}

} /∗end of for j∗/

if ((flocalmax−∗fv c)>1.0E−8)

{

radius=fabs(c[0]−gcx [0][0]) /(xrange[0][1]−xrange [0][0]) ;

c[0]=gcx [0][0];

for(k=1;k<S;k++)

{

tempx=fabs(c[k]−gcx[0][k])/(xrange[k][1]−xrange[k][0]) ;

if ((tempx−radius)>1.0E−10)

radius=tempx;

c[k]=gcx[0][k ];//to store the tempory max value

}

∗ search step=radius;

∗ fv c=flocalmax;

}

else

∗ search step=(∗search step)∗c3;

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

report the result

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

void report(double fglobalmax[S+1],int count, int vanish)

{

int j ;

FILE ∗result;

if ( ( result = fopen( ”mcmlmin”, ”a” )) == NULL )

{

printf ( ”The file ’mcmlmin’ was not opened\n” );

exit (0) ;

}

fprintf ( result ,” mcmlmin=%.10f\n”,−fglobalmax[S]);

for(j=0;j<S;j++)

fprintf ( result ,”x[%d]=%.10f\t”,j,fglobalmax[j]);

fprintf ( result ,”\n”);

fprintf ( result ,”count(the calculated function value number)=%d\n”,count−vanish

);

fprintf ( result ,”

======================================\n”);

fclose ( result ) ;

}
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/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

look for the global maximum

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

void fmax()

{

FILE ∗result;

int vanish=0;

int count=0;/∗to count the calculation function value number∗/

double x[N+1][S];/∗the initial N Sobol’ random number∗/

double fx[N+1][S];/∗variable(x) of each individual∗/

double pf[N+1];/∗fitness of each individual∗/

double fv[N+1];/∗function value of each individual∗/

double ss[N+1];/∗search radius of each individual∗/

double fglobalmax[S+1];/∗to store the varible and max value of the function∗/

int fglobalposition ;

int i , j ,k,m;

int Ni;/∗the search number in local search∗/

double epslon=0.25;/∗the initial value of search radius∗/

/∗parameters of AQMC optimization method∗/

double c1=0.04;

double c2=1.0;

double c3=epslon∗epslon;

double c4=0.04;

int newN=c4∗N;

double radius=1.0;

double temp;

double evolution;

double lseff=1.0, nieff =1.0;/∗ local search and new individual performance/cost

ratio∗/

double ls max initial,ls max current, ni max initial ,ni max current;

double ls N=0,ni N=0;/∗the count of local search and new individual∗/

double newp=0.2;/∗the probability to generate new individuals∗/

double rnd;/∗random number∗/

int ini ,run;

static double xsob[S+1];

srand((unsigned)time(NULL));/∗give the rand seed∗/

printf ( ”The Monte Carlo random search method for the global optimum starts

...\n”);

if ( ( result = fopen( ”mcmlmin”, ”w” )) == NULL )

{

printf ( ”The file ’mcmlmin’ was not opened\n” );

exit (0) ;
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}

fprintf ( result ,”===The Monte Carlo random search method for the global

optimum===\n\n”);

fprintf ( result ,”N(population size)=%d\n”,N);

fprintf ( result ,”epslon(the initial search radius)=%f\n”,epslon);

fprintf ( result ,”c1=%f\tc2=%f\tc3=%f\tc4=%f\n”,c1,c2,c3,c4);

fprintf ( result ,”\n”);

fprintf ( result ,”\n”);

fprintf ( result ,”==================\n”);

fclose ( result ) ;

i=1;

printf (”Generation %d(initial population)...\n”,i ) ;

/∗generate N quasirandom,dimension S∗/

ini=−1;

sobseq(&ini,xsob);/∗the Sobol ’ generator initilization ∗/

run=S;

count=count+N;

for( i=1;i<=N;i++)

{

sobseq(&run,xsob);

for(j=0;j<S;j++)

{

x[ i ][ j]=xrange[j][0]+(xrange[j ][1]−xrange[j ][0]) ∗xsob[j+1];

fx [ i ][ j]=x[i ][ j ];

}

fv [ i]=f(fx [ i ]) ;

printf (”\t %dth point: %f(%f,%f,%f,%f)\n”,i,−fv[i],x[i ][0], x[ i ][1], x[ i ][2], x[ i

][3]) ;

ss [ i]=epslon;

}

/∗end of generating N quasirandom,dimension S∗/

/∗globalmax∗/

fglobalposition =1;

for( i=2;i<=N;i++)

{

if ((fv [ i]−fv[ fglobalposition ])>1.0E−8)

fglobalposition =i;

}

for(i=0;i<S;i++)

fglobalmax[i]=fx[ fglobalposition ][ i ];

fglobalmax[S]=fv[ fglobalposition ];

/∗to calculate the fitness ∗/
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fitness (fv ,pf) ;

i=1;

report(fglobalmax,count,vanish);

ni max initial =fglobalmax[S];

ls max initial =fglobalmax[S];

ls max current=fglobalmax[S];

ni max current=fglobalmax[S];

i=2;

do

{

printf (”Generation %d...\n”,i);

printf (”\t probability to generate new individuals %f\n”,newp);

/∗========fitness=======∗/

rnd=(double)(rand())/RAND MAX;

if (rnd<newp)/∗generate new individual∗/

{ printf (”\tgenerate %d new points...\n”,newN);

count=count+newN;

ni N+=newN;

/∗to find the invidicual to be replaced by new point∗/

for(j=1;j<newN;j++)

{

do

{

m=individual replace(pf);

}

while(m==fglobalposition);/∗keep the best individual∗/

/∗to generate one new point∗/

sobseq(&run,xsob);

for(k=0;k<S;k++)

fx [m][k]=xrange[k][0]+(xrange[k][1]−xrange[k ][0])∗xsob[k+1];

fv [m]=f(fx[m]);

printf (”\t %dth point: %f(%f,%f,%f,%f)\n”,j,−fv[m],fx[m][0],fx[m][1],

fx [m ][2], fx [m][3]) ;

ss [m]=epslon;

if ((fv [m]−fglobalmax[S])>1.0E−8)

{

fglobalposition =m;

fglobalmax[S]=fv[m];

for(k=0;k<S;k++)

fglobalmax[k]=fx[ fglobalposition ][ k ];

report(fglobalmax,count,vanish);

ni max current=fv[m];

printf (”\tFind max when generate new individual!\n”);

}
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} /∗end of generating New points∗/

nieff =(ni max current−ni max initial)/ni N;

printf (”\tnew individuals performance/cost ratio %f\n”,nieff);

fitness (fv ,pf) ;

} /∗end of if (newp .....)∗/

else /∗ local search∗/

{ /∗to select one point for local searching∗/

m=individual select(pf);

Ni=(int)(c2∗N∗DMAX(ss[m],c1));

ls N+=Ni;

count=count+Ni;

temp=fv[m];

printf (”\tlocal search, %d points...\n”,Ni);

/∗ local search∗/

laqmc(x,fx[m],&(fv[m]),Ni,&(ss[m]),c3,&vanish);

if (fv [m]−temp>1.0E−5)/∗if find new local max∗/

{ fitness (fv ,pf) ;

}

/∗global max∗/

if ((fv [m]−fglobalmax[S])>1.0E−8)

{

for(j=0;j<S;j++)

fglobalmax[j]=fx[m][j ];

fglobalmax[S]=fv[m];

fglobalposition =m;

report(fglobalmax,count,vanish);

ls max current=fv[m];

printf (”\tFind max in local search!\n”);

}

lseff =(ls max current−ls max initial)/ls N;/∗performance/cost ratio of

local search∗/

printf (”\tlocal performance/cost ratio %f\n”,lseff) ;

} /∗end of local search∗/

/∗calculate the probability of generating new points∗/

if ( lseff <1.0E−10 && nieff< 1.0E−10)

newp=0.2;

else

newp=0.2∗nieff/(0.8∗ lseff+0.2∗nieff) ;

i++;

}while(fglobalmax[S]<−1.0E−5);

}

time t PunchTime(char F, char ∗Msg)

{
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#if GNUCC

return(0);

#else

static clock t ut0; /∗ user time reference . ∗/

static time t rt0 ; /∗ real time reference . ∗/

double secs;

char s[STRLEN];

if (F==0)

{

ut0 = clock();

rt0 = time(NULL);

return(0);

}

else if (F==1)

{

secs = (clock() − ut0)/(double)CLOCKS PER SEC;

if ( secs<0)

secs=0; /∗ clock() can overflow. ∗/

sprintf (s , ”User time: %8.0lf sec = %8.2lf hr. %s\n”,

secs , secs /3600.0, Msg);

puts(s) ;

strcpy(Msg, s);

return(difftime(time(NULL), rt0));

}

else if (F==2)

return(difftime(time(NULL), rt0));

else

return(0);

#endif

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

∗ Get the file name of the input data file from the

∗ argument to the command line.

∗∗∗∗/

void GetFnameFromArgv(int argc, char ∗ argv[], char ∗ input filename)

{

if (argc>=2)

{ /∗ filename in command line ∗/

strcpy(input filename , argv [1]) ;

}

else

input filename[0] = ’\0’ ;
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}

void main(int argc, char ∗argv[])

{

char input filename[STRLEN];

FILE ∗ input file ptr ;

short num runs;/∗ number of independent runs. ∗/

/∗InputStruct in parm;

OutStruct out parm;∗/

GetFnameFromArgv(argc, argv, input filename);

input file ptr = GetFile(input filename);

CheckParm(input file ptr, &in parm);

num runs=ReadNumRuns(input file ptr);

ReadParm(input file ptr, &in parm);

ReadParm(input file ptr, &in parm opti);

InitOutputData(in parm, &out parm);

DoOneRun(&in parm,&out parm);

ReportResult(in parm, out parm);

fmax();

FreeData(in parm, &out parm);

FreeData(in parm opti, &out parm opti);

fclose ( input file ptr ) ;

}
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