
MAS3210 Geometries and Designs

Semester 1, 2009/2010

Lecturer: Dr A Duncan

We are all familiar with shapes, patterns and pictures from our earliest con-
sciousness. So, too, geometry, concerning particular spatial configurations which
have pictorial elegance and beauty or practical significance, has its origins at the
beginning of mathematical explorations. The serious studyof geometry involves
the systematic development of its basic concepts and subsequent formation of ap-
propriate algebraic and analytic methods. This can occur insettings other than
the ordinary Euclidean world; for example, in the projective plane which has a
line at infinity or in planes where the co-ordinates belong toa finite field. Figures
in the latter involve a finite number of points, lines and conics etc., which have
combinational properties. These generalise to the ideas ofdesigns, which figure in
applications like the design of experiments. There is a wealth of possible material.
The module will seek to convey an appreciation of some of this.

Books

1. Combinatorial Mathematics, H.J. Ryser (Math. Assoc. of America).

2. A Course in Combinatorics, J.H. Van Lint and R.M. Wilson (C.U.P.).

3. Library §512.5,§511.6

Notes

The printed notes consist of lecture notes, intended to supplement the notes
you make during the lectures, exercises and a mock exam with solutions. Material
given on slides in the lectures is covered in the printed notes, what is written on
the blackboard during lectures may not be. There should be enough space in the
printed notes for you to write down the notes you take in lectures. The notes,
exercises and other course information can be found on the web at

www.mas.ncl.ac.uk/˜najd2/teaching/mas3210/
from where they can be viewed or printed out.

AJ Duncan August 2009
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1 Combinatorial Designs

Broadly speaking, a (combinatorial) design is a set together with a number of
special subsets satisfying two conditions. The subject hasits roots in Statistics, in
the design and analysis of experiments.

(1) The Prussian Officers Problem (Euler, 1779)In the Prussian army there are
6 different officer ranks. One officer of each rank is selected from each of6
regiments, making36 officers in all. Can you arrange the officers in a6 × 6
square so that each row and each column contains just one officer of each rank
and just one officer from each regiment?

Answer Euler conjectured that it could not be done, G. Tarry confirmed this
in 1900.

(2) Kirkman’s Schoolgirls Problem (Kirkman, 1850)

A class of15 schoolgirls are taken for a walk each day.

They walk in5 rows,3 abreast. Can it be arranged so

that, in the course of a7 day week, each pair of girls

are in the same row on precisely one day?

Answer

Yes. See later.
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These arecombinatorial problems, concerned with a finite set ofn objects
which can be ‘arranged’ in a number (N say) of ways. Two sorts of questions
arise.

(A) Among theN arrangements, is there one which satisfies certain prescribed
conditions?

(B) If the answer to (A) is YES, how many of theN arrangements satisfy the
conditions?

Of course it is in principle possible to resolve such questions byexhaustion,
i.e., by examining each of theN arrangements in turn. In practice, however, such
an approach is ruled out becauseN is impossibly large, even whenn is quite
small. This phenomenon is called thecombinatorial explosion. For example,
the number of ways of arranging a class of30 students in order of merit is30!,
roughly2.65× 1032.

This is where mathematics comes in. It can be used to work out the implica-
tions of the ‘prescribed conditions’, and hence reduce the number of arrangements
that we need to consider (in effect, to replaceN by a smaller number). Having
cut down the number of possibilities we may then use exhaustion to administer
the coup de grace (as Tarry did with Euler’s problem). But exhaustion is usually
regarded as a last resort.

1.1 A Simpler Problem

Problem A swimming club wants to send a squad of10 to a swimming gala
consisting ofb ≤ 20 races. From this squad it has to enter a team of sizek in
each race, with different teams for different races. Also any two squad members
are to swim together exactly twice. Is it possible to do this,and if so what are the
possible values forb andk?

We are dealing with a setX of sizev = 10. We would

haveb special subsets ofX of sizek, chosen in such a

way that each pair of elements ofX belongs to precisely
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2 of these subsets, where2 ≤ k ≤ 10. Thus we would

have a number of special subsets (the teams) satisfying

two conditions: the subsets have the same size; any pair

of elements ofX lie in the same number of special sub-

sets.

Answer

Yes:k = 4, b = 15. (See later.)

1.2 2-Designs

Let us first fix some notation.

Notation 1.1. Suppose thatv, k ∈ N with v ≥ k. By av-setwe mean a set with
v elements. Given av-setX, ak-subsetis a subset ofX with k elements.

Remark 1.2. Suppose thatX is av-set and thatk ≤ v. Then

the number ofk-subsets ofX is

(

v

k

)

=
v!

k!(v − k)!
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Definition 1.3. A 2− (v, k, λ) design consists of

• av-setX (of points)

• together with a non-empty setB of k-subsets (blocks)

• such that each2-subset ofX lies in exactlyλ of the blocks.

Remarks 1.4. (a) We refer to the design(X,B). The numbersv, k, λ areparam-
etersof the design.

(b) In the original Statistics setting, an experiment would

be designed to give information about various ‘treat-

ments’ applied to some situation: these might be med-

ical treatments for a disease or fertilizers for a crop.

The numberv refers to the number of varieties of

treatment used (i.e., the number of treatments) in the

experiment.

(c) By saying thatB is a set of k-subsets ofX, we are

asserting that blocks are distinct. [In fact, in Statistical
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experiments, it is sometimes the case that blocks are

repeated, but we shall always take them as distinct.]

(d) Each block has the same sizek.

(e) UsuallyB does not contain all of thek-subsets.

(f) We shall always assume that2 ≤ k ≤ v. If a 2− (v, k, λ) design exists, then
λ ≥ 1 (for if we take a blockB and take two distinct pointsP,Q ∈ B, then
the2-subset{P,Q} lies in at least one block). [If we allowedk = 1, then we
should always have a2− (v, k, λ) design withλ = 0.]

(g) The fundamental question is: For given,v, k andλ, does a2−(v, k, λ) design
exist? The answer is: sometimes but not always.

(h) In the swimming club problem above, we are asking:

does there exist a2− (10, k, 2) design withb ≤ 20?

(i) In the Kirkman Schoolgirl problem, we are asking (in

part): does a2 − (15, 3, 1) design exist? However we

are asking for additional conditions to be satisfied as
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well.

Notation 1.5. We useb to denote the number of blocks:b = |B|. (We do not build
b into the definition: it turns out that it is determined byv, k andλ.)

Example 1.6.Here is an example of a2− (7, 3, 1) design (theFano Plane).

The following diagram has seven points and seven ‘lines’.

7

5

64

3

1

2

HereX = {1, 2, 3, 4, 5, 6, 7} so |X| = 7. Each block is a set of three points
on a line, where we count the circle4, 5, 6 as a ‘line’. Thus

B = {{1, 6, 2}, {2, 4, 3}, {3, 5, 1}, {1, 7, 4}, {2, 7, 5}, {3, 7, 6}, {4, 5, 6}}.

We can use symmetry to help us check efficiently that any two points lie in
exactly one block. The rotational symmetry of the triangle means that an argument
applied to the point1 applies equally well to the points2 and3, and an argument
applied to the point4 applies equally well to the points5 and6.

Suppose thatP,Q are distinct points. One possibility is

that one ofP,Q is one of1, 2, 3. If we consider the pos-
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sibility that one ofP,Q is 1, then we have just six possi-

bilities for P,Q and we can check the blocks containing

them:

1, 2 1, 3 1, 4 1, 5 1, 6 1, 7

{1, 6, 2} {3, 5, 1} {1, 7, 4} {3, 5, 1} {{1, 6, 2} {1, 7, 4}

Here we see that{P,Q} is contained in exactly one block.

By symmetry, the same argument applies if one ofP,Q

is 2 or 3. Now suppose that neither ofP,Q is 1, 2 or 3.

Then one of them is a4, 5 or 6. If we consider the possi-

bility that one ofP,Q is 4 but neither is1, 2 or 3, then we

have just three possibilities forP,Q and we can check

the blocks containing them:

4, 5 4, 6 4, 7

{4, 5, 6} {4, 5, 6} {1, 7, 4}

Again we see that{P,Q} is contained in exactly one
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block. By symmetry, the same argument applies if one

of P,Q is 5 or 6.

Observe that

• Precisely3 lines pass through each point.

• 2 distinct lines have just one point in common.

1.3 Trivial Designs

Theorem 1.7. LetX be anyv-set withv ≥ 2, let 2 ≤ k ≤ v and letB be the set

of all k-subsets ofX. Then(X,B) is a2− (v, k, λ) design withλ =

(

v − 2

k − 2

)

.

Proof. Let {P,Q} be any2-subset ofX. The number ofk-

subsets ofX which include{P,Q} is equal to the num-

ber of ways of choosingk − 2 elements from the re-

mainingv − 2, i.e.,

(

v − 2

k − 2

)

. SinceB consists of all

k-subsets ofX, each2-subset lies in

(

v − 2

k − 2

)

blocks.

Hence(X,B) is a2−(v, k, λ) design withλ =

(

v − 2

k − 2

)

.
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Definition 1.8. A 2 − (v, k, λ) design istrivial if B is the set of allk-subsets of
X.

Theorem 1.9. If k = 2 then the only2 − (v, k, λ) design is the trivial one and
λ = 1.

Proof. If k = 2 then the blocks are2-subsets ofX. Each2-

subset ofX must be included inλ blocks, whereλ ≥ 1,

i.e., so each2-subset must be a block. Thus the design

is trivial and each2-subset is contained in one block so

λ = 1 (alternativelyλ =

(

v − 2

0

)

= 1).

Theorem 1.10. If k = v then the only2 − (v, k, λ) design is the trivial one and
λ = 1.

Proof. If k = v then the blocks have sizev, so there is

just one block, namelyX itself. Thus everyk-subset

is a blocks and so the design is trivial. There is only

one block so we must haveλ = 1 (alternativelyλ =
(

v − 2

v − 2

)

= 1).
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Corollary 1.11. In a non-trivial2− (v, k, λ) design2 < k < v.

Proof. Follows immediately from the preceding theorems.

1.4 Arithmetic of 2-designs

Theorem 1.12.In a2−(v, k, λ) design, the number of blocks is given byb =
λv(v − 1)

k(k − 1)
.

Proof. We count the number of ordered triples(P,Q,B),

whereP,Q are distinct members ofX,B ∈ B andP,Q ∈

B. We do this in two different ways and then compare.

(1) ChooseB first: there areb choices forB. For each

choice ofB there arek choices forP and thenk − 1

choices forQ, makingbk(k − 1) triples(P,Q,B).

(2) ChooseP andQ first: there arev choices forP and

thenv − 1 choices forQ. For each choice ofP and

Q there areλ choices forB containingP,Q, making

λv(v − 1) triples(P,Q,B).
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The number of triples does not depend on the way we

count. Thereforebk(k − 1) = λv(v − 1), i.e., b =

λ
v(v − 1)

k(k − 1)
.

Remark 1.13. This explains whyb was not specified in the definition of a2 −
(v, k, λ) design: it is completely determined byv, k andλ.

Theorem 1.14. In a 2 − (v, k, λ) design, each point lies in the same number of
blocks, namely,

r = λ
(v − 1)

(k − 1)
.

Proof. Let P be any point ofX and regardP as fixed. Letr be the number of
blocks containingP . We count the number of pairs(Q,B), whereQ ∈ X \
{P}, B ∈ B andP,Q ∈ B. We do this in two different ways and then compare.

(1) ChooseB first: there arer blocks containingP so we can do this inr ways.
For each choice ofB there arek − 1 choices forQ, makingr(k − 1) pairs
(Q,B).

(2) ChooseQ first: there arev − 1 points ofX different fromP so we can do
this inv − 1 ways. For each choice ofQ there areλ choices forB containing
P,Q, makingλ(v − 1) pairs(Q,B).

The number of pairs does not depend on the way we count. Thereforer(k− 1) =

λ(v − 1), i.e., r = λ
(v − 1)

(k − 1)
. This expression does not depend on the choice of

P , sor is the same for every point ofX.

Corollary 1.15. In a 2 − (v, k, λ) design withv > k, it must be the case that
r > λ.

Proof. This follows immediately from Theorem 1.14, given that
(v − 1)

(k − 1)
> 1.

Theorem 1.16.In a 2− (v, k, λ) design,bk = vr.

Proof. This follows immediately from Theorems 1.12 and 1.14.
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1.5 Applications

Example 1.17.Show that there is no2− (13, 5, 2) design.

Solution

Supposethat such a design exists. Thenv = 13, k =

5, λ = 2, so

r = λ.
(v − 1)

(k − 1)
=

2× 12

4
= 6.

Also

b = λ
v(v − 1)

k(k − 1)
=

2× 13× 12

5× 4
=

78

5
/∈ Z.

Contradiction, sinceb must be a whole number. There-

fore supposition wrong: no such design exists.

Example 1.18.Show that there is no2− (12, 4, 2) design.

Solution

Supposethat such a design exists. Thenv = 12, k =

AJD December 22, 2009
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4, λ = 2, so

b = λ
v(v − 1)

k(k − 1)
=

2× 12× 11

4× 3
= 22

but

r = λ.
(v − 1)

(k − 1)
=

2× 11

3
/∈ Z.

Contradiction, sincer must be a whole number. There-

fore supposition wrong: no such design exists.

Example 1.19.Show that there are at most two values ofk for which a non-trivial
2− (31, k, 1) design exists.

Solution

Suppose that non-trivial a2 − (31, k, 1) design exists.

Thenv = 31, λ = 1 and2 < k < 31, so

r = λ.
(v − 1)

(k − 1)
=

1× 30

k − 1
=

30

k − 1
.

Thereforek − 1 divides30 andk ≥ 3. Also

b = λ
v(v − 1)

k(k − 1)
=

31× 30

k(k − 1)
.
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But k < 31 so k andk − 1 are relatively prime to31

and thereforek(k − 1) divides 30. Since(k − 1)2 <

k(k − 1) ≤ 30, we need only consider values ofk with

3 ≤ k ≤ 6: only k = 3 andk = 6 are possible. Ifk = 3,

thenb = 155 andr = 1 × 31− 1

3− 1
= 15. If k = 6, then

b = 31 andr = 1× 31− 1

6− 1
= 6. [We have not shown that

2 − (31, 3, 1) and2 − (31, 6, 1) designs actually exist. In

fact we shall see examples of both in due course.]

Example 1.20.Show that if a2 − (v, 3, 1) design exists thenv must be of the
form 6n+ 1 or 6n+ 3.

Solution

Herek = 3, λ = 1, so

r = λ.
(v − 1)

(k − 1)
=
v − 1

2
,

sov is odd and hence of the form6n+1, 6n+3 or 6n+5.
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Also

b = λ
v(v − 1)

k(k − 1)
=
v(v − 1)

6
.

If v were of the form6n+ 5 thenb would be of the form

(6n + 5)(6n + 4)

6
=

36n2 + 54n + 20

6
= 6n2 + 9n +

20

6
,

which is not a whole number. Thereforev must be of the

form 6n + 1 or 6n + 3.

Example 1.21.Suppose that a schoolteacher is able to give each child in herclass
3 differently coloured crayons, drawn from a box containing crayons of6 different
colours. No2 children receives the same3 colours. In fact, each pair of colours
are given two exactly2 children. How many children are in the class? How many
crayons of each colour are used?

Solution

Let X be the set of colours, so|X| = 6. Each child

receives a3-subset ofX and different children have dif-

ferent selections of colours. LetB be the set of3-subsets

used (the blocks). Each2-subset occurs in precisely2
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blocks. Thus we have a2 − (6, 3, 2) design, i.e.,v =

6, k = 3, λ = 2.

We are asked forb (= the number of blocks= the num-

ber of children) andr (= the number of times each colour

is used). By Theorems 1.12 and 1.14,

b = λ
v(v − 1)

k(k − 1)
=

2× 6× 5

3× 2
= 10

r = λ.
(v − 1)

(k − 1)
= 2

5

2
= 5.

Thus there are10 children and each colour is used5

times, so5 crayons of each colour are used. [Once again,

we have not actually shown that such a design exists,

merely explored its properties on the assumption that it

does exist. But see later.]

Exercise 1.22.Show that ifk = v − 1, then the only2 − (v, k, λ) design is the
trivial one. [Hint: use the expression forr to get a lower bound forλ and use this
to show thatb ≥ v; explain why in the case of a2 − (v, v − 1, λ) design it must
happen thatb ≤ v.]
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1.6 Steiner Systems

Definition 1.23. A 2− (v, k, 1) design is known as aSteiner System of orderv.
In particular ifk = 3, then it is called a Steiner Triple System (STS).

Remarks 1.24. (a) By Example 1.20, the only possibilities for

Steiner Triple Systems of orderv are whenv ≡ 1 or 3

(mod 6).

(b) The trivial 2 − (3, 3, 1) design is an STS of order3

(c.f., Theorems 1.7 and 1.10).

(c) The Fano Plane (Example 1.6) is a2− (7, 3, 1) design,

i.e., an STS of order7.

(d) A solution to the Kirkman Schoolgirl Problem would

be a2− (15, 3, 1) design, i.e., an STS of order15.

Definition 1.25 (Binary Projective Spaces). Given anyn ≥ 2, let Vn+1 be the set
of all vectors of lengthn + 1 with each entry either0 or 1. Then we can add
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vectors inVn+1 by performing operations(mod 2). The zero vector is just the
vector(0, 0, . . . , 0). If u, v are distinct non-zero vectors, consider the set of vectors
{u, v, u+v}: we observe thatu+(u+v) = 2u+v = v, v+(u+v) = 2v+u = u,
so the sum of any two elements is the third; moreoveru, v, u+ v are distinct with
u+v non-zero (for ifu+v = 0, thenu = v; if u = u+v, thenv = 0; if v = u+v,
thenu = 0).
LetX be the set of all non-zero vectors inVn+1 and letB be the set of all3-subsets
of X of the formu, v, u+ v whereu 6= v. We call(X,B) thebinary projective
space of dimensionn.

Theorem 1.26.The binary projective space of dimensionn is an STS of order
2n+1 − 1.

Proof. To begin with,Vn+1 has2n+1 vectors soX is a(2n+1−

1)-set. We are given a non-empty setB of 3-sets (blocks).

Let x, y be distinct elements ofX. Thenx, y lie in the

block {x, y, x + y}. Furthermore in any block inB the

sum of any two elements is the third, so a block contain-

ing x, y must containx + y and hence this block must

be{x, y, x + y}. Hence(X,B) is a2 − (2n+1 − 1, 3, 1)

design, i.e., an STS of order2n+1 − 1.
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Remark 1.27. As a consequence of Theorem 1.26, we know that there are in-
finitely many STSs (at least one of order2n+1 − 1 for eachn ≥ 2) and therefore
infinitely many designs.

Examples 1.28.(a) Whenn = 2, we have an STS of order7, i.e., a2− (7, 3, 1)
design.X consists of the vectors:

(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (0, 1, 1), (1, 0, 1), (1, 1, 1).

The blocks then are:

{(1, 0, 0), (0, 1, 0), (1, 1, 0)}, {(1, 0, 0), (0, 0, 1), (1, 0, 1)},

{(0, 1, 0), (0, 0, 1), (0, 1, 1)}, {(1, 0, 0), (0, 1, 1), (1, 1, 1)},
{(0, 1, 0), (1, 0, 1), (1, 1, 1)}, {(0, 0, 1), (1, 1, 0), (1, 1, 1)},

{(1, 1, 0), (0, 1, 1), (1, 0, 1)}.
We can label the Fano Plane as follows:

(1,1,1)

(0,1,1)

(1,0,1)
(1,1,0)

(0,1,0)

(0,0,1)

(1,0,0)

Thus the Fano Plane is simply the smallest binary projectivespace (and it is a
plane because it has dimension2).

(b) Whenn = 3 we get an STS of order15. This is a candidate for a solution to
the Kirkman Schoolgirl Problem.
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(c) Whenn = 4 we get an STS of order31, i.e., a2 − (31, 3, 1) design (see
Example 1.19).

Theorem 1.29.If there exist Steiner Triple Systems of ordersv1 andv2, then there
exists a Steiner Triple System of orderv1v2.

Proof. Suppose that(X,B) and (Y, C) be STSs of orders

v1 and v2 respectively. We list the elements ofX as

1, 2, . . . , v1 and the elements ofY as1, 2, . . . , v2. ThenZ

is defined to be{(i, j) : 1 ≤ i ≤ v1, 1 ≤ j ≤ v2}, soZ

hasv1v2 elements.

We define a number of blocks ofZ as follows:

(a) For each block{p, q, r} inB and for each1 ≤ j ≤ v2,

there is a3-subset{(p, j), (q, j), (r, j)} of Z.

(b) For each block{s, t, u} in C and for each1 ≤ i ≤ v1,

there is a3-subset{(i, s), (i, t), (i, u)} of Z.

(c) For each block{p, q, r} inB and for each block{s, t, u}
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in C, there are six3-subsets ofZ (one for each order-

ing ofs, t, u): {(p, s), (q, t), (r, u)}, {(p, s), (q, u), (r, t)},

{(p, t), (q, s), (r, u)}, {(p, u), (q, t), (r, s)}, {(p, t), (q, u), (r, s)},

{(p, u), (q, s), (r, t)}.

Look at the example that follows and return to the proof.

Observe that the blocks we have defined are distinct,

so they form a setD of 3-subsets. Now suppose that we

have two (different) points ofZ: (p, s) and(q, t). Then

there are three possibilities:

• s = t: we must havep 6= q, so p, q are distinct

and lie in a unique block{p, q, r} in B. There is ex-

actly one block of the first type containing(p, s) and
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(q, s), namely{(p, s), (q, s), (r, s)} and no blocks of

the second or third types.

• p = q: we must haves 6= t, sos, t are distinct and

lie in a unique block{s, t, u} in C. There is exactly

one block of the second type containing(p, s) and

(p, t), namely{(p, s), (p, t), (p, u)} and no blocks of

the first or third types.

• p 6= q ands 6= t: there are no blocks of the first or

second types containing(p, s) and(q, t). A block of

the third type would have to be{(p, s), (q, t), (r, u)}

for somer andu. Now p, q lie in a unique block

{p, q, r} in B, ands, t lie in a unique block{s, t, u}

in C. Thus there are unique choices forr andu so
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that{(p, s), (q, t), (r, u)} is a block inD.

We have av1v2-setZ and a non-empty setD of 3-subspaces

of Z. We have shown that any pair of points ofZ lies in

exactly one block inD. Hence(Z,D) is a2− (v1v2, 3, 1)

design, i.e., an STS of orderv1v2.

Example 1.30.Construct an STS of order9.

Solution. We observe that9 = 3 × 3 and that there is an STS of order3,
namely the trivial2− (3, 3, 1) design. We may take(X,B) and(Y, C) as the same
design, with points labelled1, 2, 3 and each with one block, namely{1, 2, 3}. The
setZ is given by

{(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}.

We construct blocks as indicated above:

(a) We have only one block inB, namely{1, 2, 3}. Forj = 1, 2, 3 in turn, we get
3-subsets:{(1, 1), (2, 1), (3, 1)}, {(1, 2), (2, 2), (3, 2)}, {(1, 3), (2, 3), (3, 3)}.

(b) We have only one block inC, namely{1, 2, 3}. For i = 1, 2, 3 in turn, we get
3-subsets:{(1, 1), (1, 2), (1, 3)},{(2, 1), (2, 2), (2, 31)},{(3, 1), (3, 2), (3, 3)}.

(c) We have only one block,{1, 2, 3}, in B and one block,{1, 2, 3},in C. There
are six subsets ofZ (one for each ordering of1, 2, 3): {(1, 1), (2, 2), (3, 3)},
{(1, 1), (2, 3), (3, 2)},{(1, 2), (2, 1), (3, 3)},{(1, 3), (2, 2), (3, 1)},{(1, 2), (2, 3), (3, 1)},
{(1, 3), (2, 1), (3, 2)}.
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We can see these points in a diagram:

Examples 1.31.For each of the following values ofv, determine whether or not
there is an STS of orderv:

(a) v = 127

Solution.

Yes, because127 = 27 − 1 and there is always an

STS with such an order (Binary Projective Space of

dimension6).

(b) v = 21

Solution.

Yes, because21 = 3 × 7. There is an STS of order3
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(trivial STS) and an STS of order7 (Fano Plane), and

hence one of order3× 7.

(c) v = 35

Solution.

No, because35 ≡ 5 (mod 6) (and an STS has order

≡ 1 or 3 (mod 6)).

(d) v = 105

Solution.

Yes, because105 = 7× 15. There is an STS of order7

(Fano Plane) and an STS of order15 (BPS of dimen-

sion 3) , and hence one of order7 × 15. [Note that

using105 = 5× 21 does not work because there is not

an STS of order5. Similarly using105 = 3× 35 does

not work because there is not an STS of order35.]
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(e) v = 343

Solution.

Yes. Observe that343 = 73. There is an STS of order

7 (Fano Plane), and hence one of order7 × 7 = 49,

and therefore one of order7× 49 = 343.

1.7 Projective Planes

Definition 1.32. A (finite) projective plane of ordern is a2−(n2+n+1, n+1, 1)
design.

Remark 1.33. We shall see more of projective planes in a geometric contextlater
in the course. For now it suffices to note:

• There is a projective plane of orderq for every prime powerq. In fact, for
many prime powersq, two or more different examples are known.

• Later we shall see particular examples of projective planesof orderp, where
p is prime.

• There are no known projective planes having an order that is not a prime
power, but it has not yet been proved that no such planes exist.

• The Fano Plane is a projective plane of order2.

• A projective plane of order5 is a2− (31, 6, 1) design (see Example 1.19).

1.8 Fisher’s Inequality

Theorem 1.34.Given a2− (v, k, λ) design withv > k, the number of blocksb is
≥ v.

Proof. Later.

Examples 1.35.(a) Recall the swimming club problem in Section 1.2.
Problem A swimming club sends a squad of10 to a swimming gala consisting
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of b ≤ 20 races. From this squad it has to enter a team of sizek in each race,
with different teams for different races. Also any two squadmembers are to
swim together exactly twice. Findb andk so that this is possible.

This calls for a2− (10, k, 2) design withb ≤ 20. The

formulab = λ
v(v − 1)

k(k − 1)
gives

b =
2× 10× 9

k(k − 1)
=

180

k(k − 1).

But b ≤ 20 (given) so

180

k(k − 1)
≤ 20, i.e.,k(k − 1) ≥ 9.

It follows that k ≥ 4. Also, by Fisher’s inequality,

b ≥ v, i.e.,b ≥ 10, so

180

k(k − 1)
≥ 10 i.e.,k(k − 1) ≤ 18.

It follows thatk ≤ 4. Hencek = 4 andb =
180

k(k − 1)
=

180

4× 3
= 15.

Thus, if a solution is possible then we must havek =

4, b = 15 (but we still don’t yet know whether a solu-
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tion is possible).

(b) Show that there is no2− (136, 51, 10) design.

Solution.

We start by checking the arithmetical conditions:

r = λ
v − 1

k − 1
= 10×135

50
= 27, b = λ

v(v − 1)

k(k − 1)
= 10×136× 135

51× 50
=

These are both whole numbers, so we cannot rule out

the possibility of a design on these grounds. However

we certainly havev > k, so Fisher’s Inequality should

apply, but hereb < v. Hence no design with these

parameters can exist.

1.9 Complementary designs

Theorem 1.36.Let (X,B) be a2− (v, k, λ) design and let̄B consist of thecom-
plementsin X of the blocks inB, i.e.,

B̄ = {B̄ = X \B : B ∈ B}.
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(a) If P andQ are distinct points ofX then the number of blocks ofB containing
one or both ofP andQ is 2r − λ. The number of blocks ofB containing
neitherP norQ is b− 2r + λ.

(b) (X, B̄) is a2− (v, v − k, b− 2r + λ) design.

Proof.

(a) There arer blocks that containP andr that contain

Q. There areλ blocks that contain bothP andQ.

Hence there arer − λ blocks that containP but not

Q, r−λ blocks that containQ but notP , andλ blocks

that contain bothP andQ. A block containing one or

both ofP,Q lies in exactly one of these three subsets.

Hence the number of blocks containing one or both

of P andQ is

(r − λ) + (r − λ) + λ = 2r − λ.

There areb blocks altogether inB, so there areb −
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(2r − λ) = b − 2r + λ blocks that contain neitherP

norQ.

(b) We have a setX with v points and each set in̄B con-

tainsv − k points. The sets in̄B are distinct because

if B1 6= B2, thenB̄1 6= B̄2.

SupposeB ∈ B. Then the condition: neitherP nor

Q lies in B is equivalent to the condition:P,Q ∈

B̄ = X \ B. Hence the number of blocks̄B ∈ B̄

containingP andQ is equal to the number of blocks

B ∈ B that contain neitherP norQ, i.e., isb−2r+λ.

Thus any two points inX lie in b− 2r + λ blocks in

B̄.

We have now shown that(X, B̄) is a2− (v, v−k, b−
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2r + λ) design.

Definition 1.37. The design(X, B̄) is called thecomplementary designto (X,B).

Remarks 1.38. (a) If B ∈ B, then ¯̄B = B. Thus the complementary design to
(X, B̄) hasX as its set of points andB as its set of blocks, i.e., is(X,B).

(b) If there exists a2−(v, k, λ) design, then there exists a2−(v, v−k, b−2r+λ)
design. Conversely, suppose we want to know if there exists a2 − (v, k, λ)
design and we calculate the numbersk′ = v− k andλ′ = b− 2r+ λ. If there
is a2− (v, k′, λ′) design (withb′ blocks and each point inr′ blocks), then its
complement will be a2 − (v, v − k′, b′ − 2r′ + λ′) design. We can calculate
(EXERCISE!):

λ′ =
λ(v − k)(v − k − 1)

k(k − 1)
, b′ = b, r′ =

λ(v − k)(v − 1)

k(k − 1)

v − k′ = k, b′ − 2r′ + λ′ = λ.

Thus if a2− (v, k′, λ′) design exists, so does a2− (v, k, λ) design.

Example 1.39.Determine whether or not there exists a2− (7, 4, 2) design.

Solution.

b =
2× 7× 6

4× 3
= 7, r =

2× 6

3
= 4

sov− k = 3 andb− 2r+ λ = 7− 8 + 2 = 1. Does there

exist a2 − (7, 3, 1) design? Answer YES (Fano PLane),

so there exists a2− (7, 4, 2) design.
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1.10 Symmetric Designs

Definition 1.40. A 2− (v, k, λ) design is calledsymmetric if b = v. [We should
really call this a ‘square’ design, but the term ‘symmetric’is too well established
to change.]

Remark 1.41. If v = k, then there is only one block (i.e.,b = 1). Therefore, in
assumingv ≥ 2 for all designs, we havev > k for all symmetric designs.

Theorem 1.42.In a symmetric design

(a) k = r;

(b) λ =
k(k − 1)

v − 1
andv =

k(k − 1)

λ
+ 1, soλ

∣

∣

∣
k(k − 1).

Proof.

(a) By Theorem 1.16,bk = vr. In a symmetric design,

b = v, sok = r.

(b) From Theorem 1.14,r = λ
(v − 1)

(k − 1)
. Rearranging,

we get firstλ =
r(k − 1)

(v − 1)
. Applying (a) we get

λ =
k(k − 1)

(v − 1)
. Further rearrangement givesv − 1 =

k(k − 1)

λ
, from which it follows thatλ

∣

∣

∣k(k − 1) and

alsov =
k(k − 1)

λ
+ 1.
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Example 1.43.Show that a symmetric2− (v, 8, 1) design is a projective plane.

Solution.

Assuming that there exists a symmetric2 − (v, 8, 1) de-

sign, Theorem 1.42(b) above implies that

v =
k(k − 1)

λ
+ 1 =

8× 7

1
+ 1 = 57.

Since57 = 72 +7+1 and8 = 7+1, a2− (57, 8, 1) design

would be a projective plane of order7.

Theorem 1.44. If there exists a symmetric2 − (v, k, λ) design withv even, then
k − λ must be a perfect square.

Proof. Later.

Example 1.45.Show that there is no2− (22, 7, 2) design.

Solution.

Suppose that such a design exists. Thenb = 2
22× 21

7× 6
=

22 so the design would be symmetric. Given thatv = 22

is an even number, if a2− (22, 7, 2) design existed, then

k − λ = 7 − 2 = 5 would be a perfect square. But5 is
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not a perfect square, so no such design exists.

There is a corresponding result forv odd, which we

now state without proof.

Theorem 1.46. If there exists a symmetric2 − (v, k, λ) design withv odd, then
the equation

x2 = (k − λ)y2 + (−1)(v−1)/2λz2

has a solution in integersx, y, z not all 0.

Proof. Not given.

Theorem 1.47.A (finite) projective plane is a symmetric design with an odd num-
ber of points.

Proof. Recall that a projective plane is a2 − (n2 + n + 1, n + 1, 1) design. The
number of blocks is given by

b = λ
v(v − 1)

k(k − 1)
= 1× (n2 + n+ 1)(n2 + n)

(n+ 1)n
= n2 + n+ 1

so the design is symmetric. Note thatn2 + n = n(n + 1) is always even, so
v = n2 + n + 1 is always odd.

Example 1.48.There is no projective plane of order14. [Recall that a projective
plane of order14 would be a (symmetric)2− (211, 15, 1) design.]

Solution.

By Theorem 1.46, if there exists a2− (211, 15, 1) design,

then the equation

x2 = (15− 1)y2 + (−1)(211−1)/2 × 1× z2
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has a solution in integersx, y, z not all 0. The equation

simplifies tox2 = 14y2 − z2. Assuming that there is a

solution withx, y, z not all 0, x cannot be0 (because if

x = 0, then we would have a solution in integersy, z, not

both 0, to the equationz2 = 14y2, which is impossible

since
√

14 is irrational), so we can select a solution:x =

x0, y = y0, z = z0 not all 0, for which |x| has its smallest

possible value. Thenx2
0 + z2

0 = 14y2
0 ≡ 0 (mod 7). If we

consider the squares(mod 7):

02 = 0, 12 = 1, 22 = 4, 32 = 2, 42 = 2, 52 = 4, 62 = 1

we see that the only way in whichx2
0 + z2

0 can be0

(mod 7) is if 7
∣

∣

∣x0 and 7
∣

∣

∣z0. Then72
∣

∣

∣x2
0 + z2

0 = 14y2
0

so7
∣

∣

∣
2y2

0 and (given that7 is prime)7
∣

∣

∣
y0. Now (x0/7)2 +
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(z0/7)2 = 14(y0/7)2, sox = x0/7, y = y0/7, z = z0/7

is also a solution in integers, not all0. But |x0/7| < |x0|

which is a contradiction to the choice ofx0 with |x0| as

small as possible. This contradiction tells us that there

can be no2− (211, 15, 1) design.

1.11 Matrix Multiplication, J-Matrices and Determinants

We begin this section with a reminder about matrix multiplication. As we shall
discover, it is often useful to have general arguments regarding matrix multiplica-
tion, and for that it is useful to have a general description.

Definition 1.49. Suppose thatA = [aij ] is anm × n matrix and thatB = [bij ] is
ann× p matrix. Then the productC = AB is anm× p matrix,C = [cij], with

cij =
n

∑

k=1

aikbkj.

All this means is thatcij is the result of multiplying thei’th row of A by the
j’th column ofB:

A =









a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .
am1 am2 . . . amn









, B =









b11 b12 . . . b1p

b21 b22 . . . b2p

. . . . . . . . . . . .
bn1 bn2 . . . bnp









so

cij =
[

ai1 ai2 ai3 . . . ain

]















b1j

b2j

b3j
...
bnj















=

n
∑

k=1

aikbkj.
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Example 1.50.LetA =

















1 1 0 0
1 0 1 1
1 0 0 1
0 1 1 0
0 1 0 1
0 0 1 1

















. FindATA. [Recall thatAT (the trans-

pose ofA) is obtained fromA by switching rows and columns (1st row becomes
1st column and vice-versa).]

Solution.

ATA =









1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

























1 1 0 0
1 0 1 0
1 0 0 1
0 1 1 0
0 1 0 1
0 0 1 1

















=

=









3 1 1 1
1 3 1 1
1 1 3 1
1 1 1 3









.

We shall have occasion to study matrices for which the entries in each row add
up to the same sum. We can use J-matrices to express this property as a matrix
equation.

Definition 1.51. For eachn, p ≥ 1, we letJnp denote then×pmatrix all of whose
entries are equal to1.

Example 1.52.

J23 =

[

1 1 1
1 1 1

]

.

Theorem 1.53.Let A be anm × n matrix. Then the following statements are
equivalent.

(1) The entries in each row ofA add up tor.

(2) AJnp = rJmp for somep ≥ 1.

(3) AJnp = rJmp for everyp ≥ 1.

AJD December 22, 2009



MAS3210 Notes Lecturer’s copy 38

Proof. Let the row-sums ofA be denoted byr1, r2, . . . , rm. [That is, ifA = (aij),
thenri = ai1 + ai2 + · · ·+ ain, the sum of the entries in rowi of A.] Then

AJnp =









r1 r1 . . . r1
r2 r2 . . . r2
. . . . . . . . . . . .
rm rm . . . rm









m×p

.

Also

rJmp =









r r . . . r
r r . . . r
. . . . . . . . . . . .
r r . . . r









m×p

.

Each of the statements is equivalent to saying thatr = r1 = r2 = · · · = rm.

Theorem 1.53 has a counterpart for columns:

Theorem 1.54.Let A be anm × n matrix. Then the following statements are
equivalent.

(1) The entries in each column ofA add up toc;

(2) JpmA = cJpn for somep ≥ 1;

(3) JpmA = cJpn for everyp ≥ 1.

Proof. Recall that for any two matricesX andY , we can write(XY )T (the trans-
pose ofXY ) asY TXT . Observe thatJT

pm = Jmp. Then

• (1) is equivalent to: the entries in each row ofAT add up toc.

• (2) is equivalent to:ATJmp = cJnp for somep ≥ 1.

• (2) is equivalent to:ATJmp = cJnp for everyp ≥ 1.

It is now clear the Theorem is an immediate consequence of Theorem 1.53.

We now recall some properties of determinants and ways of calculating them.

Fact 1.55. (a) If A =

[

a b
c d

]

, thendetA = ad− bc.

(b) If A =





a b c
d e f
g h i



, thendetA = a(ei− hf)− b(di− gf) + c(dh− ge).
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(c) We can build up to larger matrices by ‘expanding’ along the first row. Suppose
we have a4 × 4 matrix A, with first rowA =

[

a11 a12 a13 a14

]

and
suppose that we denote byA1j the3× 3 matrix obtained by deleting the first
row andj’th column. Then

detA = a11A11 − a12A12 + a13A13 − a14A14.

(d) In fact we can expand by any row as long as we use an appropriate pattern
of signs. The pattern+ − +− used above comes from the first row of a sign

matrix









+ − + −
− + − +
+ − + −
− + − +









. The same applies to any column. In each case

the 3 × 3 determinants arise by deleting the row and column through the
appropriate entry. Thus

detA = −a21A21 + a22A22 − a23A23 + a24A24

= −a14A14 + a24A24 − a34A34 + a44A44.

(e) Then× n sign matrix is











+ − + . . .
− + − . . .
+ − + . . .
...

...
...

...











.

(f) The determinant of a diagonal matrix (i.e., one in which all the non-(leading)
diagonal entries are0) is the product of the diagonal entries.

(g) The determinant of an upper or lower triangular matrix (i.e., one in which all
the entries below or above the leading diagonal are0) is the product of the
diagonal entries.

(h) Any matrix with a row of0s or with a column of0s has determinant0 (because
expansion along that row or column must give0.

(i) The following operations do not change the value of the determinant:

(1) To any row, add or subtract a multiple of another row.

(2) To any column, add or subtract a multiple of another column.

(j) Using these row and column operations, we can ‘reduce’ a matrix to upper or
lower triangular form.
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Examples 1.56.(a) Find the determinant ofA =





a b 0
d e 0
g h 0



 by expanding

along an appropriate row or column.
Solution. Expand along the third column. We get0(dh− ge)− 0(ah− gb) +
0(ae− db) = 0.

(b) Find the determinant of the following matrix, using row and column reduction
to triangular form:

M =













6 3 3 3 3
3 6 3 3 3
3 3 6 3 3
3 3 3 6 3
3 3 3 3 6













.

Solution. Subtract Column1 from each of Columns2, 3, 4, 5 in turn (four
operations):

detM =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 3 3 3 3
3 6 3 3 3
3 3 6 3 3
3 3 3 6 3
3 3 3 3 6

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 −3 3 3 3
3 3 3 3 3
3 0 6 3 3
3 0 3 6 3
3 0 3 3 6

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 −3 −3 3 3
3 3 0 3 3
3 0 3 3 3
3 0 0 6 3
3 0 0 3 6

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 −3 −3 −3 3
3 3 0 0 3
3 0 3 0 3
3 0 0 3 3
3 0 0 0 6

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 −3 −3 −3 −3
3 3 0 0 0
3 0 3 0 0
3 0 0 3 0
3 0 0 0 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Now add each of Rows2, 3, 4, 5 to Row1 in turn (four operations):

detM =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 0 −3 −3 −3
3 3 0 0 0
3 0 3 0 0
3 0 0 3 0
3 0 0 0 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

12 0 0 −3 −3
3 3 0 0 0
3 0 3 0 0
3 0 0 3 0
3 0 0 0 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

15 0 0 0 −3
3 3 0 0 0
3 0 3 0 0
3 0 0 3 0
3 0 0 0 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

18 0 0 0 0
3 3 0 0 0
3 0 3 0 0
3 0 0 3 0
3 0 0 0 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

We arrive at the determinant of a lower triangular matrix, so

detM = 18× 34 = 1458.
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1.12 Incidence Matrices

We shall associate a matrix with each2 − (v, k, λ) block design. This will
allow us to bring our knowledge of matrix theory to bear on ourstudy of designs.

Definition 1.57. Let (X,B) be a2 − (v, k, λ) design withb = |B| and with
each point ofX lying in r blocks. Label the points ofX: P1, P2, . . . , Pv and the
blocks ofB: B1, B2, . . . , Bb in some order. Theincidence matrix of the design
2 − (v, k, λ) is the matrixA = [aij ]b×v whereaij = 1 if Pj ∈ Bi andaij = 0 if
Pj /∈ Bi.

Thus row i tells you which points are inBi (it has k 1s and (v − k) 0s).
Similarly, columnj tells you which blocksPj belongs to (it hasr 1s and(b − r)
0s).

NB: The incidence matrix of a block design is not unique,

since it depends on the order in which you number the

points and the blocks. But renumbering points corre-

sponds to permuting the columns of the incidence matrix,

and renumbering the blocks corresponds to permuting its

rows. Thus permuting the rows and columns of the inci-

dence matrix does not change the underlying block de-

sign.

Remark 1.58. A {0, 1}-matrix is a matrix whose entries are
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all 0 or 1. Thus an incidence matrix of a design is a{0, 1}

matrix.

Example 1.59.Write down an incidence matrix for the2 − (7, 3, 1) design in
Example 1.6.

Label the pointsX: P1 = 1, P2 = 2, . . . , P7 = 7 and the

blocks

B1 = {1, 6, 2}, B2 = {2, 4, 3}, B3 = {3, 5, 1}, B4 = {1, 7, 4},

B5 = {2, 7, 5}, B6 = {3, 7, 6}, B7 = {4, 5, 6}.

This design has incidence matrix























1 1 0 0 0 1 0

0 1 1 1 0 0 0

1 0 1 0 1 0 0

1 0 0 1 0 0 1

0 1 0 0 1 0 1

0 0 1 0 0 1 1

0 0 0 1 1 1 0























.
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Theorem 1.60.A b × v {0, 1} matrix is the incidence matrix of a2 − (v, k, λ)
design if and only if

(a) each row hask 1s;

(b) all rows are different;

(c) given any two columns, there are exactlyλ rows with a1 in both columns.

Proof. [=⇒] Suppose that ab× v {0, 1}matrixA is the in-

cidence matrix of a2− (v, k, λ) design. Then (a) follows

immediately from the fact that each block hask points,

and (b) follows from the fact that the blocks are distinct.

Given two columns,i andj say, the number of rows with

a 1 in each of columnsi andj is precisely the number

of blocks containing bothpi andpj, and this number is

alwaysλ; this gives us (c).

[⇐=] Suppose that a{0, 1} matrixA satisfies (a), (b)

and (c). LetX be a set of points labelled1, 2, . . . , v and
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construct subsetsB1, B2, . . . , Bb of X by takingBi to

consist of precisely the numbersj ∈ X such thataij = 1,

i.e., such that thei’th row of A has a1 in columnj. Then

(a) says that each block hask members and (b) says that

blocks are distinct (so that we have a set of blocks). Con-

dition (c) says that each pair of points lies in preciselyλ

blocks. Thus we have a2−(v, k, λ) design, and the given

matrixA is its incidence matrix.

Remark 1.61. By Theorem 1.14, each column of an incidence matrix hasr 1s,

with all other entries0, wherer =
bk

v
.

Example 1.62.Show that there is a2− (6, 3, 2) design and that it is unique up to
the labelling of points and blocks.

Solution

We look for a suitable incidence matrix. Assuming that

a design exists, we have

• v = 6, k = 3, λ = 2.
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• b = λ.
v(v − 1)

k(k − 1)
=

2× 6× 5

3× 2
= 10.

• r =
(v − 1)λ

k − 1
=

5× 2

2
= 5.

Translating this information into matrix language, we

see that we seek a10× 6 {0, 1}matrix such that:

(a) each row has3 1s and3 0s.

(b) all rows are different.

(c) each column has5 1s and5 0s.

(d) any two columns have common1s in exactly2 rows.

Also remember that we can permute the columns (renumber the points) and
permute the columns (renumber the blocks) without alteringthe design. We shall
talk in terms of choosing labels for points and columns. Thisis something we can
do when we have a collection of points or blocks that are indistinguishable up to
the stage of choosing labels, but not when they are distinguishable. We writeA
for the incidence matrix.
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













































































1A 1A 1A 0A 0A 0A

1B 1C 0E 1E 0E 0E

1B 0C 1F 0L 1P 0P

1B 0C 0F 1I 0R 1R

1B 0C 0F 0L 1O 1O

0B 1D 1G 0M 0T 1T

0B 1D 0G 1J 1S 0S

0B 1D 0G 0M 1O 1O

0B 0D 1H 1K 1Q 0Q

0B 0D 1H 1N 0Q 1Q















































































(A) Choose a block and label itB1, and label the three points in itP1, P2, P3.
Thena11 = a12 = a13 = 1 anda14 = a15 = a16 = 0. [At this stage,B1

is distinguishable from the other blocks (rows) butB2, . . . , B10 are indistin-
guishable. The pointsP1, P2, P3 are indistinguishable from each other, as are
P4, P5, P6, but each ofP1, P2, P3 is distinguishable from each ofP4, P5, P6.]

(B) Consider the pointP1. Now P1 lies in 5 blocks:B1 and a further4 blocks
that we labelB2, B3, B4, B5. Thusai1 = 1 for 2 ≤ i ≤ 5 andai1 = 0 for
6 ≤ i ≤ 10. [At this stage,P1 is distinguishable fromP2, P3, andB1 is
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distinguishable fromB2, B3, B4, B5, butP2, P3 are indistinguishable, as are
B2, B3, B4, B5.]

(C) Consider the pointP2. It lies together withP1 in 2 blocks:B1 and one other
amongstB2, B3, B4, B5. We choose to label asB2 the one containingP2.
This means that nowP2 does not lie inB3, B4, B5. Thusai2 = 1 for i = 1, 2
andai2 = 0 for i = 3, 4, 5. [At this stageB3, B4, B5 are still indistinguish-
able.]

(D) Consider further the pointP2. It lies in 5 blocks: B1, B2 and a further3
blocks that cannot beB3, B4, B5 and that we therefore labelB6, B7, B8. Thus
ai2 = 1 for i = 6, 7, 8 andai2 = 0 for i = 9, 10.

(E) The blockB2 must contain1 more point, but this point cannot beP3 because
B2 6= B1. Thereforea23 = 0. We label asP4 the other point inB2. Thus
a24 = 1 anda25 = a26 = 0.

(F) Consider the pointP3. It lies together withP1 in 2 blocks:B1 and one other
amongstB3, B4, B5. We choose to label asB3 the one containingP3. This
means that nowP3 does not lie inB4, B5. Thusa33 = 1 andai3 = 0 for
i = 4, 5. [At this stageB4, B5 are still indistinguishable.]

(G) P3 also lies together withP2 in 2 blocks:B1 and one other amongstB6, B7, B8.
We choose to label asB6 the one containingP3. This means that nowP3 does
not lie inB7, B8. Thusa36 = 1 andai3 = 0 for i = 7, 8. [At this stageB7, B8

are still indistinguishable.]

(H) Consider further the pointP3. It lies in 5 blocks:B1, B3, B6 and a further2
blocks that can only beB9, B10. Thusai3 = 1 for i = 9, 10.

(I) Rows4 and5 cannot both start1000 (otherwise the remaining2 1s will be in
cols5 and6, and we would have2 identical rows). Therefore eithera44 = 1
or a54 = 1, i.e., at least one ofB4, B5 containsP4. We choose to label byB4

so that it containsP4. Thusa44 = 1.

(J) Apply the same argument to rows7 and8. Label so thatB7 containsP4, i.e.,
a74 = 1.

(K) Apply the same argument to rows9 and10. Label so thatB9 containsP4,
i.e.,a94 = 1.

(L) We already have2 common1s in columns1 and4, i.e.,P1, P4 already lie in
two blocks (B2, B4) , soP4 cannot lie inB3 orB5, i.e.,a34 = a54 = 0.
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(M) We already have2 common1s in columns2 and4, i.e.,P2, P4 already lie in
two blocks (B2, B7) , soP4 cannot lie inB6 orB8, i.e.,a64 = a84 = 0.

(N) Column4 must have5 1s, soa10 4 = 1.

(O) Each row must have3 1s, so rows5, 8 must be completed with1s. Thus
a55 = a56 = a85 = a86 = 1.

(P) Block3 has one more point, eitherP5 or P6. We choose to labelP5 as the
point inB3. Thusa35 = 1, a36 = 0.

(Q) Blocks9 and10 each have one more point, but it cannot be the same point,
so one containsP5 and the otherP6. We choose to labelB9 as the block
containingP5. Thusa95 = a10 6 = 1, a96 = a10 5 = 0.

(R) PointsP1 andP5 lie in 2 blocks already:B3 andB5; soa45 = 0 anda46 = 1
as every row has3 points.

(S) PointsP4, P5 lie in 2 blocks: B9 is one,B7 is the only possibility for the
other. This means thatB7 now has3 points, soP6 is not inB7. Thusa75 =
1, a76 = 0.

(T) Each column must have5 1s, so we must havea65 = 0, a66 = 1, i.e.,B6

containsP6 but notP5.

If we followed these instructions correctly we should have the incidence ma-
trix:

































1A 1A 1A 0A 0A 0A

1B 1C 0E 1E 0E 0E

1B 0C 1F 0L 1P 0P

1B 0C 0F 1I 0R 1R

1B 0C 0F 0L 1O 1O

0B 1D 1G 0M 0T 1T

0B 1D 0G 1J 1S 0S

0B 1D 0G 0M 1O 1O

0B 0D 1H 1K 1Q 0Q

0B 0D 1H 1N 0Q 1Q

































We can now verify by inspection that we have a2 − (6, 3, 2) design: check

that
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(i) there are6 columns;

(ii) all rows are different;

(iii) there are3 1s in each row, and

(iv) each pair of columns have precisely both have1s in

precisely2 rows.

The design is unique in that the only choices of label that we have made have
been amongst points or blocks that were, at that time, indistinguishable.

Theorem 1.63. Let A = [aij ] be a {0, 1} matrix of dimensionb × v and let
M = [mij ]v×v be the matrixATA. Thenmij is the number of occasions when the
i’th and j’th columns ofA both have entry1. In particular,mii is the number of
1s in thei’th column ofA.

Proof. By the definition of matrix multiplication,mij is the result of multiplying
thei’th row of AT by thej’th column ofA:

AT =











a11 a21 . . . ab1

a12 a22 . . . ab2
...

... . . .
...

a1v a2v . . . abv











, A =











a11 a12 . . . a1v

a21 a22 . . . a2v
...

... . . .
...

ab1 ab2 . . . abv











so

mij =
[

a1i a2i . . . abi

]















a1j

a2j

a3j
...
abj















=
b

∑

k=1

akiakj.
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Eachaki and eachakj is either0 or 1, so each termakiakj

is 1 if aki = akj = 1 and0 otherwise. Thus each of the

terms in
∑b

k=1 akiakj is 1 or 0, and the sum is just the

number of terms that are1. Hencemij is the number of

occasions when thei’th andj’th columns ofA both have

entry 1. If i = j, then this is the number of occasions

when thei’th column ofA has entry1, so is the number

of 1s in the column.

Theorem 1.64. Let A = [aij ] be a {0, 1} matrix of dimensionb × v and let
M = [mij ]v×v be the matrixATA.

(a) If A is the incidence matrix of a2− (v, k, λ) design, thenM = (r − λ)Iv +
λJvv.

(b) If A has distinct rows, each withk < v entries equal to 1, and ifM =
(r − λ)Iv + λJvv, thenA is the incidence matrix of a2 − (v, k, λ) design,

wherek =
vr

b
.

Proof. (a) By Theorem 1.60(c), given any two columns, there

are exactlyλ rows with a1 in both columns. By Re-

mark 1.61, each column hasr 1s. Therefore, by The-
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orem 1.63,mii = r for eachi, andmij = λ for all i, j

with i 6= j. Thus

M =















r λ λ . . . . . . λ λ

λ r λ . . . . . . λ λ

λ λ r . . . . . . λ λ
... ... ... . . . . . . ... ...
λ λ λ . . . . . . λ r















=















r − λ 0 0 . . . . . . 0 0

0 r − λ 0 . . . . . . 0 0

0 0 r − λ . . . . . . 0 0
... ... ... . . . . . . ... ...
0 0 0 . . . . . . 0 r − λ















+















λ λ λ . . . . . . λ λ

λ λ λ . . . . . . λ λ

λ λ λ . . . . . . λ λ
... ... ... . . . . . . ... ...
λ λ λ . . . . . . λ λ















= (r − λ)Iv + λJvv.

(b) By Theorem 1.60, we need only show that: given any

two columns, there are exactlyλ rows with a1 in both

columns. But this follows from Theorem 1.63.

Theorem 1.65.Let A be an incidence matrix for a2 − (v, k, λ) design and let
M = ATA. ThendetM = (r − λ)v−1(r + (v − 1)λ).
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Proof. By Theorem 1.64(a),

M =















r λ λ . . . . . . λ λ
λ r λ . . . . . . λ λ
λ λ r . . . . . . λ λ
...

...
... . . . . . .

...
...

λ λ λ . . . . . . λ r















.

We can perform row and column operations onM that do not change the deter-
minant. First we subtract Column1 from each of the other columns to give















r λ− r λ− r . . . . . . λ− r λ− r
λ r − λ 0 . . . . . . 0 0
λ 0 r − λ 0 . . . 0 0
...

...
... . . . . . .

...
...

λ 0 0 . . . . . . 0 r − λ















.

Second we add Row2 to Row1, then add each subsequent row in turn, to give

B =















r + (v − 1)λ 0 0 . . . . . . 0 0
λ r − λ 0 . . . . . . 0 0
λ 0 r − λ 0 . . . 0 0
...

...
... . . . . . .

...
...

λ 0 0 . . . . . . 0 r − λ















.

NowB is a lower triangular matrix, so its determinant is given by the product of
the diagonal entries. Thus

detM = detB = (r − λ)v−1(r + (v − 1)λ).

Proof of Theorem 1.34, Fisher’s Inequality.We need to prove that ifv > k, then
b ≥ v. Recall that, by Corollary 1.15, we haver > λ.

Supposethat (X,B) is a 2 − (v, k, λ) design withv > b and letA be an
incidence matrix for the design. LetA∗ be thev × v matrix formed fromA by
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addingv − b rows of zeros to the bottom ofA. Thus

A∗ =























a11 a12 . . . a1v

a21 a22 . . . a2v
...

... . . .
...

ab1 ab2 . . . abv

0 0 . . . 0
...

... . . .
...

0 0 . . . 0























.

Observe that

(A∗)TA∗ =











a11 a21 . . . ab1 0 . . . 0
a12 a22 . . . ab2 0 . . . 0
...

... . . .
...

... . . .
...

a1v a2v . . . abv 0 . . . 0

































a11 a12 . . . a1v

a21 a22 . . . a2v
...

... . . .
...

ab1 ab2 . . . abv

0 0 . . . 0
...

... . . .
...

0 0 . . . 0























.

If we writeN = (nij) for (A∗)TA∗ andM = (mij) for ATA, thenN andM are
bothv × v matrices and

nij =
[

a1i a2i . . . abi 0 . . . 0
]



























a1j

a2j

a3j
...
abj

0
...
0



























=

b
∑

k=1

akiakj = mij.

Therefore(A∗)TA∗ = ATA.

We calculate the determinant of this matrix in two ways.
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First way. A∗ is square and so it has a determinant

(and the same applies to(A∗)T ). A∗ has a row of zeros,

so its determinant is0. Thus

det((A∗)TA∗) = det(A∗)T detA∗ = det(A∗)T × 0 = 0.

Second way. By Theorem 1.65, we know thatdetM =

(r − λ)v−1(r + (v − 1)λ). Given thatr > λ, it follows

thatdetM > 0.

The determinant ofM does not depend on the way in

which it is calculated. Therefore we have a contradiction

and we must conclude that the suppositionb < v is false.

Henceb ≥ v.

1.13 Symmetric Designs

We return to studying symmetric designs (whereb = v). We use matrix tools
to prove Theorem 1.44.
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Proof of Theorem 1.44.Recall that we need to prove: In a symmetric2−(v, k, λ)
design withv even,k − λ must be a perfect square.

LetA be an incidence matrix for a symmetric2−(v, k, λ)

design and letM = ATA. By Theorem 1.65,detM =

(r − λ)v−1(r + (v − 1)λ). Given thatr = λ
(v − 1)

(k − 1)
for

a symmetric design and we haver = k, we can deduce

thatr + (v − 1)λ = r + (k − 1)r = rk = k2. Thus

detM = (k−λ)v−1k2 = (k−λ)(k−λ)v−2k2 = (k−λ)[(k−λ)(v−2)/2k]2.

When the design is symmetric we haveb = v and soA

is a square matrix. MoreoverdetAT = detA. Therefore

detM = detAT detA = (detA)2. It follows that

(detA)2 = (k − λ)[(k − λ)(v−2)/2k]2.

As 2 ≤ k ≤ v = b, there is more than one block and so
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k < v. Thusk = r > λ (by Corollary 1.15) and

(k − λ) =

[

detA

(k − λ)(v−2)/2k

]2

so is a perfect square.

Theorem 1.66. If A is an incidence matrix for a symmetric2 − (v, k, λ) design,
thenA is invertible.

Proof. As seen in the proof of Theorem 1.44 above,(detA)2 =

(k − λ)v−1k2. For a symmetric design we havev > k so

thatk = r > λ and hencedetA 6= 0.

Theorem 1.67(Ryser). In a symmetric2−(v, k, λ) design, any two distinct blocks
have preciselyλ points in common.

Proof. Let A be an incidence matrix for the design. Then, by Theorem 1.64,
ATA = (r − λ)Iv + λJvv. By Theorem 1.66, we know thatA−1 exists. By
Theorem’s 1.53 and 1.54, we know thatAJvv = kJvv andJvvA = rJvv = kJvv =
AJvv. Therefore

(AT )TAT = AAT = A(ATA)A−1 = A((r − λ)Iv + λJvv)A
−1

= (r − λ)AIvA
−1 + λAJvvA

−1 = (r − λ)Iv + λJvvAA
−1 = (r − λ)Iv + λJvv.

We now apply Theorem 1.63 to(AT )TAT . In this context,M = ATA is also
(AT )TAT , and thereforemij is the number of occasions when thei’th and j’th
columns ofAT both have entry1. Fori 6= j, it follows thatmij = λ is the number
of occasions when thei’th and j’th rows of A both have entry1, i.e., it is the
number of points that lie in both of blocksi andj.

Example 1.68.Show that there is a projective plane of order3.
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Solution Such a design would be a symmetric2 − (13, 4, 1) design. We look
for a suitable incidence matrix. Assuming that a design exists, we have

• v = b = 13, k = r = 4, λ = 1.

• Any two blocks have exactly one point in common.

Translating this information into matrix language, we see that we seek a13×
13 {0, 1}matrix such that:

(a) Each row has4 1s and9 0s.

(b) All rows are different.

(c) Each column has4 1s and9 0s.

(d) Any two columns have common1s in exactly1 row.

(e) Any two rows have common1s in exactly1 column.

Also remember that we can permute the columns (renumber the points) and
permute the rows (renumber the blocks) without altering thedesign. We shall talk
in terms of choosing labels for points and columns. This is something we can do
when we have a collection of points or blocks that are indistinguishable up the
stage of choosing labels, but not when they are distinguishable. We writeA for
the incidence matrix.
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
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









































































1 1 1 1 0 0 0 0 0 0 0 0 0

1 0 0 0 1 1 1 0 0 0 0 0 0

1 0 0 0 0 0 0 1 1 1 0 0 0

1 0 0 0 0 0 0 0 0 0 1 1 1

0 1 0 0 1 0 0 1 0 0 1 0 0

0 1 0 0 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 1 0 0 1 0 0 1

0 0 1 0 1 0 0 0 1 0 0 0 1

0 0 1 0 0 1 0 0 0 1 1 0 0

0 0 1 0 0 0 1 1 0 0 0 1 0

0 0 0 1 1 0 0 0 0 1 0 1 0

0 0 0 1 0 1 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0 1 0 1 0 0
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
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











(1) Choose a block and label itB1, and label the four points in itP1, P2, P3, P4.
Thena1j = 1 for 1 ≤ j ≤ 4 anda1j = 0 for 5 ≤ j ≤ 13.

(2) Consider the pointP1. NowP1 lies in4 blocks:B1 and a further3 blocks that
we labelB2, B3, B4. Thusai1 = 1 for 2 ≤ i ≤ 4 andai1 = 0 for 5 ≤ i ≤ 13.

(3) B1 meets each ofB2, B3, B4 in exactly one point, namelyP1, soaij = 0 for
2 ≤ i, j ≤ 4.
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(4) B2 contains3 more points that we labelP5, P6, P7. Thusa2j = 1 for 5 ≤ j ≤
7 anda2j = 0 for 8 ≤ j ≤ 13.

(5) B2 meets each ofB3, B4 in exactly one point, namelyP1, so aij = 0 for
i = 3, 4, 5 ≤ j ≤ 7.

(6) B3 contains3 more points that we labelP8, P9, P10. Thusa3j = 1 for 8 ≤
j ≤ 10 anda3j = 0 for 11 ≤ j ≤ 13.

(7) B3 meetsB4 in exactly one point, namelyP1, soa4j = 0 for 8 ≤ j ≤ 10.

(8) B4 contains3 more points that can only beP11, P12, P13. Thusa4j = 1 for
11 ≤ j ≤ 13.

(9) P2 lies in 4 blocks:B1 and a further3 blocks that we labelB5, B6, B7. Thus
ai2 = 1 for i = 5, 6, 7 andai2 = 0 for 8 ≤ i ≤ 13.

(10) B1 meets each ofB5, B6, B7 in exactly one point, namelyP2, soaij = 0 for
5 ≤ i ≤ 7, j = 3, 4.

(11) P3 lies in4 blocks:B1 and a further3 blocks that we labelB8, B9, B10. Thus
ai3 = 1 for 8 ≤ i ≤ 13 andai3 = 0 for 11 ≤ i ≤ 13.

(12) B1 meets each ofB8, B9, B10 in exactly one point, namelyP3, soai4 = 0 for
8 ≤ i ≤ 10.

(13) P4 lies in 4 blocks:B1 and a further3 blocks that can only beB11, B12, B13.
Thusai4 = 1 for 11 ≤ i ≤ 13.

(14) P2 andP5 lie together in1 block. This must be one ofB5, B6, B7. These
blocks are currently indistinguishable. We choose to labelasB5 the one that
containsP5. Thusa55 = 1 andai5 = 0 for i = 5, 6.

(15) P3 andP5 lie together in1 block. This must be one ofB8, B9, B10. These
blocks are currently indistinguishable. We choose to labelasB8 the one that
containsP5. Thusa58 = 1 andai5 = 0 for i = 9, 10.

(16) P4 andP5 lie together in1 block. This must be one ofB11, B12, B13. These
blocks are currently indistinguishable. We choose to labelasB11 the one that
containsP5. Thusa5 11 = 1 andai5 = 0 for i = 12, 13.

(17) B5 meetsB2 in exactly one point, namelyP5, soa5j = 0 for j = 6, 7.

(18) P2 andP6 lie together in1 block. This must be one ofB6, B7. These blocks
are currently indistinguishable. We choose to label asB6 the one that contains
P5. Thusa66 = 1 anda76 = 0.
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(19) B6 meetsB2 in exactly one point, namelyP6, soa67 = 0.

(20) P2 andP7 lie together in1 block. This can only beB7. Thusa77 = 1.

(21) B8 meetsB2 in exactly one point, namelyP5, soa8j = 0 for j = 6, 7.

(22) P3 andP6 lie together in1 block. This must be one ofB9, B10. These blocks
are currently indistinguishable. We choose to label asB9 the one that contains
P6. Thusa96 = 1 anda10 6 = 0.

(23) B9 meetsB2 in exactly one point, namelyP6, soa97 = 0.

(24) P3 andP7 lie together in1 block. This can only beB10. Thusa10 7 = 1.

(25) B11 meetsB2 in exactly one point, namelyP5, soa11 j = 0 for j = 6, 7.

(26) P4 andP6 lie together in1 block. This must be one ofB12, B13. These
blocks are currently indistinguishable. We choose to labelasB12 the one
that containsP6. Thusa12 6 = 1 anda13 6 = 0.

(27) B12 meetsB2 in exactly one point, namelyP6, soa12 7 = 0.

(28) P4 andP7 lie together in1 block. This can only beB13. Thusa13 7 = 1.

(29) B3 andB5 meet in one point. This must be one ofP8, P9, P10. These points
are currently indistinguishable. We choose to label asP8 the one that lies in
B5. Thusa85 = 1 anda5j = 0 for j = 9, 10.

(30) B5 meets each ofB6 andB7 in one point, namelyP2, soP8 is not inB6, B7.
Thusai8 = 0 for i = 6, 7.

(31) B3 andB6 meet in one point. This must be one ofP9, P10. These points are
currently indistinguishable. We choose to label asP9 the one that lies inB6.
Thusa69 = 1 anda6 10 = 0.

(32) B6 meetsB7 in one point, namelyP2, soP9 is not inB7. Thusa79 = 0.

(33) B3 andB7 meet in a point and this can only beP10. Thusa7 10 = 1.

(34) B4 andB5 meet in one point. This must be one ofP11, P12, P13. These points
are currently indistinguishable. We choose to label asP11 the one that lies in
B5. Thusa5 11 = 1 anda5j = 0 for j = 12, 13.

(35) B5 meets each ofB6 andB7 in one point, namelyP2, soP11 is not inB6, B7.
Thusai 11 = 0 for i = 6, 7.
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(36) B4 andB6 meet in one point. This must be one ofP12, P13. These points are
currently indistinguishable. We choose to label asP12 the one that lies inB6.
Thusa6 12 = 1 anda6 13 = 0.

(37) B6 meetsB7 in one point, namelyP2, soP12 is not inB7. Thusa7 12 = 0.

(38) B4 andB7 meet in a point and this can only beP13. Thusa7 13 = 1. [Alterna-
tively,B7 has one more point.]

(39) B5 andB8 meet in one point, namelyP5, soP8 andP11 do not lie inB8.

(40) B6 andB9 meet in one point, namelyP6, soP9 andP12 do not lie inB9.

(41) B7 andB10 meet in one point, namelyP7, soP10 andP13 do not lie inB10.

(42) B3 andB8 meet in one point, eitherP9 or P10. We chooseP9. At this stage,
P9 andP10 aredistinguishable, so in making this choice we hope to be able to
complete the matrix and show the existence of a design, but the choice is not
just one of labelling so the resulting design is not necessarily unique.

(43) B8 andB10 meet in one point, namelyP3, soP9 does not lie inB10.

(44) B3 andB10 meet in one point, this can only beP8.

(45) B9 andB10 meet in one point, namelyP3, soP8 does not lie inB9.

(46) B3 andB9 meet in one point, this can only beP10.

(47) B6 andB8 meet in one point, namelyP9, soP12 does not lie inB8.

(48) B7 andB9 meet in one point, namelyP10, soP13 does not lie inB9.

(49) B5 andB10 meet in one point, namelyP8, soP11 does not lie inB10.

(50) B8, B9, B10 each need one more point, but in each case only one is possible:
B8 containsP13, B9 containsP11 andB10 containsP12.

(51) B5 andB11 meet in one point, namelyP5, soP8 does not lie inB11.

(52) B8 andB11 meet in one point, namelyP5, soP9 does not lie inB11.

(53) B3 andB11 meet in one point, this can only beP10.

(54) B9 andB11 meet in one point, namelyP10, soP11 does not lie inB11.

(55) B8 andB11 meet in one point, namelyP5, soP13 does not lie inB11.
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(56) B4 andB11 meet in one point, this can only beP12.

(57) B11 meets each ofB12, B13 in P4, soP10 andP12 do not lie inB12, B13.

(58) B10 andB13 meet in one point, namelyP7, soP8 does not lie inB13.

(59) B3 andB13 meet in one point, this can only beP9.

(60) P8 must lie in one more block, and this can only beB12.

(61) P9 already lies in4 blocks, soP9 does not lie inB12.

(62) B5 andB12 meet in one point, namelyP8, soP11 does not lie inB12.

(63) P11 must lie in one more block, and this can only beB13.

(64) B12 has one more point and this can only beP13.

(65) P13 already lies in4 blocks, soP13 does not lie inB13.

This gives the incidence matrix
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1 1 1 1 0 0 0 0 0 0 0 0 0

1 0 0 0 1 1 1 0 0 0 0 0 0

1 0 0 0 0 0 0 1 1 1 0 0 0

1 0 0 0 0 0 0 0 0 0 1 1 1

0 1 0 0 1 0 0 1 0 0 1 0 0

0 1 0 0 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 1 0 0 1 0 0 1

0 0 1 0 1 0 0 0 1 0 0 0 1

0 0 1 0 0 1 0 0 0 1 1 0 0

0 0 1 0 0 0 1 1 0 0 0 1 0

0 0 0 1 1 0 0 0 0 1 0 1 0

0 0 0 1 0 1 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0 1 0 1 0 0
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

We can now verify by inspection that we have a2 −

(13, 4, 1) design: check that
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(i) there are13 columns;

(ii) all rows are different;

(iii) there are4 1s in each row, and

(iv) each pair of columns have precisely both have1s in

precisely1 row.

We have not shown that the design is unique.

Remarks 1.69. (a) Observe that the matrix we have obtained is square, but itis
not symmetric (this is why the term ‘symmetric’ for such designs is mislead-
ing).

(b) In fact, there is a unique2 − (13, 4, 1) design. To see this we have to note
that the only arbitrary choice of label was in line (42). If wehad chosen the
other way, we should have arrived at another matrix (actually the transpose
of the given one). We can pass from one to the other by the following row
and column operations (performed in the given order):C9 ↔ C10, R6 ↔ R7,
C6 ↔ C7, R9 ↔ R10, R12 ↔ R13, C12 ↔ C13.

(c) When we made the arbitrary choice, conceivably we could have arrived at no
allowable matrix. In that case we would have returned to line(42) and made
the other choice.

(d) If we find that we cannot construct an allowable matrix, then we would con-
clude that no design existed with the given parameters.
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2 Geometry Of The Projective Plane

In 1812 Napoleon invaded Russia. Unlike Hitler129 years later, he succeeded
in capturing Moscow. On the other hand, like Hitler, he foundthat the Russian
winter was a more formidable enemy than the Russian army. HisRussian adven-
ture turned into a disaster. Among the French officers captured by the Russians
was one J.V. Poncelet. To pass the time in his Russian jail he decided to write
down all the geometry that he could remember. This led him to invent Projective
Geometry . . . .

2.1 The Euclidean PlaneE

Poncelet’s starting point was the familiar Euclidean plane. The Euclidean
plane consists of pointsP = (α, β), whereα andβ are real numbers (these are
cartesian coordinates).

Definition 2.1. A line in the Euclidean plane consists of all points(x, y) satisfying
an equation of the form

ax+ by + c = 0 (∗)

where(a, b) 6= (0, 0). (When we write(a, b) 6= (0, 0) we mean that eithera 6= 0
or b 6= 0 or both.)

Since the line above is completely specified by the equa-

tion (*), we often refer to “the lineax + by + c = 0”.

Of course, ifk 6= 0, this is just the same line as the line

kax+kby+kc = 0. We say that two linesax+by+c = 0

andAx + By + C = 0 are the same precisely when

A = ka,B = kb, C = kc for somek 6= 0.
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Thegradient of (*) is defined to be

−a
b

if b 6= 0

and to be
∞ if b = 0.

Note:

• The symbol∞ is just that: a symbol. It is not the result of a calculation
a

0
and it is neither positive nor negative.

• If b 6= 0 then (*) becomesy = −a
b
x− c

b
; if b = 0 it becomesx = − c

a
.

Definition 2.2. Distinct lines

ax+ by + c = 0

Ax+By + C = 0

are said to beparallel if Ab = aB.

Thus distinct lines are parallel if and only if they have

the same gradient. To see this, letAb = aB. Then

(i) If b = 0, thena 6= 0 andaB = Ab = 0, soB = 0.

Thus both gradients are∞.

(ii) If b 6= 0, thenB 6= 0 (becauseB = 0 impliesb = 0,

arguing as in (i)), which implies−a
b

= −A
B

so that

the gradients are equal.
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Exercise 2.3.(a) Show that if linesax + by + c = 0 andAx + By + C = 0
with Ab = aB have at least one point in common, then they are equal. [Thus
parallel lines do not intersect.]

(b) Show that distinct non-parallel linesax+ by + c = 0 andAx+By + C = 0

both pass through the point

(

bC − cB
Ba− bA,

Ac− aC
Ba− bA

)

.

N.B.: This shows that lines in the Euclidean plane are parallel if and only if
they do not intersect.

Theorem 2.4. Given a pair of (distinct) points(p, q) and (u, v) in E there is a
unique line containing them, and it has equation

∣

∣

∣

∣

∣

∣

x y 1
p q 1
u v 1

∣

∣

∣

∣

∣

∣

= 0.

Proof. Begin by noting that determinant equation is(q −

v)x− (p− u)y + (vp− uq) = 0. Let this be the linem.

Consider a lineax+ by + c = 0 passing through(p, q)

and(u, v): we have equations

au + bv + c = 0

ap + bq + c = 0
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from which we deduce that

a(u− p) + b(v − q) = 0.

Suppose first thatu 6= p. Then

a = − (v − q)
(u− p)b, c =

(vp− uq)
(u− p) b

which implies thatb 6= 0 sincea, b cannot both be0, and

then the line is

− (v − q)
(u− p)bx + by +

(vp− uq)
(u− p) b = 0

i.e.,

−(v − q)x + (u− p)y + (vp− uq) = 0.

In other words the line must bem.

Now suppose thatu = p. Thenv 6= q. In this case

we haveb(v − q) = 0, which implies thatb = 0 (so that

AJD December 22, 2009



MAS3210 Notes Lecturer’s copy 68

necessarilya 6= 0) andc = −au = −ap so that the line

is

ax− ap = 0,

in other wordsx− p = 0. Observe that in this casem is

given by(q−v)x+(vp−pq) = 0, i.e.,(q−v)x−p(q−v) =

0, so byx− p = 0.

In each case there is a unique line through the given

points and it is the linem.

Example 2.5.Find the equation of the line through the points(−5, 6) and(6,−7).

Solution.

The line has equation

∣

∣

∣

∣

∣

∣

x y 1

−5 6 1

6 −7 1

∣

∣

∣

∣

∣

∣

= 0,
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i.e.,

(6 + 7)x− y(−5− 6) + 1(35− 36) = 0,

i.e.,

13x + 11y − 1 = 0.

(Check that the line passes through the two given points!)

2.2 The Line At Infinity

E is awkward to handle because of special cases:

• 2 lines meet at a unique point, unless they are parallel;

• ax+ by + c = 0 is not a line ifa = b = 0;

• gradient has a special definition ifb = 0.

Poncelet had the bright idea of adding “points at infinity” where parallel lines
would meet. We shall see that this removes the special cases.This new projective
geometry had been foreshadowed by Renaissance painters such as Leonardo da
Vinci, as they strove to make paintings more realistic. If you stand in the middle
of a straight railroad track stretching into the distance, you will see that the two
rails appear to converge “at infinity”. We shall begin by introducing homogeneous
coordinates. We shall represent a point ofE not by a pair of real numbers(x, y)
but by a triple(x, y, z) wherez 6= 0.

Definition 2.6. ??In E, the triple(x, y, z), with z 6= 0, is ahomogeneous coor-
dinate representationof the point with cartesian coordinates

(x

z
,
y

z

)

.
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Note that every point(u, v) of E has homogeneous coordinates(u, v, 1). Also,
if k 6= 0 then the triples(x, y, z) and(kx, ky, kz) represent the same point.

Homogeneous Coordinates Cartesian Coordinates
(9,−33, 1) ←→ (9,−33)
(0, 0, 1) ←→ (0, 0)

(35, 15, 5) ←→ (7, 3)
(7, 3, 1) ←→ (7, 3)

(14,−21, 7) ←→ (2,−3)
(10,−15, 5) ←→ (2,−3)
(2,−3, 1) ←→ (2,−3)
(0, 0, 5) ←→ (0, 0)

(λx, λy, λz) ←→
(x

z
,
y

z

)

if λ 6= 0.

Thus(x, y, z) and(u, v, w) represent the same point of the Euclidean plane if
and only if there exists a numberλ such thatu = λx, v = λy, w = λz. We write
simply (x, y, z) = (u, v, w).

Example 2.7. We can introduce homogeneous coordinates in other planes,e.g.,
in

C
2 = {(α, β) : α, β ∈ C}.

Here the homogeneous coordinates take the form(ξ, η, ζ), whereξ, η, ζ ∈ C and

ζ 6= 0, representing the point

(

ξ

ζ
,
η

ζ

)

∈ C
2.

For example, the two sets of homogeneous coordinates

(1 + i, 1− i, 2), (1,−i, 1− i) represent the same point in
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C
2 since

(1 + i)1 = 1 + i

(1 + i)(−i) = 1− i

(1 + i)(1− i) = 2.

In fact,R or C can be replaced by any fieldK.

We shall now extendE by allowing points withz = 0. In fact, we allow all
points (x, y, z) except(0, 0, 0). As before, we have(x, y, z) = (λx, λy, λz) if
λ 6= 0.

Definition 2.8. Let K be any field. Then theprojective plane P2(K) consists of
all triples(x, y, z) 6= (0, 0, 0), with x, y, z ∈ K, and where

(x, y, z) = (λx, λy, λz)

for everyλ ∈ K with λ 6= 0. We call(x, y, z) thehomogeneous coordinatesof a
point inP2(K).

Note that the points ofP2(K) are of two types:

(i) the points ofE: (x, y, z) with z 6= 0;

(ii) the new points(x, y, 0) with (x, y) 6= (0, 0).
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2.3 Lines inP2(K)

Recall that the lines inE are of the formax+ by + c = 0 with (a, b) 6= (0, 0),
i.e., if we let x = X/Z, y = Y/Z,

a

(

X

Z

)

+ b

(

Y

Z

)

+ c = 0

i.e.,
aX + bY + cZ = 0.

This prompts the following definition:

Definition 2.9. Let (l,m, n) 6= (0, 0, 0). Then the points(x, y, z) of P2(K) such
thatlx+my + nz = 0 form a line in P2(K) with homogeneous coordinates

[l,m, n].

Note the use of round brackets for points and square bracketsfor lines.

Remarks 2.10. (a) This definition makes sense because, ifλ 6=

0, then(λx, λy, λz) lies on the line[l,m, n]

⇐⇒ l(λx) +m(λy) + n(λz) = 0

⇐⇒ λ(lx +my + nz) = 0

⇐⇒ lx +my + nz = 0

i.e. ⇐⇒ (x, y, z) lies on the line[l,m, n]. [Thus we

don’t find that(x, y, z) lies on a line, but that(λx, λy, λz)

(which is supposed to be the same point) doesn’t.]
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(b) Note that ifλ 6= 0 then[λl, λm, λn] = [l,m, n]. For if

λ 6= 0, then(x, y, z) lies on the line[λl, λm, λn]

⇐⇒ (λl)x + (λm)y + (λn)z = 0

⇐⇒ λ(lx +my + nz) = 0

⇐⇒ lx +my + nz = 0

i.e.⇐⇒ (x, y, z) lies on the line[l,m, n].

(c) The point(x, y, z) lies on the line[l,m, n] precisely

whenlx +my + nz = 0, i.e, precisely when

(

x y z
)





l

m

n



 =
(

x y z
) (

l m n
)T

= 0.

Summary

E : Points All (x, y, z) with z 6= 0 (with (x, y, z) = (λx, λy, λz) whenever
λ 6= 0).
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Lines All [l,m, n] with (l,m) 6= (0, 0) (with [l,m, n] = [λl, λm, λn] when-
everλ 6= 0).

P2(K)− E : Points All (x, y, 0) with (x, y) 6= (0, 0) (with (x, y, 0) = (λx, λy, 0) when-
everλ 6= 0).

Lines The line[0, 0, 1], also known asz = 0 (the same as[0, 0, n] for any
n 6= 0).

P2(K) : Points All (x, y, z) 6= (0, 0, 0) (with (x, y, z) = (λx, λy, λz) whenever
λ 6= 0).

Lines All [l,m, n] 6= [0, 0, 0] (with [l,m, n] = [λl, λm, λn] wheneverλ 6=
0).

Definition 2.11. The new line[0, 0, n] is calledl∞, theline at infinity . The points
that lie on it, i.e.,(x, y, 0) with (x, y) 6= (0, 0), are called thepoints at infinity .

Theorem 2.12.Any two distinct lines in a projective plane meet in exactly one
point. (Thus there are no parallel lines in the projective plane.)

Proof. Take two lines inP2(K).

(a) Suppose that one line isl∞ (z = 0) and the other is in

E, saylx +my + nz = 0 with (l,m) 6= (0, 0). Either

l = 0 and thenm 6= 0, in which casemy + nz = 0

andz = 0 implies thaty = z = 0 so that the two

lines have precisely(1, 0, 0) in common; orl 6= 0 and

a point on both lines satisfiesx = −my/l so that the
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two lines have precisely(−m/l, 1, 0) in common; in

either case the lines intersect (uniquely) at(−m, l, 0).

(b) Now suppose that[l1,m1, n1] and[l2,m2, n2] are lines

of E that meet in a point onl∞. The first line meetsl∞

at (−m1, l1, 0) and the second at(−m2, l2, 0). These

points must be the same som2 = λm1 andl2 = λl1

for someλ 6= 0. Thereforel1m2 = l2m1 and the lines

are parallel inE. This means that they have no points

in common inE and have a unique point in common

on l∞, i.e., they meet in exactly one point.

(c) It remains to consider two lines that do not meet at a

point on l∞. These must be non-parallel lines inE,

and so they intersect in a unique point ofE. [Distinct

AJD December 22, 2009



MAS3210 Notes Lecturer’s copy 76

parallel linesax+ by + c = 0 andAx+By +C = 0

of E2(K) satisfyaB = bA. They correspond to lines

ax + by + cz = 0 andAx + By + CZ = 0 of P2(K)

that meet at(−B,A, 0) = (−b, a, 0) on l∞.]

Fact 2.13.Suppose thatA is a square matrix. If one row ofA is a scalar multiple
of another or if one column ofA is a scalar multiple of another, thendetA = 0.
This is because subtracting a scalar multiple of one of the rows from another
(or a scalar multiple of one of the columns from another) doesn’t change the
determinant, but leads to a matrix with a row or column of0s. Switching two rows
or switching two columns has the consequence of multiplyingthe determinant by
−1.

Theorem 2.14.Let (x1, y1, z1) and(x2, y2, z2) be distinct points ofP2(K). Then
there is one and only one line which passes through these points. Its equation is

∣

∣

∣

∣

∣

∣

x y z
x1 y1 z1
x2 y2 z2

∣

∣

∣

∣

∣

∣

= 0.

This is the line
[∣

∣

∣

∣

y1 z1
y2 z2

∣

∣

∣

∣

,

∣

∣

∣

∣

z1 x1

z2 x2

∣

∣

∣

∣

,

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

]

.

Proof. The determinant equation clearly gives a line with

the co-ordinates indicated. If we substitute the co-ordinates

of each point into the determinant, we get0 by Fact 2.13.

Hence these two points do indeed lie on the given line.
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By Theorem 2.12, two lines have only one point in com-

mon, so there is not another line passing through both of

the given points.

[If we expand the determinant, we get

∣

∣

∣

∣

y1 z1

y2 z2

∣

∣

∣

∣

x−
∣

∣

∣

∣

x1 z1

x2 z2

∣

∣

∣

∣

y +

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

z = 0

i.e.,

∣

∣

∣

∣

y1 z1

y2 z2

∣

∣

∣

∣

x +

∣

∣

∣

∣

z1 x1

z2 x2

∣

∣

∣

∣

y +

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

z = 0.

We use the fact that swapping two columns of a matrix

multiplies the determinant by−1.]

Definition 2.15. A set of two or more points are said to becollinear if they lie on
a common line. A set of two or more lines are said to beconcurrent if they pass
through a common point. Any two distinct points lie on a line,so are collinear.
Any two distinct lines meet in a point so are concurrent.

Theorem 2.16.Suppose that the pointsP1 = (x1, y1, z1), P2 = (x2, y2, z2) and
P3 = (x3, y3, z3) of P2(K) are not all the same. They are collinear if and only if

∣

∣

∣

∣

∣

∣

x1 y1 z1
x2 y2 z2
x3 y3 z3

∣

∣

∣

∣

∣

∣

= 0.
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Proof. If two of the points are the same, then we have just

two points and they are collinear. At the same time the

given matrix has one row a scalar multiple of another,

so the determinant is0. Suppose now that the points are

distinct. Then the lineP2P3 containingP2 andP3 is given

by
∣

∣

∣

∣

∣

∣

x y z

x2 y2 z2

x3 y3 z3

∣

∣

∣

∣

∣

∣

= 0.

This is the only line that could possibly containP1, P2

andP3. ThereforeP1, P2, P3 are collinear if and only if

P1 lies onP2P3, if and only if
∣

∣

∣

∣

∣

∣

x1 y1 z1

x2 y2 z2

x3 y3 z3

∣

∣

∣

∣

∣

∣

= 0.

2.4 Duality

Notice that the points and lines ofP2(K) resemble each other. Both are com-
posed of triples with at least one nonzero component, and both are unchanged
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if we multiply each component by a nonzero number. In fact thelines [l,m, n]
of P2(K) can be regarded as “points” in anotherP2(K), called thedual plane.
The “lines” in the dual plane are given by triples(x, y, z) 6= (0, 0, 0) such that
xl + ym + zn = 0, i.e., by the points in the original plane. We can construct a
dictionary to translate concepts from one plane to the other

Original Plane Dual Plane
Points Lines
Lines Points
Two lines intersect in a point Two points lie on a line
Two points lie on a line Two lines intersect in a point
Points are collinear Lines are concurrent
Lines are concurrent Points are collinear

Principle 2.17(Principle of Duality). Suppose we have proved a the-

orem aboutP2(K), such as Theorem 2.14. Then it is true

in the dual plane, since the dual plane is a copy ofP2(K).

But recall that the points [respectively lines] of the dual

plane are the lines [respectively points] of the original

plane, and so on. We use the above dictionary to trans-

late our theorem into a theorem about the original plane.

In this way we get a new theorem, called thedual of the

first. The Principle of Duality says that if a theorem is
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true then its dual is also true.

Thus we have

Theorem 2.18.Let [l1, m1, n1] and [l2, m2, n2] be distinct lines ofP2. Then there
is one and only one point of intersection of these two lines. It is given by the
equation

∣

∣

∣

∣

∣

∣

l m n
l1 m1 n1

l2 m2 n2

∣

∣

∣

∣

∣

∣

= 0.

This is the point with coordinates

(∣

∣

∣

∣

m1 n1

m2 n2

∣

∣

∣

∣

,

∣

∣

∣

∣

n1 l1
n2 l2

∣

∣

∣

∣

,

∣

∣

∣

∣

l1 m1

l2 m2

∣

∣

∣

∣

)

.

Proof. Apply the Principle of Duality to Theorem 2.14.

Example 2.19.Find the line inP2(R) through(1, 1, 1) and(1, 5, 6) and the point
where this line meetsx+ y + z = 0.

Solution:

The line through the two given points is
∣

∣

∣

∣

∣

∣

x y z

1 1 1

1 5 6

∣

∣

∣

∣

∣

∣

= 0,

i.e., x.1 − y.(5) + z.4 = 0, i.e.,x − 5y + 4z = 0. The

point where this line meetsx + y + z = 0 is given by
∣

∣

∣

∣

∣

∣

l m n

1 −5 4

1 1 1

∣

∣

∣

∣

∣

∣

= 0,

i.e.,l.(−9)−m.(−3)+n.6 = 0, i.e.,−9l+3m+6n = 0.

Thus it is the point(−9, 3, 6), equivalently(3,−1,−2).
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We can check that this point lies on both ofx−5y+4z =

0 andx + y + z = 0.

Remark 2.20. The equation
∣

∣

∣

∣

∣

∣

l m n
l1 m1 n1

l2 m2 n2

∣

∣

∣

∣

∣

∣

= 0

calls for comment. In what sense is it the equation of a point?Recall that the
equation

∣

∣

∣

∣

∣

∣

x y z
x1 y1 z1
x2 y2 z2

∣

∣

∣

∣

∣

∣

= 0

specifies a line by telling us precisely which points(x, y, z) lie on it. In exactly the
same way, the above equation specifies a point by telling us precisely which lines
[l,m, n] pass through it.

2.5 The Projective PlanesP2(K)

Recall that ifp is a prime thenZp (also known asGF (p)) is the field consisting
of the elements

0, 1, 2 . . . , p− 1

with addition and multiplication performed(mod p). Thus for example, inZ11,

8 + 7 = 4, 8× 7 = 1.

We can therefore constructP2(GF (p)) = P2(Zp), which we write simply as
P2(p).

Lemma 2.21. (a) P2(p) hasp2 + p+ 1 points.

(b) Each line containsp+ 1 points.

Proof

(a) SinceZp hasp elements, there arep3 triples(x, y, z)

with x, y, z ∈ Zp. But we exclude(0, 0, 0). This
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leavesp3 − 1 triples. Also recall that

(x, y, z) = (λx, λy, λz)

if λ 6= 0, i.e., if λ = 1, 2, 3, . . . , p − 1. Thus each

point is represented byp − 1 triples. Therefore the

number of points is

p3 − 1

p− 1
= p2 + p + 1.

(b) Let [l,m, n] be a line. Suppose thatl 6= 0 (the argu-

ments are very similar ifm 6= 0 or if n 6= 0). Then

the points(x, y, z) on the line are precisely those sat-

isfying

xl + ym + zn = 0.

There is a point on the line for each choice ofy and

z, with x given byx = −(ym + zn)/l, except for
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y = z = 0, and each point on the line can be so

expressed (note that(x, 0, 0) cannot lie on the line).

There arep choices fory andp choices forz, so there

arep2 − 1 combinations ofy andz (excludingy =

z = 0). Therefore there arep2−1 triples(x, y, z) such

thatxl + ym + zn = 0. Each point is represented by

p − 1 triples. Therefore the number of points on the

line is

p2 − 1

p− 1
= p + 1.

Lemma 2.22.

(a) P2(p) hasp2 + p+ 1 lines.

(b) Each point lies onp+ 1 lines.

Proof. Dualise Lemma 2.21. This completes the proof, but we prove (b) as an
example of the application of the Principle of Duality.

Let (x, y, z) be a point. Suppose thatx 6= 0 (the arguments are very similar if
y 6= 0 or if z 6= 0). Then the lines[l,m, n] through the point are precisely those
satisfying

xl + ym+ zn = 0.

There is a line through the point for each choice ofm andn, with l given by
l = −(ym + zn)/x, except form = n = 0, and each point on the line can be so
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expressed (note that[l, 0, 0] cannot pass through the point). There arep choices
form andp choices forn, so there arep2−1 combinations ofm andn (excluding
m = n = 0). Therefore there arep2−1 triples[l,m, n] such thatxl+ym+zn = 0.
Each line is represented byp − 1 triples. Therefore the number of lines through
the point is

p2 − 1

p− 1
= p+ 1.

Theorem 2.23.Assume thatK = Zp.

(a) If P = (x1, y1, z1) andQ = (x2, y2, z2) are distinct points then the linePQ
consists of all points of the form

λP + µQ = (λx1 + µx2, λy1 + µy2, λz1 + µz2)

with (λ, µ) 6= (0, 0).

(b) The points other thanQ are precisely those of the formP + λQ = (x1 +
λx2, y1 + λy2, z1 + λz2).

Proof. SinceP andQ are distinct, neither of(x1, y1, z1), (x2, y2, z2) is a scalar
multiple of the other. Observe that

∣

∣

∣

∣

∣

∣

x1 + λx2 y1 + λy2 z1 + λz2
x1 y1 z1
x2 y2 z2

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

x1 y1 z1
x1 y1 z1
x2 y2 z2

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

0 0 0
x1 y1 z1
x2 y2 z2

∣

∣

∣

∣

∣

∣

= 0

(first subtractingλ Row3 from Row1, then Row2 from Row1).

Thus each of thep + 1 pointsP + λQ together withQ

lies on the linePQ. Next observe that these points are

distinct, for if

(x1+λx2, y1+λy2, z1+λz2) = α(x1+µx2, y1+µy2, z1+µz2),
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then

(1− α)(x1, y1, z1) = (αµ− λ)(x2, y2, z2)

which can only happen ifα = 1 andµ = λ. Similarly if

(x1 + λx2, y1 + λy2, z1 + λz2) = α(x2, y2, z2),

then

(x1, y1, z1) = (α− λ)(x2, y2, z2)

which can’t happen at all. Hence thep+ 1 points onPQ

are precisely the pointsP + λQ together withQ.

Now scalar multiples ofP + αQ have the formλP +

µQ. MoreoverλP +µQ is the same point asP +(µ/λ)Q

if λ 6= 0 and asQ if λ = 0. HencePQ consists of all

λP + µQ (with repetitions).
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Remark 2.24. The above theorem is actually true for any field, but the proofis
more tricky.

Example 2.25. In P2(11), find the coordinates of the point of intersection of the
linep passing through(1, 1, 0) and(2, 1, 2), and the lineq passing through(0, 1, 1)
and(2, 1, 5).

Solution

By Theorem 2.14,p has equation
∣

∣

∣

∣

∣

∣

x y z

1 1 0

2 1 2

∣

∣

∣

∣

∣

∣

= 0,

i.e.,

2x− 2y − z = 0.

Similarly, q has equation
∣

∣

∣

∣

∣

∣

x y z

0 1 1

2 1 5

∣

∣

∣

∣

∣

∣

= 0,

i.e.,

4x + 2y − 2z = 0,

i.e., 2x + y − z = 0. By Theorem 2.18,p andq intersect
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at the point

(∣

∣

∣

∣

−2 −1

1 −1

∣

∣

∣

∣

,

∣

∣

∣

∣

−1 2

−1 2

∣

∣

∣

∣

,

∣

∣

∣

∣

2 −2

2 1

∣

∣

∣

∣

)

= (3, 0, 6) = (1, 0, 2).

Example 2.26.Identify the lines of the Fano Plane having equations.

A: z = 0

B: y + z = 0

C: y = 0

D: x+ z = 0

E: x = 0

F: x+ y = 0

G: x+ y + z = 0.

Example 2.27.Identify the marked points and line inP2(5) in the following dia-
gram.

(1,0,0)

A

(0,2,1)

(0,1,0)C (1,2,0) Dk

B

(1,1,0)

(1,0,1)
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Solution.

A lies ony = 2z andx = z soA = (1, 2, 1).

B lies onx− y − z = 0 andx = 0 soB = (0, 1,−1).

k is the line

∣

∣

∣

∣

∣

∣

x y z

0 1 −1

1 2 1

∣

∣

∣

∣

∣

∣

= 0, i.e. 3x− y − z = 0.

C lies on3x− y − z = 0 andz = 0 soC = (1, 3, 0).

D must be(1, 4, 0).

Theorem 2.28.The points ofP2(p), with lines as blocks, form a2 − (p2 + p +
1, p+ 1, 1) design.

Proof

There arep2 + p + 1 points (by Lemma 2.21), sov =

p2 + p + 1. Each line hasp + 1 points (Lemma 2.21)

sok = p + 1. Any two points lie on precisely one line

(Theorem 2.14), soλ = 1.

Examples 2.29.(a) Takep = 2. Then we get a2− (7, 3, 1) design.

(b) Takep = 3. Then we get a2− (13, 4, 1) design.

(c) Takep = 5. Then we get a2− (31, 6, 1) design.

AJD December 22, 2009



MAS3210 Notes Lecturer’s copy 89

(d) Takep = 7. Then we get a2− (57, 8, 1) design.

Theorem 2.30.If p is a prime then a2− (p2, p, 1) design exists.

Proof. (We “remove a line at infinity”). Select a particular

lineL of P2(p), and let

X = P2(p) \ L.

Then|X| = (p2 + p + 1)− (p + 1) = p2.

Let the blocks consist of all points ofX which lie on

a lineL′ other thanL:

B = {L′ ∩X : L′ 6= L}.

SinceL′ meetsL in one point (which is omitted fromX)

the blockL′ ∩X has(p + 1)− 1 = p points.

Finally, any two points ofX determine a unique line

L′ of P2(p) which is different fromL. They therefore lie

in a unique block. Thus(X,B) is a2− (p2, p, 1) design.
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Example 2.31.It follows that there exist2− (4, 2, 1), 2− (9, 3, 1), 2− (25, 5, 1)
and2− (49, 7, 1) designs.

Example 2.32. In a projective plane, atriangle is a set of three non-collinear
points, and aquadrangle is a set of four points, no three of which are collinear.
How many triangles doesP2(2) contain? How many quadrangles does it contain?

Solution

Recall that each line ofP2(2) contains3 points. To con-

struct a trianglePQR in P2(2),

1. there are7 choices forP ;

2. this leaves6 choices forQ;

3. this leaves4 choices forR (we cannot choose the

third point onPQ),

making7× 6× 4 = 168 choices in all. ButPQR can be

ordered in3! = 6 ways, so every triangle is represented

by 6 choices of triples. Therefore the number of triangles
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is

168

6
= 28.

To construct a quadranglePQRS in P2(2),

1. there are7 choices forP ;

2. this leaves6 choices forQ;

3. this leaves4 choices forR (we cannot choose the

third point onPQ);

4. this leaves1 choice forS (we cannot choose the third

points onPQ,QR, andRP ).

making7 × 6 × 4 × 1 = 168 choices in all. ButPQRS

can be ordered in4! = 24 ways, so every quadrangle is

represented by24 choices of quadruples. Therefore the
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number of quadrangles is

168

24
= 7.

Example 2.33.How many points in total lie on the three sides of a triangle in
P2(p)?

Solution

If A,B,C are the ‘vertices’ of the triangle, then we can

count the points by first excludingA,B,C: we get3 ×

(p − 1) = 3p − 3; and then includingA,B,C to get3

more, and thus3p in total.

Definition 2.34. The set of lines passing through a pointV is called thepencil of
lineswith vertexV .

Theorem 2.35.(a) If [l1, m1, n1] and [l2, m2, n2] are distinct lines then the lines
concurrent with them are precisely those of the form

[λl1 + µl2, λm1 + µm2, λn1 + µn2]

with (λ, µ) 6= (0, 0).

(b) The lines in this set other than[l2, m2, n2] are precisely those of the form

[l1 + λl2, m1 + λm2, n1 + λn2]
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Proof. Dualise Theorem 2.23.

Example 2.36.In P2(R), the lines3x− 7y + 15z = 0 and45x+ 51y − 37z = 0
meet at a pointA. Find the equation of the line joiningA to the pointB = (1, 2, 3).

Solution

The lines throughA have co-ordinates[3,−7, 15] and

[45 + 3λ, 51 − 7λ,−37 + 15λ], so we need only find the

value ofλ for which the line passes through(1, 2, 3).

(45 + 3λ)x + (51− 7λ)y + (−37 + 15λ)z = 0

passes through(1, 2, 3) when

(45 + 3λ) + (51− 7λ)2 + (−37 + 15λ)3 = 0

i.e.,36 + 34λ = 0, i.e.,λ = −18/17. Thus the line is

(711/17)x+ (993/17)y − (899/17)z = 0

i.e.,

711x + 993y − 899z = 0.
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2.6 The Triangle of Reference and the Unit Point

Definition 2.37. In P2(K), the triangle with verticesX = (1, 0, 0), Y = (0, 1, 0)
andZ = (0, 0, 1) is called thetriangle of reference. Its sides are the linesx =
0, y = 0, z = 0.

The pointU = (1, 1, 1) is called theunit point . Note that the unit point does
NOT lie on any side of the∆ of reference.A quadrangle is a set of four points,
no three of which are collinear. Thus the vertices of the triangle of reference and
the unit point form a quadrangle.

Y Z

X

U

Theorem 2.38. In any projective plane, given a quadrangleA,B,C,D, a co-
ordinate system may be chosen so thatA = (1, 0, 0), B = (0, 1, 0), C = (0, 0, 1)
andD = (1, 1, 1).

Proof. Not given.

Example 2.39.Suppose we are given a triangle∆XY Z, with pointsL on Y Z,
M onXZ andN onXY , such that the linesXL, YM andNZ intersect in the
pointU not on a side of∆XY Z. Let the linesXY andML intersect atP , the
linesY Z andMN intersect atQ, and the linesZX andLN intersect atR. Show
that the pointsP ,Q andR are collinear.
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Y

Z

X

UL

M

N

P

R

Q

Solution We start by choosing coordinates so that∆XY Z is the triangle of
reference andU is the unit point. Thus

X = (1, 0, 0), Y = (0, 1, 0), Z = (0, 0, 1), U = (1, 1, 1).
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Y=(0,1,0)

Z=(0,0,1)

X=(1,0,0)

U=(1,1,1)

L

MN

We shall find coordinates of

(i) Line XU .

(ii) PointL.

(iii) PointsM andN .

(iv) Line LM .

(v) PointP .

(vi) PointsQ, R.

(i) Either: by inspection bothX andU satisfyy = z and

so this is the lineXU . Or:XU has equation
∣

∣

∣

∣

∣

∣

x y z

1 0 0

1 1 1

∣

∣

∣

∣

∣

∣

= 0
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i.e.,y − z = 0, equivalentlyy = z.

(ii) L is the point of intersection ofXU andY Z, i.e., of

y = z andx = 0. ThereforeL = (0, 1, 1).

(iii) Key Idea: Exploit the symmetry of the situation. Use the mapσ of P2(K)
to itself given by(x, y, z) 7→ (z, x, y). Note that if point(x, y, z) lies on line
[l,m, n] thenσ(x, y, z) = (z, x, y) lies on[n, l,m] = σ[l,m, n] (where the
secondσ is applied to the dual plane). Thusσ, which is clearly a bijection,
maps lines to lines.

Depictσ schematically by a directed circle labelled

x −→ y −→ z −→ x.

Underσ: X −→ Y −→ Z −→ X andU is fixed.

ThereforeL −→ M −→ N −→ L and soM =

(0, 1, 1) andN = (1, 1, 0).
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(iv) LM has equation
∣

∣

∣

∣

∣

∣

x y z

0 1 1

1 0 1

∣

∣

∣

∣

∣

∣

= 0

i.e.,x + y − z = 0.

(v) P is the intersection point ofLM andXY , that is, of

x + y − z = 0 andz = 0. ThusP = (1,−1, 0).

(vi) P is onz = 0 andLM ,
Q is onx = 0 andMN , and
R is ony = 0 andNL,
so underσ: P −→ Q −→ R −→ P . ThusQ = (0, 1,−1) andR =
(−1, 0, 1).

SinceP,Q andR all lie on the linex + y + z = 0, they

are collinear.

Example 2.40.Let ∆ABC be any triangle, and letD be any point which is not
on a side of this triangle. Let the linesAD,BD,CD meet the linesBC,CA,AB
in E,F,G, respectively. LetH be any point not on a side of∆EFG. Let the
linesEH,FH,GH meet the linesFG,GE,EF in the pointsI, J,K, respec-
tively. Show that the linesAI,BJ, CK are concurrent.

Solution Choose coordinates so that∆ABC is the triangle of reference, and
D is the unit point:A = (1, 0, 0), B = (0, 1, 0), C = (0, 0, 1), D = (1, 1, 1).
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E: The lineAD has equation:

y = z.

The lineBC has equation:

x = 0.

Their point of intersection isE =

(0, 1, 1).

F : SimilarlyF =

(1, 0, 1).

G: SimilarlyG = (1, 1, 0).

FG: By inspection,FG has equation

y + z = x, i.ex− y − z = 0.

Let H = (p, q, r). SinceH does not lie on any side of∆EFG p + q − r 6=
0, q + r − p 6= 0 andr + p− q 6= 0.

EH: The lineEH has equation
∣

∣

∣

∣

∣

∣

x y z

0 1 1

p q r

∣

∣

∣

∣

∣

∣

= 0
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i.e., (r − q)x + py − pz = 0.

AI: The linesEH : (q− r)x− py+ pz = 0 andFG : x− y− z = 0 meet atI,
so from Theorem 2.35 lines throughI have form

λ(x− y − z) + µ((r − q)x+ py − pz) = 0,

(where(λ, µ) 6= (0, 0)).

A = (1, 0, 0) lies on such a line whereλ+µ(r−q) =

0, soµ 6= 0 and we may setµ = 1 and thenλ = q−r.

ThereforeAI is the line

(q − r)(x− y − z) + (r − q)x + py − pz = 0,

that is

(p−q+r)y−(p+q−r)z = 0or (p−q+r)y+(r−p−q)z = 0.

BJ andCK Underσ: x −→ y −→ z −→ x andp −→ q −→

r −→ p,
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soAI −→ BJ −→ CK −→ AI

thusBJ is the line(q − r + p)z + (p− q − r)x = 0

and

CK is the line(r − p + q)x + (q − r − p)y = 0.

[Recall that three lines[li, mi, ni] (i = 1, 2, 3) are concurrent if and only if

∣

∣

∣

∣

∣

∣

l1 m1 n1

l2 m2 n2

l3 m3 n3

∣

∣

∣

∣

∣

∣

= 0.]

In this case the determinant takes the form
∣

∣

∣

∣

∣

∣

0 p− q + r r − p− q
p− q − r 0 q − r + p
r − p+ q q − r − p 0

∣

∣

∣

∣

∣

∣

.

Now calculate this determinant:

Add Row2 and then Row3 to Row 1: we get a row of

0s, so the determinant is0.

Note: we could have shown that the intersection of the first two lines lies on
the third.
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2.7 Desargues’ Theorem

Definition 2.41. Two triangles∆ABC and∆PQR are said to bein perspective
from the point V if the linesAP ,BQ andCR are concurrent atV .

In this definition it is assumed that the pointsA,B,C,D, P,Q,R are distinct
and that the linesAP ,BQ, CR are distinct.

Theorem 2.42(Desargues). If the triangles∆ABC and∆PQR are in perspec-
tive from the pointV then the points of intersection of corresponding sides:

(i) AB, PQ, (ii) BC,QR; (iii) CA, RP

are collinear.

A

V B

C

Q

P

R

M

L

N

Proof. Choose coordinates so that∆ABC is the triangle of

reference andV is the unit point. ThusA = (1, 0, 0), B =

(0, 1, 0), C = (0, 0, 1), V = (1, 1, 1).
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P lies onV A and is distinct fromV,A so it is a linear

combination of(1, 1, 1) and(1, 0, 0). It follows thatP =

(α, 1, 1) for someα 6= 1.

Q lies onV B and is distinct fromV,B so it is a linear

combination of(1, 1, 1) and(0, 1, 0). It follows thatQ =

(1, β, 1) for someβ 6= 1.

R lies onV C and is distinct fromV,C so it is a linear

combination of(1, 1, 1) and(0, 0, 1). It follows thatR =

(1, 1, γ) for someγ 6= 1.

L: AB is the linez = 0, so we need a linear combina-

tion of (α, 1, 1) and(1, β, 1) lying on z = 0: this can

only be (α, 1, 1) − (1, β, 1) = (α − 1, 1 − β, 0) so

L = (α− 1, 1− β, 0).
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M: BC is the linex = 0, so we need a linear combi-

nation of(1, β, 1) and(1, 1, γ) lying on x = 0: this

can only be(1, β, 1)− (1, 1, γ) = (0, β− 1, 1− γ) so

M = (0, β − 1, 1− γ).

N: AC is the liney = 0, so we need a linear combi-

nation of(α, 1, 1) and(1, 1, γ) lying on y = 0: this

can only be(α, 1, 1)− (1, 1, γ) = (α− 1, 0, 1− γ) so

N = (α− 1, 0, 1− γ).

To show thatL,M,N are collinear, it suffices to show

that one of the points is a linear combination of the oth-

ers. We can clearly see thatN = M + L. so indeed the

three points are collinear.

Theorem 2.43(Converse of Desargues). If the triangles∆ABC and∆PQR are
such that intersection of corresponding sides:

(i) AB, PQ, (ii) BC,QR; (iii) CA, RP
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are collinear, then the triangles are in perspective from a point.

P

A

N

R

C

M

B

V

Q

L

Proof. We dualise Desargues’ Theorem.
Desargues’ Theorem says that, given two triangles∆PQR and∆ABC, if the

lines joining corresponding vertices, i.e.,

(i) AP (ii) BQ (iii) CR

are concurrent then the points of intersection of corresponding sides

AB,PQ andBC,QR andCA,RP

are collinear.
Since Desargues’ Theorem is true, the same must be the case for its dual.

To begin with, let us consider the dual of a triangle. A triangle is defined as a
set of three non-collinear points. Thus when we have a triangle XY Z, the lines
XY , XZ, Y Z are distinct non-concurrent lines. The dual of a triangle isa set of
three non-concurrent lines. We call such an object a trilateral. When we have a
trilateralabc we can construct the points of intersectionC = a∧ b, A = b∧ c and
B = a ∧ c andABC is a triangle. [Notice that we writea ∧ b for the point of
intersection of the linesa andb.]

The dual of Desargues’ Theorem says that, given two trilateralspqr andabc,
if the points of intersection of corresponding sides, i.e.,

(i) a ∧ p (ii) b ∧ q (iii) c ∧ r
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are collinear then the lines joining of corresponding points

a ∧ b, p ∧ q andb ∧ c, q ∧ r andc ∧ a, r ∧ p

are concurrent.

N

b

q

M

p a

c

L

r

Let us writeC = a∧ b,A = b∧ c,B = a∧ c,R = p∧ q,

P = q ∧ r andQ = p∧ r. Further let us writeL = c∧ r,

M = a∧p andN = b∧q. If we mark these points on the

diagram above, we find that we have precisiely the dia-

gram for the converse of Desargues’ Theorem. Further
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a = BC, b = AC, c = AB, p = QR, q = PR, r = PQ.

We can then rewrite the dual of Desargues’ Theorem as:

Given two trilateralspqr andabc, with corresponding

trianglesPQR andABC, if the points of intersection of

corresponding sides, i.e., the points of intersection of

(i) AB andPQ (ii) BC andQR (iii) CA andRP

are collinear, then the lines joining points of intersection

of

(i) AB,BC andPQ,QR (ii) BC,CA andQR,RP

(iii) CA,AB andRP, PQ

i.e., the lines

(i) BQ (ii) CR (iii) AP
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are concurrent.

Hence the dual of Desargues’ Theorem is simply its

converse.

2.8 Pappus’ Theorem

Theorem 2.44(Pappus). Let the distinct pointsA,B,C lie on a linel, and let the
distinct pointsP,Q,R lie on a linem (but not onl). Let

(i) AQ, BP meet atL, (ii) BR, CQ meet atM , (iii) CP ,AR meet atN .

Then the pointsL,M,N are collinear.

Proof 1. The pointsA,B,C are distinct. We assume that

A,B are not onm.

R

C

A

B

P Q

L
N

M
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We takeA,B, P,Q to be the triangle of reference and the

unit point, so

A = (1, 0, 0), B = (0, 1, 0), P = (0, 0, 1), Q = (1, 1, 1).

The pointC lies onAB so is a linear combination of

(1, 0, 0) and(0, 1, 0), and is distinct fromA,B, soC =

(1, α, 0) for someα 6= 0.

The pointR lies onPQ so is a linear combination of

(0, 0, 1) and(1, 1, 1), and is distinct fromP,Q, soR =

(1, 1, β) for someβ 6= 1.

L: AQ is the liney = z, BP is the linex = 0. The

intersection of these lines isL = (0, 1, 1).

M: BR is the linez = βx,CQ is the lineαx− y+ (1−

α)z = 0. Thus at the intersectiony = αx + (1 −
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α)z = αx + (1 − α)βx = (α + β − αβ)x. Hence

the intersection is(x, (α + β − αβ)x, βx). Taking a

scalar multiple,M = (1, (α + β − αβ), β).

N: AR is the linez = βy, CP is the liney = αx. The

intersection of these lines isN = (1, α, βα).

To show thatL,M,N are collinear, it suffices to show

that one is a linear combination of the other two. The

only linear combination ofM,N that could giveL is

M−N = (1, (α+β−αβ), β)−(1, α, βα) = (0, β−αβ, β−βα).

If β − βα 6= 0, then we see thatM − N is the point

(0, 1, 1) (i.e.,L). If β − βα = 0, thenM = N . In either

caseL,M,N are collinear.
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Alternatives:

• For the lineCQ we could calculate
∣

∣

∣

∣

∣

∣

x y z

1 α 0

1 1 1

∣

∣

∣

∣

∣

∣

= 0,

i.e.,x.α− y.1 + z.(1− α) = 0.

• To show thatL,M,N are collinear we could calcu-

late
∣

∣

∣

∣

∣

∣

0 1 1

1 (α + β − αβ) β

1 α βα

∣

∣

∣

∣

∣

∣

= ((α+β−αβ).αβ−α.β)−1.(βα−β)+1.(α−(α+β−αβ)) = 0.

Proof 2. Let the linesl andm meet atD. Choose coordinates so that∆CDR is
the triangle of reference andM is the unit point. Thus

C = (1, 0, 0), R = (0, 1, 0), D = (0, 0, 1),M = (1, 1, 1).

DC is the liney = 0 andMR is the linex = z. They meet atB, whose coordi-
nates are therefore(1, 0, 1).

DR is the linex = 0 andMC is the liney = z. They meet atQ, whose
coordinates are therefore(0, 1, 1).

A lies onDC so has coordinates of the form(1, 0, a).
P lies onDR so has coordinates of the form(0, 1, p).
CP has equation

∣

∣

∣

∣

∣

∣

x y z
1 0 0
0 1 p

∣

∣

∣

∣

∣

∣

= 0
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i.e., py − z = 0.
AR has equation

∣

∣

∣

∣

∣

∣

x y z
0 1 0
1 0 a

∣

∣

∣

∣

∣

∣

= 0

i.e.,−ax + z = 0.
CP andAR meet atN = (1/a, 1/p, 1) = (p, a, ap).
BP has equation

∣

∣

∣

∣

∣

∣

x y z
1 0 1
0 1 p

∣

∣

∣

∣

∣

∣

= 0

i.e.,−x− py + z = 0, or z = x+ py.
AQ has equation

∣

∣

∣

∣

∣

∣

x y z
0 1 1
1 0 a

∣

∣

∣

∣

∣

∣

= 0

i.e.,−ax − y + z = 0, or z = ax+ y.
BP andAQ meet atL, wherex+ py = ax + y, or (1− a)x = (1− p)y. Set

x = 1−p. Theny = 1−a andz = ax+ y = a−ap+1−a = 1−ap. Therefore
L = (1− p, 1− a, 1− ap).

NowL,M,N will be collinear if and only if
∣

∣

∣

∣

∣

∣

1− p 1− a 1− ap
1 1 1
p a ap

∣

∣

∣

∣

∣

∣

= 0.

But if we first subtract Row2 from Row1 and then add Row3 to Row1, we get
a top row consisting entirely of zeros. Therefore the determinant has value0, and
soL,M,N are collinear.

AJD December 22, 2009



MAS3210 Notes Lecturer’s copy 113

3 Conics

We shall assume that the underlying field isC or Zp with p 6= 2. Conics
over R or Z2 need special treatment: for example, they may have no points.
Also, excludingp = 2 means that we can divide by2 whenever we wish.

3.1 Introduction

Conic sections were first identified by the ancient Greeks, who made an ex-
tensive study of them. The Greeks defined them as the curves you get when you
section (slice through) a double sided cone. We shall define them algebraically. A
conic in E (overR) is given by an equation of the form

ax2 + by2 + 2fxy + 2gy + 2hx+ c = 0,

where at least one ofa, b, f 6= 0.

Examples 3.1.(a) Circle:

x2 + y2 − 1 = 0.

(b) Parabola:

x2 − y = 0.

(c) Ellipse:

ax2 + by2 − c = 0.

(d) Hyperbola:

x2 − y2 − 1 = 0.
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(e) A Single Point:

x2 + y2 = 0.

(f) Two intersecting lines:

x2 − y2 = 0.

(g) Two identical lines:

x2 = 0.

(h) Empty set:

x2 + y2 + 1 = 0.

3.2 Conics inP2(K)

Definition 3.2. A conic in P2(K) is given by an equation of the form

φ(x, y, z) = ax2 + by2 + cz2 + 2fxy + 2gyz + 2hzx = 0,

where at least one ofa, b, c, f, g, h 6= 0. This means that the conic is the set of
points(x, y, z) satisfyingφ(x, y, z) = 0.

Remark 3.3. If we allowedK = R then we could have a

conic with no points. Consider, for example, the conic
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with equationx2 + y2 + z2 = 0. In R, the equationx2 +

y2 + z2 = 0 has a unique solutionx = y = z = 0,

giving (x, y, z) = (0, 0, 0), and there is no such point in

P2(K). But if K = C or Zp (p > 2) then all conics

have points, indeed they all have more than one point.

The proof of this is easy forC but involves a detour into

number theory forZp(p > 2). So we shall simply assume

from now on that every conic has at least two points.

Let us emphasise:

• We shall assume thatK = C or Zp where p > 2. We shall assume that
every conic has at least two points.

3.3 Singular and Nonsingular Conics

Proposition 3.4. LetM denote the matrix





a f h
f b g
h g c



 .

Then the equation of the conic can be recast in matrix form asXMXT = O,
whereX = (x, y, z).
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Proof.

XMXT =
(

x y z
)





a f h

f b g

h g c









x

y

z



 = [ax2+by2+cz2+2fxy+2

We callM the matrix of the conic. Note that it is symmetric:MT = M .

Remark 3.5. Given any two pointsX andY , we can calcu-

lateXMY T . It might or might not be0, but notice that

XMY T is a number (i.e., a1× 1 matrix), so

XMY T = (XMY T )T = (Y T )TMTXT = YMXT .

Definition 3.6. A conic issingular if its equation factors into a product of linear
expressions:

ax2 + by2 + cz2 + 2fxy + 2gyz + 2hzx = (αx+ βy + γz)(α′x+ β ′y + γ′z),

so the conic is in fact a pair of lines (which could be the same!). All other conics
arenon-singular. Note: the termsdegenerateandnon-degenerateare some-
times used in place of singular and non-singular.

Theorem 3.7.A conic is singular if and only if it contains three collinearpoints.

Proof. We have just seen that a singular conic consists of

a pair of lines, and any line has at least three points (this
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follows from Theorem 2.23); so a singular conic must

contain three collinear points. For the converse, suppose

that the conicC contains three collinear points. Let us

choose a triangle of reference so that(1, 0, 0) and(0, 1, 0)

lie on this line and(0, 0, 1) is any point not on this line.

The third point ofC on this line has co-ordinates(1, λ, 0)

for some0 6= λ ∈ K. Let the equation ofC be

φ(x, y, z) = ax2 + by2 + cz2 + 2fxy+ 2gyz + 2hzx = 0.

• Since(1, 0, 0) lies on the conic,0 = φ(1, 0, 0) = a.

• Since(0, 1, 0) lies on the conic,0 = φ(0, 1, 0) = b.

• Since(1, λ, 0) lies on the conic,0 = φ(1, λ, 0) =

a + λ2b + 2fλ. This implies thatf = 0.
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The equation of the conic is now

φ(x, y, z) = cz2 + 2gyz + 2hzx = 0,

i.e., z(cz + 2gy + 2hx) = 0. This is the product of two

linear factors. Therefore the conic is singular.

Definition 3.8. Recall that a square matrix issingular if and only if it is not
invertible, i.e., if and only if its determinant is0.

Theorem 3.9.A conic is singular if and only if its matrix is singular.

Proof. We don’t prove this.

Remark 3.10. The matrix of a conic depends on the co-ordinate system chosen.
However if the conic is non-singular, then the matrix is always non-singular.

Theorem 3.11.Suppose thatC is a non-singular conic, with matrixM . LetP be
any point ofP2(K). Then the pointsX that satisfyXMP T = 0 are all the points
of a line. Conversely any line ofP2(K) can be described in this way.

Proof. GivenP , observe thatMP T 6=





0

0

0



. This is be-

causeM−1 exists and ifMP T =





0

0

0



, thenP T =

M−1MP T = M−1





0

0

0



 =





0

0

0



. ThereforeMP T =
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



l

m

n



 for somel,m, n not all 0. Thus the pointsX =

(x, y, z) that satisfyXMP T = 0 are precisely the points

satisfying(x, y, z)





l

m

n



 = 0, i.e., the points satisfying

lx +my + nz = 0, i.e., the points of a line.

Conversely, suppose that we are given a linelx+my+

nz = 0. LetP be the point(x1, x2, x3) given by





x1

x2

x3



 =

M−1





l

m

n



.ThenMP T =





l

m

n



 (which shows that

P 6= (0, 0, 0)) and the line given byXMP T = 0 is pre-

ciselylx+my+nz = 0. Hence every line has this form.

Theorem 3.12.If C is a non-singular conic with matrixM and ifP,Q are distinct
points ofP2(K), then the lines given byXMP T = 0 andXMQT = 0 are distinct.

Proof. We can prove this by showing that if the lines are

the same, then the points are the same.
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The lineXMP T = 0 has co-ordinates[l1,m1, n1] where

MP T =





l1
m1

n1



. Similarly the lineXMQT = 0 has

co-ordinates[l2,m2, n2] whereMQT =





l2
m2

n2



. If

[l1,m1, n1] and[l2,m2, n2] are the same line, then[l2,m2, n2] =

λ[l1,m1, n1] for someλ 6= 0 and soMP T = λMQT . It

now follows thatM−1MP T = λM−1MQT , soP = λQ,

i.e.,P andQ are the same point.

Definition 3.13. A line which meets a conic in precisely one pointP is called a
tangent to the conic atP .

Theorem 3.14.There is a unique tangent at each point of a non-singular conic
C. The tangent at a pointP of C is given byXMP T = 0.

Proof. Let P be a point onC and letℓ be a line through

P . Thenℓ contains at most two points ofC (by Theorem

3.7), but at least three points ofP2(K), so there is a point

Q onℓ but not onC. By Theorem 2.23 and Remark 2.24,
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the points onℓ are preciselyP andQ + λP with λ ∈ K.

We know thatP lies onC (so this is one point ofℓ onC).

The pointQ + λP lies onC precisely when

0 = (Q+ λP )M(Q+ λP )T = (Q+ λP )M(QT + λP T )

= QMQT+λQMP T+λPMQT+λ2PMP T = QMQT+2λQMP T .

We have chosenQ not onC soQMQT 6= 0.

The equationQMQT +2λQMP T = 0 has no solution

in λ if QMP T = 0 and a single solutionλ = − QMQT

2QMP T

if QMP T 6= 0. Thusℓ meetsC in one point ifQMP T =

0 and two otherwise. Thereforeℓ is a tangent precisely

whenQMP T = 0.

NowXMP T = 0 is a line ofP2(K). MoreoverPMP T =

0 sinceP is onC, and thereforeP lies on the lineXMP T =
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0. Henceℓ is a tangent precisely whenQ lies onXMP T =

0, i.e., precisely whenℓ is the lineXMP T = 0.

Example 3.15.Let C be the conic inP2(C) given by

x2 + 4y2 + 3z2 − 2xy − 2yz − 12zx = 0.

Write down the matrix forC. Show thatC is non-singular (i.e., non-degenerate)
and find the equation of the tangent toC at the point(1, 2, 1).

Solution.

M =





1 −1 −6

−1 4 −1

−6 −1 3



 so detM =

∣

∣

∣

∣

∣

∣

1 −1 −6

−1 4 −1

−6 −1 3

∣

∣

∣

∣

∣

∣

= 1.(11)− (−1).(−9) + (−6).25 = −148.

This is non-zero inC, soM is non-singular and therefore

C is non-singular.

The tangent to(1, 2, 1) is given byXM(1, 2, 1)T = 0,

i.e.,

(x, y, z)





1 −1 −6

−1 4 −1

−6 −1 3









1

2

1



 = 0.
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This is

(x, y, z)





−7

6

−5



 = 0,

i.e.,−7x + 6y − 5z = 0.
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Theorem 3.16.LetC be a non-singular conic with matrixM . LetP be a point of
P2(K) that does not lie onC. Then:

(a) P does not lie on the lineXMP T = 0.

(b) The lineXMP T = 0 is not a tangent.

(c) A pointQ of C lies on the lineXMP T = 0 if and only ifP lies on the tangent
toQ.

(d) The number of points of the lineXMP T = 0 lying onC is equal to the number
of tangents toC passing throughP , and this number is either0 or 2.

(e) If K = C, thenP lies on2 tangents toC.

Proof. (a) P does not lie onC, soPMP T 6= 0, which means thatP does not lie
on the lineXMP T = 0.

(b) If the lineXMP T = 0 were a tangent, atQ say, then it would have equation
XMQT = 0, with Q necessarily distinct fromP (sinceQ is onC). But this
is not possible, sinceP andQ are distinct points, and so (by Theorem 3.12),
the linesXMP T = 0 andXMQT = 0 are distinct.

(c) Q lies on the lineXMP T = 0 precisely whenQMP T = 0, i.e., precisely
whenPMQT = 0, i.e., precisely whenP lies on the lineXMQT = 0. But
this last line is the tangent atQ, so the statement is proved.

(d) The first part follows from (c), given that distinct points

of C have distinct tangents (from Theorem 3.12) and

each tangent meetsC exactly once. Given thatXMP T =

0 is not a tangent, it does not meetC exactly once. We

know that no line ofP2(K) contains3 or more points
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of C (by Theorem 3.7), soXMP T = 0 meetsC in 0

or 2 points.

(e) Let ℓ be the lineXMP T = 0, and letQ,R be distinct

points onℓ that do not lie onC (ℓ has an infinite num-

ber of points with at most2 on C). A point of ℓ on

C cannot beR so isQ + λR for someλ ∈ C. This

means that

0 = (Q+λR)M(Q+λR)T = (Q+λR)M(QT +λRT )

= QMQT+λQMRT+λRMQT+λ2RMRT = QMQT+2λQMRT+λ2R

Thus the points ofℓ on C (if any) are given by the

solutions forλ to the quadratic equation

(RMRT )λ2 + 2(QMRT )λ +QMQT = 0.
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SinceRMRT 6= 0, this quadratic equation has at least

one solution inC. Thereforeℓ meetsC in at least one

point, and sinceℓ is not a tangent it therefore meetsC

in 2 points.

Example 3.17.Let C be the (non-singular) conicx2 + y2 + z2 = 0 in P2(3) and
letP be the point(1, 0, 0) of P2(3). Show that the line given byXMP T = 0 does
not meetC.

Solution.

The matrixM here is the identity matrix, the lineXMP T =

0 is justx = 0. It meetsC at (x, y, z) wherex = 0 and

x2 + y2 + z2 = 0, soy2 + z2 = 0. In Z3, the only pos-

sibilities for y2 andz2 are0 or 1. The only way to get

y2 + z2 = 0 is y = z = 0, but this would give(0, 0, 0)

which is not a point inP2(3). Hence the line given by

XMP T = 0 does not meetC.
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Example 3.18.Find the equation of the non-singular conic inP2(C) that contains
the pointsP = (1, 0, 0), Q = (0, 1, 0) andR = (0, 0, 1) and for which the tangents
at (1, 0, 0) and(0, 1, 0) meet atU = (1, 1, 1).

Solution.

Let the conic have equationax2 + by2 + cz2 + 2fxy +

2gyz + 2hzx = 0.

• P = (1, 0, 0) lies on the conic soa = 0.

• Q = (0, 1, 0) lies on the conic sob = 0.

• R = (0, 0, 1) lies on the conic soc = 0.

Hence the equation of the conic reduces to2fxy+2gyz+

2hzx = 0 and the matrix isM =





0 f h

f 0 g

h g 0



. The

tangent atP is given byXMP T = 0, i.e.,fy + hz = 0.

The tangent atQ is given byXMQT = 0, i.e.,fx+gz =

0. If U lies on both of these, then

f + h = 0 andf + g = 0.
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Therefore the conic is2fxy − 2fyz − 2fzx = 0, i.e.,

xy − yz − zx = 0. (Non-singular impliesf 6= 0.)

3.4 A Canonical Form

As you might expect, we can choose coordinates so that the equation of a
nonsingular conic takes a very simple form.

Theorem 3.19.LetA andB be two points on a nonsingular conic. Then we can
choose coordinates so that

(i) A = (1, 0, 0);

(ii) B = (0, 0, 1);

(iii) the tangents to the conic atA andB meet atC = (0, 1, 0);

(iv) the conic has equationy2 = zx.

Proof. Let D be a third point on the conic (i.e., distinct

from A andB). Choose coordinates so that∆ACB is

the triangle of reference, andD is the unit point. Let the

conic have equationax2 + by2 + cz2 + 2fxy + 2gyz +

2hzx = 0. Then

• A = (1, 0, 0) lies on the conic soa = 0.

• B = (0, 0, 1) lies on the conic soc = 0.
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• The tangent toA has equationax+fy+hz = 0, i.e.,

fy + hz = 0. NowC lies on this line if and only if

f = 0, so indeedf = 0.

• The tangent toB has equationhx+gy+cz = 0, i.e.,

hx + gy = 0. NowC lies on this line if and only if

g = 0, so indeedg = 0.

This reduces the equation toby2 +2hzx = 0.However

D = (1, 1, 1) lies on the conic sob + 2h = 0. Hence the

equation becomesb(y2−zx) = 0, i.e.,y2 = zx (note that

b 6= 0 since the conic is non-singular).

Remark 3.20. This is acanonical form: y2 = zx. In the case ofP2(R), z = 0 is
the line at infinity. We can get all the points on the conic which lie in R

2 by setting
z = 1. This givesy2 = x, a parabola.

Example 3.21.LetA andB be two points on a non-singular conicC and suppose
that the tangents atA andB meet atC. LetD be a third point ofC and letℓ be
a line throughC distinct fromAC andBC. Suppose thatℓ meetsAD atF and
BD atG. Show thatAG meetsBF in a point ofC.

Solution.
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We can take∆ACB as the triangle of reference, andD

as the unit point, i.e.,A = (1, 0, 0), B = (0, 0, 1), C =

(0, 1, 0), D = (1, 1, 1). The equation ofC is theny2 = zx.

Suppose thatℓ has equationax + by + cz = 0 for some

a, b, c. We know thatC lies onℓ but thatA,B do not.

Thusb = 0 buta, c 6= 0, soℓ has equationax + cz = 0.

AD is the liney = z, which meetsℓ wherey = z and

x = −cz/a, i.e.,F = (−c/a, 1, 1).

BD is the linex = y, which meetsℓ wherex = y and

z = −ax/c, i.e.,G = (1, 1,−a/c).

AG passes through(1, 0, 0) and (1, 1,−a/c) so has

equationz = (−a/c)y.

BF passes through(0, 0, 1) and (−c/a, 1, 1) so has

equationx = (−c/a)y.
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HenceAG andBF meet at(−c/a, 1,−a/c). We ob-

serve that12 = (−c/a)(−a/c) and so this point does in-

deed lie onC.

Theorem 3.22.The points on a non-singular conic in the canonical form:y2 =
zx are precisely the points of the form

(1, 0, 0) and(θ2, θ, 1)

whereθ ∈ K.

Proof. Observe that all the given points lie on the conic.

Suppose thatP = (p, q, r) lies on the conic, soq2 = pr.

If r = 0, thenq2 = p×0 soq = 0 and the point is(p, 0, 0),

equivalently(1, 0, 0).

If r 6= 0, then we can writeP = (φ, θ, 1), whereφ =

p/r, θ = q/r. Then

θ2 =
q2

r2
=
pr

r2
=
p

r
= φ.

HenceP = (θ2, θ, 1). Therefore all points on the conic
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have the given form.

Definition 3.23. A line meeting a non-singular conic in2 points is called achord
(or sometimes asecant line).

Theorem 3.24. Suppose thatC is a non-singular conic in the canonical form
y2 − zx = 0.

(a) The chord joining distinct points(θ2, θ, 1) and(φ2, φ, 1) has equation

x− (θ + φ)y + θφz = 0.

(b) The chord joining distinct points(θ2, θ, 1) and(1, 0, 0) has equation

y = θz.

(c) The tangent at the point(θ2, θ, 1) has equation

x− 2θy + θ2z = 0.

The tangent at the point(1, 0, 0) has equationz = 0.

Proof. (a) The chord has equation
∣

∣

∣

∣

∣

∣

x y z
θ2 θ 1
φ2 φ 1

∣

∣

∣

∣

∣

∣

= 0,

i.e.,x(θ − φ)− y(θ2 − φ2)y + z(θ2φ− φ2θ) = 0, i.e.,

(θ − φ)[x− y(θ + φ) + θφz] = 0.

Sinceθ 6= φ, we can cancelθ − φ to get

x− (θ + φ)y + θφz = 0.

(b) Both points satisfy the equation, so it is the equation ofthe line joining them.

(c) For the sake of tidiness, note that we can write the

equation ofC as2y2−2zx = 0. The matrixM of C can
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then be writtenM =





0 0 −1

0 2 0

−1 0 0



. The tangent at

(1, 0, 0) has equation

(x, y, z)





0 0 −1

0 2 0

−1 0 0









1

0

0



 = 0, i.e.,(x, y, z)





0

0

−1



 = 0,

in other words,z = 0.

The tangent at(θ2, θ, 1) has equation

(x, y, z)





0 0 −1

0 2 0

−1 0 0









θ2

θ

1



 = 0, i.e.,(x, y, z)





−1

2θ

−θ2



 = 0,

in other words,−x + 2θy − θ2z = 0, equivalently

x− 2θy + θ2z = 0.

Example 3.25.LetA,B andC be three points on a non-singular conicC. Suppose
that the tangent atA meetsBC in P , the tangent atB meetsAC in Q and the
tangent atC meetsAB in R. Show thatP,Q,R are collinear.

Solution.

Let D be the intersection of the tangents toA andB.

Then we may takeA,B,D to be the triangle of reference
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withC the unit point, i.e.,A = (1, 0, 0), B = (0, 0, 1), D =

(0, 1, 0), C = (1, 1, 1). The equation ofC is theny2 = zx.

The tangent atA is AD so isz = 0, BC is x = y so

P = (1, 1, 0). The tangent atB is x = 0, AC is y = z so

Q = (0, 1, 1). The tangent toC is given byx−2y+z = 0

by Theorem 3.24,AB is y = 0, soR = (1, 0,−1).

Observe that(1, 0,−1) = (1, 1, 0)− (0, 1, 1), soR lies

onPQ and henceP,Q,R are collinear.

3.5 Pascal’s Theorem

Theorem 3.26 (Pascal). Let A,B,C, P,Q,R be 6 (distinct) points on a non-
singular conic. Then the intersection points

(i) U = BR ∧ CQ; (ii) V = AR ∧ CP ; (iii) W = AQ ∧BP

are collinear.

Proof.
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P Q

R

A
C

B

W

V
U

Choose the co-ordinates so that the equation of the conic

is in the Canonical Form, with

A = (1, 0, 0), C = (0, 0, 1), Q = (1, 1, 1), B = (θ2, θ, 1), P = (φ2, φ, 1), R =

We use Theorem 3.24 for the equations of chords.

BR has equationx− (θ+ψ)y+ θψz = 0 andCQ has

equationx = y. Therefore atU we havex(1− θ − ψ) +

θψz = 0, soU = (θψ, θψ, θ + ψ − 1).
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AR has equationy = ψz andCP has equationx =

φy. ThereforeV = (φψ, ψ, 1).

AQ has equationy = z andBP has equationx− (θ+

φ)y + θφz = 0. Therefore atW we havex − (θ + φ −

θφ)z = 0, soW = (θ + φ− θφ, 1, 1).

Now

(θ−1)V+ψW = ((θ−1)φψ+ψ(θ+φ−θφ), (θ−1)ψ+ψ.1, (θ−1).1+ψ.

= (ψθ, θψ, θ + ψ − 1) = U

so

U = (θ − 1)V + ψW.

ThusU lies on the lineVW : U, V,W are collinear.

Note: It might be easier to see thatU + (1− θ)V = ψW .
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Note: we could have computed

∣

∣

∣

∣

∣

∣

θψ θψ θ + ψ − 1
φψ ψ 1

θ + φ− θφ 1 1

∣

∣

∣

∣

∣

∣

= θψ(ψ − 1)− θψ(φψ − (θ + φ− θφ)) + (θ + ψ − 1)(φψ − (θ + φ− θφ)ψ)

= θψ2 − θψ − θψ2φ+ θ2ψ + θψφ− θ2ψφ+ θφψ − θ2ψ − θφψ

+θ2φψ + φψ2 − θψ2 − φψ2 + θφψ2 − φψ + θψ + φψ − θφψ = 0.

Remark 3.27. As we shall see soon, a conic inP2(p) hasp + 1 points. Thus a
conic inP2(3) has only4 points and Pascal’s Theorem cannot apply.

Example 3.28.Let C be a non-singular conic (inP2(C) or P2(p) with p ≥ 5). Let
A,B,D,E be distinct points onC and letC be the intersection of the tangents at
A andB. Assume thatC,D,E are not collinear. LetF be the intersection ofDB
andCE, letG be the intersection ofEA andCD, letP be the intersection ofCD
with C (P 6= D) and letQ be the intersection ofCE with C (Q 6= E). Prove that
PQ, FG andDE are concurrent.

Solution.

Q

B

E

P

D

A

CG

F
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We can takeA = (1, 0, 0), C = (0, 1, 0), B = (0, 0, 1)

andD = (1, 1, 1), so thatC has equationy2 − zx = 0.

ThusE = (θ2, θ, 1) for someθ 6= 0, 1.

First considerP : it lies onCD so it has co-ordinates

(1, 1, 1) + λ(0, 1, 0) for someλ (clearlyP 6= C sinceC

is not onC). At the same timeP lies onC so has co-

ordinates(φ2, φ, 1) for someφ (note thatP cannot be

(1, 0, 0)). The only way this can happen is ifφ2 = 1, i.e.,

φ = ±1. Now φ = 1 would give us the pointD, soφ

must be−1 and thereforeP = (1,−1, 1).

Now considerQ: it lies onCE so it has co-ordinates

(θ2, θ, 1) + λ(0, 1, 0) for someλ (clearlyQ 6= C since

C is not onC). At the same timeQ lies on C so has

co-ordinates(φ2, φ, 1) for someφ (note thatQ cannot be
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(1, 0, 0)). The only way this can happen is ifφ2 = θ2,

i.e.,φ = ±θ. Now φ = θ would give us the pointE, so

φ must be−θ and thereforeQ = (θ2,−θ, 1).

F : the lineDB is x = y andCE is x = θ2z, so

F = (θ2, θ2, 1).

G: the lineEA is y = θz andCD is x = z, soG =

(1, θ, 1).

Using the equations of chords, we see thatDE has

equationx − (1 + θ)y + θz = 0 andPQ has equation

x + (1 + θ)y + θz = 0. They meet where2(1 + θ)y =

0. Given thatE 6= P (sinceC,D,E are not collinear),

1 + θ 6= 0 and soy = 0. Hence these lines intersect at

(−θ, 0, 1). Observe that

(θ2, θ2, 1)− θ(1, θ, 1) = (1− θ)(−θ, 0, 1).
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Hence the intersection ofDE andPQ lies onFG, i.e.,

DE, PQ, andFG are concurrent.

3.6 5 points determine a conic

Theorem 3.29.Suppose we are given5 points, no three of which are collinear.
Then they lie on a unique conic.

Proof. Let the conic have equationax2+by2+cz2+2fxy+

2gyz + 2hzx = 0. Choose coordinates so that the first

four points,P,Q,R, U are the triangle of reference and

the unit point, and the5th point isV = (p, q, r) (with,

necessarily,p, q, r not all the same). In factPQ, QR,

PR, PU , QU , RU are the linesz = 0, x = 0, y = 0,

y = z, x = z, x = y respectively, so the requirement

thatV does not lie on these lines means thatp, q, r are

distinct and non-zero.

• P = (1, 0, 0) lies on the conic soa = 0.
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• Q = (0, 1, 0) lies on the conic sob = 0.

• R = (0, 0, 1) lies on the conic soc = 0.

Hence the equation of the conic reduces to2fxy+2gyz+

2hzx = 0 and the matrix isM =





0 f h

f 0 g

h g 0



.

Now use the fact thatU andV lie on the conic:

• U lies on the conic, so2f + 2g + 2h = 0, i.e.,f + g + h = 0.

• V lies on the conic, so2fpq+ 2gqr+ 2hrp = 0, i.e.,fpq+ gqr+ hrp = 0.

Substitutingh = −(f + g) into the second equation gives

fpq + gqr − (f + g)rp = 0, i.e.,fp(q − r) + gr(q − p) = 0.

Thenp, r, q − r, q − p 6= 0, so

g = −p(q − r)
r(q − p)f,

h = −f − g =

[

−r(q − p)
r(q − p) +

p(q − r)
r(q − p)

]

f =
q(p− r)
r(q − p)f.

The conic is then

2fxy − 2
p(q − r)
r(q − p)fyz + 2

q(p− r)
r(q − p)fzx = 0.

We cannot havef = 0 (for theng = h = 0) so we can simplify the equation of
the conic to

r(q − p)xy − p(q − r)yz + q(p− r)zx = 0.

We have shown that there is a unique conic passing through thefive given
points.
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3.7 Non-singular Conics inP2(p)

In this section we consider a non-singular conicC in P2(p), with p odd.

Theorem 3.30.There are exactlyp+ 1 points onC.

Proof. If we write the equation ofC using the canonical

form (i.e., by selecting an appropraite triangle of refer-

ence and unit point), then we know by Theorem 3.22 that

the points ofC are precisely the points of the form

(1, 0, 0) and(θ2, θ, 1)

whereθ ∈ K. There arep values forθ and sop+1 points

in all.

Definition 3.31. A line of P2(p) is said to beexternal to C if it does not contain
any points ofC. [Recall from Deinition 3.23 that a line meeting a non-singular
conic in2 points is called achord.]

Theorem 3.32.(a) The number of tangents toC is p+ 1.

(b) The number of chords toC is
p(p+ 1)

2
.

(c) The number of external lines toC is
p(p− 1)

2
.

Proof.
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(a) By Theorem 3.14, there is a unique tangent at each

point of C. There arep + 1 points onC, so there are

p + 1 tangents.

(b) Each chord meetsC in two points, and the line be-

tween any two points ofC is a chord (necessarily not

passing through any other point ofC). There arep+1

points onC so there are

(

p + 1

2

)

=
p(p + 1)

2
pairs of

points and thereforep(p + 1)/2 chords.

(c) The total number of lines inP2(p) is p2 + p + 1 (by

Lemma 2.22). Each line meetsC in 0, 1 or 2 points.

The number of external lines is the number of lines

that meetC in 0 points, so is

p2+p+1−(p+1)−p(p+ 1)

2
=

2p2 − (p2 + p)

2
=
p(p− 1)

2
.
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Recall from Theorem 3.16, given a pointP of P2(p)

not onC, the number of points of the lineXMP T = 0

lying onC is equal to the number of tangents toC passing

throughP , and this number is either0 or 2.

Definition 3.33. A point ofP2(p) not onC is calledexternal if it lies on2 tangents
to C andinternal if it lies on no tangents toC.

An External Point

An Internal Point

p

p

Theorem 3.34.LetP be a point ofP2(p) not onC. Then the lineXMP T = 0 is
external toC if and only ifP is an internal point.

Proof. The number of points of the lineXMP T = 0 ly-

ing onC is equal to the number of tangents toC passing
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throughP . Therefore ifXMP T = 0 is a chord, then the

number of tangents toC throughC is 2, i.e.,P is an ex-

ternal point; ifXMP T = 0 is an external line toC, then

the number of tangents toC throughC is 0, i.e.,P is an

internal point.

Theorem 3.35.(a) The number of external points is
p(p+ 1)

2
.

(b) The number of internal points is
p(p− 1)

2
.

Proof. This follows immediately from Theorems 3.32 and 3.34.

Example 3.36.Given a non-singular conicC in P2(p), prove that each external
line contains(p+ 1)/2 internal points and(p+ 1)/2 external points.

Solution.

Let ℓ be an external line. Each point ofℓ lies on0 or 2

tangents toC. There arep + 1 tangents toC and each

necessarily meetsℓ in a point. If N is the number of

external points onℓ, thenN × 2 = p + 1. Hence ...
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