MAS3210 Geometries and Designs
Semester 1, 2009/2010

Lecturer: Dr A Duncan

We are all familiar with shapes, patterns and pictures fraimearliest con-
sciousness. So, too, geometry, concerning particularaiganfigurations which
have pictorial elegance and beauty or practical signifieahas its origins at the
beginning of mathematical explorations. The serious safdyeometry involves
the systematic development of its basic concepts and suésefiprmation of ap-
propriate algebraic and analytic methods. This can occsettings other than
the ordinary Euclidean world; for example, in the projeetplane which has a
line at infinity or in planes where the co-ordinates belong fmite field. Figures
in the latter involve a finite number of points, lines and csnétc., which have
combinational properties. These generalise to the idedssagns, which figure in
applications like the design of experiments. There is athedlpossible material.
The module will seek to convey an appreciation of some of this

Books

1. Combinatorial Mathematics, H.J. Ryser (Math. Assoc. wfehica).
2. A Course in Combinatorics, J.H. Van Lint and R.M. WilsonUQ.).
3. Library §512.5,6511.6

Notes

The printed notes consist of lecture notes, intended tolsaopmt the notes
you make during the lectures, exercises and a mock exam @littians. Material
given on slides in the lectures is covered in the printeds)otdat is written on
the blackboard during lectures may not be. There should begimspace in the
printed notes for you to write down the notes you take in lesfu The notes,
exercises and other course information can be found on theatve

www.mas.ncl.ac.uk/"najd2/teaching/mas3210/
from where they can be viewed or printed out.
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1 Combinatorial Designs

Broadly speaking, a (combinatorial) design is a set togetiitty a number of
special subsets satisfying two conditions. The subjecithasots in Statistics, in
the design and analysis of experiments.

(1) The Prussian Officers Problem (Euler, 1779)n the Prussian army there are
6 different officer ranks. One officer of each rank is selectedhfeach ot
regiments, making6 officers in all. Can you arrange the officers it & 6
square so that each row and each column contains just oneraffieach rank
and just one officer from each regiment?

Answer Euler conjectured that it could not be done, G. Tarry confirties
in 1900.

(2) Kirkman’s Schoolgirls Problem (Kirkman, 1850)

Answer
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These areombinatorial problems, concerned with a finite set of objects
which can be ‘arranged’ in a numbei (say) of ways. Two sorts of questions
arise.

(A) Among the N arrangements, is there one which satisfies certain prescrib
conditions?

(B) If the answer to (A) is YES, how many of th¥ arrangements satisfy the
conditions?

Of course it is in principle possible to resolve such questibyexhaustion
i.e., by examining each of th& arrangements in turn. In practice, however, such
an approach is ruled out becaudeis impossibly large, even when is quite
small. This phenomenon is called thbembinatorial explosion For example,
the number of ways of arranging a class30fstudents in order of merit 130!,
roughly2.65 x 1032

This is where mathematics comes in. It can be used to workheuttplica-
tions of the ‘prescribed conditions’, and hence reduce timeber of arrangements
that we need to consider (in effect, to repld€eby a smaller number). Having
cut down the number of possibilities we may then use exhaus$t administer
the coup de grace (as Tarry did with Euler’s problem). Butagdtion is usually
regarded as a last resort.

1.1 A Simpler Problem

Problem A swimming club wants to send a squadlofto a swimming gala
consisting ofb < 20 races. From this squad it has to enter a team of kize
each race, with different teams for different races. Alsp o squad members
are to swim together exactly twice. Is it possible to do thig] if so what are the
possible values for andk?
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Answer

1.2 2-Designs

Let us first fix some notation.

Notation 1.1. Suppose that, £ € N with v > k. By av-setwe mean a set with
v elements. Given a-set X, ak-subseis a subset o with k£ elements.

Remark 1.2.
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Definition 1.3. A 2 — (v, k, A) design consists of

Remarks 1.4. (a) We refer to the desighnX, B). The numbers, k£, A areparam-
etersof the design.

(b)

(©)

AJD September 15, 2009
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(d)

(€)

() We shall always assume that< £ < v. Ifa2 — (v, k, \) design exists, then
A > 1 (for if we take a blockB and take two distinct point®, () € B, then
the2-subset{ P, } lies in at least one block). [If we allowgd= 1, then we
should always havea— (v, k, \) design withA = 0.]

(9) The fundamental question is: For givenk and)\, does & — (v, k, A) design
exist? The answer is: sometimes but not always.

(h)

(i)

Notation 1.5. We useb to denote the number of blocké: = |B|. (We do not
build b into the definition: it turns out that it is determined byk and \.)

Example 1.6.Here is an example of a— (7, 3, 1) design (thé=ano Plang.
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The following diagram has seven points and seven ‘lines’.

° 2

°
3 5

HereX = {1,2,3,4,5,6,7} so|X| = 7. Each block is a set of three points
on a line, where we count the circle5, 6 as a ‘line’. Thus

B=1{{1,6,2},{2,4,3},{3,5,1},{1,7,4},{2,7,5},{3,7,6},{4,5,6}}.

We can use symmetry to help us check efficiently that any twotpdie in
exactly one block. The rotational symmetry of the triangksams that an argument
applied to the point applies equally well to the poini&sand3, and an argument
applied to the point applies equally well to the pointsand6.
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Observe that
e Precisely3 lines pass through each point.

e 2 distinct lines have just one point in common.

1.3 Trivial Designs
Theorem 1.7.Let X be anyv-set withv > 2, let2 < k£ < v and letB be the set

of all k-subsets of. Then(X, B) is a2 — (v, k, \) design with\ = (Z B ;)

Proof.

O

Definition 1.8. A 2 — (v, k, \) design istrivial if B is the set of allk-subsets of
X.

Theorem 1.9.If £ = 2 then the only2 — (v, k, \) design is the trivial one and
A= 1.
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Proof.

O

Theorem 1.10.If £ = v then the only2 — (v, k, ) design is the trivial one and
A=1.

Proof.

Corollary 1.11. In a non-trivial2 — (v, k, ) design2 < k < v.
Proof. Follows immediately from the preceding theorems. O

AJD September 15, 2009
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1.4 Arithmetic of 2-designs

- Av(v—1
Theorem 1.12.Ina2—(v, k, \) design, the number of blocks is giverbby %

Proof.
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O

Remark 1.13. This explains why was not specified in the definition of2a—
(v, k, ) design: itis completely determined byt and \.

Theorem 1.14.In a2 — (v, k, \) design, each point lies in the same number of
blocks, namely,

Proof. Let P be any point ofX and regardP as fixed. Letr be the number of
blocks containingP. We count the number of paifs), B), where@ € X \
{P},B € BandP,Q € B. We do this in two different ways and then compare.

(1) ChoosepB first: there are- blocks containing” so we can do this im ways.
For each choice oB there arek — 1 choices forQ, makingr(k — 1) pairs

(@ B).

(2) Choose) first: there arev — 1 points of X different from P so we can do
this inv — 1 ways. For each choice ¢} there are\ choices forB containing
P, @, making(v — 1) pairs(Q, B).

The number of pairs does not depend on the way we count. Terék — 1) =

: —1
AMv—1),le,r = )\EZ — 13
P, sor is the same for every point of. O

. This expression does not depend on the choice of

Corollary 1.15. In a2 — (v, k, \) design withv > k, it must be the case that
r> A

: : : : -1
Proof. This follows immediately from Theorem 1.14, given th%—lg > 1.
O

Theorem 1.16.Ina2 — (v, k, ) designpk = vr.
Proof. This follows immediately from Theorems 1.12 and 1.14. O
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1.5 Applications
Example 1.17.Show that there is nd — (13, 5, 2) design.

Solution

Example 1.18.Show that there is n® — (12, 4, 2) design.

Solution
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Example 1.19.Show that there are at most two valueddr which a non-trivial
2 — (31, k, 1) design exists.

Solution
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Example 1.20.Show that if a2 — (v, 3, 1) design exists them must be of the
form 6n + 1 or 6n + 3.

Solution

AJD September 15, 2009
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Example 1.21.Suppose that a schoolteacher is able to give each child icides

3 differently coloured crayons, drawn from a box containirgyons of6 different
colours. No2 children receives the san3ecolours. In fact, each pair of colours
are given two exactlg children. How many children are in the class? How many
crayons of each colour are used?

Solution
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Exercise 1.22.Show that ift = v — 1, then the only2 — (v, k, \) design is the
trivial one. [Hint: use the expression foito get a lower bound fok and use this
to show that > v; explain why in the case of a— (v, v — 1, \) design it must

happen that < v.]
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1.6 Steiner Systems

Definition 1.23. A 2 — (v, k, 1) design is known as 8teiner System of orderv.
In particular ifk = 3, then it is called a Steiner Triple System (STS).

Remarks 1.24.(a)

(b)

(€)

(d)

Definition 1.25 (Binary Projective Spaces{siven anyn > 2, letV,,.; be the set
of all vectors of lengthn 4+ 1 with each entry eithe® or 1. Then we can add
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vectors inV,,,; by performing operations(mod 2). The zero vector is just the
vector(0,0,...,0). If u, v are distinct non-zero vectors, consider the set of vectors
{u,v,u+v}: we observe that+ (u+v) = 2u+v = v,v+(u+v) = 2v+u = u,

so the sum of any two elements is the third; moreaner, u + v are distinct with
u~+wv non-zero (for ifu+v = 0, thenu = v; if u = u+wv, thenv = 0; if v = u+v,
thenu = 0).

Let X be the set of all non-zero vectorslify, ; and let3 be the set of alb-subsets

of X of the formu, v, u + v whereu # v. We call(X, B) thebinary projective
space of dimensiom.

Theorem 1.26.The binary projective space of dimensions an STS of order
2n+1 —1.

Proof.

O
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Remark 1.27. As a consequence of Theorem 1.26, we know that there are in-
finitely many STSs (at least one of or@ét! — 1 for eachn > 2) and therefore
infinitely many designs.

Examples 1.28.(a) Whenn = 2, we have an STS of ordé&ri.e., a2 — (7,3,1)
design.X consists of the vectors:

(1,0,0),(0,1,0),(0,0,1),(1,1,0),(0,1,1),(1,0,1),(1,1,1).
The blocks then are:
{(1, 0, 0), (0, 1, 0), (1, 1, 0)}, {(1, 0, 0), (0, 0, 1), (1, 0, 1)},

{(0,1,0),(0,0,1),(0,1,1)},{(1,0,0),(0,1,1),(1,1,1)},
{(0,1,0),(1,0,1),(1,1,1)},{(0,0,1),(1,1,0),(1,1,1)},
{(1,1,0),(0,1,1),(1,0,1)}.
We can label the Fano Plane as follows:

Thus the Fano Plane is simply the smallest binary projesipaee (and itis a
plane because it has dimensin

(b) Whenn = 3 we get an STS of orddi5. This is a candidate for a solution to
the Kirkman Schoolgirl Problem.
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(c) Whenn = 4 we get an STS of ordetl, i.e., a2 — (31,3,1) design (see
Example 1.19).

Theorem 1.29.If there exist Steiner Triple Systems of orderandwvs,, then there
exists a Steiner Triple System of orden,.

Proof.

AJD September 15, 2009
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Example 1.30.Construct an STS of ordér

Solution. We observe tha® = 3 x 3 and that there is an STS of ordé&r
namely the triviak — (3, 3, 1) design. We may takeX, B) and(Y, C) as the same
design, with points labellet] 2, 3 and each with one block, namely, 2, 3}. The
setZ is given by

{(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2), (3,3) }.

We construct blocks as indicated above:

(a) We have only one block i, namely{1, 2, 3}. Forj = 1,2, 3 in turn, we get
3-subsets{(1,1),(2,1),(3,1)},{(1,2),(2,2),(3,2)},{(1,3),(2,3),(3,3)}.

(b) We have only one block i, namely{1, 2, 3}. Fori = 1,2, 3 in turn, we get
3-subsets{(1,1),(1,2),(1,3)},{(2,1),(2,2),(2,32)},{(3,1).(3,2),(3,3)}-

(c) We have only one blocK 1,2, 3}, in B and one block{1,2,3},in C. There
are six subsets of (one for each ordering df, 2, 3): {(1,1), (2,2), (3,3)},
{(1,1),(2,3),(3,2)},{(1,2),(2,1),(3,3)}, {(1,3),(2,2), (3, )}, {(1,2),(2,3), (3, D},
{(1,3),(2,1),(3,2)}-

AJD September 15, 2009



MAS2216 Notes 24

We can see these points in a diagram:

Examples 1.31.For each of the following values of determine whether or not
there is an STS of order.

(@) v =127 Solution.

(b) v =21 Solution.
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(c) v =35 Solution.

(d) v = 105 Solution.

(e) v = 343 Solution.
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1.7 Projective Planes

Definition 1.32. A (finite) projective plane of ordernisa2—(n*+n+1,n+1,1)
design.

Remark 1.33. We shall see more of projective planes in a geometric cotatadt
in the course. For now it suffices to note:

e There is a projective plane of orderfor every prime power. In fact,
quite often, there are two or more different known examm@esiany prime
powersy.

What we shall see later are particular examples of projectilanes of order
p, Wherep is prime.

There are no known projective planes having an order thabisanprime
power, but it has not yet been proved that no such planes exist

e The Fano Plane is a projective plane of order

A projective plane of ordes is a2 — (31, 6, 1) design (see Example 1.19).

1.8 Fisher’s Inequality

Theorem 1.34.Given a2 — (v, k, \) design withv > &, the number of blocksis
> .

Proof. Later. O

Examples 1.35.(a) Recall the swimming club problem in Section 1.2.
Problem A swimming club sends a squaddf to a swimming gala consisting
of b < 20 races. From this squad it has to enter a team of/simeeach race,
with different teams for different races. Also any two squaeimbers are to
swim together exactly twice. Finfdandk so that this is possible.
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(b) Show that there is nd— (136,51, 10) design.

Solution.
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1.9 Complementary designs

Theorem 1.36.Let (X, B) be a2 — (v, k, \) design and lef3 consist of theeom-
plementsn X of the blocks ir5, i.e.,

B={B=X\B: BeB}.
(&) Show that ifP? and  are two particular points ofX, then the number of
blocks containing one or both é¢f andQ is 2r — A. Show that the number of

blocks containing neitheP nor Q isb — 2r + .

(b) Show thatX,B)isa2 — (v,v — k,b— 2r + \) design.

Proof.
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U
Definition 1.37. The desigr( X, B) is called thecomplementary desigo (X, B).

Remarks 1.38.(a) If B € B, thenB = B. Thus the complementary design to
(X, B) hasX as its set of points anl as its set of blocks, i.e., (X, B).

(b) Ifthere exists @ — (v, k, \) design, then there existRa- (v,v—k,b—2r+\)
design. Conversely, suppose we want to know if there exigts-gv, k, \)
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design and we calculate the numbgtrs- v — kand)\ = b — 2r + \. If there
isa2 — (v, k', \') design (withi’ blocks and each point irf blocks), then its
complement will be @ — (v,v — k', b’ — 2r' + X’) design. We can calculate
(EXERCISE)):

Av—Fk)(v—Fk—1)
k(k—1)

AMv—Ek)(v—1)

N = k(k—1)

b =b, 1 =

v—K =k b -2+ XN =\
Thusifa2 — (v, k', \') design exists, so doea- (v, k, A) design.

Example 1.39.Determine whether or not there exist8 a (7, 4, 2) design.

Solution.

1.10 Symmetric Designs

Definition 1.40. A 2 — (v, k, \) design is calledymmetric if b = v. [We should
really call this a ‘square’ design, but the term ‘symmetigctoo well established
to change.]

Remark 1.41. If v = k, then there is only one block (i.é.,= 1). Therefore, in
assuming > 2 for all designs, we have > k for all symmetric designs.

Theorem 1.42.1n a symmetric design

@ k=r,

(b) X = k(f _11) andv = k(k; D +1, S0\|k(k —1).
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Proof.

O

Example 1.43.Show that a symmetriz — (v, 8, 1) design is a projective plane.

Solution.
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Theorem 1.44.1f there exists a symmetric— (v, k, \) design withv even, then
k — XA must be a perfect square.

Proof. Later. O
Example 1.45.Show that there is nd — (22,7, 2) design.

Solution.

Theorem 1.46.If there exists a symmetric— (v, k, A\) design withv odd, then
the equation
ZL’Q — (k’ _ )\)yQ + (_1)(1)—1)/2)\22
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has a solution in integers, y, z not all 0.
Proof. Not given. O

Theorem 1.47.A (finite) projective plane is a symmetric design with an odohn
ber of points.

Proof. Recall that a projective plane is2a— (n* + n + 1,n + 1, 1) design. The
number of blocks is given by

b:Av(v—l) _, (n?* +n+1)(n*+n)

2
—/ = 1
Ki—1) (n+ ) e

so the design is symmetric. Note that + n = n(n + 1) is always even, so
v =n%+n+ 1is always odd. O

Example 1.48.There is no projective plane of ordet. [Recall that a projective
plane of ordern4 would be a (symmetric) — (211, 15, 1) design.]

Solution.
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1.11 Matrix Multiplication, J-Matrices and Determinants

We begin this section with a reminder about matrix multiglion. As we shall
discover, it is often useful to have general arguments degamatrix multiplica-
tion, and for that it is useful to have a general description.

Definition 1.49. Suppose thatl = [a;;] is anm x n matrix and thatB = [b;;] is
ann x p matrix. Then the product’ = AB is anm x p matrix,C' = [¢;;], with

n
Cij = E aikbkj.
k=1

All this means is that;; is the result of multiplying theé’th row of A by the
j'th column of B:

ai; Q2 ... Qip bn b12 c. blp
A — a921 A92 ... QA9p 7 B— bgl bgg e bgp
Am1 Am2 ... AOmn bnl bng bnp
SO
blj
b2j n
Cij = [ ;i1 Qi 3 Qin } by | = Zaikbkj-
k=1
by,
[1 1 0 0]
1 011
100 1| _  r .
Example 1.50.Let A = 0110l Find A" A. [Recall thatA” (the trans-
0101
0011

pose ofA) is obtained fromA by switching rows and columngst row becomes
1st column and vice-versa).]
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Solution.

1 1 0 0]
1 11000 1 010
r. |1 00110 100 1|
AA_OlOlOl 0110
001011 01 01
(00 1 1]

3 1 11

1311

11 31

1 11 3

We shall have occasion to study matrices for which the entnieach row add
up to the same sum. We can use J-matrices to express thigfyrapea matrix
equation.

Definition 1.51. For each, p > 1, we let.J,,, denote the: x p matrix all of whose
entries are equal tb.

Example 1.52.
1 11
Ja3 = [ 111 } '
Theorem 1.53.Let A be anm x n matrix. Then the following statements are
equivalent.

(1) The entries in each row of add up tor.
(2) AJ,, = 1Jpy, for somep > 1.
(3) AJ,, = rJy, for everyp > 1.

Proof. Let the row-sums ofA be denoted by, s, ..., 7. [Thatis, if A = (a;;),
thenr; = a;; + a;» + - - - + a;,,, the sum of the entries in roinof A.] Then

T1 T1 oo T
T2 To ... T2
A, =
| "m Tm Tm L
Also ) )
r T T
T T T
T Imp =
r r c.. r
L d mxp
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Each of the statements is equivalent to sayingthatr; =r, = --- = r,,.

Theorem 1.53 has a counterpart for columns:

Theorem 1.54.Let A be anm x n matrix. Then the following statements are
equivalent.

(1) The entries in each column dfadd up toc;
(2) JymA = cJ,, for somep > 1,
(3) JpmA = cJ,, for everyp > 1.

Proof. Recall that for any two matrice¥ andY’, we can writg XY)7 (the trans-
pose ofXY) asY” X”. Observe thay!,, = .J,,,. Then

e (1) is equivalent to: the entries in each row4f add up toc.
e (2)is equivalent to:A” J,,, = cJ,, for somep > 1.
e (2)is equivalentto:A” J,,,, = cJ,, for everyp > 1.
It is now clear the Theorem is an immediate consequence afréhel.53. [

We now recall some properties of determinants and ways otitzding them.

Fact1.55.(a) If A = [ i Z } , thendet A = ad — be.

a b c
(b) fA=|d e f |,thendet A=a(ei—hf)—"0b(di—gf)+ c(dh — ge).
g h i

(c) We can build up to larger matrices by ‘expanding’ along finst row. Suppose
we have al x 4 matrix A, with first owA = [ a1y a2 a3 awu | and
suppose that we denote By, the3 x 3 matrix obtained by deleting the first
row and;’th column. Then

det A = anAn - CL12A12 + CL13A13 - a14A14.

(d) In fact we can expand by any row as long as we use an ap@ieppattern
of signs. The patters- — +— used above comes from the first row of a sign
+ + -

matrix . The same applies to any column. In each case

+ I+

+ - +

+ 1+
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the 3 x 3 determinants arise by deleting the row and column through th
appropriate entry. Thus

det A = —a21A21 + a22A22 - a231423 + CL24A24
= —a14A14 + 24424 — a4 Azs + 44 Aus.
+ - +

(e) Then x nsignmatrixis| , _

() The determinant of a diagonal matrix (i.e., one in whidlitlae non-(leading)
diagonal entries ar®) is the product of the diagonal entries.

(g) The determinant of an upper or lower triangular matri>e(j one in which all
the entries below or above the leading diagonal @yas the product of the
diagonal entries.

(h) Any matrix with a row ofis or with a column ofis has determinartt (because
expansion along that row or column must give

() The following operations do not change the value of theeinant:

(1) To any row, add or subtract a multiple of another row.
(2) To any column, add or subtract a multiple of another calum

() Using these row and column operations, we can ‘reducea#rixto upper or
lower triangular form.

Examples 1.56.(a) Find the determinant ol = by expanding

Q Q9
>0 o
o O O

along an appropriate row or column.
Solution. Expand along the third column. We ggilh — ge) — 0(ah — gb) +
0(ae — db) = 0.

(b) Find the determinant of the following matrix, using romgdecolumn reduction
to triangular form:

6 3 3 3 3
36 3 3 3
M=1]3 3 6 3 3
33 3 6 3
33 3 3 6
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Solution. Subtract Column from each of Columng, 3,4, 5 in turn (four
operations):

6 3 3 3 3 6 -3 3 3 3 6 -3 -3 3 3
3 6 3 3 3 3 3 3 3 3 3 3 0 3 3
detM =3 36 3 3|=/3 0 63 3|=/3 0 3 33
3336 3 3 0 36 3 3 0 0 6 3
33336 3 0 3 36 3 0 0 36
6 -3 -3 -3 3 6 -3 -3 -3 -3
3 3 0 0 3 3 3 0 0 O
=3 0 3 0 3|=|3 0 3 0 0
30 0 3 3 30 0 3 0
30 0 0 6 30 0 0 3
Now add each of Row3, 3,4, 5 to Row1 in turn (four operations):
90 -3 -3 -3 12 0 0 =3 -3
33 0 0 0 330 0 O
detM={30 3 0 0 |=[3 03 0 0
30 0 3 0 3 00 3 0
30 0 0 3 3 00 0 3
150 0 0 -3 18 0000
3 300 0 3 3000
=3 030 0 |=]3 03200
3 003 0 3 0030
3 000 3 3 000 3

We arrive at the determinant of a lower triangular matrix, so
det M = 18 x 3* = 1458.

1.12 Incidence Matrices

We shall associate a matrix with ea2h- (v, k, \) block design. This will
allow us to bring our knowledge of matrix theory to bear on stuidy of designs.

Definition 1.57. Let (X, B) be a2 — (v, k, \) design withb = |B| and with
each point ofX lying in r blocks. Label the points ok: Py, P, ..., P, and the
blocks of B: By, Bs, ..., B, in some order. Thacidence matrix of the design
2 — (v, k, \) is the matrixA = [a;;]px, Wherea;; = 1if P; € B; anda;; = 0 if

P ¢ B;.
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Thus row: tells you which points are irB; (it hask 1s and (v — k) 0s).
Similarly, columnj tells you which blocks?; belongs to (it has 1s and(b — )
0s).

Remark 1.58.

Example 1.59. Write down an incidence matrix for the— (7,3,1) design in
Example 1.6.
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Theorem 1.60.A b x v {0, 1} matrix is the incidence matrix of 2a— (v, k, \)
design if and only if

(a) eachrow hag 1s;
(b) all rows are different;

(c) given any two columns, there are exactlypows with al in both columns.
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Proof.
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O

Remark 1.61. By Theorem 1.14, each column of an incidence matrixrhas

. . bk
with all other entried), wherer = —.
v

Example 1.62.Show that there is2— (6, 3, 2) design and that it is unique up to
the labelling of points and blocks.

Solution
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Also remember that we can permute the columns (renumberdimsp and
permute the columns (renumber the blocks) without altettiegdesign. We shall
talk in terms of choosing labels for points and columns. Thsmething we can
do when we have a collection of points or blocks that are tirdjsishable up to
the stage of choosing labels, but not when they are distihgible. We writed
for the incidence matrix.
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(A) Choose a block and label B;, and label the three points in R, P;, Ps.
Thenay; = ay;p = a3 = 1 andayy = a5 = a;g = 0. [At this stage,B;
is distinguishable from the other blocks (rows) &4t . . . , By, are indistin-
guishable. The pointB;, P, P; are indistinguishable from each other, as are
Py, P5, Py, but each ofP;, P, P is distinguishable from each @i, Ps, F;.]

(B) Consider the poinf,. Now P, lies in5 blocks: B, and a further! blocks
that we labelB,, Bs, By, Bs. Thusa;; = 1 for2 < i < 5 anda;; = 0 for
6 < i < 10. [At this stage,P; is distinguishable fromP;, P;, and B; is
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(©)

(D)

(E)

(F)

(G)

(H)

(1)

()

distinguishable fronB,, Bs, B,, Bs, but P, P3 are indistinguishable, as are
B27 B37 B47 B5]

Consider the poink,. It lies together withP; in 2 blocks: B; and one other
amongstB,, Bs, B,, Bs. We choose to label aB, the one containing.
This means that now, does not lie inBs, By, Bs. Thusa;, = 1fori = 1,2
anda;; = 0 fori = 3,4,5. [At this stageBs, By, Bs are still indistinguish-
able.]

Consider further the poink,. It lies in 5 blocks: B;, B, and a further3
blocks that cannot bB;, B,, Bs; and that we therefore lab&k, B;, Bs. Thus
ap = 1fori=6,7,8 anda;, = 0 fori =9, 10.

The blockB; must contain more point, but this point cannot i§ because
By # Bj. Thereforeass = 0. We label asP, the other point inB,. Thus
oy =1 and(l25 = asg = 0.

Consider the poinks. It lies together withP; in 2 blocks: B; and one other
amongstBs, By, Bs. We choose to label aB; the one containing. This
means that now’; does not lie inB,, Bs. Thusas; = 1 anda;; = 0 for
1 = 4,5. [At this stageB,, Bs are still indistinguishable.]

Pj also lies together witl#, in 2 blocks: B; and one other amongBt, B, Bs.
We choose to label a4 the one containing. This means that now; does
not lie in B;, Bg. Thusass = 1 anda;; = 0 fori = 7, 8. [At this stageB;, By
are still indistinguishable.]

Consider further the poin®s. It lies in 5 blocks: By, B3, Bg and a furthep
blocks that can only b&,, B;y. Thusa;; = 1 fori = 9, 10.

Rows4 and5 cannot both start000 (otherwise the remaining 1s will be in
cols5 and6, and we would have identical rows). Therefore either, = 1
oras, = 1, i.e., at least one aB,, B; containsP;. We choose to label bjs,
so that it containg’;. Thusas, = 1.

Apply the same argument to rowsind8. Label so thaiB3; containsP;, i.e.,
A7y = 1.

(K) Apply the same argument to rovisand 10. Label so thatBy containsF;,

i.e.,a94 = 1.

(L) We already have commonls in columnsl and4, i.e., P, P, already lie in

two blocks (B, B,) , SO P, cannot lie inBs or Bs, i.e.,a34 = asy = 0.
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(M) We already hav@ commonls in columns2 and4, i.e., P, P, already lie in
two blocks (Bs, B7) , so P, cannot lie inBg or Bg, i.€.,ag4 = agq = 0.

(N) Column4 must havés 1s, SOag4 = 1.

(O) Each row must havd 1s, so rows5, 8 must be completed withs. Thus
as5 = as6 = ags = agg = 1.

(P) Block3 has one more point, eithét; or Ps. We choose to labeP; as the
point in B3. Thusass = 1, azs = 0.

(Q) Blocks9 and10 each have one more point, but it cannot be the same point,
so one containg’s and the other’;. We choose to labeBy as the block
ContainingP5. Thusags = a19¢ = 1, a9 = a195 = 0.

(R) PointsP,, Ps lie in 2 blocks: Bs is one, B, is the only possibility for the
other. This means tha®, now has3 points, soP; is not in B,. Thusay; =
0, Ag = 1.

(S) PointsP;,, Ps lie in 2 blocks: By is one, B is the only possibility for the
other. This means tha; now has3 points, soF; is not in B;. Thusar; =
17 Q7 — 0

(T) Each column must have 1s, so we must havess = 0,a66 = 1, i.€., Bg
containsPs but notP;.

If we followed these instructions correctly we should hawe incidence ma-
trix:

[ 14| 1a|14]04]04]047
Ip|1lc |0 | 1g | Op | Op
15| 0c | 1p | O | 1p | Op
1| 0c | O | 17 |Or | 1R
1| 0c | 0r | Op | 10| 10
O |1p|1c|O0np |07 | 1p
Op|1p|0c| 1, |1s|0s
O |1p|0g |0 |1lo|1lo
OB OD 1H 1K 1@ OQ

L O | Op | 1u | In | Og | 1q

We can now verify by inspection that we have a- (6, 3,2) design: check

that
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The design is unique in that the only choices of label that axeehmade have
been amongst points or blocks that were, at that time, imdigishable.

Theorem 1.63.Let A = [a;;] be a{0,1} matrix of dimensiorb x v and let
M = [m;j],x. be the matrixA” A. Thenm,; is the number of occasions when the
i'th and j’th columns ofA both have entryt. In particular, m;; is the number of
1s in thes’th column of A.

Proof. By the definition of matrix multiplicatiory;; is the result of multiplying
thei’th row of A” by the;j'th column of A:

a1 A21 ... QApt ajpr a2 ... Qg
a1 A22 ... QAap2 o1 Q22 ... Q9
Al = ° .|, A=
A1y A2y -.. Qpy apr  Qp2 ... Gk
SO
Qayj
a9 b
m;; = [ ai; Qo ... Qp; } as; = E Ak Q-
: k=1
| b5 ]
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O

Theorem 1.64.Let A = [a;;] be a{0,1} matrix of dimensiorb x v and let

M = [m;j]yx be the matrixA” A.

(@) If Ais the incidence matrix of 3 — (v, k, \) design, then\/ = (r — \)I, +
Ay

(b) If A has distinct rows, each with < v entries equal to 1, and i/ =
(r — NI, + Ay, then A is the incidence matrix of & — (v, k, A) design,

wherek = U—bT

Proof. (a)
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(b)

O

Theorem 1.65.Let A be an incidence matrix for & — (v, k, \) design and let
M = ATA. Thendet M = (r — \)" " (r + (v — 1)N).

AJD September 15, 2009



MAS2216 Notes

52

Proof. By Theorem 1.64(a),

>

>~

D D

A

D D

r

We can perform row and column operations fanthat do not change the deter-
minant. First we subtract Coluninfrom each of the other columns to give

A r—2A
A 0

A0

[ A—1 A—7
0 ..
r—X 0

A—r A—7 ]
0 0
0 0
0 r—A

Second we add Ro#to Row1, then add each subsequent row in turn, to give

T+ (v—1)A
A
B = A

0
r—A
0

0
0
r—XA 0

0 0
0 0
0 0
0 r— X\

Now B is a lower triangular matrix, so its determinant is given bg product of

the diagonal entries. Thus

det M = det B = (r

— N+ (v =1)N).

Proof of Theorem 1.34, Fisher’s InequalitjVe need to prove that if > k, then

b > v. Recall that, by Corollary 1.15, we have> ).

Supposeéhat (X, B) is a2 — (v, k, \) design withv > b and letA be an
incidence matrix for the design. Let* be thev x v matrix formed fromA by
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addingv — b rows of zeros to the bottom of. Thus

[ann aiz ... ap, |
ao21 Q29 ... a9y
A = apy QApo ... QApy
0O 0 ... O
L0 0 0 |
Observe that
[ a1 ap ... ay |
21 Q29 ... A9y
ay; ao21 ... Qpy 0O ... 0
aipg Qo2 ... QApo 0 ... 0 ’
(A*)TA* = : . : : : Apr Ap2 ... Qpy
. . . ... . 0 0 0
A1y A2y ... Qpy 0O ... 0 : : :
0 0 ... 0 |

If we write N = (n;;) for (4*)T A* andM = (m;;) for AT A, thenN and M are
bothv x v matrices and

CLU
a2j
CL3j

b
= E ki Qg = M.

k=1

nl-j:[au Ao; ... Qp; 0 ... 0} ay;
J

0

Therefore(A*)T A* = AT A.
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1.13 Symmetric Designs

We return to studying symmetric designs (wh&re v). We use matrix tools
to prove Theorem 1.44.
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Proof of Theorem 1.44Recall that we need to prove: In a symmetie (v, k, \)
design withv even,k — A must be a perfect square.
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O

Theorem 1.66.1f A is an incidence matrix for a symmetric— (v, k, \) design,
thenA is invertible.

Proof.

O

Theorem 1.67(Ryser) In asymmetri@— (v, k, \) design, any two distinct blocks
have precisely points in common.

Proof. Let A be an incidence matrix for the design. Then, by Theorem 1.64,
ATA = (r = NI, + M\J,,. By Theorem 1.66, we know that™! exists. By
Theorem’s 1.53 and 1.54, we know th&f,, = k£.J,, andJ,,A = rJ,, = kJ,, =
AJ,,. Therefore

(AT)TAT = AAT = A(ATA) A = A((r — ANy + Ay A™?

= (r = NALA™ + AT A = (r = Ny + MW AA™ = (r = N1, + M.

We now apply Theorem 1.63 toA”)” AT, In this context,M = AT A is also
(ATYT AT and thereforen,; is the number of occasions when thth and j'th
columns ofA” both have entry. Fori # j, it follows thatm;; = X is the number
of occasions when théth and j'th rows of A both have entry, i.e., it is the
number of points that lie in both of blocksnd;. O

Example 1.68.Show that there is a projective plane of order
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Solution Such a design would be a symmetie- (13,4, 1) design. We look
for a suitable incidence matrix. Assuming that a designtexige have

e Any two blocks have exactly one point in common.

Translating this information into matrix language, we des tve seek a3 x
13 {0, 1} matrix such that:

(a) Each row hagd 1s and9 0Os.

(b) All rows are different.

(c) Each column ha$1s and9 0s.

(d) Any two columns have commals in exactly2 rows.

(e) Any two rows have commaors in exactly2 columns.

Also remember that we can permute the columns (renumberdimsp and
permute the columns (renumber the blocks) without altettiegdesign. We shall
talk in terms of choosing labels for points and columns. Thsmething we can
do when we have a collection of points or blocks that are tirdjsishable up the
stage of choosing labels, but not when they are distingblshaNe write A for
the incidence matrix.
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(1) Choose a block and labeli;, and label the three points inR;, P», Ps, P,.
Thena;; =1for1 <j <4anda;; =1for5 < j < 183.

(2) Consider the poinP;. Now P, lies in4 blocks: B; and a furtheB blocks that
we labelB,, Bs, By. Thusa;; = 1for2 <i <4anda;; =0for5 < <13.

(3) By meets each oB,, Bs, B, in exactly one point, namely;, soa,;; = 0 for
2<14,5<4
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(4) B, contains3 more points that we labét;, F, Pr. Thusay; = 1for5 < j <
7anday; = 0for8 < j < 13.

(5) B, meets each oBj3, By in exactly one point, namely’, soa;; = 0 for
i=3,4,5<j<T.

(6) B; contains3 more points that we labels, Py, P;. Thusas; = 1 for 8 <
7 < 10 anda3j =0for1l <3< 13.

(7) B; meetsB, in exactly one point, namel§;, soa,; = 0 for 8 < j < 10.

(8) B, contains3 more points that can only b8, Pi5, Pi3. Thusay; = 1 for
11<j<13.

(9) P, lies in4 blocks: B; and a furtheB blocks that we labeBs, Bg, B;. Thus
ap = 1fori=15,6,7anda;; = 0for8 < < 13.

(10) B; meets each obBs, Bs, B; in exactly one point, namely, soa;; = 0 for
5<i<7,j=3,4.

(11) P;lies in4 blocks: B; and a furtheB blocks that we labeBs, By, Byg. Thus
a;z = 1for8 <i¢ <13anda;s = 0for11 <i < 13.

(12) B; meets each oBg, By, By in exactly one point, namel¥s, soa;, = 0 for
8 <4 < 10.

(13) P, liesin4 blocks: B; and a furtheB blocks that can only b&,,, B>, Bis.
Thusa;,y = 1for 11 <4 < 13.

(14) P, and P lie together inl block. This must be one aBs, Bs, B;. These
blocks are currently indistinguishable. We choose to lalsé?; the one that
containsPs. Thusass = 1 anda;5 = 0 for: = 5, 6.

(15) P; and P5 lie together inl block. This must be one aBg, By, B1g. These
blocks are currently indistinguishable. We choose to lalsébs the one that
containsPs. Thusasg = 1 anda,;; = 0 fori = 9, 10.

(16) P, and P5 lie together inl block. This must be one By, B2, B13. These
blocks are currently indistinguishable. We choose to lalsél;; the one that
containsPs. Thusas 11 = 1 anda;; = 0 for 7 = 12, 13.

(17) Bs meetsB, in exactly one point, namelis, soas; = 0 for j = 6, 7.

(18) P, and Fs lie together inl block. This must be one dBs, B;. These blocks
are currently indistinguishable. We choose to labdbgthe one that contains
FPs. Thu5a66 =1 andam =0.
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(19) Bg meetsB, in exactly one point, namel¥s, soag; = 0.
(20) P, andP; lie together inl block. This can only bé3;. Thusa;; = 1.
(21) Bs meetsB, in exactly one point, namel¥s, soas; = 0 for j = 6, 7.

(22) P; andPF; lie together inl block. This must be one a8y, B1o. These blocks
are currently indistinguishable. We choose to labebathe one that contains
Ps. Thusags = 1 andayg ¢ = 0.

(23) By meetsB, in exactly one point, namel§s, Soag; = 0.
(24) P; andP- lie together inl block. This can only bé3;,. Thusa;o 7 = 1.
(25) Bi1 meetsB; in exactly one point, namelys, soa;; ; = 0for j =6, 7.

(26) P, and F; lie together inl1 block. This must be one oB,, B13. These
blocks are currently indistinguishable. We choose to laseB;, the one
that containg’. Thusa;, ¢ = 1 anda;3 ¢ = 0.

(27) B;, meetsB, in exactly one point, namelis, soa, 7 = 0.
(28) P, andP; lie together inl block. This can only bé33. Thusa3 7 = 1.

(29) Bs; and B; meet in one point. This must be one &, P,, P,o. These points
are currently indistinguishable. We choose to labePashe one that lies in
Bs. ThUS(I85 =1 and(lg,j =0 fOI’j =9,10.

(30) B; meets each oBg and B; in one point, namely?,, so P is not in By, Bs.
Thusa;s = 0fori =6, 7.

(31) B3 and Bs meet in one point. This must be one Bf, P;,. These points are
currently indistinguishable. We choose to labelFgghe one that lies irBs.
ThUSa69 =1 and(lﬁ 10 = 0.

(32) Bg meetsB; in one point, namely?, so P, is not in B;. Thusazy = 0.
(33) B3 andB; meet in a point and this can only B&,. Thusa; ;o = 1.

(34) B, andB5 meet in one point. This must be onef;, P;5, Pi3. These points
are currently indistinguishable. We choose to labePasthe one that lies in
B5. ThUSa5 11 — 1 anda5j =0 forj = 127 13.

(35) B; meets each aBg and B; in one point, namely?, so Py is not in By, Bs.
ThUSai 11 =0 fori = 6, 7.
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(36) B4 and Bg meet in one point. This must be one Bk, P;3. These points are
currently indistinguishable. We choose to labelFasthe one that lies irBs.
ThUSCL@ 12=1 anda6 13 = 0.

(37) Bs meetsB; in one point, namely?, so Py, is not in B;. Thusaz 12 = 0.

(38) B, andB; meet in a point and this can only B&;. Thusa; ;3 = 1. [Alterna-
tively, B; has one more point.]

(39) B5; and Bg meet in one point, namel/s, so P; and P;; do not lie in Bs.
(40) Bg and By meet in one point, namel/;, so P, and Py, do not lie in By.
(41) B; andB;y meet in one point, namel§;, so Py and P53 do not lie in Byg.

(42) B3 and Bg meet in one point, eithely or P,. We chooseP,. At this stage,
Py and Py are distinguishable, so in making this choice we hope to be able t
complete the matrix and show the existence of a design, buttbice is not
just one of labelling so the resulting design is not necdgsamique.

(43) Bg andB;, meet in one point, namelks, so P, does not lie inB;.
(44) Bs andB;, meet in one point, this can only li&.

(45) By and B;y, meet in one point, namelfs, so P; does not lie inB,.
(46) Bs and By meet in one point, this can only l7g,.

(47) Bg and Bg meet in one point, namell,, so P;, does not lie inBs.
(48) B; andBy meet in one point, namelk,y, soP;3 does not lie inBy.
(49) B5 andB;p meet in one point, namel§, so P;; does not lie inBy.

(50) Bs, By, By each need one more point, but in each case only one is passible
Bg containsP, 3, By containsP;; and B, containspP;,.

(51) Bs; andB;; meet in one point, namelks, so P; does not lie inB;;.
(52) Bg andB;; meet in one point, namels, so P, does not lie inBy; .
(53) B3 andB;; meet in one point, this can only bg,.

(54) By and B;; meet in one point, namel§;o, so P;; does not lie inBy;.

(55) Bg andB;; meet in one point, namelks, so P 3 does not lie inB;;.
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(56) B, andB;; meet in one point, this can only ;.

(57) By; meets each aB;,, B3 in Py, S0 Pyn and Py, do not lie in By, Bis.
(58) B;y andB;3 meet in one point, namelk;, so P; does not lie inB;3.
(59) B3 andB;3 meet in one point, this can only li&.

(60) P must lie in one more block, and this can only Bg.

(61) P, already lies int blocks, soP, does not lie inBy,.

(62) B5; andB;; meet in one point, namelfs, so P;; does not lie inBs.
(63) P;; must lie in one more block, and this can only Bg;.

(64) B2 has one more point and this can only Bg.

(65) P53 already lies int blocks, soP;5; does not lie inB;3.

This gives the incidence matrix

1{1{1{1{0/0{0(0}0(/0]0(0]0
1{0{0{0{11{1{0]0/0]0(0]0
1{0{0{0{0(0|01}1/1]0(0]0
1{0{0(0{0(0|0(0]0OO0O]1 1|1
0/1{0{0(1{0({0|1/0{0|1{0|O0O
0/1{0{0(0|1({0]01{0|0|1/O0O
0/1(0]0({0|0({1]0|0[{1(0]|0|1
0/0(1]0(1{0({0]0|1{0(0]|0|1
0/0(1{0(0{1({0]0(0{1|1]{0|O0O
0/0(1{0(0|0(1|1/0{0|0|1|O0O
0/0{0|1(1{0({0]0(0{1|0O|1|O0O
0(0/0{1(0{1/0]1]0]0(0]0]|1
0/0{0|1({0]0(1]01{0|1|0|O0O
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We have not shown that the design is unique.

Remarks 1.69.(a) Observe that the matrix we have obtained is square, ®it it
not symmetric (this is why the term ‘symmetric’ for such dgs is mislead-

ing).

(b) In fact, there is a uniqu2 — (13,4, 1) design. To see this we have to note
that the only arbitrary choice of label was in line (42). If wad chosen the
other way, we should have arrived at another matrix (actubk transpose
of the given one). We can pass from one to the other by thewoilp row
and column operations (performed in the given ordé€t)«— Cyg, Rs < R,

Cs <+ C7, Ry <> Ryg, R12 < Ry3, Cig < Chs.

(c) When we made the arbitrary choice, conceivably we coaielarrived at no
allowable matrix. In that case we would have returned to (#8) and made
the other choice.

(d) If we find that we cannot construct an allowable matrixrthve would con-
clude that no design existed with the given parameters.
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2 Geometry Of The Projective Plane

In 1812 Napoleon invaded Russia. Unlike Hitle29 years later, he succeeded
in capturing Moscow. On the other hand, like Hitler, he fouhdt the Russian
winter was a more formidable enemy than the Russian armyRHs$sian adven-
ture turned into a disaster. Among the French officers cafdtby the Russians
was one J.V. Poncelet. To pass the time in his Russian jaieb&ed to write
down all the geometry that he could remember. This led himent Projective
Geometry ....

2.1 The Euclidean Planek

Poncelet’s starting point was the familiar Euclidean plafée Euclidean
plane consists of point® = («, 3), wherea and 5 are real numbers (these are
cartesian coordinates).

Definition 2.1. A line in the Euclidean plane consists of all poiftsy) satisfying
an equation of the form

ar+by+c=0 (%)

where(a,b) # (0,0). (When we write(a, b) # (0,0) we mean that either # 0
orb # 0 or both.)
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Thegradient of (*) is defined to be

a
_Zif
bl b+#0
and to be
coif b=0.

Note:

e The symbobo is just that: a symbol. It is not the result of a calculatidfy
and it is neither positive nor negative.

o If b # O then (*) becomed\y = —¢x — 7; if b = 0 itbecomesAz = —<.

Definition 2.2. Distinct lines

ar +by+c =
Ar+ By +C =

are said to bearallel if Ab = aB.
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Exercise 2.3.(a) Show that if linesix + by + ¢ = 0 andAx + By + C = 0
with Ab = aB have at least one point in common, then they are equal. [Thus
parallel lines do not intersect.]

(b) Show that distinct non-parallel lines + by + c =0andAz + By + C =0

both pass through the point (&=¢8 AcaCy

N.B.: This shows that lines in the Euclidean plane are parallahdf anly if
they do not intersect.

Theorem 2.4. Given a pair of (distinct) point$p, ¢) and (u,v) in E there is a
unique line containing them, and it has equation

1
1]1=0.
1

ST R
SENSEIN

Proof.

AJD September 15, 2009



MAS2216 Notes 67

AJD September 15, 2009



MAS2216 Notes 68

O

Example 2.5.Find the equation of the line through the poifis, 6) and(6, —7).

Solution.

AJD September 15, 2009



MAS2216 Notes 69

2.2 The Line At Infinity
[ is awkward to handle because of special cases:
¢ 2 lines meet at a unique point, unless they are parallel;
e ax +by+c=0isnotalineifa =b=0;
e gradient has a special definitioniit= 0.

Poncelet had the bright idea of adding “points at infinity”es parallel lines
would meet. We shall see that this removes the special chbesnew projective
geometry had been foreshadowed by Renaissance paintéraslieonardo da
Vinci, as they strove to make paintings more realistic. Ifiwband in the middle
of a straight railroad track stretching into the distanaay will see that the two
rails appear to converge “at infinity”. We shall begin by agducing homogeneous
coordinates. We shall represent a poinfofiot by a pair of real numbeis:, y)
but by a triple(z, y, z) wherez # 0.

Definition 2.6. In E, the triple(x, y, z), with z # 0, is ahomogeneous coordi-
nate representationof the point with cartesian coordinates

)
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Note that every pointu, v) of E has homogeneous coordinateswv, 1). Also,
if & # 0then the triplesz, y, z) and(kz, ky, k=) represent the same point.

Homogeneous Coordinates Cartesian Coordinates
(9,—-33,1) — (9,—33)
(0,0,1) — (0,0)
(35,15,5) — (7,3)
(7,3,1) — (7,3)
(14, —-21,7) — (2, -3)
(10, —15,5) — (2,-3)
(2,-3,1) — (2, -3)
(0,0,5) — (0,0)
(Ax, Ay, Az) — A (f, %) if A+#0.

Thus(z,y, z) and(u, v, w) represent the same point of the Euclidean plane if
and only if there exists a numbersuch thatu = Az, v = Ay, w = A\z. We write

simply (z, 4, ) = (u, v, w).

Example 2.7. We can introduce homogeneous coordinates in other plangs,
in

C*={(a,B) 10,8 € C}.
Here the homogeneous coordinates take the fgrm, ¢), whereé, n, ¢ € C and
¢ # 0, representing the poink (%, g) e C2.
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We shall now extendt by allowing points withz = 0. In fact, we allow all
points (x,y, z) except(0,0,0). As before, we havézr,y,z) = (Az, Ay, Az) if
A # 0.

Definition 2.8. Let K be any field. Then thprojective plane P,(K) consists of
all triples(z,y, z) # (0,0,0), with z, y, z € K, and where

(@,y,2) = (Az, Ay, Az)

for every\ € K with A # 0. We call(z, y, z) thehomogeneous coordinatesf a
point in Py (K).

2.3 LinesinPy(K)

Recall that the lines ift are of the formuz + by + ¢ = 0 with (a, b) # (0, 0),
ie,ifwelete = X/Z,y=Y/Z,

() 5) o

aX +0Y +cZ =0.

ie.,

This prompts the following definition:
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Definition 2.9. Let (I, m,n) # (0,0,0). Then the point$z, y, z) of P,(K) such
thatlx + my + nz = 0 form aline in P, (K) with homogeneous coordinates

[l,m,n).

Note the use of round brackets for points and square braftkdises.

Remarks 2.10.(a)

(b)
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©)

Summary

E : Points All (z,y,z) with z # 0 (with (z,y,2) = (A\z, Ay, Az) whenever
A #0).
Lines All [I,m,n]with (,m) # (0,0) (with [[, m, n] = [Al, Am, An] when-
ever\ # 0).

Py (K) — E : Points All (z,y,0) with (z,y) # (0,0) (with (z,y,0) = (Az, Ay, 0) when-
ever\ # 0).
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Lines The line[0, 0, 1], also known as = 0 (the same af), 0, n] for any

n # 0).
Py(K) : Points All (z,y,z) # (0,0,0) (with (z,y,2) = (Az, \y, Az) whenever
A # 0).
Lines All [I,m,n] # [0,0,0] (with [[, m,n] = [Al, Am, An] whenever\ #
0).

Definition 2.11. The new lin€0, 0, n] is calledl, theline at infinity . The points
that lie onit, i.e.(z, y,0) with (z,y) # (0,0), are called thg@oints at infinity .

Theorem 2.12. Any two distinct lines in a projective plane meet in exactig o
point. (Thus there are no parallel lines in the projectivanp.)

Proof.
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Fact 2.13. Suppose thatl is a square matrix. If one row of is a scalar multiple
of another or if one column ofl is a scalar multiple of another, theiet A = 0.
This is because subtracting a scalar multiple of one of thesrérom another
(or a scalar multiple of one of the columns from another) ddeshange the
determinant, but leads to a matrix with a row or columrsf Switching two rows
or switching two columns has the consequence of multiplyiagleterminant by

—1.

Theorem 2.14.Let (z1,y1, 21) and(xs, yo, 22) be distinct points oPy(K). Then
there is one and only one line which passes through thesespdis equation is

T oy z
r1 Y1 = =0.
T2 Y2 Zz2
This is the line
n oz '21 T 1 Y }
Yo Zo || 22 o |T| 2 Yo '

Proof.
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Definition 2.15. A set of two or more points are said to bellinear if they lie on
a common line. A set of two or more lines are said tacbacurrent if they pass
through a common point. Any two distinct points lie on a lise,are collinear.
Any two distinct lines meet in a point so are concurrent.

Theorem 2.16.Suppose that the poinf3 = (z1,y1,21), P» = (22,2, 22) and
P3 = (x3,ys, 23) of Py(KK) are not all the same. They are collinear if and only if

1 Y1 2
Ta Y2 22 | =0.
T3 Ys <=3

Proof.
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2.4 Duality

Notice that the points and lines Bf(K) resemble each other. Both are com-
posed of triples with at least one nonzero component, ankl i@ unchanged
if we multiply each component by a nonzero number. In factlithes I, m, n]
of Py(K) can be regarded as “points” in anotl&x(KK), called thedual plane.
The “lines” in the dual plane are given by triplés, y, z) # (0,0,0) such that
xl +ym + zn = 0, i.e, by the points in the original plane. We can construct a
dictionary to translate concepts from one plane to the other
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Original Plane Dual Plane

Points Lines

Lines Points

Two lines intersect in a point Two points lie on a line

Two points lie on a line Two lines intersect in a point
Points are collinear Lines are concurrent

Lines are concurrent Points are collinear

Principle 2.17(Principle of Duality)

Thus we have

Theorem 2.18.Let [l1, my, ni] and([ly, ms, no] be distinct lines oP,. Then there
is one and only one point of intersection of these two linggs given by the
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equation
I m n
ll m; Ny =0.
ly my my
This is the point with coordinateﬁ( mom ) me b , hem )
mg N ny o ly my

Proof. Apply the Principle of Duality to Theorem 2.14. O

Example 2.19.Find the line inP,(R) through(1, 1, 1) and(1, 5, 6) and the point
where this line meets + y + z = 0.

Solution:
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Remark 2.20. The equation

I m n
ll my; N =0
la my no

calls for comment. In what sense is it the equation of a poiRe&tall that the
equation

r Yy =z

r1 Y1 21 | =0

T2 Y2 %2

specifies a line by telling us precisely which poifitsy, z) lie on it. In exactly the
same way, the above equation specifies a point by tellingasgaly which lines
[l, m,n] pass through it.

2.5 The Projective Planed,(K)

Recall that ifp is a prime therZ, (also known as:F'(p)) is the field consisting
of the elements
0,1,2...,p—1

with addition and multiplication performedmod p). Thus for example, iZ;,
8+7=4,8x7=1.

We can therefore construéh(GF(p)) = P(Z,), which we write simply as
Pa(p).

Lemma 2.21.(a) Py(p) hasp? + p + 1 points.

(b) Each line containg + 1 points.

Proof
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Lemma 2.22.
(a) Py(p) hasp® + p + 1 lines.
(b) Each point lies op + 1 lines.

Proof. Dualise Lemma 2.21. This completes the proof, but we proyeagban
example of the application of the Principle of Duality.

Let (z,y, z) be a point. Suppose that# 0 (the arguments are very similar if
y # 0 orif z # 0). Then the linesl, m, n] through the point are precisely those
satisfying

xl +ym+ zn = 0.

There is a line through the point for each choicenofand n, with [ given by
[ = —(ym + zn)/x, except form = n = 0, and each point on the line can be so
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expressed (note thdt 0, 0] cannot pass through the point). There arehoices
for m andp choices fom, so there ar@? — 1 combinations ofr andn (excluding

m = n = 0). Therefore there ang —1 triples|l, m, n] such thatcl+ym-+zn = 0.
Each line is represented y— 1 triples. Therefore the number of lines through
the pointis

1
= 1.
p-1 77
Theorem 2.23.Assume thakl’ = Z,,.

(@) If P = (z1,11,21) andQ = (z2,ys, 22) are distinct points then the linQ
consists of all points of the form

AP+ p@Q = (Ax1 + pag, A\y1 + iy, A1 + i2z)

with (A, 1) # (0,0).

(b) The points other thar) are precisely those of the forfd + \Q = (z; +
)\.TQ, Y1 + )\yz, 21+ )\22).

Proof. Since P and () are distinct, neither ofxy, y1, z1), (22, Y2, 20) IS a scalar
multiple of the other. Observe that

T+ )\.TQ Y1 + )\yz 21+ )\22 rr Y1 21 0 0 0
T (7 21 =z y1 a1 |=|x1 y1 2 |=0
) Y2 22 Ty Yz Z2 Ty Y2 Z2

(first subtractingh\ Row 3 from Row 1, then Row2 from Row1).
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Remark 2.24. The above theorem is actually true for any field, but the pisof
more tricky.

Example 2.25.In P,(11), find the coordinates of the point of intersection of the
line p passing througfi, 1,0) and(2, 1, 2), and the ling; passing througko, 1, 1)
and(2,1,5).

Solution
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Example 2.26.1dentify the lines of the Fano Plane having equations.

A:

B:

C:

D:

E:

F:

G:

z2=0
y+2=0
y=20
r+2=0

x =0
r+y=0
r+y+z=0.

Example 2.27.1dentify the marked points and line i, (5) in the following dia-

gram.

(1,0,0\(1.1,0) ¢ /k (120) D (0,1,0)

—@ @ ®
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Solution.

Theorem 2.28.The points of?,(p), with lines as blocks, form a — (p? + p +
1,p+1,1) design.

Proof
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Examples 2.29.(a) Takep = 2. Thenwe get & — (7,3, 1) design.
(b) Takep = 3. Thenwe get& — (13,4, 1) design.
(c) Takep = 5. Then we get& — (31,6, 1) design.
(d) Takep = 7. Then we get& — (57,8, 1) design.

Theorem 2.30.1f p is a prime then & — (p?, p, 1) design exists.

Proof.
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O

Example 2.31.1t follows that there exis? — (4,2,1),2 —(9,3,1),2 — (25,5,1)
and2 — (49,7, 1) designs.

Example 2.32.In a projective plane, &iangle is a set of three non-collinear
points, and ajuadrangle is a set of four points, no three of which are collinear.
How many triangles do€B,(2) contain? How many quadrangles does it contain?

Solution
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Example 2.33.How many points in total lie on the three sides of a triangle in
Pa(p)?

Solution

Definition 2.34. The set of lines passing through a pdints called thepencil of
lineswith vertexV’.

Theorem 2.35.(a) If [l;, my, nq] and|ly, mo, ny] are distinct lines then the lines
concurrent with them are precisely those of the form

(Al + pla, Ay + pma, Ang + pns]
with (A, 1) # (0,0).
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(b) The lines in this set other thdh, mo, ny] are precisely those of the form
[ll —+ )\lg, mi —+ )\mg, nq -+ )\ng]
Proof. Dualise Theorem 2.23. ]

Example 2.36.In Py(R), the lines3z — 7y 4+ 15z = 0 and45x + 51y — 372 =0
meet at a pointl. Find the equation of the line joining to the pointB = (1, 2, 3).

Solution
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2.6 The Triangle of Reference and the Unit Point

Definition 2.37. In P5(K), the triangle with verticeX = (1,0,0), Y = (0, 1,0)
andZ = (0,0, 1) is called thetriangle of reference Its sides are the lines =
0,y=10,2=0.

The pointU = (1, 1,1) is called theunit point. Note that the unit point does
NOT lie on any side of th& of reference A quadrangle is a set of four points,
no three of which are collinear. Thus the vertices of thengia of reference and
the unit point form a quadrangle.

Theorem 2.38.1n any projective plane, given a quadrangle B, C, D, a co-
ordinate system may be chosen so that (1,0,0), B = (0,1,0), C = (0,0, 1)

andD = (1,1,1).

Proof. Not given. O

Example 2.39.Suppose we are given a triangleX Y 7, with pointsL onY 7,

M on XZ and N on XY, such that the lineX L, Y M and N Z intersect in the
point U not on a side oAXY Z. Let the linesXY and M L intersect atP, the

linesY Z and M N intersect at), and the linesZ X andL N intersect at?. Show
that the points?, Q andR are collinear.
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Solution We start by choosing coordinates so thaX'Y 7 is the triangle of
reference and is the unit point. Thus

X =(1,0,0),Y = (0,1,0), Z = (0,0,1),U = (1,1,1).

XU:

Y U: Either: by inspection botl andU satisfyz = z and so this is the lin& U.
Or: YU has equation

=0

=]
— =
— O W

l.e.,x — z = 0, equivalentlyr = z.

ZU:
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LM:

MN: MN has equation

— =R

— ow

O =
I
o

ie,—zr+y+2z=0.
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NL:

Q: Q is the intersection point a¥/ N andY Z, that is, of—x + y + z = 0 and
x =0. Thus@ = (0,1, —1).

R: R is the intersection point oN L and ZX, that is, ofr — y + z = 0 and
y =0. ThusR = (—-1,0,1).

Example 2.40.Let AABC be any triangle, and leb be any point which is not
on a side of this triangle. Let the linesD, BD, C' D meet the line8BC,CA, AB
in £, F, G, respectively. Letd be any point not on a side &AEFG. Let the
lines EH, FH,GH meet the linesF'G,GE, EF in the points/, J, K, respec-
tively. Show that the linesll, BJ, C K are concurrent.

Solution Choose coordinates so thatA BC' is the triangle of reference, and
D is the unit point:A = (1,0,0), B= (0,1,0),C = (0,0,1), D = (1,1, 1).
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E: ThelineAD has equation:

The line BC' has equation:

Their point of intersection i& =

F: Similarly FF =

G: Similarly G = (1,1,0).

Let H = (p,q,r). SinceH does not lie on any side k£ F'G

EF: By inspection FF' has equation

FG@G: By inspection,F'G has equation
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G FE: By inspection(GE has equation

Thus the fact that/ does not lie on any side & ¥ F'G means that:

EH: ThelineEH has equation

FH: Calculated in the same wal,H has equatiofip — r)y + gz — qx = 0.
GH: Calculated in the same wa¥,H has equatioliq — p)z + rx — ry = 0.

I: ThelinesEH : (¢q—r)xr—py+pz=0andFG : z—y— z =0 meetatl,

whose coordinates are calculated from
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J: Calculated in the sameway,= (¢ +p — r,2q,q + 1 — p).
K: Calculated in the same wai; = (r +p —q,7 + q — p, 2r).

Al:. ThelineAI has equation

BJ: Calculated in the same wa®,/ has equatiofr—p—q)z+ (r+q¢—p)x = 0.
CK: Calculated in the same way K has equatiolp—g—r)z+(p+r—q)y = 0.
[Recall that three lineB;, m;, n;] (: = 1, 2, 3) are concurrent if and only if

L mi m
lg mo MNo | = 0]
lg ms M3
In this case the determinant takes the form
0 q—r—p q+p—r
r+q—p 0 r—p—q
p—q—1r p+r—gq 0
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Now calculate this determinant:

Note: we could have shown that the intersection of the firstlimes lies on
the third.

2.7 Desargues’ Theorem

Definition 2.41. Two trianglesAABC andA PQ R are said to bén perspective
from the point V' if the linesAP, BQ andC'R are concurrent &at'.

In this definition it is assumed that the poiMsB, C, D, E, F,V are distinct
and that the linesl P, BQ), CR are distinct.

Theorem 2.42(Desargues)If the trianglesAABC and APQR are in perspec-
tive from the poin¥’ then the points of intersection of corresponding sides:

() AB, PQ, (i) BC, QR (i) CA, RP

are collinear.
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Proof.
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Theorem 2.43(Converse of Desarguedf the trianglesAABC and APQR are
such that intersection of corresponding sides:

(i) AB, PQ, (i) BC, QR; (i) CA, RP

are collinear, then the triangles are in perspective fromoanp.
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yd
s

Proof. We dualise Desargues’ Theorem.
Desargues’ Theorem says that, given two triangié®) R andAABC, if the
lines joining corresponding vertices, i.e.,

(i) AP (i) BQ (i) CR
are concurrent then the points of intersection of corredpasides
AB, PQ andBC, QR andCA, RP

are collinear.
Since Desargues’ Theorem is true, the same must be the catedoal.

To begin with, let us consider the dual of a triangle. A trieng defined as a
set of three non-collinear points. Thus when we have a tieaNg” Z, the lines
XY, XZ,Y Z are distinct non-concurrent lines. The dual of a triangia st of
three non-concurrent lines. We call such an object a trdéhtaVhen we have a
trilateralabc we can construct the points of intersecti@n=a A b, A = b A c and
B = aANcandABC is a triangle. [Notice that we write A b for the point of
intersection of the lineg andb.]

The dual of Desargues’ Theorem says that, given two trégder;r andabc,
if the points of intersection of corresponding sides, i.e.,

Nanp (i) b A q (i) cAr

are collinear then the lines joining of corresponding p®int
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aANbpANgandbAc,g ANrandcAa,r Ap

are concurrent.

q
p a
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2.8 Pappus’ Theorem

Theorem 2.44(Pappus) Let the distinct pointsl, B, C' lie on a linel, and let the
distinct pointsP, @), R lie on a linem (but not onl). Let

() AQ, BP meet atl, (i) BR, CQ meet atM, (iii) CP, AR meet at\V.

Then the pointd., M, N are collinear.

Proof 1.
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O

Proof 2. Let the linesl andm meet atD. Choose coordinates so that' DR is
the triangle of reference and is the unit point. Thus

C =(1,0,0),R = (0,1,0),D = (0,0,1), M = (1,1, 1).

DC'is the liney = 0 andM R is the linez = z. They meet aB, whose coordi-
nates are therefor@, 0, 1).

DR is the linex = 0 and MC is the liney = z. They meet at), whose
coordinates are therefo(e, 1, 1).

A lies onDC so has coordinates of the forfh, 0, a).

P lies onDR so has coordinates of the forft, 1, p).

C'P has equation

=0

O~ 8
— o
=N O oW
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ie,py—z=0.
AR has equation

— oK

O =

Q O W
I
(@)

e, —ax + z=0.
CPandAR meetatN = (1/a,1/p,1) = (p, a, ap).
BP has equation

T Yy Z
1 0 1]=0
01 p
ie,—xr—py+z=0,0rz=x+ py.
AQ has equation
T Yy Z
01 1]=0
1 0 a

ie,—axr—y+z=0,0rz=ar+y.

BP andAQ meet atL, wherex + py = az + y, or (1 — a)z = (1 — p)y. Set
xr=1—p. Theny=1—-cacandz =axr+y =a—ap+1—a = 1—ap. Therefore
L=(1-p1—a,1—ap).

Now L, M, N will be collinear if and only if

l—p 1—a 1—ap
1 1 1 = 0.
p a ap

But if we first subtract Rov2 from Row 1 and then add Row to Row 1, we get
a top row consisting entirely of zeros. Therefore the deiteamt has valu@, and
soL, M, N are collinear. O
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3 Conics

We shall assume that the underlying field isC or Z, with p # 2. Conics
over R or Z, need special treatment: for example, they may have no points
Also, excludingp = 2 means that we can divide by2 whenever we wish.

3.1 Introduction

Conic sections were first identified by the ancient Greeks) wmiade an ex-
tensive study of them. The Greeks defined them as the curvegstovhen you
section (slice through) a double sided cone. We shall ddfiera algebraically. A
conicin E (overR) is given by an equation of the form

az® + by? + 2fxy + 2gy + 2hx + ¢ = 0,

where at least one af b, f # 0.

Examples 3.1.(a) Circle:

(b) Parabola:

(c) Ellipse:

(d) Hyperbola:
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(e) A Single Point:

() Two intersecting lines:

(g) Two identical lines:

(h) Empty set:

3.2 Conics inPy(K)

Definition 3.2. A conicin Py(KK) is given by an equation of the form
o(z,y, 2) = az® + by® + ¢z + 2fwy + 2gyz + 2hza = 0,

where at least one af, b, ¢, f,g,h # 0. This means that the conic is the set of
points(zx, y, z) satisfyings(z, y, z) = 0.

Remark 3.3.

AJD September 15, 2009



MAS2216 Notes 115

Let us emphasise:

e We shall assume thatk = C or Z, wherep > 2. We shall assume that
every conic has at least two points.

3.3 Singular and Nonsingular Conics

Proposition 3.4. Let M denote the matrix

>+ R
Q o
o =

Then the equation of the conic can be recast in matrix fornkdg X* = O,
whereX = (z,y, 2).

AJD September 15, 2009



MAS2216 Notes 116

Proof.

We call M the matrix of the conic. Note that it is symmetrief” = M.

Remark 3.5.

Definition 3.6. A conic issingular if its equation factors into a product of linear
expressions:

ar® + by2 +cz2? + 2fxy + 2gyz + 2hzx = (ax + By +v2)(d'z + By +7'2),

so the conic is in fact a pair of lines (which could be the sgm&ll other conics
arenon-singular. Note: the termslegenerateand non-degenerateare some-
times used in place of singular and non-singular.

Theorem 3.7. A conic is singular if and only if it contains three collinepoints.

Proof.
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O

Definition 3.8. Recall that a square matrix @ngular if and only if it is not
invertible, i.e., if and only if its determinant is

Theorem 3.9. A conic is singular if and only if its matrix is singular.
Proof. We don’t prove this. O

Remark 3.10. The matrix of a conic depends on the co-ordinate system nhose
However if the conic is non-singular, then the matrix is apgaon-singular.

Theorem 3.11.Suppose that is a non-singular conic, with matrix/. Let P be
any point ofP,(K). Then the points( that satisfyX M PT = 0 are all the points
of a line. Conversely any line &;(KK) can be described in this way.

Proof.
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O

Theorem 3.12.1f C is a non-singular conic with matrix/ and if P, (Q are distinct
points ofP,(K), then the lines given by M PT = 0 and X M QT = 0 are distinct.

Proof.
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O

Definition 3.13. A line which meets a conic in precisely one pofitis called a
tangentto the conic atP.

Theorem 3.14.There is a unique tangent at each point of a non-singular coni
C. The tangent at a poinP of C is given byX M PT = (.

Proof.
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Example 3.15.Let C be the conic ifPy(C) given by
2?4+ 4y? 4 322 — 20y — 2yz — 1222 = 0.

Write down the matrix folC. Show thatC is non-singular (i.e., non-degenerate)
and find the equation of the tangentGat the point(1,2, 1).

Solution.
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Theorem 3.16.LetC be a non-singular conic with matrix/. Let P be a point of
P,(K) that does not lie o€. Then:

(@) P does not lie on the lin& M PT = 0.
(b) The lineX M PT = 0 is not a tangent.

(c) A pointQ ofC lies on the lineX M PT = 0 if and only if P lies on the tangent
to Q.

(d) The number of points of the lidéA/ PT = 0 lying onC is equal to the number
of tangents t@ passing throughP, and this number is eithéYor 2.

(e) IfK = C, thenP lies on2 tangents tc’.

Proof. (a) P does not lie o, so PM P # 0, which means thaP does not lie
on the lineX M PT = 0.

(b) Ifthe line XM PT = 0 were a tangent, & say, then it would have equation
XMQT = 0, with Q necessarily distinct fron® (sinceQ is onC). But this
is not possible, sinc® and( are distinct points, and so (by Theorem 3.12),
the linesX M PT = 0 and X M QT = 0 are distinct.

(c) @ lies on the lineX M PT = 0 precisely wherQM PT = 0, i.e., precisely
whenPMQT = 0, i.e., precisely wher® lies on the lineX M Q7 = 0. But
this last line is the tangent &1, so the statement is proved.

(d)
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(€)
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O

Example 3.17.Let C be the (non-singular) conic® + y? + 22 = 0 in P(3) and
let P be the point1,0,0) of Py(3). Show that the line given by M P” = 0 does
not meetC.

Solution.
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Example 3.18.Find the equation of the non-singular conidig(C) that contains
the pointsP = (1,0,0), @ = (0,1,0)andR = (0, 0, 1) and for which the tangents
at(1,0,0) and(0,1,0) meetat/ = (1,1, 1).

Solution.
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3.4 A Canonical Form

As you might expect, we can choose coordinates so that thatiequof a
nonsingular conic takes a very simple form.

Theorem 3.19.Let A and B be two points on a nonsingular conic. Then we can
choose coordinates so that

() A=(1,0,0);
(i) B=(0,0,1);
(iii) the tangents to the conic a4 and B meet atC' = (0, 1,0);

(iv) the conic has equatiop’ = zz.

Proof.
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Remark 3.20. This is acanonical form: y* = zz. In the case oPy(R), 2 = 0 is
the line at infinity. We can get all the points on the conic \liie in R? by setting
z = 1. This giveg)? = x, a parabola.

Example 3.21.Let A and B be two points on a non-singular cordi@and suppose
that the tangents at and B meet atC'. Let D be a third point olC and let/ be
a line throughC' distinct from AC' and BC'. Suppose that meetsAD at F' and
BD atG. Show thatAG meetsBF in a point ofC.

Solution.
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Theorem 3.22.The points on a non-singular conic in the canonical forp:=
zx are precisely the points of the form

(1,0,0) and (62,6, 1)

wheref € K.

Proof.
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O

Definition 3.23. A line meeting a non-singular conic inpoints is called ahord
(or sometimes aecant ling.

Theorem 3.24. Suppose thaf is a non-singular conic in the canonical form
2
y°—zx =0.

(@) The chord joining distinct point®?, 6, 1) and (42, ¢, 1) has equation
x—(0+¢)y+60pz=0.

(b) The chord joining distinct point®?, 6, 1) and(1, 0, 0) has equation

y =0z

(c) The tangent at the poirté?, 6, 1) has equation
x — 20y + 6%z = 0.
The tangent at the poirit, 0, 0) has equatiorr = 0.
Proof. (a) The chord has equation

T Yy z
02 0 1|=0,
¢ ¢ 1

i.e.,z(0 — ¢) —y(0? — ¢*)y + 2(6%¢ — ¢%0) =0, i.e.,
(0 — o)z —y(0+¢) + 0oz] = 0.
Sinced # ¢, we can cancel — ¢ to get

x— (0 +¢)y+0pz=0.

(b) Both points satisfy the equation, so it is the equatiothefline joining them.

(©)
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Example 3.25.Let A, B andC be three points on a non-singular coiicSuppose
that the tangent att meetsBC' in P, the tangent aBB meetsAC in ) and the
tangent at” meetsAB in R. Show thatP, ), R are collinear.

Solution.
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3.5 Pascal’'s Theorem

Theorem 3.26(Pascal) Let A, B,C, P,Q, R be 6 (distinct) points on a non-
singular conic. Then the intersection points

() U = BRACQ; (i) V = AR A CP; (i) W = AQ A BP

are collinear.

Proof.
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Note: It might be easier to see tHaty- (1 — )V = ¢y W.
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Note: we could have computed

i 0 0+ —1
A P (0 1
O+¢—0p 1 1

=00 = 1) = 09(¢tp — (0 + ¢ — 09)) + (0 + ¢ — 1)(¢¢ — (0 + ¢ — 09))
= 00 — 00 — 00 + 00 + 0y — 0*pp + 00 — 6% — D)
+O2 0P + Y — 09* — pi® + 00* — o + 0 + ¢p — Odip = 0.

Remark 3.27. As we shall see soon, a coniclia(p) hasp + 1 points. Thus a
conic inPy(3) has only4 points and Pascal’'s Theorem cannot apply.

Example 3.28.LetC be a non-singular conic (i, (C) or Py (p) with p > 5). Let

A, B, D, E be distinct points o€ and letC' be the intersection of the tangents at
AandB. Assume that’, D, E are not collinear. Lef’ be the intersection ab B
andCFE, let G be the intersection df A andC D, let P be the intersection af' D
with C (P # D) and let@ be the intersection af' £ with C (@) # FE). Prove that
PQ, FG andDFE are concurrent.

Solution.
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3.6 5 points determine a conic

Theorem 3.29. Suppose we are givenpoints, no three of which are collinear.
Then they lie on a unique conic.

Proof.
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Now use the fact that’ andV’ lie on the conic:
e U liesonthe conic,s@f +2g +2h =0,i.e.,f +g+ h =0.
e V lies onthe conic, sBfpq+ 2gqr + 2hrp = 0, i.e., fpqg+ gqr + hrp = 0.
Substitutingh = —(f + g) into the second equation gives
fpa+gqr—(f+g)rp=0,i.e.fp(g—r)+grig—p) =0.

Thenp,r,q —r,q —p # 0, SO

h=—f-g=|-

The conic is then

Mq—ﬂfw+2ﬁp—ﬂfmﬁ:0

(g —p) (g —p)

We cannot havg = 0 (for theng = h = 0) so we can simplify the equation of
the conic to

2fxy — 2

r(q —p)zy — plqg —r)yz + q(p — r)zz = 0.

We have shown that there is a unique conic passing throughvihgiven
points.
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3.7 Non-singular Conics inPs(p)

In this section we consider a non-singular cafiim P (p), with p odd.

Theorem 3.30.There are exactly + 1 points onC.

Proof.

O

Definition 3.31. A line of Py(p) is said to beexternal to C if it does not contain
any points ofC. [Recall from Deinition 3.23 that a line meeting a non-silagu
conic in2 points is called &hord.]

Theorem 3.32.(a) The number of tangents €ois p + 1.
(b) The number of chords ®is AZZH,

(c) The number of external lines €ois Ap(p—;”.

Proof.
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Definition 3.33. A point of P, (p) not onC is calledexternalif it lies on 2 tangents
to C andinternal if it lies on no tangents tG.

An External Point

An Internal Point
Theorem 3.34.Let P be a point ofP,(p) not onC. Then the lineX M PT = 0 is

external toC if and only if P is an internal point.

Proof.
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]
Theorem 3.35.(a) The number of external pointsds?Z™.
(b) The number of internal points B@.
Proof. This follows immediately from Theorems 3.32 and 3.34. O

Example 3.36.Given a non-singular coni€ in P,(p), prove that each external
line containgp + 1)/2 internal points andp + 1)/2 external points.

Solution.
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1.5

1.6
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MAS3210 Geometries and Designs

Assignment Exercises

1
Show that there is no 2 — (24, 4, 2) design.

Show that there is no 2 — (46, 26, 5) design.

The University is setting up a new School of Meta-Psycho-Philosophy with a brand
new degree programme of the same name. The School will offer 10 30-credit modules
at Stage 3, of which each student must select 4. It so happens that no two students
make the same module selections. Further, for each pair of modules on offer, there
are exactly two students taking both. How many students are there in the class?
Show that each module is taken by the same number of students and determine this
number.

Show that for any 2 — (v, k, A) design, A < (Z:;) Prove that the design is trivial if
and only if A = (Zj)

Suppose that (X,9) is a 2 — (8,3, \) design. Prove that A is divisible by 6. Using
an earlier question, show that A = 6 and that the design is trivial.

Suppose that (X,B) is a 2 — (12n + 3,4, \) design for some n € N. Prove that A is
divisible by 6.

Show that any 2 — (v, k, \) design with v <5 is trivial.
Prove Fisher’s Inequality for a 2 — (v, 4, \) design.

Suppose that (X, B) is a non-trivial 2 — (6, k, \) design. Prove that £k = 3 and A = 2.

k(k—1)
v—1 °

(a) Show that for any 2 — (v, k, \) design with v >k, A\ >

(b) Prove that if A =1 and v > k > 2, then v > 3k — 2. By considering separately
the cases k = 3 and k > 4, show that v > 4k — 3 except when k =3 and v = 7.

A boys club competes in a number of ‘tug-of-wars’, supplying a team for each tug.
Each boy is in 3 teams. The teams all have the same number (> 2) of boys. No two
teams are the same and any two boys pull together in 1 tug. Find the number of
boys and the size of each team.
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2
2.1 Show that if (X, ) is a symmetric design with A = 1, then it is a projective plane.

2.2 Find the value of v for:

(a) A symmetric 2 — (v, 14, 1) design;
(b) A symmetric 2 — (v, 5, 2) design.

2.3 For each of the following sets of parameters either give an example of a design with
these parameters or prove that no such design exists.

(a) 2 — (52,18,6) (a) 2 — (183,14,1)
(b) 2—(63,3,1) (b) 2—(9,6,5)
(c) 2—(21,6,1) (c) 2 —(225,3,1)

(d) 2—(65,3,1)
2.4 Show that there is no projective plane of order 22.
2.5 Show that there is a 2 — (8,4, 3) design having the additional property that
e Every 3 points lie together in exactly 1 block.
What does this additional property say about two rows of the incidence matrix?
2.6 Let X ={1,2,3,4,5} and let B be the set of blocks:
By ={1,2,4}, B, ={1,3,5}, B3 = {2,4,5}, B, = {2,3,4}, Bs = {3,4,5}, Bs = {1, 2, 3}.
Write down the incidence matrix A for (X, B) (with the given labelling) and calculate:
(a) AT A;
(b) det(ATA).

[Note: (X,) is not a design, but it is still a system of points and blocks for which
we can write down an incidence matrix.]

2.7 A real ale fan approaches you for advice on setting up a comparison of beers from
various breweries. Her idea is as follows:
(a) The various breweries have agreed to donate 46 barrels of different beers;

(b) The members of the Real Ale Society will each drink 10 pints of beer (each pint
a different brew), and given any two beers there will be exactly two students
drinking both;

(¢) No two members will drink the same selection of beers.
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What advice can you offer?

Suppose that, regardless of your mathematical advice, you persuade the real ale fan
that 10 pints is too much to drink (in the light of concern over student alcohol abuse).
If she now suggests that there be 11 barrels of beer and that each student drinks 5
pints, will her idea work? [Assume that there will now be fewer members taking
part.]

2.8 Suppose we are given numbers v, k, \, with r = 2= j — A=l

=1 k(k—1)
that &’ =v —k, N = b — 2r + . Show that:

both integers, and

_ AMv—k)(v—k—1)
(a) X'="=0—

(b) v— k' =k

Assuming that there exists a 2 — (v, k', \') design with &' blocks and with each point
in 7’ blocks, show that:

3.1 Without using the fact that two distinct points of E lie on a unique line, prove that:

(a) A pair of distinct non-parallel lines meets in a unique point of E.
(b) A pair of distinct parallel lines has no point of E in common.
3.2 (a) Determine whether or not (—2,1 + 3i,6 + i) and (—2 — 2, —2 + 44,5+ 7i) are
the same point in Py (C).
(b) Determine whether or not (5,2,4) and (4,6, 7) are the same point in Py(11).
(c¢) Find all the primes p such that (1,3,9) and (9, 1, 3) are the same point in Py(p).
Justify your answers.
3.3 (a) Find the equation of the line joining the points (1, 3,5) and (—2,1,6) in Py(R).

What are the co-ordinates of the points where this line meets the lines z =
0,y =0 and z = 0.

(b) Find the equation of the line in Py(C) that passes through the intersection of
the lines x+2y+32z = 0 and x+4y+62 = 0 and also contains the point (1,2, 3).

3.4 Find the number of triangles and quadrangles in Py(5).
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3.5 The diagram shows (some) distinct points and lines in Py(7). The point marked H
is the point (1,1,1). Find the co-ordinates of the points marked A — F'.

——1,0,0) [(3,0, 1) \(0,0,1) B

3.6 The diagram shows (some) distinct points and lines in Py(7). The point marked H
has co-ordinates (1,2,0). Find the co-ordinates of the points marked A — E and the
equations of the lines marked k and /.

— 4 ((1,0,0) N\ (1,1,2) D

3.7 A, B,C, D are distinct points with no three on a line in Py(K) with K # Z,. The
lines AB and C'D meet at U; AC and BD meet at V; UV meets AD and BC' in F
and G respectively; BF meets AC' at L. Prove that LG and C'F meet at a point of
AU.

3.8 A line lx + my + nz = 0 (with Imn # 0) meets the sides z =0, y = 0, z = 0 of the
triangle of reference XY Z in points A, B and C respectively. Y B meets ZC in P,
ZC meets XA in @Q and XA meets Y B in R. Prove that X P, Y@ and ZR meet in
a point K and find its co-ordinates.

3.9 In this figure, what result is obtained by applying Desargues’ Theorem to the triangles
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3.10

3.11

3.12

3.13

- /p \Q R\

State and prove the converse of Pappus’ Theorem without invoking the Principle of
Duality.

AQC and PBR?

In this question we assume that the points are as shown in the diagram; that is, they
are distinct from eachother and also from the intersection of lines M AN and BPC'. It
is further assumed that the field is C. Suppose that ABC'is a fixed triangle and that
M and N are fixed points on a line through A. Let P be any point on the line BC.
The line M P meets the AB in (). The line N P meets AC' in R. Show that, as P varies
on BC' the corresponding lines QR all pass through a certain fixed point. Identify
N
A

B P C

this point.

Triangles ABC' and PQR are in perspective from Oq; triangles PQR and UV W are
in perspective from O,; triangles UVW and ABC' are in perspective from Os. assume
that O, Oy and Oj are collinear. Show that any pair of the triangles APU, BQV,
CRW are in perspective with the centres of perspective lying on a line ¢ that is the
comon axis of perspective of any of the pair of the triangles ABC, PQR, UVW.

Let V, A, B,C, P,Q, R be the points in the statement of Desargues’ Theorem (and
that ABC and PQR are triangles in perspective from V). Assume that they are
distinct points and that AP, BQ) and C'R are distinct lines meeting at V. Suppose
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3.14

3.15

3.16

4.1

4.2

4.3

that the co-ordinates are chosen such that the points have co-ordinates (in the given
order):

(17 17 1)7 (17 07 0)7 (07 17 O)7 (07 07 1)7 (a7 17 1)7 (17/67 1)7 (17 ]‘77)
with «, 3,7 # 1. Prove that AQ, BR, C'P meet in a point if and only if AR, BP,CQ

meet in a point. [Hint: three distinct lines meet in a point if and only if the inter-
section of two of them lies on the third.]

Suppose that V, A, B,C, P,(Q, R are points as in Q ??7. Suppose that AQ, BR,CP
meet in a point U and that AR, BP, C'(Q meet in a point W. Prove that P,Q, R,V,U, W
are distinct and that PV, QU, RW meet in a point.

Suppose that we are considering points in Py(C). Let w = €2™/3; so w® = 1 and the
cube roots of unity are 1,w,w? Let S be the set of points (w?, —1,0), (0,w® —1),
(—1,0,w®) where a, b, c can each have one of the values 0, 1, 2.
(a) What is |S|?
(b) Show that (w?, —1,0) lies on the line joining (0, w® —1) to (—1,0,w®) if and only
ifa+b+cis0,3 or6.
(c) Show that the line joining any two lines of S contains a third point of S.
(d) Show that there 12 such lines.
(e) What kind of design do we get if we take S as the set of points and these 12
lines as blocks?

Use Theorem 2.30 to show that there exists an STS of order 9.

4
Let C be the conic in Py(C) given by
22+ %+ 22— day — 6yz + 4zx = 0.

Write down the matrix for C. Show that C is non-singular and find the equation of
the tangent to C at the point (2,1, 1).

Suppose that C is a non-singular conic in Py(K) with K # Z3 containing the points
P=(1,0,0),Q =(1,1,0) and R = (0,1, 1). Moreover the tangents at () and R meet
at the point U = (0,0, 1). Find the equation of C.

Let C be the conic in Py(3) given by
Py =0

Determine the co-ordinates of all the points A, B,C,D of C. Find also the co-
ordinates of the points L, M, N, where L is the intersection of AB,CD, M is the
intersection of AC, BD and N is the intersection of AD, BD. Let P = (1,1,0) (not
on C). Determine the number of points of C that lie on the line X M PT = 0, where
M is the matrix of C.
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4.4

4.5

4.6

4.7

4.8

4.9

Suppose that C is a non-singular conic with a given co-ordinate system and with
matrix M. Given any point A not on C, the line X M AT = 0 is called the polar line
of A. Conversely, a line ¢ that is not a tangent can be written X M AT = 0 for some
A not on C: the point A is called the pole of ¢ (and ¢ is then the polar line of A).

Suppose that P = (1,—1,0) and @ = (0, 1, —1) are points of Py(K) that do not lie on
C. Suppose further that the polar line of P meets C at (0,0, 1) and one other point,
and that the polar line of ) meets C at (1,0,0) and one other point. Assuming that
PQ@ is not a tangent and that its pole is (0,1, 0), find the equation of C.

The tangents to a nonsingular conic C at points A and B meet at a point C. PQ
is a chord of the conic which passes through C'. Draw the diagram. Prove that the
tangents at P and () meet at a point on the line AB.

P, @), R are 3 points on a nonsingular conic C. The tangents at () and R meet at a
point U; the tangents at R and P meet at V'; and the tangents at P and () meet at
W. Draw the diagram. Prove that the lines UP,V () and W R are concurrent.

Given a non-singular conic C in Py(p) (p odd), prove that each chord contains (p—1)/2
internal points and (p — 1)/2 external points together with 2 points of C.

P, Q, R, S are 4 points on a nonsingular conic C. Prove that the point of intersection
of the tangents at P and (), the point of intersection of lines PR and (.S and the
point of intersection of the lines PS andd QR are collinear. Draw the diagram.

A, B,U,V are 4 points on a nonsingular conic C. The tangents at A and B meet at
the point C; the tangents at U and V' meet at the point W. Show that the 6 points
A, B,C,U,V,W lie on a conic. Draw the diagram.
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2.2

MAS3210 Geometries and Designs

Problems Classes

1
Show that there is no 2 — (63,7, 1) design.

Show that there is no 2 — (81,17,4) design.
Prove Fisher’s Inequality for a 2 — (v,5, \) design: If v > 5, then b > v.

Show that if &k = v — 1, then the only 2 — (v, k, ) design is the trivial one. [Hint:
use the expression for r to get a lower bound for A and use this to show that b > v;
explain why in the case of a 2 — (v,v — 1, \) design it must happen that b < v.]

A wine merchant sends his price list to a number (> 1) of customers. On his list
there are 16 varieties of wine. Fach customer orders the same number of bottles of
wine and in each order no two bottles are the same variety. No two customers select
the same selection of varieties; each pair of varieties is ordered by just one customer.
Find the number of customers, given that there are fewer than 100. [You may assume
that if v > k, then b > v.]

2

For each of the following sets of parameters either give an example of a design with
these parameters or prove that no such design exists.

(a) 2 — (1023,3,1). (a) 2—(13,9,6)
(b) 2 — (34,12,4). (b) 2 —(1953,3,1)
(c) 2 —(133,12,1). (c) 2 —(15,12,22)
(d) 2—(91,21,2).

Show that there is a 2 — (11, 5,2) design. In this question (but not in general) you
may assume that each pair of blocks have exactly two points in common. An inci-
dence matrix has been partially created:
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L{1{1]1{1]0]0]00]0]O0
1{1{0]0(0[1]1]1/0]0]0
1{0{1]0(0[1]0]01]1]0
110{0]1(0[0]1]01]0]1
110{0]0(1[0]0]1|0]1]1
0/1{1]0]0
0/1{0]1]0
0/1{0]0]1
0/0[1]1]0
0/0(1]0]1
0/0(0]1]1
3

3.1 (a) Determine whether or not (3,2 + 4,5 — i) and (6 — 3i,5,11 — 7i) are the same
point in Py(C).

(b) Determine whether or not (4,2,6) and (5,6,4) are the same point in Py(7).

Justify your answer.

3.2 (a) Find the equation of the line joining the points (2, —3,4) and (1,7, —5) in Py(R).
What are the co-ordinates of the points where this line meets the lines z = y,y =
z and z = 27

(b) Find the equation of the line in P5(7) that passes through the intersection of the
lines z + 3y + z = 0 and = + 6y + 3z = 0 and also contains the point (2,2, 5).

3.3 Find the number of triangles in Po(7) (a triangle being a set of 3 non-collinear points).
3.4 Determine all the lines in Py(5) passing through the point (1,1, 1).

4

4.1 The diagram shows (some) distinct points and lines in P2(5). Find the co-ordinates
of the points marked A — H and the lines k, ¢, m.

AJD July 2009
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4.2

4.3

5.1

5.2

D is a point not on any side of a triangle ABC. The lines AD, BD,C'D meet
BC,CA, AB in points P, @, R respectively. A line ¢, distinct from any side of the
triangle PQ R meets its sides QR, RP, PQ in points L, M, N respectively. AL meets
BC in L*, BM meets CA in M*, and CN meets AB in N*. Prove that L*, M*, N*
lie on a line: draw a diagram.

Let A, B, C be distinct points on a line ¢ of Py(KK) with K # Zy. Let P be any point
not on ¢ and let () be a point on PC with Q) # P, C.

(a) (i) Show that if £ is the line z = 0 and if C' lies also on x = y, then C' = (1, 1, 0).

(ii) Show that a co-ordinate system may be chosen so that A = (1,0,0), B =
(0,1,0) and C' = (1,1, 0) without specifying co-ordinates for P and Q.

(b) Let S be the intersection of AQ and BP. Let T be the intersection of AP and
BQ. Let D be the intersection of ST and ¢. Show that D is independent of the
choices of P and ). The point D is called the harmonic conjugate of C with
respect to A and B, it does not depend on the co-ordinate system.

(c) Let G be the point (1,6,0) with 6 # 0. Find the harmonic conjugate of G.
(d) Find the harmonic conjugate of A with respect to C' and D.

5
Let C be the conic in Py(C) given by

2? —y® + 22+ 2yz + 220 = 0.

Write down the matrix for C. Show that C is non-singular (i.e., non-degenerate) and
find the equation of the tangent to C at the point (1,1,0).

Suppose that C is a non-singular conic containing the points P = (1,1,0), Q =
(0,1,1) and R = (0,1, —1). Moreover the tangents at P and ) meet at the point
U =(1,1,1). Find the equation of C.

AJD July 2009
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5.3

5.4

Suppose that A, B are distinct points on a non-singular conic C in Py(C) and that
the tangents at A and B meet at C'. Suppose that D is a point on AC' distinct from
A, C and that E is a point on BC distinct from B, C. Let F' be the second point of
BD on C (B being the first) and let G be the second point of AE on C (A being the
first). Let X be the intersection of AE and BD. Let Y be the intersection of AF and
BG. Show that C) X, Y are collinear. If F' # G, show that the lines AB, DE, F'G

are concurrent.

Suppose that C is a non-singular conic in Py(K). Suppose that A is the intersec-
tion of tangents to C at points M; and M,. Let N; be a third point on C and
suppose that B is the intersection of M;M; with the tangent at N;. Let Ny be the
other point of C whose tangent passes through B. Prove that N; N, passes through A.

Suppose that C is the intersection of M;Ms; and N;N,. Finally suppose that D is
the intersection of AM; and BN;. Take A, B, C as the triangle of reference and D
as the unit point. Find the equation of C.

AJD July 2009
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SECTION A

A1. For each of the following sets of parameters either give an example of a
design with these parameters or prove that no such design exists.

(a) 2 — (361,57,7).
(

b) 2 — (307,18, 1).
(c) 2 — (70,24, 10).
(d) 2 — (106, 15, 2).

[18 marks]

A2. Find all the primes p such that (1,7,11) and (7,11, 1) are the same point

in Py(p).
[4 marks]

A3. The following diagram shows some points and lines in Py(5). Find the
co-ordinates of the points marked A, B and C and the equation of the

line marked k.

(0,0,1)

[8 marks]

Page 2 of 6
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A4. Suppose that C is a non-singular conic in Py(p) for some odd prime p,
containing the points P = (1,0,0), @ = (0,0,1) and R = (1,—1,0).
Moreover the tangents at P and @) meet at the point "= (0,1,1). Find

the equation of C.
[10 marks]

Page 3 of 6
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SECTION B

B5. (a) In the context of designs, what is meant by a projective plane? Show
that a projective plane is a symmetric design with an odd number
of points.

(b) Suppose that the design (X, B) is a projective plane. Select a par-
ticular block B € B and let
Y=X\B, andD={B'NY: B €B, B+ B}.

Prove that (Y, D) is a 2 — (n? n, 1) design for some n.

(c¢) Prove that there is no projective plane of order 22. [You may assume
that if there exists a symmetric 2 — (v, k, \) design with v odd, then
the equation

72 = (k _ )\)y2 + (_1)(1)—1)/2)\22

has a solution in integers x, y, z not all 0.]

[30 marks]
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B6. (a) Suppose that P = (x1,y1, 21) and @ = (x2, yo, 22) are distinct points
of Py(p).

(i) Consider the points Q and P+ A\Q = (x1+ Axa, y1 + Aya, 21+ A2o)
arising from all possible choices of A € Z,. Prove that these
points lie on the line P() and that they are distinct.

(ii) Show that each point on the line PQ) can be written in the form
Q or P+ AQ) for some \ € Z,,.

(iii) Prove that PQ consists of all points of the form aP + 5@ with
(a, 8) # (0,0).

(b) Suppose that V' = (1,1,1), A= (1,0,0), B=(0,1,0), C =(0,0,1),
and D = (1,—1,1) are points in Py(p) (with p odd), and that T =
(1, a, 1) for some fixed number « distinct from 1 and —1. Let P and
@ be the intersections of VC with AD and AT respectively. Let
R and S be the intersections of VA with C'D and CT respectively.
Prove that PR, S and AC are concurrent.

[30 marks|
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B7. (a) Let C be the non-singular conic y*> = zx in Py(K). Prove that the
points on C are precisely the points of the form

(1,0,0) and (62,6,1)

where 0 € K.
(b) Prove that the tangent to C at the point (62,6, 1) has equation

T — 20y + 0%z =0

and that the tangent at the point (1,0,0) has equation z = 0.

(c) Now assume that K = Zs (i.e., C is the non-singular conic 3> = 2z
in Py(5)). Let A, B, C and F be the points (1,0, 0), (0,0, 1), (0,1,0)
and (1,0, 1) respectively. Find the co-ordinates of the points P and
@ on C whose tangents pass through F. Let £ be the tangent to C at
P and m the tangent at (), and let .S and 71" be the intersections of
¢ and m with the tangents at A and B respectively. Show that AQ,
BP, CF and ST are concurrent. [Note: when finding the two points
on C whose tangents pass through F', it does not matter which way
you label them as P and Q.]

[30 marks|

THE END

Page 6 of 6
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2008 Exam Solutions

Section A

Al. For each of the following sets of parameters either give an example of a
design with these parameters or prove that no such design exists.

(a)

2 (361,57,7).
ANSWER: [6 MARKS] If such a design exists, then it has b

blocks and each point lies in 7 blocks, where

b:)\v(v—l)’ r:)\(v—l).

Kk — 1) k—1)

Here 7 x 361 x 360
X X
= =9
b 57 x 56 85
and 7 x 360
_ _ 45,
" 56

Such a design satisfies v > k, so by Fisher’s Inequality it would
follow that b > v. The fact that here b < v shows that no design
with these parameters can exist.

2 — (307,18, 1).

ANSWER: [3 MARKS] Such a design would be a 2 — (172 +
17+ 1,17+ 1,1) design. Since 17 is a prime, such a design does
exist (a projective plane of order 17).

2 — (70,24, 10).
ANSWER: [3 MARKS] If such a design exists, then it has b
blocks, where

b — (v —1)
Kk—1)
Here
B 10><70><69_ 175
T 24x23 2
135

and - ¢ N.We conclude that no design with these parameters

can exist.
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A2.

A3.

(d) 2 —(106,15,2).
ANSWER: [6 MARKS] If such a design exists, then it has b
blocks and each point lies in r blocks, where

(v —1) r_)\(v—l)

b= _ .
Kk—1) (k—1)
Here 2 % 106 x 105
p— 22X 06
15 x 14
and 2 x 105
X
r = = 15.
14

Such a design satisfies b = v so would be symmetric. It also has v
even so that necessarily k — X is a perfect square. Here, however,
k — XA = 13 which is not a perfect square. We conclude that no
design with these parameters can exist.

Find all the primes p such that (1,7,11) and (7,11, 1) are the same point
in Py(p).

ANSWER: If (1,7,11) and (7,11, 1) are the same point in Py(p), then
(7,11,1) = A(1,7,11) for some A € Z,. This happens precisely when
there exists a solution in A to the simultaneous equations:

T=)\ 11=7\ 1=11),

ie, if A = 7 and 11 = 49, 1 = 77. This happens precisely when
38 =76 =01in Z,, i.e., when p = 2 or 19.

The following diagram shows some points and lines in Py(5). Find the
co-ordinates of the points marked A, B and C' and the equation of the
line marked k.

AJD July 2009
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A4

-

(0,0,1)

ANSWER: The points (1,0,0) and (0, 1, 3) lie on the line z = 3y. The
points (0,0,1) and (1,1,0) lie on the line z = y. A is the intersection of
these two lines so has z = 3y = 3z, s0 A = (1, 1,3).

The points (1,0,0) and 1,1,0) lie on the line z = 0. The points (0, 1, 3)

and (0,0, 1) lie on the line x = 0. B is the intersection of these two lines
so has co-ordinates (0, 1,0).

The line AB has equation z = 3x. The points (1,0,0) and (0,0, 1) lie
on the line y = 0. The point C' is the intersection of these two lines, so
has co-ordinates (1,0, 3).

The equation of k£ can be found by the determinental formula

=0,

—_ =8
O~
W O W

ie, .3 —y3+2(-1)=0,1ie., 3z —3y — 2z =0, or by inspection.

Suppose that C is a non-singular conic in Py(p) for some odd prime p,
containing the points P = (1,0,0), @ = (0,0,1) and R = (1,—1,0).
Moreover the tangents at P and @) meet at the point 7= (0,1, 1). Find
the equation of C.

AJD July 2009
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ANSWER: Let the conic have equation ax?+by?+ c2? +2fxy +2gyz+
2hzx = 0.

e P =(1,0,0) lies on the conic so a = 0.
e () =(0,0,1) lies on the conic so ¢ = 0.
e R=(1,—1,0) lies on the conic so b —2f = 0.

We deduce that b = 2f. Hence the equation of the conic reduces to

0 f h
2fy? +2fxy +2gyz + 2hzx = 0 and the matrixis M = | f 2f g¢
h g 0

The tangent at P is given by XMPT = 0, i.e., (z,y,2)(0, f,h)T = 0,
ie., fy +hz = 0. The tangent at Q is given by XMQT = 0, i.e.,
(2,9,2)(h,g,0)T =0, i.e., hw + gy = 0. If T lies on both of these, then

f+h=0and g=0.

Therefore a =b =g =0, h = —f, b= 2f and the conic is 2fy>+2fzy —
2fzx =0, i.e., y> + xy — zz = 0. (Non-singular implies f # 0.)

Section B

Bl1.

(a) In the context of designs, what is meant by a projective plane?
Show that a projective plane is a symmetric design with an odd
number of points.

ANSWER: [6 MARKS, bookwork] A projective plane is a 2 —

(n?+n+1,n+ 1,1) design for some n. We calculate

_do-—1) (n®> +n+1)(n*+n)

b= (n+ 1)n

=n’+n+1

so a projective plane is symmetric. Furthermore n? +n + 1 =
(n+1)n+ 1 with (n+ 1)n necessarily even. Therefore a projective
plane has an odd number of points.

(b) Suppose that the design (X, B) is a projective plane. Select a par-
ticular block B € B and let

Y=X\B, andD={B'NY: B €B, B+ B}.

Prove that (Y, D) is a 2 — (n?,n, 1) design for some n.
ANSWER: [9 MARKS, bookwork] X is a2—(n?*+n+1,n+1,1)

AJD July 2009



MAS3210 Exam Solutions 5

design for some n. Given that we have a symmetric design, any two
distinct blocks meet in A = 1 points. Thus for any B’ € B with
B’ # B we have |B'NB| = 1. It follows that |B'NY| = (n+1)—1 =
n. Thus D is a non-empty collection of n—subsets of Y. Any 2-
subset T of Y is a 2-subset of X, so lies in a unique member B’ of
B. Now B’ # B (since B contains no points of Y) and T lies in
B'NY. Hence each 2-subset of Y lies in exactly 1 member of D. Y
has (n? +n+1) — (n+ 1) = n? points, so (Y,D) is a 2 — (n?,n, 1)
design.

Prove that there is no projective plane of order 22. [You may

assume that if there exists a symmetric 2 — (v, k, A) design with v
odd, then the equation

ZL‘Q — (k’ o )\)yZ + (_1)(1)—1)/2)\22

has a solution in integers z,y, z not all 0.]

ANSWER: [15 MARKS, similar to homework example] A
projective plane of order 22 would be a (symmetric) 2 — (507,23, 1)
design. By the given Theorem, if there exists a 2 — (507,23, 1)
design, then the equation

2% = (23 — 1)y? + (—1)P7D/2 5 1 x 22

has a solution in integers z,y, z not all 0. The equation simplifies
to % = 22y* — 2. (5 marks)

Assuming that there is a solution with z,y, z not all 0, x cannot
be 0 (because if x = 0, then we would have a solution in integers
y, 7, not both 0, to the equation z? = 22y2, which is impossible
since v/22 is irrational), so we can select a solution: = = xg,y =
Yo, 2 = 2o not all 0, for which |z| has its smallest possible value.
Then 22 + 22 = 22y2 = 0 (mod 11). If we consider the squares
(mod 11):

0°2=0,12=1,22=4,3=9,42=16=5,5=25=3

6°=36=3,7"=49=5,8"=64=9,92=81=4,10>=100=1
we see that the only way in which 23 + 23 can be 0 (mod 11) is
if 11)1‘0 and 11‘20. Then 112):103 + 22 = 22y so 11)23/3 and (given

that 11 is prime) 11’90- Now (x9/11)% + (29/11)* = 22(yo/11)?, s0

AJD July 2009
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x = x/11,y = yo/11,z = zy/11 is also a solution in integers, not
all 0. But |x¢/11| < |zo| which is a contradiction to the choice of
xo with |xg| as small as possible. This contradiction tells us that
there can be no 2 — (507,23, 1) design. (10 marks)

B2. (a) Suppose that P = (z1,y1, 21) and Q = (22, ¥z, 22) are distinct points
of Py(p).

i. Consider the points @ and P+AQ = (z1+Axa, y1+Ay2, 21+ A29)
arising from all possible choices of A € Z,. Prove that these
points lie on the line P() and that they are distinct.

ii. Show that each point on the line P@Q can be written in the
form @ or P + AQ for some \ € Z,,.

iii. Prove that P() consists of all points of the form aP + Q) with
(a, B) # (0,0).
ANSWER: [15 MARKS, bookwork slightly reformulated)]

i. Since P and @) are distinct, neither of (z1,y1, 21), (%2, Y2, 22) 18
a scalar multiple of the other. Observe that

T1+AT2 Y1+ Ay 2+ Az A | 0 0 O
T (0 Z =|lx1 1 21 |=|x1 n 2 |=0
T2 Yo 22 T Y2 Z2 T2 Y2 22

(first subtracting A Row 3 from Row 1, then Row 2 from Row
1). Thus each of the p + 1 points P + AQ together with @ lies
on the line PQ. Next observe that these points are distinct,
for if

(@1 4+ Azo, Y1 + Ay, 21 + A22) = @1 + pxe, y1 + pys, 21 + [122),

then
(1 —a)(x1,y1,21) = (ap — A)(22, Y2, 22)

which can only happen if « =1 and g = A. Similarly if
(21 + Az2, Y1 + Ao, 21 + Azo) = (T2, Y2, 22),

then
(1,91, 21) = (@ = A) (22, 2, 22)
which can’t happen at all. (10 marks)

ii. There are exactly p+1 points on P(Q) so these must be precisely
the p points P + AQ together with Q. (2 marks)

AJD July 2009
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iii. Now scalar multiples of P+ AQ have the form P+ 3(Q). More-
over a P+ Q) is the same point as P+ (f/a)Q if & # 0 and as Q)
if @ = 0. Hence PQ consists of all P + Q) (with repetitions).
(3 marks)

(b) Suppose that V = (1,1,1), A = (1,0,0), B = (0,1,0), C' = (0,0, 1),
and D = (1,—1,1) are points in Py(p) (with p odd), and that
T = (1,,1) for some fixed number « distinct from 1 and —1. Let
P and @ be the intersections of VC with AD and AT respectively.
Let R and S be the intersections of VA with C'D and C'T respec-
tively. Prove that PR, QS and AC' are concurrent.

ANSWER: [15 MARKS, Unseen, though similar exam-
ples will have been seen] V(' has equation z = y and AD has
equation z = —y. Therefore P = (1,1, —1).

AT has equation y = oz so meets VC at Q = (o, a, 1).

Similarly V' A has equation y = z and C'D has equation z = —y.
Therefore R = (—1,1,1). CT has equation y = ax so meets VA at
S=(1,a,a). (6 marks)

PR has equation

y Zz
1 1 —1]=0,
11 1

ie, 2.2 —y0+4+ 22 =0, ie, 2x + 2z = 0, ie, z = —z (or by
inspection).

(@)S has equation
r 'y
e
1 «

ie, z.(a® —a) —y.(a® = 1) + z.(a* — a) = 0. Given that a # 1,
this equation may be simplified to az — (o + 1)y + az = 0.

The lines z = —x and ax — (+1)y+az = 0 meet where (a+1)y =
0,s0 y =0 and z = —x. Hence the intersection is (1,0, —1). This

point lies on AC' because it can be expressed (1,0,0) — (0,0, 1).
Hence PR, QS and AC are concurrent. (9 marks)

AJD July 2009
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B3.

(a)

Let C be the non-singular conic y? = zz in Po(K). Prove that the
points on C are precisely the points of the form

(1,0,0) and (6%,6,1)

where 6 € K.

ANSWER: [T MARKS (changed from 8), bookwork] Ob-
serve that all the given points lie on the conic. Suppose that
P = (p,q,r) lies on the conic, so ¢*> = pr. If r =0, then ¢*> = p x 0
so ¢ = 0 and the point is (p,0,0), equivalently (1,0,0).

If r # 0, then we can write P = (¢,60,1), where ¢ = p/r,0 = q/r.

Then
2

q pr _p
02 = = - = — = .
2 oo ¢
Hence P = (0%6,1). Therefore all points on the conic have the
given form.

Prove that the tangent to C at the point (62,0,1) has equation
T —20y+ 622 =0

and that the tangent at the point (1,0,0) has equation z = 0.

ANSWER: [8 MARKS (changed from 9), bookwork] For
the sake of tidiness, note that we can write the equation of C as
29y — 2z = 0. The matrix M of C can then be written M =
0 0 -1
0 2 0 |. The tangent at (1,0,0) has equation

-1 0 0
0 0 -1 1 0
(,y,2) 0 2 0 0 | =0,ie, (z,y,2) 0 =0,
-1 0 0 0 1

in other words, z = 0.
The tangent at (62,6, 1) has equation

0 0 -1 62 -1
(x,y, 2) 0 2 0 0 =0, ie., (z,v,2) 20 =0,
-1 0 0 1 —6?

in other words, —x 4 20y — 0?2z = 0, equivalently x — 20y + 0%z = 0.
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(c) Now assume that K = Zs (i.e., C is the non-singular conic y* = zz
in Py(5)). Let A, B, C' and F’ be the points (1,0,0), (0,0,1), (0,1,0)
and (1,0, 1) respectively. Find the co-ordinates of the points P and
@ on C whose tangents pass through F. Let ¢ be the tangent to C
at P and m the tangent at ), and let S and T be the intersections
of ¢ and m with the tangents at A and B respectively. Show that
AQ, BP, CF and ST are concurrent. [Note: when finding the two
points on C whose tangents pass through F', it does not matter
which way you label them as P and @]

ANSWER: [15 MARKS (changed from 13), Unseen, al-
though problems of this nature will have been encoun-
tered]The tangent at A has equation z = 0. Clearly this line
does not pass through F. The tangent at the point (62,6,1) has
equation z — 20y + 6%z = 0 and this passes through F precisely
when 1+ 602 =0, i.e., # = 2 or 3. Hence P and () are the points
(—1,2,1) and (—1,3,1) (in some order). We take P = (—1,2,1)
and @ = (—1,3,1). (4 marks)

¢ has equation x +y— 2z = 0 and m has equation z —y — 2 = 0. The
tangents at A and B have equations z = 0 and x = 0 respectively.
Thus S = (1,—1,0) and 7' = (0,1, —1). (4 marks, changed from 3)

By inspection AQ has equation y = 3z and BP has equation
y = —2x = 3z. These lines meet at the point (1,3,1). The line
CF has equation x = z so also passes through (1,3,1). (4 marks,
changed from 3)

The line ST includes the point given by (1,—1,0) — (0,1,—1) =
(1,—2,1) = (1,3,1). Hence AQ, BP, CF and ST are concurrent.
(3 marks)

[ALTERNATIVE SOLUTION. If a candidate chooses P = (—1, 3, 1)
and @ = (—1,2,1), then:

¢ has equation x —y — z = 0 and m has equation z+y—2z = 0. The
tangents at A and B have equations z = 0 and x = 0 respectively.
Thus S = (1,1,0) and T'= (0,1, 1).

By inspection AQ) has equation y = 2z and BP has equation y =
—3z = 2z. These lines meet at the point (1,2, 1). The line C'F has
equation x = z so also passes through (1,2, 1).
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The line ST includes the point given by (1,1,0)4(0,1,1) = (1,2, 1).
Hence AQ, BP, CF and ST are concurrent.|
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