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The Free Group|

[ : free group of finite rank.

For f € ¢2(IN), g € ¢1(IN), let

p(g)f = f*g.
Then

(| < llgll1-

U. Haagerup (1979) proved the inequality (H):

if suppg C{x €Tl :|z| =n} then

lp(g)]] < (n+ 1)|lgll2.



Geometryl

[ acts on a tree :

The figure illustrates ' = {(a, b), a free group of rank 2.

Vertices : elements x €T

Edges : . 5 o s € {a, a=1 b, b—l}.
Xr IS



[ acts on the left (preserving the tree structure).
If x,y € [ then:

e <z lylabels the edges between z and y;

o d(z,y) =z 1y|

p—1 b ~a1

y=zab~laba—1

Proof of inequality (H) — geometric version.

Fix n and note that

(p(9)dz, 8y) = g(x™ ).



(1) Fix a boundary point w:

Define T(™) : ¢2(I") — £2(I") by

(T 5y, 6,) = {g(xly) d(z,z) =m, d(y,z) =n—m
otherwise.

Must show ||T(m)|| < 1lgllo.



(2) If z €T, let H, C ¢2(I") be the span of §; such that

x‘\m.
w

Z

and K, C £2(I")) the span of §, such that

Yy

Then (2(MN =@, H, =@, K. and

z

where Tz(m) - H, — K.

Must show |78 < |9l



(3) Fix m and z. Then Tz(m) has matrix coefficients

In the diagram

r~ 1y determines z and y. Therefore
1™ < 78 s
1
= (Z |04y,:v|2)2

< [lgll2-



Corollary. (Rapid Decay) If g: I — C has finite support then

2
[p(g)]l <2 (Z g(x)|*(1 + |£B|)4) :
xel

U.Haagerup used Rapid Decay to prove that Cj(I") has the Metric
Approximation Property, despite being non-nuclear.

How to generalise this?
A free group is a lattice in SL>(Qp,) and acts on a tree.

A lattice ' < SL3(Qp) acts on a building.



The building of SL3(Qp)I

A simply connected simplicial complex A, dimA = 2.

Each edge lies on p + 1 triangles. p=2

A is a union of apartments: flat subcomplexes isomorphic to a
tessellation of R? by equilateral triangles.




Theorem. A lattice ' < SL3(Qp) has Rapid Decay.

(J Ramagge, G Robertson, T Steger — 1998)

The proof involves reducing to the case where [ is torsion free and
proving a version of inequality (H), by decomposing

p(9) =) Tp
D
I y
according to possible diagrams a »
xr

where arrows point towards a fixed boundary point of the building.

Tree diagram: T e o oy



V. Lafforgue used this geometric method to prove Rapid Decay for a
cocompact lattice ' < SL3(R),SL3(C). Consequently :

Theorem. (Lafforgue) The Baum-Connes conjecture is true for any
cocompact lattice ' < SL3(F), where F is a local field.

Remark. Haagerup's proof of MAP fails, because =z — |z| is not
negative definite.

What about SL4?|



Underlying obstruction to generalising the method:

An apartment in the building of SL4(Qp) is an Az Coxeter complex:

Fundamental simplex:

Dihedral angles:

NS
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