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CuNTZ-KRIEGER ALGEBRAS

The Cuntz-Krieger algebra 04 associated with a nondegenerate
n x n matrix A with entries in {0,1} is the universal C*-algebra
generated by partial isometries s3, - - - , s, satisfying

si5{ + -+ sps, =1 (1a)

sisi= Y _A(i.j)sis (1b)
j=1

O, is simple if and only if the matrix A is irreducible and not a
permutation matrix.



K-THEORY

Murray—von Neumann equivalence of projections.

If p, g are projections in a C*-algebra 2, say that p ~ q if and only
if p=s*s and g = ss* for some s € 2.

Suppose that 2 is a purely infinite C*-algebra with unit. Then

GENERAL FacT: CunTz 1981
e Ko(2) = {[p] : pis a nonzero projection in A}
addition : [p] +[q] = [p+q]. if pg=0,
zero element : [p— p'], where p~p/ <p.
o Ki(RA) = U(A)/Up ()
where Up(2l) is the connected component of 1.



COMPUTATION OF K,(Oa)

The matrix A defines a homomorphism Z" — Z".

THEOREM
Ko(Oa) = Z" /(I — AYZ"; K1(Oa) = ker(l — AY).
o Simple C-K algebras are classified up to stable isomorphism by

their Ko-group.

@ The K-theory of a C-K algebra O can be characterized as
follows:

Ko(On) = (finite abelian group) @ Z%; Ki(0,4) = Zk.

@ The simple algebras O4 are classified up to isomorphism by
the group Ko(Opa) together with the class [1] € Ko(Oa).



EXAMPLE: BOUNDARY ACTION OF FREE GROUP OF
RANK 2

I = (a, b) has a Cayley graph T, with vertex set ' and edges
s

X

where s € S = {a, a1l b, b‘l}

XS

o T is a tree

o Iacts on T (by left multiplication)



i al 1 a a|
| I




A boundary point w € 9T is :

@ An equivalence class of semi-geodesics

T
/

@ A semi-geodesic with origin 1

e

@ An infinite reduced word
W= Wwiwows...

where w; € S



Forw=wy...w, el — {1}, let
t(w)=we €S
Q(w) : all infinite words beginning with w

Q(w) is a basic open set for a totally disconnected compact
topology on OT.
Denote by py = 1g(,) € C(R) the characteristic function of Q(w).



The boundary is partitioned into four parts according to the four
possible initial letters of w € Q.




I actson C(OT) :
HF)(w) = (v w)
Study the action (I,0T) by forming the crossed product
C*-algebra :
Ar = C(OT) x T = CHC(OT)UT; (f) =~vfy71)

Here
C(OT) C Ar an abelian subalgebra
rcC Ar a group of unitaries



If u,v €T and t(u) = t(v), define

Suv =7py € C(Q) x T

where v = uv™1,

Covariance implies that yp, = p,7, so that s, , is a partial
isometry with initial projection p, and final projection p,,.

Let A= C*{sy\; u,verl, t(u)=t(v)} CC(Q) =xT. Then
A=C(Q)xT.

Reason: A contains C(2), since it contains {p,, ; w € '}, which
generates C(Q2). Also each element u € T lies in A, since

u= Z upx = Z Sux,x-

Ix|=lul+1 Ix|=lul+1



A 1S5 A C-K ALGEBRA.
Proof. For each x € S let

Ix = E Sxy,y =

yES; xy|=2
Then
Ihy = E
y€S; |xy|=2
*
e = E py =
Y€S; Ixy|=2
Also

Z XPy .

YES; [xy|=2

Pxy = Px;

*
E ryry.

yeS; [xy|=2

errj:ZpX:I.

x€S x€eS

Therefore {r,; x € S} satisfies the C-

K relations (1).



For u,v € T with t(u) = t(v), write

Fy = ry©)fu() -« (u) = Z Suy,y-
y€S; luy|=|ul+1

Then ryr; =s,, . Hence A is generated by {r;x € S}.

It follows that C(Q2) x ' = A = Oa, where

R R O
= = = O
O R M= =
R O~ B~



GENERALIZATION

Fact

A group which acts regularly on the vertices of a tree T has the
form [ = Z*™ x (Zy)*", where T has degree g = 2m + n.

THEOREM
C(OT) xT isa C-K algebra.

EXERCISE
If ' =Zx7Zp then Ar = C(OT) x I =2 Op where

1 01
A=(0 11
110

and Ko(.Ar) = Kl(.Ar) = Z, with [1] =0.
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HIGHER RANK CUNTZ-KRIEGER ALGEBRAS

NOTATION
@ 7 is the set of nonnegative integers.
o [mn]={m m+1,... n}, where m < n are integers.
elfmneZ', m<niftmp<njforl1<;<r.
o If m< n,let [m,n] =[my,m]x---x[m,n].
e Fix a finite set A (an alphabet).
A {0,1}-matrix is a matrix with entries in {0,1}.



r-DIMENSIONAL WORDS
Choose nonzero {0, 1}-matrices My, My, ..., M, with elements
M;(b,a) € {0,1},a,b € A.
If m,ne€ Z" with m < n, let
W[m,n] = {W : [mv n] — A; MJ(W(I+eJ)a W(/)) =1, | H_ej < [m, n]}
(& is the standard unit basis vector.)

Let W,, = W[O,m] ifm>0= (0,0,...,0).

Identify A with Wy and define the initial and final maps
o:W,—Aandt: W, — A
by
o(w) = w(0) and t(w) = w(m).



Representation of a two dimensional word of shape
m = (5,2).
w(5,2) = t(w)

w(5,1)

o(w) = w(0,0)

Say that w € Wy, has shape m, and write o(w) = m.



DECORATED AND PERIODIC WORDS

Fix a finite or countable set of decorations D # ().

Fix a decorating map 6 : D — A.
o The set of decorated words of shape m is
Wm={(d,w) € D x Wy, o(w)=4(d)}.
o Identify D with Wy via d — (d,d(d)).
o W:=UJ,, Wnand W:=J,, Wpn.
e o(d,w) :=d, t(d,w) = t(w) and o((d, w)) := a(w).



o lfj<k<I<mandw:[j,m| — A, define w|; ;€ W, _x by
Wl = v’

where w/(i) = ( k) for 0 <i</[—k.

o Ifw=(d,w)e define

Wik = Wl € Wik if k #0,
and Wl = (d, wlpg) € W)

o If we W, and k € Z", define 7w : [k, k + 1] — A by
(rew)(k +Jj) = w())-

o If w e W, where | > 0 and if p # 0, say that w is p-periodic
if T,w satisfies

TpW’[O,/]m[p,er/] = W‘[o,l]m[p,p+l]-



FUNDAMENTAL HYPOTHESES

Assume that the following conditions hold.

(HO) Each M; is a nonzero {0, 1}-matrix.

(H1) Let u € Wp, and v € W,. If t(u) = o(v) then there
exists a unique w € Wy, such that

W|[0,m] =u and W|[m,m+n] = V.

Write w = uv and say that the product uv exists.

(H2) Consider the directed graph with vertex set A and a
directed edge from a to b for each i such that
M;(b, a) = 1. This graph is irreducible.

(H3) Let pe Z", p # 0. There exists some w € W which
is not p-periodic.



ConDITION (H2)

For each a, b € A there exists a directed path




Condition (H1) holds if the matrices M;, 1 < i < r satisfy the
following three conditions.

(HlA) M,‘Mj = MJM,'.
(H1B) For i < j, MiM; is a {0, 1}-matrix.
(Hlc) Fori < j < k, MiM;M is a {0, 1}-matrix.



THE HIGHER RANK C-K ALGEBRA A

DEFINITION

The C*-algebra A (or Ap) is the universal C*-algebra generated
by a family of partial isometries {s, ,; u,v € W and t(u) = t(v)}
satisfying the relations

Su,v* = Svu (23)
SuvSv,w = Suw (2b)
Suyv = Z Suw,vw for 1 S./ <r (2C)

weW,;o(w)=¢j,

o(w)=t(u)=t(v)
suuSvy = 0, foru,ve Wy, u#v. (2d)



EXAMPLE
Ifr=1 M=M;, D=Aand § = id, then A= Op.

PROOF.
O is generated by {S,; a € A} satisfying

SiS. = M(b,a)SsS;.
b
Ifue W,let S, = Su(o)Su(l) . St(u)- If v e W with t(u) = t(v),
define S, , = 5,5;. The map
Su,v Su,v

establishes an isomorphism of A with Op:. The inverse is given by

Sat> > Sabb

M(b,a)=1

O



EXAMPLE
If A1, Ao are rank one C-K algebras, then A; ® A5 is the rank two
C-K algebra.

In obvious notation, the alphabet is A; X A, and the of matrices
are My @ 1,1 @ M.



THEOREM

The C*-algebra A is purely infinite, simple and nuclear. Any
nontrivial C*-algebra with generators S, , satisfying relations (2) is
isomorphic to A via a unique *-isomorphism ¢ such that

¢(5u,v) - Su,v-

Suppose that D is finite. Then ZUGWO Su,u is an identity for A.
Therefore A is a p.i.s.u.n. C*-algebra. It also satisfies the
Universal Coefficient Theorem. By the Classification Theorem of
Kirchberg-Phillips, A is classified by its K-groups and the class of
the identity in Kjp.



STABILIZATION

LEMMA

Given a decoration § : D — A, define another decoration
8 :DxN:— Abyd((d,i))=4d(d). Then

Apxn = Ap @ K.

PROOF.
If u,v € W, the isomorphism is given by

S((di)u)((d")v) T S(dou)(d"v) D €ifs

where the ej; are matrix units for K.

REMARK
Similarly, Apy{1.2,...., is isomorphic to Ap @ M,.



CORNERS

LEMMA
Let D' C D, ' =0|pr and e =",/ Saa. Then

Apr Z eApe

Proor
The generators of Ap satisfy

H /
es, e — suyv if o(u),o(v) € D,
' 0 otherwise.

The claim follows by uniqueness of Ap:.



CONSEQUENCES - AFTER CONSIDERABLE WORK

o For a fixed alphabet A and fixed transition matrices M;, the
isomorphism class of Ap ® K is independent of D.

e Ap @ K= F x 7", where F is an AF algebra.



DECORATED RANK ONE EXAMPLES

A finite connected graph X, with all vertices of degree > 2. The
universal covering tree A has boundary 0A.

1 aA




EXAMPLE

Q|

The alphabet A is

{a7 57 b’ E’ C? E’ d’ H}

T

——



I = F3 acts freely on A and on JA.

The decorating set D is {a, b,c,d} and 6 : D — A is inclusion.
M(y, x) =1 < the path xy has length 2 in X (i.e. a simple loop).

THEOREM
A = Ap is a rank-1 CK-algebra and

a=>Y Mla, b)b>

beA

Ko(A) = <A

This is easily computed from the graph X.



Example: [ = F3

generators : {a,3, b, b,c,<,d,d}

8 relations : A
a = b+4c+d Q
= b+c+d

Y]
|

THEOREM

o Ko(A)=7Z"®Z,—1, where r is the rank of T.
e The class [1] € Ko(.A) has order r — 1

REMARK

F, can act in (many) different ways on a tree.



ACYLINDRICAL GROUPS

Suppose
e A is an infinite, locally finite tree
e OA is infinite
o [ < Aut(A) acts without inversion

DEFINITION

o [ is k-acylindrical if the stabilizer of any path of length k in A
is trivial.

o [ is acylindrical if it is k-acylindrical for some integer k.

(Z. Sela, 1997)
The name comes from the geometry of surfaces in 3-manifolds.



EXAMPLES

(]

I" is 1-acylindrical if it acts freely on the set of edges.
The action of 'y * I, on its Bass-Serre tree is 1-acylindrical.

(]

(]

The action of 'y *r, > on its Bass-Serre tree is 2-acylindrical
if g is malnormal in I'y.

Every small splitting of a torsion free hyperbolic group I is
3-acylindrical.

small splitting: action of ' on a tree in which no edge stabilizer
contains a nonabelian free group



THEOREM

Suppose that I < Aut(A) is acylindrical and T\A is finite. Then
Ar = C(OA) x T is a simple (rank-1) C-K algebra.



CONSTRUCTION
Suppose I is k-acylindrical.

@ The alphabet A is '\G1, where &1 is the set of directed
paths of length k + 1,
If a,b € A, define M(a, b) =1 if and only if
e a="To0, where 0 = (sp,51,-..,5k+1);
e b=1Tr, where 7 = (to, t1,..., tkr1);
@511 =1t,0<j<k

to tk+1
[ ] [ ]
®

S0 Sk+1

Otherwise M(a, b) = 0.



Let W, = N\ S pmikr1 and let W = Um . There is a bijection
a: W, — W,
defined by

(T (s0, 51, -, Smk+1)) = (C[s0, sk+1])(T[s1, sk+2]) - - - (F[Smy Smk+1])-

CRrucIAL Fact

/
SkJrl /
50 51 g

Sk+1

o # o'




DECORATION
Fix P € A°.

o D is the set of directed segments of length k + 1 which begin
at P;

e 20, is the set of directed segments of length m + k 4 1 which
begin at P.

There is a natural bijection

a:@mHW,ﬂ.



Let 0,7 € Gk be final segments of paths beginning at P.

If 0 = 71, where v € T, then define

(Sa(o),a(r)) = VP~

P WT

T

The map ¢ induces an isomorphism Ap = Ar = C(Q) x TI.



FAcTsS
o Ar depends only on I’

o Ko(Ar) = coker(l — M) = <A

a=>» Ma, b)b>

beA

CONSEQUENCE

Ko(Ar) is Bowen-Franks invariant of the associated geodesic flow.



1-ACYLINDRICAL EXAMPLE

I =Zpy1 * Zm+1 acts on its Bass-Serre tree A: an
(¢ 4+ 1, m + 1)-semihomogeneous tree.

I" acts freely and
transitively on E.

If m=n=3then 1

[ = Z4*Z4
= ylt=y'=1)




THEOREM
IfT = Ze+1 * Zm+1 then Ko(.Ar) = ZLpm—1.

PROOF.
If o0 € &5, then o is one of

———————
01 00 00 01

This gives a partition A =T\Gy = Ag U Ay, |Ao| =4, |A1| = m.

If a=To € A; then a= Z [T, which depends only on o;.

rTEA,'+]_
Ti=0;

I" acts transitively on edges, so all elements of A; are equal in
Ko(Ar).
Therefore Ko(Ar) equals

(a0, a1 | ap = may,ay = lag ) = (a0 |ag = {may ) = Zym—1



COROLLARY
Ki(Ar) =0 and so U(Ar) is connected.

PRrROOF
This is because Ki(.Ar) equals the torsion free part of Ko(.Ar) and
Ki(2) = U(2A) /Uo().



K-THEORY OF RANK 2 CUNTZ-KRIEGER ALGEBRAS
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K-THEORY OF RANK 2 CUNTZ-KRIEGER ALGEBRAS

Let A be a rank two C-K algebra associated with an alphabet A
and matrices My, M,. [D is irrelevant for computing K]

The matrices (I — My, — Mz) and (I — Mf, | — M}) define
homomorphisms ZA @ ZA — 7ZA.

Let

coker (I-My, I-Mp) =Z"® T
coker (I-Mf, 1-M}) =75 @ T’

where T, T’ are torsion groups. Then

THEOREM

Ko(A)=Z"ta T
Ki(A) =2 & T



K-THEORY OF RANK 2 CUNTZ-KRIEGER ALGEBRAS

OUTLINE OF PROOF

o Ki(A) = K.(F x7Z2), since Ap @ K= F x 7'

o The Baum-Connes Conjecture with coefficients in an arbitrary
C*-algebra is true for the group Z? (and much more
generally). This implies that K.(F x Z?2) coincides with its
“fy_part” .

o Therefore K,(F x Z?) may be computed as the limit of a
Kasparov spectral sequence. The initial terms of the spectral
sequence are E3 | = Hp(Z?, Kq(F)), the pt" homology of the
group Z?2 with coefficients in the module Kq(F).

o Use the fact that Ki(F) = 0.
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BOUNDARY ALGEBRAS FOR Zz GROUPS

Boundary algebras provided the motivation for the general theory
of higher rank CK-algebras.

THEOREM

Let A be a building of type Ay with boundary Q). Let T be a group
of type rotating automorphisms of A that acts freely on the vertex
set with finitely many orbits. Then C(Q2) x I is isomorphic to a
rank 2 C-K algebra A.

o Rigidity theorems imply that the action of ' is unique up to
conjugacy and so the crossed product C*-algebra
A(l) = C(Q2) x T depends only on I'. Write Ar = C(Q) xT.
e For simplicity, assume that the action of I' is also transitive on
the vertex set. i.e. I is an Ay group. Then decorating set is
trivial, i.e. D = A.



BOUNDARY ALGEBRAS FOR Zz GROUPS

The 1-skeleton of A is the Cayley graph of I'. Vertices of A are
elements of I and a directed edge of the form e = (g, gx) is

labeled by a generator x € P.
X

g &x

The alphabet A is defined to be the set of [-equivalence classes of
basepointed parallelograms in A. Each a € A has a unique
representative labelled parallelogram (tile) based at a fixed vertex.

#A=4q(q+1)(¢°+q+1).  (Exercise.)



BOUNDARY ALGEBRAS FOR Zz GROUPS

Mumford's group I'ps has generators xg, x1, - - ., X, and relators

XoX0X6, X0X2X3, X1X2X6, X1X3X5,

X1X5X4, XpX4X5, X3X4Xg.

A tile for Mumford’s group




BOUNDARY ALGEBRAS FOR Zz GROUPS
Suppose that I = I"p;. The transition matrices My, M, are defined
as follows.

My (b,a) = 1 if and only if there are tiles representing a, b in the
building A which lie as shown.

X2

Ml(b, a) =1

Otherwise M;(b, a) = 0.



BOUNDARY ALGEBRAS FOR Zz GROUPS

The diagram for M,:

My(c,a) =1

X0

X1

X1

X2



BOUNDARY ALGEBRAS FOR Zz GROUPS

Let p be a parallelogram based at 1 in some apartment of A.

p is a union of tiles.

1

Associated to p there is a two dimensional word w = w(p). The
map p — w(p) is bijective, and we identify p with w(p).

If w=w(p) € W, the terminal letter t(w) € A is represented by
the tile of p farthest from 1.



BOUNDARY ALGEBRAS FOR Zz GROUPS

EXAMPLE

In the diagram below, the two letters a, b define a word
w € W), with w(0,0) = a and w(1,0) = b.

Let Q(w) ={w € Q; p C [1,w)}, the set of boundary points
whose representative sectors based at 1 contain p.



BOUNDARY ALGEBRAS FOR Zz GROUPS

We now describe the isomorphism ¢ : A — C(Q) xT.

If wi,wr € W with t(wy) = t(wp) =ac A let vy €T be the
unique element such that vt(w;) = t(wz). Then

¢(5W2,W1) = Vlﬂ(wl) = ]-Q(W2)7' (3)

This defines a *-~homomorphism of because the operators of the
form ¢(sw,.w,) satisfy the relevant relations.

EXERCISE
Verify this.

Since A is simple, ¢ is injective. The proof of surjectivity is
omitted.



BOUNDARY ALGEBRAS FOR Zz GROUPS

A key step is the verification of the conditions (HO-H3).

e (HO) is obvious.

e (H1) follows from the fact that in the configuration illustrated
by the Figure below, the tiles a, b, ¢ determine a unique tile d
lying in an apartment of A containing a, b, c.

e (H3) follows from thickness of the building, which allows
words to be extended so as to lack periodicities.



BOUNDARY ALGEBRAS FOR Zz GROUPS

The hardest condition to prove is (H2), i.e. irreducibility of the
associated directed graph. This can be done by a direct
combinatorial argument for A, groups.



BOUNDARY ALGEBRAS FOR Zz GROUPS

K-THEORY

LEMMA

There is a permutation matrix S : Z4 — Z* such that S? =/ and
SMS = M}, SM,S = Mj. In particular

coker (I-My, I-Mp) = coker (I-M;, I-M})

PROOF
S is defined by vertical flip.

X5 X1 X0 X2



BOUNDARY ALGEBRAS FOR Zz GROUPS

Let r be the rank, and T the torsion part, of the finitely generated
abelian group C(I') = coker (I-My, I-Mp). Thus C(N =X Z" & T.

C(I) is the abelian group with generating set A and relations

a:Zl\/lj(b,a)b, acA, j=1,2.
beA

THEOREM
Let T be an 2\2 group. Then

Ko(.Ar) = Kl(.Ar) = Z2r ®T. (4)

PROOF.
The general K-theory result simplifies by the preceding lemma. [J

CONJECTURE
If I is torsion free, then r = rank Ho(I',Z). [Known: >.]



BOUNDARY ALGEBRAS FOR Zz GROUPS

EXAMPLE: MUMFORD’S GROUP

For Mumford’s group I', C(I') has 7 x 3 x 2 = 42 generators and
2 x 42 = 84 relations of the form

X1 X2 X1
X6

X0 X0 X2

X0
X6

X3

X3 X4 X1
X5 n X5

X4 v

X0 X6 X0
+ o, +

v X2



BOUNDARY ALGEBRAS FOR Zz GROUPS

Computation gives C(My) = (Z/2Z)* © Z/3Z.
CONSEQUENCE

Ko(Ar,,) = (Z/27)* © Z./3Z .

If I < PGL3(Qp) is a torsion-free lattice then I' has Euler
characteristic

n
(N =F(p— 1"~ 1).
where ng is the number of vertex orbits of I acting on A.

There are three torsion-free lattices I'1, 2, '3 < PGL3(Q2) with
x(lj) = 1. (One of them is Mumford's group.)

1,12, T3 are distinguished from each other by Ko(Ar).



BOUNDARY ALGEBRAS FOR Zz GROUPS

TYPICAL COMPUTATIONAL RESULT

I < PGL3(Qy) an A, group of H. Voskuil.
Ko(Ar) = 2'*° @ (2/27) & (2./37.)*
Note that

Hi(T,Z) = (Z/3Z)"
Hy(T,Z) = 7°

and [1] has order
(p—1)
ged(3,p— 1)



BOUNDARY ALGEBRAS FOR Zz GROUPS

There is a simple rank one C-K algebra Ag such that
K.(Ao) = (Z,Z).

THEOREM

Let [ be an 22 group. There is a simple rank one C-K algebra A;
such that Ar is stably isomorphic to Ay @ Aj.

PROOF.

There is a simple rank one C-K algebra .4; such that
Ki(A1) = (Z" & T,Z").
By the Kiinneth Theorem for tensor products,

K(Ag @A) == (2" & T, 22 (2,2)=(Z* & T,Z* & T).

The result follows from the Classification Theorem. O



BOUNDARY ALGEBRAS FOR Zz GROUPS

TRIANGLE GROUPS

DEFINITION

A triangle group I is a group of type preserving automorphisms of

A which acts regularly on the set of chambers of A.

EXAMPLE: ¢ =2

<s,-, i € Z3 ]5,3 =1,si5141 = (5i+15i)2>

acts on the euclidean building A of SL3(Q>).

@ g =2: 4 groups.

@ g =8 : 44 groups.



BOUNDARY ALGEBRAS FOR Zz GROUPS

THEOREM

If T is a triangle group then
o Ar = C(Q) x T is a rank 2 Cuntz-Krieger algebra,
o Ko(Ar) = Ki(Ar) = Zg_;.

COROLLARY
Ar is stably isomorphic to O @ O,



BOUNDARY ALGEBRAS FOR Zz GROUPS

The plan of the proof is similar to the case of 2\2 groups.

Tiles have the form

2-dimensional words are formed using two transition matrices, with
overlapping tiles.
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