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1 Introduction

Recent improvements in astronomical hardware,
such as adaptive optics, the advent of the Hubble
Space Telescope, and an array of new ground and
space-based instruments have resulted in superior res-
olution of optical, radio, infrared and X-ray telescopes
in recent years. Consequently, the details visible in
astronomical objects in many wavelength ranges have
improved significantly. In nearby external galaxies,
for example, not only is it now possible to resolve
structures in bars and central regions, but also to de-
tect individual star-forming regions in radio, X-ray and
IR continuum and the spectral lines of ionised ( ),
atomic ( ) and molecular (CO) gas components. An
important question which can now be posed is: how
are these different components of a galaxy related?

The choice of mathematical tool is of great impor-
tance for the scaling analysis of images and morevoer
is often dependent on the quality and morphology of
the data to be analysed. The structure function, for ex-
ample, cannot resolve scales which are close to dom-
inating large-scale structures. This in turn can lead
to the erroneous interpretation that a continuous range
of scales with a power law exists. Traditional Fourier
techniques, applied to real data, give very spiky spec-
tra, in which the separation of real maxima and high
harmonics can be difficult.

Analysis is now possible, however, via the detec-
tion of similar structures in widely separated energy
ranges and wavelet spectrum techniques. For data of
sufficient quality, this new mathematical tool allows
us to detect structures of different scales in data sets.
First applications to astronomical objects showed that
wavelets are effective in time series analysis [7, 8, 9]
denoising [20, 4], structure detection [10] and image
analysis [11].

The similarity of the far-infrared and radio contin-
uum morphologies (e.g. in the nearby spiral galaxy
M31) indicates that magnetic fields are not anchored
in the warm medium, but in cool gas clouds [15, 13].
On the other hand, CO line emission is correlated with
radio continuum emission in spiral arms ofM31, but it
is anticorrelated with the polarised radio emission [3].

Anticorrelations are often even more interesting
than correlations and certainly more puzzling. In the
spiral galaxy NGC6946 a striking anticorrelation be-

tween the optical spiral arms and the “magnetic arms”
seen in radio polarisation was discovered by Beck &
Hoernes [1]. Although obvious to the eye, the analysis
of this phenomenon needs sophisticated techniques.
Based on wavelet analysis, Frick et al. [10] showed
that the “magnetic arms” are phase-shifted images of
the optical arms. Dynamo models are able to generate
such structures [17].

The existence of a correlation, anticorrelation
or non-correlation also has important consequences
for the interpretation of observable quantities which
emerge from a combination of physical quantities. For
example, Faraday rotation ( ) of polarised radio
waves is due to the product of electron density ( )
and the magnetic field component along the line of
sight ( ), integrated along the line of sight. Knowl-
edge of , where denotes an average
value along the line of sight, (e.g. from observations
of pulsars) is not sufficient to determine the strength
of unless it is known whether and are
correlated, anticorrelated or non-correlated [2].

In the next two sections we briefly describe the use
of wavelets in scaling and correlation analysis. For a
deeper discussion of the method see Frick et al. [11].

2 Wavelets as a tool for scaling analysis

Wavelet analysis is based on a space-scale de-
composition using the convolution of the data with a
family of self-similar basis functions that depend on
two parameters, scale and location. It can be consid-
ered as a generalization of the Fourier transformation,
which uses harmonic functions as a one-parameter
functional basis, characterized by frequency, or in the
case of a space function, by the wavevector . The
wavelet transformation also uses oscillatory functions,
but in contrast to the Fourier transform these functions
rapidly decay towards infinity. The family of functions
is generated by dilations and translations of the mother
function, called the analysing wavelet. This proce-
dure provides self-similarity, which distinguishes the
wavelet technique from the windowed Fourier trans-
formation, where the frequency, the width of the win-
dow and its position are independent parameters.

We consider the continuous wavelet transform,
which in the two-dimensional case can be written in
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the form

(1)
Here , is a two-dimensional func-
tion, for which the Fourier transform exists, is
the analysing wavelet (real or complex, with denot-
ing the complex conjugation), is the scale parameter,
and is a normalization parameter which will be dis-
cussed below. The wavelet must have a mean value
of zero and so, by the convolultion theorem, the mean
value of is also zero.

The relation between an isotropic wavelet and the
Fourier transform is defined as follows: the Fourier
transform of the function is given as

where is the wavevector. Then the in-
verse Fourier transform is

and the wavelet coefficients (Equation 1) can be ex-
pressed as

We restrict our analysis to the use of isotropic
wavelets, which means that the analysing wavelet is
an axisymmetric function .
The choice of the wavelet function depends on the data
and on the goals of the analysis. For local structure
recognition a function well localized in the physical
space, is preferable.

For analysis of M 51 our choice of the wavelet
was determined by the wish to have more independent
points for further structure analysis which led to a sim-
ple real isotropic wavelet with a minimal number of
oscillations, known as the Mexican Hat

(2)

We shall refer to this function as MH; it is shown in
Figure 1.

The wavelet transform (1) is unique and reversible
which means that the analysed function can be
reconstructed from its wavelet decomposition. In our
analysis we do not need the inverse transform and do
not give the reconstruction formula. (An extended de-
scription of continuumwavelet transform can be found
in [14] and [21].)

3 Wavelet spectra and cross-correlations

To illustrate how wavelets decompose the image
in different scales we show in Figure 2, the total radio
emission image,at a wavelength of 6 cm, of the galaxy

FIGURE 1. The isotropic MH wavelet function used in this
paper.

M 51 and its wavelet coefficients for three
different scales .

The distribution of energy among different scales
is characterized by the wavelet spectrum, defined as
the energy of the wavelet coefficients in a given scale

(3)

We now discuss cross-correlations between differ-
ent images of the same astronomical object. Consider
two images (maps), and , with the
same angular resolution and the same number of pix-
els. The simplest way to conduct a linear correlation
study is by the direct calculation of the “standard” cor-
relation coefficient pixel by pixel:

(4)
where is number of a pixel. The accuracy of this
estimate depends on the degree of correlation and on
the number of independent points in the map (see,
for example, [5])

(5)

This correlation coefficient is a global value which
contains all the scales present in the images, including
the largest one. The latter shows that the maxima of
the extended intensity distributions coincide in posi-
tion at most wavelengths. However, we wish to know
whether the correlation coefficient depends on scale
so we introduce the correlation coefficient for a given
scale :

(6)
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(a) (b)

(c) (d)

FIGURE 2. Images of the 6 cm total radio emission (central peak subtracted) and its wavelet decompositions for 3 different
scales: , and . Top row (from left to right): (a) original map, (b) map of the wavelet coefficients for the scale

Bottom row: (c) same as (b) but for the scale , (d) same as (b) but for the scale . The size of every image is
. The two vertical lines are and long.
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To estimate the error we use Equation (5)
taking , where gives the area of
the map in pixels.

4 The Data

M 51 is a grand design spiral galaxy with two ma-
jor arms through which an intricate pattern of dust
lanes weaves. Dust is also present in the inter-arm re-
gions and can be seen emerging from the bright cen-
tral bulge which envelopes the nucleus. The galaxy is
probably interacting with a companion galaxy. Inter-
actions usually imply enhanced localised star forma-
tion rates as shear forces compress the gas and dust.
The two principle arms can be traced through more
than in azimuth and numerous ionised hydrogen
( ) regions are apparent. As well as discrete
regions, there are large blobs or bubbles, rich in
in the arms. A distance of 9.6 Mpc to the galaxy is
assumed.

Data in many spectral ranges are available. For our
analysis we used:

(a) The total radio continuum emission at the
wavelength 6 cm (I6), obtained by combining obser-
vations with the NRAO Very Large Array (VLA) syn-
thesis telescope and the 100m Effelsberg single dish
telescope [6]. This emission is mainly synchrotron ra-
diation, produced by relativistic cosmic ray electrons
spiralling along interstellar magnetic field lines.

(b) The linearly polarised radio continuum emis-
sion at the wavelength 6 cm, again obtained from com-
bined observations with the VLA and Effelsberg tele-
scope [6]. The polarised radio emission traces the
large scale, regular magnetic field.

(c) The H line emission (Balmer line) of
ionised hydrogen integrated over the whole frequency
width of the line [12]. H emission comes from hy-
drogen that has been ionised by ultraviolet radiation
from young, massive stars. The ionised gas is there-
fore a tracer of recent massive star formation. The
temperatures of this gas is 7000–10000K.

(d) The radio line emission of neutral atomic hy-
drogen at 21.1 cm ( ) observed with the VLA,
integrated over the whole frequency width of the line
[18]. is overwhelmingly the most abundant form
of neutral atomic gas in the interstellar medium.

(e) The (1-0) line emission of the carbon monox-
ide molecule (CO) at the wavelength 2.6mm observed
with the BIMA interferometer, integrated over the
whole frequency width of the line [16]. The CO emis-
sion is the best available tracer of the molecular gas
in galaxies. This gas is predominately , but this
molecule is difficult to observe directly.

(f) The mid-infrared emission (wavelength 12–
18 m) observed with the ISOCAM camera on board
the ISO satellite [19]. This wavelength range is dom-
inated by the band of emission lines from polycyclic
aromatic hydrocarbons (PAHs) at 12.7 m, but also
includes continuum emission from small, warm dust
grains. The strongest dust emission is a tracer of

shocked regions which have been compressed by the
passage of an underlying spiral density wave pattern.
It is also distributed tenuously, but evenly throughout
the galaxy.

All maps were transformed to the same resolution
( , corresponding to 370 pc at the assumed distance
to the galaxy), area ( ) and pixel size
( ). Each map contains pixels.

5 Spectral Characteristics

The wavelet spectra of the six maps are shown in
Figure 3.

We can infer and objectively quantify some key
properties of the galaxy from the spectra. The mag-
netic field & cosmic rays, regular magnetic field and
the dust emission all have spectral maxima at the
largest scale. This is due to strong emission from the
central regions of the galaxy (see Figure 2(d)).

The absence of a maximum in the spectrum of the
magnetic field and cosmic rays, at the scale of the
width of the clearly visible spiral arms is in-
teresting. This means that the cross sectional profile
of the spiral arms for this component of the interstel-
lar medium (ISM) is far from being Gaussian (the ap-
proximate profile of the Mexican Hat wavelet); subse-
quent detailed examination of the data reveals that the
emission profiles in cuts through the arms are strongly
asymmetric and/or multi-peaked, with the emission in-
creasing sharply at the inner edge of the arm (possibly
as a result of shock compression) and then gradually
decreasing. In contrast, the strong maximum in the
molecular gas spectrum at not only quantifies
the characteristic width of the strong molecular spiral
arms, but also means that their profile is well fitted by
the Mexican Hat wavelet with this scale. Closer exam-
ination of the emission profile shows that the molec-
ular spiral arms are indeed roughly Gaussian in cross
section, in contrast to the magnetic field and cosmic
rays.

The regular magnetic field spectrum has a broad
maximum at , reflecting the extended arms of
the regular magnetic field. The atomic gas and the
ionised gas have similar spectra at small scales, due to
the patches of strong emission from hydrogen clouds
and star forming regions, respectively. The minimum
in the ionised gas spectrum at shows the scale
of the inter-arm regions, where star formation (the
source of ionising UV photons) is much weaker than
in the spiral arms. The maximum in the dust spectrum
at is due to a strong emission disc in the centre
of the map.

6 Cross Correlations

The wavelet cross correlations for six out of the
15 possible pairs of maps are shown in Figure 4. The
top three panels show the correlation, scale by scale,
of the magnetic field and cosmic rays with different
tracers of the interstellar medium.

At the largest scales all of the images are well cor-
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FIGURE 3. The spectral characteristics for different images
of M 51.

related. However, at scales we see that the
correlation gets better as the gas becomes cooler and
denser (dust is concentrated in the densest gas clouds).
This somewhat counter-intuitive sequence can be qual-
itatively understood if we assume that the magnetic
field is “frozen in” the interstellar medium (in other
words a very high magnetic Reynolds number allows
the plasma to be described by the equations of ideal
magneto-hydrodynamics). Then we expect to find
strong magnetic fields in the regions of highest gas
density.

In the bottom three panels of Figure 4 we investi-
gate how the ionised gas, heated by UV photons from
massive young stars, is correlated with other parts
of the ISM. The low correlation between atomic and
ionised gas on small scales shows that when the UV
field is strong enough to ionise hydrogen, it tends to
be strong enough to ionise most of the atomic gas on
scales of a few hundred parsec. The minimum in the
correlation at a scale is due to the absence of
atomic hydrogen emission in the centre of the galaxy;
this is typical in spiral galaxies where most of the gas
in the central regions is molecular hydrogen. At small
scales the molecular and ionised gas phases are un-
correlated, due to the strong, well defined arms con-
sisting of molecular gas. At all scales, the ionised
gas is best correlated with the dust emission. This is
to be expected as the heating source for both phases
is thought to be recently formed massive stars. The
slightly weaker correlation at the smallest scales can
be interpreted as a sign of dust destruction in the re-
gion closest to the star forming regions; the complex
PAH molecules are expected to disintegrate in hard
UV fields.

7 Conclusions

The wavelet transform is a powerful technique for
identifying structure in astronomical images and for
making comparisons between different images. Scale
separation of an image gives an objective measure of
the characteristic size of dominant features, such as
the width of spiral arms of molecular gas, and can
also be used to infer other properties, such as the non-
Gaussian cross sectional profiles of the spiral pattern
of magnetic fields and cosmic rays, discussed in Sec-
tion 5. The wavelet cross-correlation function allows
a quantitative comparison of different images to be
made on a scale by scale basis and hence leads to a
deeper understanding of the data than the standard cor-
relation coefficient. In Section 6 we showed that dif-
ferent images can be well correlated at some scales
but poorly correlated at others; in trying to understand
these differences we gain insight into the physical pro-
cesses at work in the interstellar medium.
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FIGURE 4. Wavelet cross correlation characteristics of
M 51. In the top three panels the title ’B-field & CR’ refers
to the total magnetic field and cosmic rays.


