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Abstract Keywords Rainfall - sea-surge wind speeds More recently, much focus has been given to the extension,
extreme value theory spatial extremes exceedance and practical application, of the theory of multivariate ex
probabilities tremes, often motivated by the need to account for spatial de

pendence between extremes. Davisb@l. (2012) provide

a comprehensive coverage of the development of models for
1 Introduction extremes occurring spatially, including max-stable msdel

again, the aim is for the estimation of return levels, albeit
Estimating extremes of environmental phenomena such & maps over a spatial grid. The increasing sophistication
sea-surge and wind speed plays an important role in struef models to address issues such as serial correlation, sea-
tural design. Models from classical extreme value theorysonal variability and trend, coupled with an increase in di-
such as the generalised extreme value (GEV) or generalisgdensionality required of an analysis which is — for example
Pareto (GP) distributions (for block maxima or excesses ove- spatial in flavour, often makes inference within a maxi-
a high threshold respectively), give us limiting models formum likelihood setting difficult (if not altogether infelé)
the tail behaviour of such variables and provide a generadnd thus researchers might appeal to simulation-based pro-
template for modelling and extrapolation. The aim of mostcedures within the Bayesian paradigm to make inferences
practical applications is the estimation of the event wetthig on model parameters.
expect to see, on average, once eveygars: the so-called
r-year return level commonly notated ag. Over the last Of course, the Bayesian paradigm does not just provide a
three decades or so, pragmatic solutions to circumvent derore convenient and accessible inferential frameworksd a
partures from the ideal of independent and identically disallows the incorporation of external sources of informatio
tributed observations on extremes have been developed; séerough the prior distribution, an obvious element of ap-
for example, the seminal paper by Davison and Smith (1990)eal for any analyst of extremes working with scarce data.
Some of these solutions result in sample size reduction; fohlso appealing is the natural extension within the Bayesian
example, the use of filtering schemes to avoid issues of séamework to prediction; as Fawcett and Walshaw (2016)
rial correlation, or using only those extremes from within adiscuss, the-year posterior predictive return level estimate
particular calendar unit to avoid problems associated witt# pred, Provides practitioners with a single point summary,
seasonal variability. However, more recently (e.g. Fatvcetall sources of variability — including randomness in future
and Walshaw, 2012; Eastoe and Tawn, 2012), methods hag®servations — being captured within this summary. Given
been proposed to maximise the number of extremes presstie virtues of a Bayesian analysis of extremes, it is then sur
into use which, as Fawcett and Walshaw (2016) illustrateprising that more publications in the field do not work within
can substantially reduce return level estimation unaetai  this framework. Certainly, it is our experience that veny fe
practitioners will choose to perform extreme value analyse
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Tawn (1996) and Smith and Walshaw (2003) have investi-
gated the merits of expertly-elicited priors whereas Baitl

et al. (2004) and Eugenia Castellanos and Cabras (2007)
have considered objective priors for the GEV and GP mod-
els, and various authors have used the Bayesian paradigm to
exploit meteorological structure in their data via hieiaah
models for extremes - for example, Fawcett and Walshaw
(2006), Sang and Gelfand (2009, 2010) and Davisbal.
(2012). Smith (1999) compares predictive inference under
the Bayesian and frequentist paradigms and Coles and Tawn , , ,
(1996) give some informal comparisons between predictivt'a:'g' 1 Figure 1's caption here
return levels and estimates based solely on the postegor di
tribution for z.. Fawcett and Walshaw (2006; 2006a; 2008;display significant first-order autocorrelation, even abav
2016) demonstrate predictive inference for return levéls othreshold beyond which we might consider observation to
wind speed and sea-surge extremes, recommersljpg = be extreme. Estimates af or z ,..q based on fitting an ap-

as the most convenient, and useful, representation of aretupropriate model to the sea-surge extremes might be used to
level for practitioners. However (as far as we are aware) ninform the design of a new sea wall; the British Standards In-
published work supports this through an investigation intcstitute (BSI) use estimates of the 50-year wind speed, from
the performace of this statistic. The main contributiorhit fits to wind speed extremes such as those shown for High
paper, then, is to explore the propertieszgf..q. In partic-  Bradfield, to produce contour maps displaying the strength
ular, we focus on a comparison of the exceedance probabitequirements for new structures. In either case, we argue
ities of Z ,req tO their intended values, and the general perthat a Bayesian approach to return level inference can im-
formance ofz .4 t0 Other estimative summaries obtained prove the estimation procedure, with the potential to reduc

Figure 1 about here

directly from the posterior distribution fa."More here... estimation uncertainty and, in practical terms, to abildy
provide practitioners with a single point summary havirig al

This paper is organised as follows... sources of uncertainty ‘built in’ through the predictivéune
level.

2 Practical mativation
2.2 Statistical modelling
In this Section, we introduce the sea-surge and wind speed
data we will refer to throughout the paper. We then give &.2.1 The basics
brief overview of the basic methods for modelling extremes
on these processes, including some general background bt {Xn} denote a stationary sequence of random variables
Bayesian sampling and specific details relating to the postéVith common distribution functiof, and letM, = max{X,}.
rior predictive return level. Some results are then present Itis typically the case that, as— o,
comparing estimative return levels to their predictivercou Pr(Mn < X) ~ Fne(x)7 (1)

terparts. . :
P wheref € (0,1) is known as thextremal indexe.g. Lead-

better and Room (1988). AY — 0 there is increasing de-
2 1 Data pendence in the extremes of the process; for an independent
processf = 1. In practiceF is unknown, and very small
Figure 1 shows time series plots and plots of each obsefliscrepancies in estimatesf®fbtained from observed data
vation against its lag 1 counterpart, for a section of threecan lead to rather substantial discrepancies-fofand thus
hourly sea-surge data observed at Newlyn, southwest Eng-"®). Initially concerned with the independent case @.e=
land, and a section of hourly wind speed data observed &, classical extreme value theory sought families of fimgjt
High Bradfield in the Peak District of England. On close models forF" for largen. This leads to the GEV distribution
inspection, the wind speed data exhibit clear seasonal va{€.g. Jenkinson, 1955), with distribution function
ability and, as Fawcett and Walshaw (2015) discuss, a parti- ~1/¢
tion into seasonal units of one month allows this variatmn t ¢4 (y) = { exp|— (1+&(y=H)/¢)  &#0 2
be captured through a monthly piecewise approach to mod- exp[—exp(—(y—H)/¢)] ¢=0,
elling, the assumption of stationarityithin months being defined on{y: 1+ &(y— u)/¢ > 0}, where—oo < 1 < oo,
reasonable. Although there are no obvious signs of non¢ > 0 and—w < & < « are location, scale and shape param-
stationarity within the sea-surge series, both serieglglea eters (respectively). The GEV can be used to model a set of
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block maxima{M;} with block lengtht; the calendar year
is often used forr, giving the set ofinnual maxima

Pickands (1975) showed that for large enoughe distribu-
tion of (X — u), conditional onX > u, is approximately GP
with distribution function

_J1-@+veyo) Vi g#0
= {1—exp[—y/a] io

defined on{y:y > 0 and(1+&y/o) > 0}, whereo = ¢+
&(u— ) and& are the GP scale and shape parameters (re-
spectively). The GP distribution, being the limiting dilstr-

tion for excesses over a high thresholdprovides a natu-

ral way of modelling extremes of time series such as those
shown in Figure 1. Modelling extremes in this way can be
less wasteful than a block maxima approach using the GEV,
since more extremes are usually pressed into use.

3)

2.2.2 Practicalities

Using the GP distribution to model threshold excesses, the
linearity of E[X — u|X > u] in u can be exploited in enean
residual life plot(MRL plot; see Coles, 2001, Ch. 4) to help
find a suitably high threshold for the classification of ex- (ii)
tremes. To maximise estimation precision, Fawcett and Wal-
shaw (2015) suggest making useatif excesses ovar, de-
spite the obvious serial correlation present. Specifictiby
propose fitting (3) to all excesses oweby adopting one of

the following strategies:

(i) Where appropriate, assume a first-order Markov struc-
ture for the temporal evolution of extremes; that is, as-
sume the following likelihood fot} is:

n-1 n—-1
L(s) = ]'lf(xi,x”l;zb)/]l f(xi;4),

whereq) is a parameter vector containing marginal and
dependence parameter(s). Appealing to bivariate extreme
value theory, transformation from GP to standaredhet
margins gives a range of models to use for the serial cor-
relation between consecutive extremes, the most com-
monly used being the logstic family with dependence
parameten and distribution function:

G(%,%+1) = eXp{— (&71/0 +>9111/a)a} : )

(4)

as discussed in Fawcett and Walshaw (2012), can then be
used — after estimation af = (¢,&,a)" (through max-
imum likelihood or Bayesian inference, for example) —
to provide the fitted distribution for the right-hand-side
of (1). Within this class of models for asymptotic depen-
dence, other models can be used. For example, the bilo-
gistic model, which allows for asymmetry in the depen-
dence structure betweér, xi+1) through the inclusion

of an additional dependence param¢i€d < a, 3 < 1);

see, for example, Coles (2001, Ch. 8). Indeed, Fawcett
and Walshaw (2012) suggest polynomial expressions for
the extremal index based on the fitted valueg®ff3)
here, too. Of course it might be that, for the dependence
structure, asymptotimdependencés more appropriate
and here, standard time series models suchR®)
processes can be used in place of the models we have
outlined for consecutive variables which are asymptoti-
cally dependent. In this cas@,= 1, although Ancona-
Navarrete and Tawn (2000) derive penultimate approx-
imations forf(up), a threshold-dependent extremal in-
dex with a threshold set at thpe% quantileup; for exam-

ple, for anAR(1) processf(Up.gs) = 0.711 andd(uUg.g9) ~
0.855.

Initially ignore dependence and proceed by fitting the
GP distribution to all excesses ougto approximate="

in (1). Then use a suitable extremal index estimator to
complete the right-hand-side in (1) and adjust for ex-
tremal dependence. Fawcett and Walshaw (2015) make
various recommendations for the extremal index estima-
tor that should be used, but a simulation study shows that
the estimator of Ferro and Segers (2003), given by

é_mm(, (5K 1T -a)}’ )
(K-1)s5H T —b)(Ti—0)

whereTj are the inter-arrival times between threshold ex-
cessesgd = b = ¢ = 0 if the largest inter-arrival time

is no greater than 2, and=b =1 andc = 2 if the
largest inter-arrival time is greater than 2), strikes adjoo
balance between optimising accuracy and preciaimh
providing the practitioner with an estimator which is easy
to use.

)

In the presence of seasonal variability, Fawcett and Walsha
(2015) recommend a seasonal piecewise approach to mod-

elling with a unique GP model for extremes within each sea-

Here, independence and complete dependence are
tained whena = 1 anda — 0 respectively. Differen-

tiation of (5), with careful censoring when either one
or both of (x;,x+1) lies sub-threshold, gives pairwise
contributions to the numerator in (4); univariate contri-
butions to the denominator are given through (3). The
polynomial relationship:

6 ~ 0.013—0.0920 + 1.8330% — 0.756a3, (6)

Esltdn. For example, assuming either (i) or (ii) above to captur

temporal dependence, estimates(of,, ém, Om),m=1,...
might be obtained for each seasom the analysis being
simplified by assuming a common shape paramg&tarex-
tremal index8 across all seasons where appropriate. Anec-

dotal evidence in, for example, Walshaw (1994) and Fawcett
and Walshaw (2006) indicates there are no real gains to be
made, in terms of return level inference, by allowing the GP
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parameters to vary smoothly through time (e.g. by assming.3 Bayesian inference for sea-surge and wind speed
Fourier forms). extremes

Though not a feature of our data in Figure 1, long term . o . _

trends in extremes can be modelled by imposing a time ddsiven investigations into the clustering of our sea-surg a
pendence on the GPD scale parameter,d.e: exp{fo + wind speed extremes in Fawcett and Walshaw (2006a), we
Bit},t=1,2,..., wheret is an indicator of time. More gen- adqpt approaf:h (_|) as outlined in Sect_|or_1 2.2.2 for _handhg
erally, a dependence on covariates can be induced by writinggral correlation in both cases, the logistic model (Eiquat
the parameters in the forti{ X T 3), whereh is a specified 5) under an assumption of first-order Markovianity seem-

function, 3 is a vector of parameters adXl is a model vec- ingly being appropriate (comparisons with other modeld, an
tor. with models of higher orders, did not improve over a fit to

the first-order logistic model, and diagnostics such as the

X | x plots discussed in Coles (2001, Ch. 8) imply asymp-

totic dependence in both cases). Following the recommen-
2.2.3 Return levels dations of Fawcett and Walshaw (2015) we adopt a fully

Bayesian approach to inference, using Markov chain Monte
Inversion of the right-hand-side of (1), assuming a GP modetarlo (MCMC) techniques to draw approximate samples from
for threshold excesses, gives the following expressiothf®r  the marginal posteriors foto, &,6) and hence through
r-year return level: Equations (8) or (9). Details on MCMC techniques are now

extensively published (e.g. Smith and Roberts, 1993), so

_Ju+oEt [()\u‘lw,)*'f - 1} ¢#0 (8) we omit such detail here; suffice to say, all inferences are

&= u—o log ()\ler) =0, performed using a Hastings-Metropolis procedure and-inter
ested readers can re-produce the results shown in this Sec-
tion by downloading ouR code, and the wind speed and
sea-surge data, at:

wherew; = 1— [1—(rny)~?] 18 Ay is the rate of thresh-

old excess andy is the (average) number of observations
per year. Under approach (i) for dependence, as outlined in www.mas.ncl.ac.uk/~nlf8/predict

the previous Section,o,&,68) can be replaced with their .

maximum likelihood estimates or Bayesian estimates to obl—n both sea-surge and W'_nd speet_j analyses, MRL plots have
tain estimates o, , with an assessment of uncertainty beingbeer_1 used for thg selection of suitable thr_esholds (monthly
made through standard errors or posterior standard devi§2ynd for the wind speed data; see Section 2.3.1).

tions. Under approach (iiyo, &) can be replaced with their

maximum likelihood or Bayesian estimates, with a boot-2-3-1 Prior specification

strap procedure as proposed in Fawcett and Walshaw (201
enabling the incorporation of uncertainty in estimate$ of
through (7) into estimates af.

2
G)enerally, we work with a re-parameterised GP scale pa-
rameter:

: . . =log(og—¢&u).
To recombine seasonally-varying parameters when estimat-

ing return levels, assuming independence between seasonisis re-parameterisation gives a scale which is threshold-
we can solve the following fox = z: independent (unlike), allowing the specification of an ob-
jective prior forn across all threshold levels; working with
the natural logarithm of this retains the positivity of tiz-
rameter in our MCMC sampling scheme. In the absence of
any prior knowledge regarding the GP parameters in the sea-
whereHp, is the GP distribution function in seasamwith  surge analysis, we adopt largely non-informative, indepen
parameter sefAy,,, Om,ém), Om / Nm are the extremal index dent priors for(n, &, a); based on work in Fawcett (2005),

/ number of observations in seasom andM is the num-  we adopt informative prior distributions for these paragngt

ber of seasonal units over which we partition our data. Ofn the wind speed analysis based on observations on wind
course, as discussed earlier, inference can be simplitee if speed extremes made at a nearby location. Specifically, for
assume a constant shape or dependence across all seastimssea-surge analysis, we use:

Uncertainty can be quantified through the standard error or

posterior standard deviation far, depending on the estima- 1 ~ N(0, 10, &~N(0,10°) and a~U(0,1).

tion framework being used. Similarly, confindence intesval
(perhaps based on profile likelhiood) ot credible interval

can also be obtained. (Nm,&m) ~N(p,X) and any ~ Beta10,19),

M
[THOO™% = 1—r "%, ©)
m=1

SFor the analysis of wind speeds at High Bradfield, we use:
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m=1,...,12. Given the seasonal variabiity observed in therandomness in future observations. Although (10) is analyt
wind speed extremes, and discussions about the U.K. winidally intractable, it can be approximated since we have es-
climate in Walshaw (1994), we use a seasonal unit of onémated the posterior distribution using MCMC. Regarding
month, assuming stationarity of wind speed extremiéisin ~ our samplepy® ..., 4 as realisations from the stationary
each month. The components gfare chosen to closely distributionr(¢|x), we have
match our beliefs about what are the most likely values of 18
(Nm,ém) based on our study of wind speeds at the nearbyr{y <z |z} ~ = Z Pr{Y < Z prea

. . . — 5P S £ — P!
location. We specify values fatov(nm,ém) according to =1
our beliefs about thg covariances between these parametersi h \we can set equal to-dr
at the nearby Iocqtpn, scaled (.aIthough rather crudely) 9 umerical solver.
reflect our uncertainties about differences between mpnthl
wind speeds at the two locations. We choose our priors foi

e . .3.4 Some results

o, for similar reasons and, as is often the case, we assume

independence between the marginal and dependence parafdy o 1 shows some estimative return levels for the sea-

eters. surge and wind speed extremes; that is, some point sum-
. maries from the posterior distributions fgr, for r = 10, 50
2.3.2 MCMC sampling and 1000. Also shown are summaries of the spread of these
o o posteriors, including the posterior standard deviatioms$ a
We set initial values for all parameters to their prior meansqgo. e ible intervals. Accompanying these estimative re-
updating using a simple Metropolis step to give SUCCESSIVE 1 |evels are their predictive counterpazis... Figure 2
draws shows plots of botlz, andz ., over a rangelof values far
(r)“],E[”,a[”) and (nr[]%']7 r[T{]7 ar[]%']% j=1,...,105, (on the usual logarithmic scale for these plots to magnify re
sults for long-range return periods; the posterior mean, me
in the sea-surge and wind speed analyses, respectivelly, witlian and modes are shown fpr along with the 95% credi-
m=1,...,12in the latter. Within each Metropolis step, we ble intervals). It is clear from both Table 1 and Figure 2 that
use a random walk update to generate candidate values faesigning a structure to withstand the extremes of seasurg
each of the parameters, tuning the innovation variances tor wind-speed as suggested by the estimative return levels
optimse the efficiency of our sampler. Convergence was agould result in susbtantial under-protection, relativethte
sessed by starting each chain at multiple new initial valuepredictive estimates, even if the upper end-point of the 95%
and observing the trace plots. credible interval were used for longer-range return pexiod

1!’“]}7 (12)

~1and solve forz eq Using

Equation (6) is used to obtain a sample from the posterioAs discussed in Fawcett and Walshaw (2015), the predic-
for the extremal index, after which a posterior samplezfor tive return level estimate might be preferred owing to its in
is obtained on substitution of successive draws for the GRlusion of all sources of uncertainindbecause it provides
parameters and the extremal index into (8) / (9) in the seahe practitioner with a single point summary which encapsu-

surge / wind speed analyses respectively. lates this uncertainty. However, open questions remaintabo
the quantityz ,.,: For example, how do exceedance proba-
2.3.3 Prediction bilities of z ,., compare to the intended values! (on an

annual scale)? How do these probabilities compare to those
As discussed earlier, one of the advantages of a Bayesiaider an estimative approach P We might expect; .,
analysis of extremes is the natural extension to predictiofo give exceedance probabilities much lower tmamh, but
via the posterior predictive distribution.Yfdenotes a future can these discrepancies be quantified and could they result
extreme of our sea-surge or wind speed data, then allowini@g over-protection? At the very least, practitioners should be
for uncertainty in parameter estimation and randomness iaware of these discrepancies, should they choose to work
future observations we can write with z ., (@and we recommend that they do). Are there any

' advantages of using ., as opposed to using some other
< = < 3P
PriY <ylz} /g, PriY <yig} m(yle)dy (10) point summary from the posterior far, such as the upper

for the predictive distributiorof our extremes, where rep- ~ end-point of the 95% credible interval or perhaps some other
resents past observations. Solving guantile? We aim to answer these questions, and more, in the
. simulation study in the next Section.

Pr{Y S zf.pred|w} = 1_r (11)
for z .. therefore gives an estimate of thgear return level
that incorporates uncertainty due to model estimation and
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a range of serial correlations through specific choicesxfor
/ (a,B). To account for scenarios in which dependence is
observed above levels of practical interest, but in which an
assumption of independence asymptotically might be more
realistic, we also simulatgRe) from anAR(1) process with
autocorrelatiorA, again covering a range of serial correla-
tions through specific choices fét Marginally, our refer-
ence series are GP-distributed with scale and sliapé)
Figure 2 about here giving scale and shap@™ = 0+ &u,&* = &) for excesses
over some threshold owing to the threshold stability prop-
erty of the GP distribution.

Now, at each replicatiofin our simulation study,=1,... L,
we simulate a stationary series of extrengés of lengthn

Fig. 2 Figure 2’s caption here years, withny observations per yean, perhaps being typi-
cal of what we might usually work with in terms of envi-
ronmental extremes. As with the reference dataset, we as-
sume a first-order Markov structure according to models for
asymptotic dependence and asymptotic independence, with
the same GP marginal structure as before. For each series
y(¥) of lengthnyears/ =1, ...,L, we perform a full MCMC
procedure, using objective priors akin to those used for the
sea-surge data in Section 2.3.1. This yieddeerations after
burn-in, on threshold exceedances above a range of thresh-

Table 1 about here olds u, to obtain approximate samples (") and¢*() of

length S from the posterior distributions of the GPD scale
and shape* and&*, as well as approximate samples from
the posteriors of the dependence parametersdi.€a, 3)
or A) and hence sampl&®) from the posterior of the ex-
tremal index; see Section 2.2.2. At each replicatfpria

Table1 Table 1's caption here Equation (8) we also obtain posterior dragy&” from ther-
year return levels for a range of return periagfrom these
draws we can obtain the posterior mezin, The posterior

modezﬁf) and the posterior 95% confidence interval upper

Given the results discussed in Section 2.3.4, we believe thebpundzﬁﬁ)p,.,e,; we also obtain the predictive return |e‘éﬁ)red.

is a need to investigate the propertiezaf, relative to es- Vi Equation (12), essentially giving sampling distrilouts
timative return levels obtained as point summaries from th@f IengthL for each of these return level summaries. Defin-
posterior distribution foz;. In particular, of interest to prac- N9 P to be the proportion of annual maxima yfe) ex-
titioners might be the actual return probabilities asseda ceeding each o7, 4", 2\, andz".,, gives sampling dis-

with z,.., and other estimative return levels, and how thesdributions forpz, pz, Pz, andpz,... respectively. Other
compare ta L. than the sampling distributions for each of the return level

summaries themselves, of particular interest might be com-
parisons between each of the proportiprend the intended
3.1 Study design exceedance proportions?.

3 Simulation study

The first stage of our simulation study requires the simu-

lation of a reference series of stationary extrey&8" of 3.2 Parameters in our study

length N years withN, observations per year, wheheis

very large, assuming a first-order Markov structure. We conkn our study, we us&l = 10° andNy = N x 36525x 24, in
sider a range of models for the dependence between neiglne with having hourly measurements on our variable. We
bouring extremes iy(Re). Specifically, under the assump- usea = {0.1,0.2,...,0.9} for the logistic model; for the bil-
tion of asymptotic dependence we use the logistic and biloegistic model we fixx at 0.5 and usg8 = {0.1,0.2,...,0.9};
gistic models models as discussed in Section 2.2.2, cayerirfor the AR(1) process we us& = {0.1,0.2,...,0.9}.
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Marginally, we holdo unit constant but consider a range
of tail behaviours through the GP shape param&tevhere
£={-0.4,-0.1,0,0.1,0.3}, yieldingo* = u+1andf* =

&, where we uses = {upo,Uggs,Up.o9}. We performL =
1000 replications, within which we simulate chair$ yof
lengthn = 10 years witmy = Ny, in keeping with the length

of our wind speed series at High Bradfield; for each chain,
we perform MCMC withS= 10,000 iterations after an ap-
propriate burn-in discard. For each combinatiof@f, £*, 6)
across all dependence models considered, we perform rel-
atively small MCMC pilot runs in a bid to select suitable
values for the MCMC tuning parameters before running the
full simulation study, aiming for acceptance rates of betwe
20-30%.

3.3 Results
3.3.1 Asymptotic dependence

3.3.2 Aymptotic independence



