Example 1.3: Car diagnosis

We were given the prior probabilities:

Pr(fy) = 0.4 and
Pr(02) = 0.6.

We then found the posterior probabilities:

Pr(91\x3) = 0.625 and
PF(HQ‘X:;) = 0.375.
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Example 1.3: Car diagnosis

In terms of odds:
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Example 1.3: Car diagnosis

In terms of odds:

Prior odds :

Posterior odds :

Pr(6;) 0.4

06" 3 or 3:2 in favour of 65

Pr(92)

Pr(91|x3) . 0.625 . 5

= == 5:3 in favour of 6.
Pr(alxs) 0375 3 °Of > niavourote:
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Example 1.4: Multiple choice exam

Pr(K) | Pr(K|C)
=0 | =50/(1+40)
0.0 0.000
0.1 0.357
0.2 0.556
0.3 0.682
0.4 0.769
0.5 0.833
0.6 0.882
0.7 0.921
0.8 0.952
0.9 0.978
1.0 1.000
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Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is
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Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is

9’”_( e—n0

T[T xi!

n -1 B
= (H x,-!> x §MXe="0
i1

f(x)0) =
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Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is

9n)7 e—n0

n
[Tz x!
N 1
= (Hx,-!) x 0™ e
i—1

Notice that this likelihood function depends on the data only
through [T, (x")~" and .

f(x)0) =
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Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is

9n)7 e—n0

n
[Tz x!
N 1
= (Hx,-!) x 0™ e
i—1

Notice that this likelihood function depends on the data only
through [T, (x")~" and .

f(x)0) =

Further, in f(x|6), 6 only “interacts” with x —

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is

9n)7 e—n0

n
[Tz x!
N 1
= (Hx,-!) x 0™ e
i—1

Notice that this likelihood function depends on the data only
through [T, (x")~" and .

f(x)0) =

Further, in f(x|6), 6 only “interacts” with x — the other term
simply scales f(x|60)
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Sufficiency

Consider again the Poisson model in Example 1.5. The
likelihood function is

9n)7 e—n0

n
[Tz x!
N 1
= (Hx,-!) x 0™ e
i—1

Notice that this likelihood function depends on the data only
through [T, (x")~" and .

f(x)0) =

Further, in f(x|6), 6 only “interacts” with x — the other term
simply scales f(x|0) — so that, for example, the point at which
f(x|0) is maximized is determined only by x.
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Sufficiency

Informally, we think of all the information about ¢ in the data
being contained in X.
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Sufficiency

Informally, we think of all the information about ¢ in the data
being contained in X.

More formally, we can show that the distribution of the data
given the value x does not depend on 6.
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Sufficiency

Definition (Statistic)

A statistic is any function of the data (and not of unknown
parameters).
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Sufficiency

Definition (Statistic)

A statistic is any function of the data (and not of unknown
parameters).

Definition (Sufficiency)

The statistic T(X) is sufficient for 6 if f(x|T(X) = t) does not
depend on 6.
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Example 1.8

Consider again the Poisson model in Example 1.5.
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Example 1.8

Consider again the Poisson model in Example 1.5.

Suppose we had just two observations.
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Example 1.8

Consider again the Poisson model in Example 1.5.
Suppose we had just two observations.

Then n=2 and X;|0 ~ Po(#), i = 1,2 (independent).
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Example 1.8

Consider again the Poisson model in Example 1.5.
Suppose we had just two observations.
Then n=2 and X;|0 ~ Po(#), i = 1,2 (independent).

Show that T = Xj + X5 is sufficient for 6. Note that
T|6 ~ Po(26).
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.

As X; and X, are discrete random variables, we have
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)
Pr(T=1)

FX|T(X)=1) =
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FX|T(X)=1) =

Pr(T=1)
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FXITX) = 1) = Tt
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FX|T(X)=1) =

Pr(T=1)
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:

Pr(X1 = X1,X2 =1t—Xxq |9) = Pr(X1 = Xq |9)PF(X2 =1— X |9)
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FXITX) = 1) = Tt
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:

Pr(X1 = X1,X2 =1t—Xxq |9) = Pr(X1 = Xq |9)PF(X2 =1— X |9)
e~99x
= X
Xq!
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FXITX) = 1) = Tt
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:

Pr(X1 = X1,X2 =1t—Xxq |9) = Pr(X1 = Xq |9)PF(X2 =1— X |9)
e—99X1 y e—09t—x1
Xq! (t — Xq )'
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FXITX) = 1) = Tt
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:

Pr(X1 = X1,X2 =1t—Xxq |9) = Pr(X1 = Xq |9)PF(X2 =1— X |9)
e—99X1 y e—09t—x1

Xq! (t — Xq )'
e—299X1+t—X1
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Solution to Example 1.8 (1/2)

Consider the conditional distribution of the data X on T = t.
As X; and X, are discrete random variables, we have

Pr(X1 = X1,X2 = Xo, T= t)

FXITX) = 1) = Tt
. Pr(X1:X1,X2:t—X1)
Pr(T =1t) '

Now, as X; and X, are independent, for the numerator we have:

Pr(X1 = X1,X2 =1t—Xxq |9) = Pr(X1 = Xq |9)PF(X2 =1— X |9)
e—99X1 y e—09t—x1

Xq! (t — Xq )'
e—299X1+t—X1 e—200t

X1!(t—X1)! - X1!(t—X1)!‘
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Solution to Example 1.8 (2/2)

For the denominator we know that

—20(op\t
Pr(T =t0) = etﬂ (sum of two Poissons).
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Solution to Example 1.8 (2/2)

For the denominator we know that

e—20(29)t

Pr(T =t0) = — (sum of two Poissons).
Therefore
6_299t e—29(26)t
xT(X) =1 = x1!(t—x1)!/ f
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Solution to Example 1.8 (2/2)

For the denominator we know that

e—20(29)t

Pr(T =t0) = — (sum of two Poissons).
Therefore
6_299t e—29(26)t
xT(X) =1 = x1!(t—x1)!/ f

tle2%¢!
x1!(t — xq)le—20(20)!
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Solution to Example 1.8 (2/2)

For the denominator we know that

e—20(29)t

Pr(T =t0) = — (sum of two Poissons).
Therefore
6_299t e—29(26)t
xT(X) =1 = x1!(t—x1)!/ f
tle2%¢!
Xt — xq)le~20(20)t
f!
N 2tX1 '(t — X1)!
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Solution to Example 1.8 (2/2)

For the denominator we know that

e—20(29)t

Pr(T =t0) = — (sum of two Poissons).
Therefore
6_299t e—29(26)t
xT(X) =1 = x1!(t—x1)!/ f
tle2%¢!
Xt — xq)le~20(20)t
f!
N 2tX1 '(t — X1)!

which does not depend on 6. Hence, by Definition 1.4,
T = X1 + X is sufficient for 6.
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Sufficiency

Definition (Joint sufficiency)

The statistics T(X) = (T1(X), T2(X),.. ., Tk(X))T are jointly
sufficient for 6 if f(x|T(X) = t) does not depend on 6.
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Sufficiency

Definition (Joint sufficiency)

The statistics T(X) = (T1(X), T2(X),.. ., Tk(X))T are jointly
sufficient for 6 if f(x|T(X) = t) does not depend on 6.

Theorem (Factorisation Theorem)

Under certain regularity conditions
T(X) is sufficient for 6 <— f(x|0) = h(x) g(t(x),0)

for some functions h and g.
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Example 1.9

Consider again the Poisson model in Example 1.5 with n = 2:
Xil0 ~ Po(6), i = 1,2 (independent). Determine a sufficient
statistic for 6.
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Solution to Example 1.9 (1/1)

The (joint) probability function is

e o e lp*
X
Xq! Xo!

f(x|0) =
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Solution to Example 1.9 (1/1)

The (joint) probability function is

e o e lp*
X
Xq! Xo!

f(x|0) =

e—299X1 —+Xo

X11Xo!
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Solution to Example 1.9 (1/1)

The (joint) probability function is

e—99X1 6_99X2

f(X|9) - X1! % Xg!

e—299X1 —+Xo
X11Xo!

1
= X

8_209)(1 —+Xo
Xq1x0!
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Solution to Example 1.9 (1/1)

The (joint) probability function is

e—99X1 6_99X2

f(X|9) - X1! % Xg!

e—299X1 —+Xo
X11Xo!

1
= X

8_209)(1 —+Xo
Xq1x0!

= h(x)g(xy + x2,0),
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Solution to Example 1.9 (1/1)

The (joint) probability function is

e o e lp*
X
Xq! Xo!

f(x10) =

e—299X1 —+Xo
X11Xo!
1

= X
Xq1x0!

8_209)(1 —+Xo

= h(x)g(x1 + x2,0),

where h(x) = 1/(x;1x3!) and g(t,0) = e~2%1.
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Solution to Example 1.9 (1/1)

The (joint) probability function is

8—99X1 6_99X2

f(X|9) - X1! % Xg!

e—299X1 —+Xo
X11Xo!

1
= X

8_209)(1 —+Xo
Xq1x0!

= h(x)g(x1 + x2,0),
where h(x) = 1/(x;1x3!) and g(t,0) = e~2%1.

Therefore, by the Factorisation Theorem, T = X; + Xz is
sufficient for 6.
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Example 1.10

Suppose we have a random sample from an exponential
distribution: Xj|0 ~ Exp(#), i =1,2,...,n (independent).

Determine a sufficient statistic for 9.
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Solution to Example 1.10 (1/1)

The (joint) probability density function is

f(x|6) Hae—exf
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Solution to Example 1.10 (1/1)

The (joint) probability density function is

n
f(x6) = Hae—“f

= exp< «92x,>
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Solution to Example 1.10 (1/1)

The (joint) probability density function is

n
f(xjo) = JJoe "
i=1
= exp( HZX,>
n
= 1x60"exp <—9Zx,->
i=1
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Solution to Example 1.10 (1/1)

The (joint) probability density function is

n
f(x6) = Hae—“f
= exp( HZX,>
= 1x60"exp <—9Zx,->
i=1

= h(x) 9(x x;,0),
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Solution to Example 1.10 (1/1)

The (joint) probability density function is

n
f(xjo) = JJoe "
i=1
= exp( HZX,>
n
= 1x60"exp (—92x,>
i=1

= h(x) 9(x x;,0),

where h(x) = 1 and g(t,0) = 0"e~%. Therefore, by the
Factorisation Theorem, T = Y"1, X; is sufficient for 6.
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Example 1.11

Suppose we have a random sample from a Normal distribution:
Xilp,o0 ~ N(p,0?),i=1,2,...,n (independent).

Determine sufficient statistics for (u, o).
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Solution to Example 1.11 (1/1)

The (joint) probability density function is

)2
1 expd — (X — )
V2ro? 202

f(xlw o) = ]
i1
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Solution to Example 1.11 (1/1)

The (joint) probability density function is

. 06— n?
o) = 11 5= ep { U
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Solution to Example 1.11 (1/1)

The (joint) probability density function is

. 06— n?
o) = 11 5= ep { U

1 n
= (2m) 20 "exp {—272 (xi — u)z}
=1

1=

— (21) 2o M exp {_%‘2 (Z XE—2p) X+ n#Z) }
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Solution to Example 1.11 (1/1)

The (joint) probability density function is

. 06— n?
o) = 11 5= ep { U

1 n
= (27T)_”/20’”exp{—272 (Xi—u)z}

i=1
— (21) 2o M exp {_%‘2 (Z XE—2p) X+ n#Z) }

= h(x)g(Zx;, X X2, 11, 0),

where h(x) = (27)~"/2 and
9ty to, j1,0) = o~ "exp{—(to — 2uty + nu?)/(202)}.
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Solution to Example 1.11 (1/1)

The (joint) probability density function is

_ oyt (X — 1)?
o) = 11 5= ep { U

1 n
= (27T)_”/20’”exp{—272 (Xi—u)z}

i=1
— (21) 2o M exp {_%‘2 (Z XE—2p) X+ n#Z) }

= h(x)g(Zx;, X X2, 11, 0),
where h(x) = (27)~"/2 and
9ty to, j1,0) = o~ "exp{—(to — 2uty + nu?)/(202)}.

Therefore, by the Factorisation Theorem, Ty = Y7, X; and
T, = Y"1, X? are (jointly) sufficient for ; and o.
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If X1, Xo, ..., X, are independent random variables with
probability density function

f(x|0) =01 —0)*", x=1,2,...,

(a) Form the likelihood function f(x|6);

(b) Use the Factorisation Theorem to obtain a sufficient
statistic for 6.
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Quick quiz: solution

The joint probability function is

f(x|0) He — )%~
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Quick quiz: solution

The joint probability function is

n

f(xlo) = JJo(1 -0y

i=1

= "1 -0 11 -0y x ... x(1—g)!
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Quick quiz: solution

The joint probability function is

n

f(xlo) = JJo(1 -0y
i=1

= "1 -0 11 -0y x ... x(1—g)!

= "1 —g)=x"
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Quick quiz: solution

The joint probability function is

n

f(xlo) = JJo(1 -0y
i=1
= "1 -0 11 -0y x ... x(1—g)!
= 0"(1 —g)xX—"

= 1x0"(1—9)=%"
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Quick quiz: solution

The joint probability function is

n

f(xlo) = JJo(1 -0y
i=1
= "1 -0 11 -0y x ... x(1—g)!
= 0"(1 —g)xX—"

= 1x0"(1—9)=%"

= h(x)g (Z X;, 9)
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Quick quiz: solution

The joint probability function is

n

f(xlo) = JJo(1 -0y

i=1
= "1 -0 11— x .. x (1 -9y
= "1 —g)=x"
= 1x0"(1—9)=%"

= h(x)g (Z X;, 9)

where h(x) =1 and g(t,0) = 6"(1 — 6)!=". Therefore, by the
Factorisation Theorem, T = )" X; is sufficient for 6.
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Impact of industrial action

m To you: Minimial
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Impact of industrial action

m To you: Minimial
— You are not expected to self-learn anything
— The assignment, due next week, is postponed
— Anything we can’t get through will not appear on the exam
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Impact of industrial action

m To you: Minimial
— You are not expected to self-learn anything
— The assignment, due next week, is postponed
— Anything we can’t get through will not appear on the exam

m Where are we up to? What happens next?
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Impact of industrial action

m To you: Minimial
— You are not expected to self-learn anything
— The assignment, due next week, is postponed
— Anything we can’t get through will not appear on the exam

m Where are we up to? What happens next?

— We got everything finished up to the end of page 14 in the
notes
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Impact of industrial action

m To you: Minimial
— You are not expected to self-learn anything
— The assignment, due next week, is postponed
— Anything we can’t get through will not appear on the exam

m Where are we up to? What happens next?
— We got everything finished up to the end of page 14 in the

notes
— The rest of Chapter 1 will be non-examinable — | will cover

this at the start of MAS3902
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Impact of industrial action

m To you: Minimial
— You are not expected to self-learn anything
— The assignment, due next week, is postponed
— Anything we can’t get through will not appear on the exam

m Where are we up to? What happens next?
— We got everything finished up to the end of page 14 in the

notes
— The rest of Chapter 1 will be non-examinable — | will cover

this at the start of MAS3902
— Today we start Chapter 2, and will continue as normal
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Impact of industrial action

m To you: Minimial

You are not expected to self-learn anything
The assignment, due next week, is postponed
Anything we can’t get through will not appear on the exam

m Where are we up to? What happens next?

We got everything finished up to the end of page 14 in the
notes

The rest of Chapter 1 will be non-examinable — | will cover
this at the start of MAS3902

Today we start Chapter 2, and will continue as normal
Make sure you’re up-to-date with everything on Canvas,
including the video on prior and posterior probabilities
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Chapter 2

Bayes’ Theorem for Distributions
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Bayes’ Theorem for Distributions

Suppose we have data x which we model using the probability
(density) function f(x|6), which depends on a single
parameter 6.

Once we have observed the data, f(x|0)
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Bayes’ Theorem for Distributions

Suppose we have data x which we model using the probability
(density) function f(x|6), which depends on a single
parameter 6.

Once we have observed the data, f(x|0)

m is the likelihood function for
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Bayes’ Theorem for Distributions

Suppose we have data x which we model using the probability
(density) function f(x|6), which depends on a single
parameter 6.

Once we have observed the data, f(x|0)

m is the likelihood function for ¢
m is a function of 6 (for fixed x) rather than
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Bayes’ Theorem for Distributions

Suppose we have data x which we model using the probability
(density) function f(x|6), which depends on a single
parameter 6.

Once we have observed the data, f(x|0)

m is the likelihood function for ¢
m is a function of 6 (for fixed x) rather than
m a function of x (for fixed 0).
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Bayes’ Theorem for Distributions

Also, suppose we have prior beliefs about likely values of 6
expressed by a probability (density) function =(9).

We can combine both pieces of information using the following
version of Bayes Theorem.

The resulting distribution for 6 is called the posterior
distribution for § as it expresses our beliefs about 6 after
seeing the data.

It summarises all our current knowledge about the parameter 6.
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Bayes’ Theorem for Distributions

The posterior probability (density) function for 6 is
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Bayes’ Theorem for Distributions

The posterior probability (density) function for 6 is

7(0]%) = 7”(93,(';8‘ )
where
Jom(8) f(x|6) d6 if 6 is continuous,
f(x) =

Yom()f(x|0) if0is discrete.

Notice that, as f(x) is not a function of #, Bayes Theorem can
be rewritten as

m(0|x) < w(6) x f(x|0)
i.e. posterior  prior x likelihood.
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Bayes’ Theorem for Distributions

Thus, to obtain the posterior distribution, we need:
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Bayes’ Theorem for Distributions

Thus, to obtain the posterior distribution, we need:

(1) data, from which we can form the likelihood f(x|¢), and
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Bayes’ Theorem for Distributions

Thus, to obtain the posterior distribution, we need:

(1) data, from which we can form the likelihood f(x|¢), and

(2) a suitable distribution, 7(6), that represents our prior
beliefs about 6.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function
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Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function

f(yla, b) = a<y<hb.

b—a’
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Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function

f(yla, b) = a<y<hb.

b—a’
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Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function

f(yla, b) = a<y<hb.

b—a’

This form of probability density function ensures that all values
in the range [a, b] are equally likely, hence the name “uniform”.
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Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function

f(y\a,b):bla, a<y<hb.

This form of probability density function ensures that all values
in the range [a, b] are equally likely, hence the name “uniform”.

This distribution is sometimes called the rectangular
distribution because of its shape.
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Some important continuous distributions

Definition (Continuous Uniform distribution)

The random variable Y follows a Uniform U(a, b) distribution if
it has probability density function

f(yla, b) = b1_a, a<y<b.

This form of probability density function ensures that all values
in the range [a, b] are equally likely, hence the name “uniform”.

This distribution is sometimes called the rectangular
distribution because of its shape.

You should remember from MAS1608 that
_a+hb

)2
E(Y) (b12a) .
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Some important continuous distributions

Definition (Beta distribution)

The random variable Y follows a Beta Be(a, b) distribution
(a> 0, b > 0)if it has probability density function

ya—1 (1 o y)b—1
B(a,b) ’

f(yla,b) =

O<y<1. (2.1)
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Some important continuous distributions

Definition (Beta distribution)

The random variable Y follows a Beta Be(a, b) distribution
(a> 0, b > 0)if it has probability density function

a—1(4 _ b1
y=(1-y) O<y<1. (21

f(yla.b) = S5 —.

The constant term B(a, b), also known as the beta function,
ensures that the density integrates to one. Therefore
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Some important continuous distributions

Definition (Beta distribution)

The random variable Y follows a Beta Be(a, b) distribution
(a> 0, b > 0)if it has probability density function

a—1(4 _ b1
y= (1=y) O<y<1. (@1

f(yla.b) = S5 —.

The constant term B(a, b), also known as the beta function,
ensures that the density integrates to one. Therefore

1
B(a.b) = /0 ya (1 -y dy. (2.2)
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Some important continuous distributions

It can be shown that the beta function can be expressed in
terms of another function, called the gamma function '(-), as

r(a)rev)

B(a7b) = mv

where
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Some important continuous distributions

It can be shown that the beta function can be expressed in
terms of another function, called the gamma function '(-), as

_ F(a)r(b)
B(a, b) = T@a+b)
where .
M(a) = / X3 e dix. (2.3)
0
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Some important continuous distributions

Tables are available for both B(a, b) and I'(a).

However, these functions are very simple to evaluate when a
and b are integers since the gamma function is a generalisation
of the factorial function.
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Some important continuous distributions

Tables are available for both B(a, b) and I'(a).

However, these functions are very simple to evaluate when a
and b are integers since the gamma function is a generalisation
of the factorial function.

In particular, when a and b are integers, we have

(a—1)i(b—1)!

M(a)=(a=1)! and B(a.b)="rp =y
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Some important continuous distributions

It can be shown, using the identity I'(a) = (a— 1)['(a— 1), that

a ab
EM=arp @ VW)= Gibrarbra)
Also
a-— .
Mode(Y)_m, ifa>1andb> 1.
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Some important continuous distributions
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Some important continuous distributions

Definition (Gamma distribution)

The random variable Y follows a Gamma Ga(a, b) distribution
(a> 0, b > 0)if it has probability density function

b2 ya—1 e—by

(yla, b) =~y —

y >0,

where I'(a) is the gamma function defined in Equation (2.3).
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Some important continuous distributions

Definition (Gamma distribution)

The random variable Y follows a Gamma Ga(a, b) distribution
(a> 0, b > 0)if it has probability density function

b2 ya—1 e—by

(yla, b) =~y —

y >0,

where I'(a) is the gamma function defined in Equation (2.3).

It can be shown that

E(Y):g and Var(Y):%.

Also

Mode(Y) = %, ifa>1.
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Some important continuous distributions

Ga(0.5,2) Ga(1,2)
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o
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Bayes Theorem for distributions in action

We will now see Bayes’ Theorem for distributions "in action".
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Bayes Theorem for distributions in action

We will now see Bayes’ Theorem for distributions "in action".

Recall that we have

w(0|x) o 7(0) x f(x|0), i.e.

posterior o prior x likelihood

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Bayes Theorem for distributions in action

We will now see Bayes’ Theorem for distributions "in action".

Recall that we have

w(0|x) o 7(0) x f(x|0), i.e.

posterior o prior x likelihood

Recall also that, for now, we will assume our prior for 6 has
been given to us —
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Bayes Theorem for distributions in action

We will now see Bayes’ Theorem for distributions "in action".

Recall that we have

w(0|x) o 7(0) x f(x|0), i.e.

posterior o prior x likelihood

Recall also that, for now, we will assume our prior for 6 has
been given to us — we will look at how such priors are
constructed, or elicited, in the next chapter.
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.

This gives a prior distribution  ~ U(0, 1), and so

w(0) =1, 0<6<1. (2.4)
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.

This gives a prior distribution  ~ U(0, 1), and so

w(0) =1, 0<6<1. (2.4)

Note that with this prior distribution E£(#) = 0.5.
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.

This gives a prior distribution  ~ U(0, 1), and so

w(0) =1, 0<6<1. (2.4)

Note that with this prior distribution E£(#) = 0.5.

We now toss the coin 5 times and observe 1 head. Determine
the posterior distribution for 6 given this data.
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*
= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*

= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).

Therefore, we have a conflict of opinions: the prior distribution
(2.4) suggests that 6 is probably around 0.5 and the data (2.5)
suggest that it is around 0.2.
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*

= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).

Therefore, we have a conflict of opinions: the prior distribution
(2.4) suggests that 6 is probably around 0.5 and the data (2.5)
suggest that it is around 0.2.

We can use Bayes’ Theorem to combine these two sources of
information in a coherent way.
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“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:

w(ox) = ",
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“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:

m(0)f(x]0)

(o) = Ty

where

F(x) = /@ (0)(x|0)do:
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“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

1
:/ 6 x5(1—6)*dg
0
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“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

1
:/ 6 x5(1—6)*dg
0

which, using integration by parts, gives
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“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

’
:/ 6 x5(1—6)*dg
0
which, using integration by parts, gives

fix=1)=[-(1 —9)59};+/1(1 —6)°do
0

1]

6
_!
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

m(0)f(x = 1|0)
f(x=1)

1 x 50(1 — 0)*

s

m(f)x =1)

0<6d<1
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is
w(0)f(x = 1|0)
f(x=1)
1 x 50(1 — 0)*
I
= 300(1—-6)*, 0<6h<1

m(f)x =1)

0<6d<1
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1 — 6)*
EEARA A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
- 7 6 <1
Bz ~  0<0<Th
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1 — 6)*
EEARA A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
- 7 6 <1
Bz ~  0<0<Th

as
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1—60)*
AR A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
= W7 0<6<1,
as 2-NIGB-1) 24 A
B2,5) = B _ 24

(2+5—1)! 720~ 30’
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1% 50(1 — 0)*
SR Y 1
1/6 , 0<b<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
= W, 0<6<1,
as 2-1)(5-1)! 24 1

(2+5-1) 720 30

and so the posterior distribution is |x = 1 ~ Be(2,5) — see
Equation 2.1. This distribution has its mode at # = 0.2, and
mean at E[¢|x = 1] = 2/7 = 0.286.
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:

m Obtaining the f(x) term for the denominator in the “full”
version of Bayes’ Theorem
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:

m Obtaining the f(x) term for the denominator in the “full”
version of Bayes’ Theorem

m Manipulating the result to realise that we had a Be(2, 5)
distribution
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o m(0)f(x =1]9)
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o m(0)f(x =1]9)

x 1x50(1-60)* 0<6<1
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o m(0)f(x =1]9)

x 1x50(1-60)* 0<6<1
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as

m(0)x) = ko>~ (1 — 6)°>~1,

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as

m(0)x) = ko>~ (1 — 6)°>~1,

i.e. 0lx =1~ Be(2,5).

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.1: Summary

It is possible that we have a biased coin.
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

E(Y) =
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =

a ab
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =

a ab
E(Y) a+b and var(Y) (a+b)2(a+b+1)
Thus:
Prior U(0,1) Observed § = 0.2 Posterior Be(2,5)
Mean 0.5 — 0.286
St. dev. 0.289 — 0.160
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Example 2.1: Summary

density
1.5 2.0 2.5
|

1.0

0.5

0.0
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores.
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores. Let 8 = Pr(correct choice).
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores. Let 8 = Pr(correct choice).

Suppose that, before conducting the experiment, we have been
told that the expert is very competent.
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores. Let 8 = Pr(correct choice).

Suppose that, before conducting the experiment, we have been
told that the expert is very competent.

In fact, it is suggested that we should have a prior distribution
which has a mode around ¢ = 0.95 and for which Pr(f < 0.8) is
very small.
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores. Let 8 = Pr(correct choice).

Suppose that, before conducting the experiment, we have been
told that the expert is very competent.

In fact, it is suggested that we should have a prior distribution
which has a mode around ¢ = 0.95 and for which Pr(f < 0.8) is
very small.

We choose 6 ~ Be(77,5) (see Example 3.2, Chapter 3), with
probability density function
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Example 2.2

Consider an experiment to determine how good a music expert
is at distinguishing between pages from Haydn and Mozart
scores. Let 8 = Pr(correct choice).

Suppose that, before conducting the experiment, we have been
told that the expert is very competent.

In fact, it is suggested that we should have a prior distribution
which has a mode around ¢ = 0.95 and for which Pr(f < 0.8) is
very small.

We choose 6 ~ Be(77,5) (see Example 3.2, Chapter 3), with
probability density function

076(1 — 0)*
—12810798007%(1 — 6)*, 0<f@ < 1. (2.7)
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Example 2.2
A graph of this prior density is given in Figure 2.4.
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Example 2.2
A graph of this prior density is given in Figure 2.4.
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Example 2.2

In the experiment, the music expert makes the correct choice 9
out of 10 times.
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Example 2.2

In the experiment, the music expert makes the correct choice 9
out of 10 times.

Determine the posterior distribution for 6 given this information.
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Solution to Example 2.2 (1/2)

We have an observation on the random variable
X|6 ~ Bin(10, §).
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Solution to Example 2.2 (1/2)

We have an observation on the random variable
X|6 ~ Bin(10, §).

This gives a likelihood function of

f(x =9|6) = 1°Cg0°(1 — 6)'

=100%(1 — 9) (2.8)
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Solution to Example 2.2 (1/2)

We have an observation on the random variable
X|6 ~ Bin(10, §).

This gives a likelihood function of

f(x =9|6) = 1°Cg0°(1 — 6)'

=100%(1 — 9) (2.8)

which favours values of # near its maximum 6 = 0.9.
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Solution to Example 2.2 (1/2)

We have an observation on the random variable
X|6 ~ Bin(10, §).

This gives a likelihood function of

f(x =9|6) = 1°Cg0°(1 — 6)'

=100%(1 — 9) (2.8)
which favours values of 8 near its maximum ¢ = 0.9.

We combine these two sources of information using Bayes’
Theorem.
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Solution to Example 2.2 (2/2)

The posterior density function is

7(0]x = 9) o m(0)f(x = 9]0)

976(1_0)4 A

—128107980075(1 — 6)* x 106°(1 —6), 0<6 <1

= k6%(1-6)°, 0<f<1. (2.9)
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Solution to Example 2.2 (2/2)

The posterior density function is

7(0]x = 9) o m(0)f(x = 9]0)

976(1_0)4 9

—128107980075(1 — 6)* x 106°(1 —6), 0<6 <1

= k6%(1-6)°, 0<f<1. (2.9)

We can recognise this density function as one from the Beta
family. In fact, the posterior distribution is §|x = 9 ~ Be(86, 6).
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Example 2.2: Summary
The changes in our beliefs about 6 are described by the prior

and posterior distributions shown in Figure 2.5 and summarised

in Table 2.1.

15
|

density

[¢]
Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.2: Summary

Prior | Likelihood | Posterior

(2.7) (2.8) (2.9)
Mode(9) | 0.950 0.900 0.944
E(0) 0.939 - 0.935
SD(6) 0.0263 - 0.0256
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Example 2.2: Summary

Prior | Likelihood | Posterior
(2.7) (2.8) (2.9)
Mode(9) | 0.950 0.900 0.944
E(0) 0.939 - 0.935
SD(6) 0.0263 - 0.0256

Notice that, having observed only a 90% success rate in the

experiment, the posterior mode and mean are smaller than
their prior values.
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Example 2.2: Summary

Prior | Likelihood | Posterior

(2.7) (2.8) (2.9)
Mode(9) | 0.950 0.900 0.944
E(0) 0.939 - 0.935
SD(6) 0.0263 - 0.0256

Notice that, having observed only a 90% success rate in the
experiment, the posterior mode and mean are smaller than
their prior values.

Also, the experiment has largely confirmed our ideas about 6,
with the uncertainty about 6 being only very slightly reduced.
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Example 2.3

Max, a video game pirate, is trying to identify the proportion of
potential customers # who might be interested in buying Call of
Duty: Elite next month.

Based on the proportion of customers who have bought
similarly violent games from him in the past, he assumes that
0 ~ Be(2.5,12) (see Example 3.3, Chapter 3).
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Example 2.3
A plot of this prior density is shown in Figure 2.6.

density

06 10

02 :
0

0.0
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Example 2.3

Max asks five potential customers if they would buy Call of
Duty: Elite from him, and four say they would.

Using this information, what is Max’s posterior distribution for 6?
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Solution to Example 2.3 (1/2)

We have been told that the prior for 6 is a Be(2.5,12)
distribution — this has density given by
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Solution to Example 2.3 (1/2)

We have been told that the prior for 6 is a Be(2.5,12)
distribution — this has density given by

B §25-1(1 — )12~
"0) = —Brs5.12)

= 435.18676"°(1 — )" (2.10)
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Solution to Example 2.3 (1/2)

We have been told that the prior for 6 is a Be(2.5,12)
distribution — this has density given by

B §25-1(1 — )12~
"0) = —Brs5.12)

= 435.18676"°(1 — )" (2.10)

We have an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function of

f(x = 4]0) = °Cu0*(1 — 0)"

=50*(1 —0), (2.11)

which favours values of 6 near its maximum 0.8.
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Solution to Example 2.3 (2/2)

We combine our prior information (2.10) with the data (2.11) —
to obtain our posterior distribution — using Bayes’ Theorem.
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Solution to Example 2.3 (2/2)

We combine our prior information (2.10) with the data (2.11) —
to obtain our posterior distribution — using Bayes’ Theorem.

The posterior density function is

7(0]x = 4) o 7(0)F(x = 4/0)
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Solution to Example 2.3 (2/2)

We combine our prior information (2.10) with the data (2.11) —
to obtain our posterior distribution — using Bayes’ Theorem.

The posterior density function is

7(0]x = 4)  7(0)f(x = 4[0)
x 435.18670'°(1 —0)'" x 50*(1 —0), 0<0O<1,

= k6>S(1-6)2,  0<6h<1. (2.12)
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Solution to Example 2.3 (2/2)

We combine our prior information (2.10) with the data (2.11) —
to obtain our posterior distribution — using Bayes’ Theorem.

The posterior density function is

7(0]x = 4)  7(0)f(x = 4[0)
x 435.18670'°(1 —0)'" x 50*(1 —0), 0<0O<1,

= k6>S(1-6)2,  0<6h<1. (2.12)

You should recognise this density function as one from the beta
family. In fact, we have a Be(6.5,13),
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Solution to Example 2.3 (2/2)

We combine our prior information (2.10) with the data (2.11) —
to obtain our posterior distribution — using Bayes’ Theorem.

The posterior density function is

7(0]x = 4)  7(0)f(x = 4[0)
x 435.18670'°(1 —0)'" x 50*(1 —0), 0<0O<1,

= k6>S(1-6)2,  0<6h<1. (2.12)

You should recognise this density function as one from the beta
family. In fact, we have a Be(6.5,13), i.e. |x = 4 ~ Be(6.5,13).
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Example 2.3: Summary

The changes in our beliefs about 6 are described by the prior
and posterior distributions shown in Figure 2.7 and summarised
in Table 2.2.
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Example 2.3: Summary

The changes in our beliefs about 6 are described by the prior
and posterior distributions shown in Figure 2.7 and summarised

in Table 2.2.

00 0.2 0.4 0.6 0.8 10

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.3: Summary

Prior | Likelihood | Posterior
(2.10) (2.11) (2.12)

Mode(0) | 0.12 08 0.314
E(6) 0.172 - 0.333
SD(6) | 0.096 - 0.104
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Example 2.3: Summary

Prior | Likelihood | Posterior

(2.10) (2.11) (2.12)
Mode(9) | 0.12 0.8 0.314
E(0) 0.172 - 0.333
SD(6) 0.096 - 0.104

Notice how the posterior has been “pulled” from the prior
towards the observed value: the mode has moved up from 0.12
to 0.314, and the mean has moved up from 0.172 to 0.333.
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Example 2.3: Summary

Prior | Likelihood | Posterior

(2.10) (2.11) (2.12)
Mode(9) | 0.12 0.8 0.314
E(0) 0.172 - 0.333
SD(6) 0.096 - 0.104

Notice how the posterior has been “pulled” from the prior
towards the observed value: the mode has moved up from 0.12
to 0.314, and the mean has moved up from 0.172 to 0.333.

Having just one observation in the likelihood, we see that there
is hardly any change in the standard deviation from prior to
posterior: we would expect to see a decrease in standard
deviation with the addition of more data values.
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Example 2.4

Table 2.3 shows some data on the times between serious
earthquakes.

An earthquake is included if its magnitude is at least 7.5 on the
Richter scale or if over 1000 people were killed.

Recording starts on 16 December 1902 (4500 killed in
Turkistan).

The table includes data on 21 earthquakes, that is, 20 “waiting
times” between earthquakes.

840 157 145 44 33 121 150 280 434 736
584 887 263 1901 695 294 562 721 76 710
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Example 2.4

It is believed that earthquakes happen in a random haphazard
kind of way and that times between earthquakes can be
described by an exponential distribution.

Data over a much longer period suggest that this exponential
assumption is plausible.

Therefore, we will assume that these data are a random sample
from an exponential distribution with rate # (and mean 1/6). The
parameter ¢ describes the rate at which earthquakes occur.
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Example 2.4

An expert on earthquakes has prior beliefs about the rate of
earthquakes, 6, described by a Ga(10,4000) distribution (see
Example 3.1, Chapter 3), which has density density

400010 999—40009

"0 =Ty

>0, (2.13)

and mean E(#) = 0.0025.
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Example 2.4

A plot of this prior distribution can be found in Figure 2.8. As
you might expect, the expert believes that only very small
values of 6 are likely, though larger values are not ruled out!
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| | |

density
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|
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6
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Example 2.4

A plot of this prior distribution can be found in Figure 2.8. As
you might expect, the expert believes that only very small
values of 6 are likely, though larger values are not ruled out!
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density
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0.000 0.001 0.002 0.003 0.004 0.005

6
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Solution to Example 2.4 (1/2)

The data are observations on Xj|0 ~ Exp(6),i=1,2,...,20
(independent).
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Solution to Example 2.4 (1/2)

The data are observations on Xj|0 ~ Exp(6),i=1,2,...,20
(independent).

Therefore, the likelihood function for 9 is

f(x|0) = Hee“”" 6>0
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Solution to Example 2.4 (1/2)

The data are observations on Xj|0 ~ Exp(6),i=1,2,...,20
(independent).

Therefore, the likelihood function for 9 is

f(x|0) = Hee“”" 6>0

20
:920exp (—HZX,-) , g>0
i=1

= 20796330 g0, (2.14)
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Solution to Example 2.4 (2/2)

We now apply Bayes Theorem to combine the expert opinion
with the observed data. The posterior density function is
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Solution to Example 2.4 (2/2)

We now apply Bayes Theorem to combine the expert opinion
with the observed data. The posterior density function is

7(0]x) o 7(6)F(x]6)

40001 0 99 e—40006‘
% 920 6_96330,

F(i0) >0

X

= k3017136330, 6> 0. (2.15)
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Solution to Example 2.4 (2/2)

We now apply Bayes Theorem to combine the expert opinion
with the observed data. The posterior density function is

7(0]x) o 7(6)F(x]6)

400010 99 e—40006‘ B
% 9206 96339’

F(i0) >0

X

= k3017136330, 6> 0. (2.15)

The only continuous distribution which takes the form
k§9-1e=M 9 > 0 is the Ga(g, h) distribution.
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Solution to Example 2.4 (2/2)

We now apply Bayes Theorem to combine the expert opinion
with the observed data. The posterior density function is

7(0]x) o 7(6)F(x]6)

400010 99 e—40006‘ B
> 9206 96339’

r(10) >0

X

= k3017136330, 6> 0. (2.15)

The only continuous distribution which takes the form
k§9-1e=M 9 > 0 is the Ga(g, h) distribution.

Therefore, the posterior distribution must be
0|x ~ Ga(30,13633).
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Example 2.4: Summary

The data have updated our beliefs about 6 from a Ga(10,4000)
distribution to a Ga(30, 13633) distribution.
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Example 2.4: Summary

The data have updated our beliefs about 6 from a Ga(10,4000)
distribution to a Ga(30, 13633) distribution.

Plots of these distributions are given in Figure 2.9, and Table
2.4 gives a summary of the main changes induced by
incorporating the data.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.4: Summary
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Example 2.4: Summary

Prior Likelihood | Posterior

(2.13) (2.14) (2.15)
Mode(6) | 0.00225 | 0.00208 | 0.00213
E(9) 0.00250 - 0.00220
SD(6) 0.00079 - 0.00040
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Example 2.4: Summary

Prior Likelihood | Posterior

(2.13) (2.14) (2.15)
Mode(6) | 0.00225 | 0.00208 | 0.00213
E(9) 0.00250 - 0.00220
SD(6) 0.00079 - 0.00040

Notice that, as the mode of the likelihood function is close to
that of the prior distribution, the information in the data is
consistent with that in the prior distribution.
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Example 2.4: Summary

Prior Likelihood | Posterior

(2.13) (2.14) (2.15)
Mode(6) | 0.00225 | 0.00208 | 0.00213
E(9) 0.00250 - 0.00220
SD(6) 0.00079 - 0.00040

Notice that, as the mode of the likelihood function is close to
that of the prior distribution, the information in the data is
consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the
posterior distributions.
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Example 2.4: Summary

Prior Likelihood | Posterior

(2.13) (2.14) (2.15)
Mode(6) | 0.00225 | 0.00208 | 0.00213
E(9) 0.00250 - 0.00220
SD(6) 0.00079 - 0.00040

Notice that, as the mode of the likelihood function is close to
that of the prior distribution, the information in the data is
consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the
posterior distributions.

The similarity between the prior beliefs and the data has
reduced the uncertainty we have about the likely earthquake
rate 6.
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Example 2.5

We now consider the general case of the problem discussed in
Example 2.4.

Suppose X;|0 ~ Exp(6), i =1,2,...,n (independent) and our
prior beliefs about # are summarised by a Ga(g, h) distribution
(with g and h known), with density

h909—1e—’79
G

Determine the posterior distribution for 6.

>0. (2.16)
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Solution to Example 2.5 (1/2)

The likelihood function for 4 is

f(x|0) = ng—GX/ 6>0

— 0”6_9)(1 —0xo—...—0Xp
— Qne—e S x

—0"e"™  §>0. (2.17)
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function
is
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function
is

m(0|x) o w(0)f(x|0)

—1,5—h0
h969~ e Hne—n)’(e

=7 . 6>0.
r9)

X

7(0]x) = ko9t 1e= (M0 g~ 0, (2.18)
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function
is

m(0|x) o w(0)f(x|0)

—1,5—h0
h969~ e Hne—n)’(e

—7_°  « . 6>0.
r9)

X

7(0]x) = ko9t 1e= (M0 g~ 0, (2.18)

where k is a constant that does not depend on 6.
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function
is

m(0|x) o w(0)f(x|0)

—1,5—h0
h969~ e Hne—n)’(e

—7_°  « . 6>0.
r9)

X

7(0]x) = ko9t 1e= (M0 g~ 0, (2.18)
where k is a constant that does not depend on 6.

Therefore, the posterior distribution takes the form k§9—"e="
6 > 0 and so must be a gamma distribution.
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function
is

m(0|x) o w(0)f(x|0)

g ng—1,—ho _
o OO pngnie g,
r9)

7(0]x) = ko9t 1e= (M0 g~ 0, (2.18)

where k is a constant that does not depend on 6.

Therefore, the posterior distribution takes the form k§9—"e="
6 > 0 and so must be a gamma distribution.

Thus we have 0|x ~ Ga(g + n, h+ nX).
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Example 2.5: Summary

If
m X; ~ Exp(#) and
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Example 2.5: Summary

If
m X; ~ Exp(#) and
m 9 ~ Ga(g, h), then
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Example 2.5: Summary

If
m X; ~ Exp(#) and
m 9 ~ Ga(g, h), then
m 0|x ~ Ga(g + n, h+ nx)

The changes in our beliefs about # are summarised in Table
2.5, taking g > 1.
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Example 2.5: Summary

If
m X; ~ Exp(#) and
m 9 ~ Ga(g, h), then
m 0|x ~ Ga(g + n,h+ nx)

The changes in our beliefs about # are summarised in Table
2.5, taking g > 1.

Prior Likelihood Posterior

(2.16) (2.17) (2.18)
Mode(6) | (g—1)/h 1/x (g+n—1)/(h+ nx)
E(0) g/h - (g + n)/(h+ nX)
SD(6) Va/h - g+ n/(h+ nx)
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Chapter 2 so far...

Model Prior Posterior
Binomial(k,6) | 6 ~ U(0,1) Beta
6 ~ Beta(a, b) Beta
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Chapter 2 so far...

Model Prior Posterior
Binomial(k,0) | 6~ U(0,1) Beta
6 ~ Beta(a, b) Beta
Exponential(9) | 6 ~ Ga(g,h) | Gamma
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Chapter 2 so far...

Model Prior Posterior
Binomial(k,0) | 6~ U(0,1) Beta
6 ~ Beta(a, b) Beta
Exponential(9) | 6 ~ Ga(g,h) | Gamma
0 ~ exp(9) ??
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Chapter 2 so far...

Model Prior Posterior
Binomial(k,0) | 6~ U(0,1) Beta
6 ~ Beta(a, b) Beta
Exponential(9) | 6 ~ Ga(g,h) | Gamma
0 ~ exp(9) ??
Normal(u,0?) | w~ N(b,1/d) | Normal
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Conjugacy

Definition (Conjugacy)
Suppose that data x are to be observed with distribution f(x|0).

A family § of prior distributions for 6 is said to be conjugate to
f(x|0) if for every prior distribution 7(6) € §, the posterior
distribution 7(6|x) is also in F.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.

So we will assume that this population has unknown mean p
but known precision 7: Xj|pu ~ N(u,1/7),i=1,2,...,n
(independent), where 7 is known.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.

So we will assume that this population has unknown mean p
but known precision 7: Xj|pu ~ N(u,1/7),i=1,2,...,n
(independent), where 7 is known.

Suppose our prior beliefs about i can be summarised by a
N(b,1/d) distribution,
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.

So we will assume that this population has unknown mean p
but known precision 7: Xj|pu ~ N(u,1/7),i=1,2,...,n
(independent), where 7 is known.

Suppose our prior beliefs about i can be summarised by a
N(b,1/d) distribution, with probability density function

(1) = (%)1/2exp{—§(u—b)2} (2.19)

Determine the posterior distribution for .
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=

- (7)ol -5 300w
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=

_ (%)”/Zexp{—gZ([x,-—ﬂ+[2—ul>2}

i=1
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S

Let
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S

Let
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S

Let

7
Il
S| =
X
|
XI
N—
—.m

Then
T \n/2 nr _
F(X| ) = <Z> exp {—7 [32 + (X - M)Z] } . (2.20)



Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )

(2)"en{ 2o
(

— Ky exp {—% [d(u — b)? + nr(X — ﬂ)z] }
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )
(@) 27
(

— o {~ S b7 - T [#+ -]}
= ki exp {—% (= b+ nr(x u)z]}

where ki is a constant that does not depend on (.
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)

= dp?+ nrp® — 2dbu — 2ntXp + db® + nTx?
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2ntXp + db® + nTx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(p—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2nTXu + db® + nrx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?

_ (@4 <u2 _2Adb+nrE) C)

d+ nr
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(p—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2nTXu + db® + nrx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?

2(db + nrX)

_ 2 _

= (d+nr)<u R u+c>
db + nrx\ )2

- W*””{“‘(W)} e

where ¢ does not depend on .
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

B= dn and D=d+nr. (2.21)
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

= = . 2.21
B dn and D=d+nr ( )

Then

m(p|X) = ki exp {_g(“ _ By - g}

:kexp{—g( —3)2}, (2.22)

where k is a constant that does not depend on p.
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

= = . 2.21
B dn and D=d+nr ( )

Then

m(p|X) = ki exp {_g(“ _ By - g}

:kexp{—g( —3)2}, (2.22)

where k is a constant that does not depend on p.

Therefore, the posterior distribution takes the form
k exp{—D(u — B)?/2}, —c0 < p < oo and so must be a normal
distribution: we have u|x ~ N(B,1/D).
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Example 2.6: Summary

If we have a random sample from a N(u, 1/7) distribution (with
7 known) and our prior beliefs about y follow a N(b,1/d)
distribution then, after incorporating the data, our (posterior)
beliefs about . follow a N(B, 1/D) distribution.
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Example 2.6: Summary

If we have a random sample from a N(u, 1/7) distribution (with
7 known) and our prior beliefs about y follow a N(b,1/d)
distribution then, after incorporating the data, our (posterior)
beliefs about . follow a N(B, 1/D) distribution.
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Example 2.6: Summary

The changes in our beliefs about 1 are summarised in Table
2.6.
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Example 2.6: Summary

The changes in our beliefs about 1 are summarised in Table

2.6.
Prior | Likelihood Posterior
(2.19) (2.20) (2.21)
Mode( ) b X (db+ ntXx)/(d + nT)
E(un) b - (db+ n7Xx)/(d + nr)
Precision(u) d - d-+nr
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Example 2.6: Summary

Notice that the way prior information and observed data
combine is through the parameters of the normal distribution:
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Example 2.6: Summary

Notice that the way prior information and observed data
combine is through the parameters of the normal distribution:

baM and d— d+ nr.
d-+nr
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrtx

B = d-+nr
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrx
d+nr

adb N nrx
d+nr d+nr

B =
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrx
d+nr

adb N nrx
d+nr d+nr

B =

d b nr 5
d-+nr d+nr
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrx
d+nr

adb N nrx
d+nr d+nr

B =

d b nr 5
d-+nr d+nr

B d bt d+nr—d 5
 \d+nr d+nr
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrx
d+nr

adb N nrx
d+nr d+nr

B =

d b nr 5
d-+nr d+nr

B d bt d+nr—d 5
 \d+nr d+nr

d
d+nr’
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= ab+ (1 - a)x, o=




Example 2.6: Summary

This equation for the posterior mean, which can be rewritten as
E(ulx) = aE(p) + (1 — )X,

arises in other models and is known as the Bayes linear rule.
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Example 2.6: Summary

Notice that the posterior mean is greater than the prior mean if
and only if the likelihood mode (sample mean) is greater than
the prior mean, that is

E(ulx) > E(n) <= Mode[f(x|u)] > E(u).

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 2.6: Summary

Notice that the posterior mean is greater than the prior mean if
and only if the likelihood mode (sample mean) is greater than
the prior mean, that is

E(ulx) > E(n) <= Mode[f(x|u)] > E(u).

Also, the standard deviation of the posterior distribution is
smaller than that of the prior distribution.
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Example 2.7

The ages of Ennerdale granophyre rocks can be determined
using the relative proportions of rubidium—-87 and strontium—-87
in the rock.

An expert in the field suggests that the ages of such rocks (in
millions of years) X|u ~ N(u,82) and that a prior distribution
p ~ N(370,202) is appropriate.

A rock is found whose chemical analysis yields x = 421. What
is the posterior distribution for ;. and what is the probability that
the rock will be older than 400 million years?
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Solution to Example 2.7 (1/2)

Wehaven=1,x=x=421,7=1/64, b= 370 and
d = 1/400.
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Solution to Example 2.7 (1/2)

Wehaven=1,x=x=421,7=1/64, b= 370 and
d = 1/400. Therefore, using the results in Example 2.6,

ab+ nrx

B = d+nr
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Solution to Example 2.7 (1/2)

Wehaven=1,x=x=421,7=1/64, b= 370 and
d = 1/400. Therefore, using the results in Example 2.6,

adb+ nrx
d+nr
370/400 + 421/64

_ _ 414,
1/400 + 1/64 0 and

B =
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Solution to Example 2.7 (1/2)

Wehaven=1,x=x=421,7=1/64, b= 370 and
d = 1/400. Therefore, using the results in Example 2.6,

adb+ nrx
B = —————
d+nr
~370/400 +421/64
= /200 - 1/64 =414.0 and
D = d-+nr
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Solution to Example 2.7 (1/2)

Wehaven=1,x=x=421,7=1/64, b= 370 and
d = 1/400. Therefore, using the results in Example 2.6,

adb+ nrx
B = —————
d+nr
~370/400 +421/64
= /200 - 1/64 =414.0 and
D = d-+nr

= 1/400+1/64 =1/7.432,
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Solution to Example 2.7 (2/2)

Thus, the posterior distribution is u|x = 421 ~ N(414.0,7.432).
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Solution to Example 2.7 (2/2)

Thus, the posterior distribution is u|x = 421 ~ N(414.0,7.432).

The (posterior) probability that the rock will be older than 400
million years is

Pr(u > 400|x = 421) = 0.9702

calculated using the R commands 1-pnorm (400,414, 7.43)
or 1-pnorm(-1.884) (or indeed by hand using tables).
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Solution to Example 2.7 (2/2)

Thus, the posterior distribution is u|x = 421 ~ N(414.0,7.432).

The (posterior) probability that the rock will be older than 400
million years is

Pr(u > 400|x = 421) = 0.9702

calculated using the R commands 1-pnorm (400,414, 7.43)
or 1-pnorm(-1.884) (or indeed by hand using tables).

Without the chemical analysis, the only basis for determining
the age of the rock is via the prior distribution.
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Solution to Example 2.7 (2/2)

Thus, the posterior distribution is u|x = 421 ~ N(414.0,7.432).

The (posterior) probability that the rock will be older than 400
million years is

Pr(u > 400|x = 421) = 0.9702

calculated using the R commands 1-pnorm (400,414, 7.43)
or 1-pnorm(-1.884) (or indeed by hand using tables).

Without the chemical analysis, the only basis for determining
the age of the rock is via the prior distribution.

The (prior) probability that the rock will be older than 400 million
years is Pr(x > 400) = 0.0668 calculated using the R
command 1-pnorm (400, 370, 20).
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Example 2.7: Summary

This highlights the benefit of taking the chemical
measurements.

Note that the large difference between these probabilities is not
necessarily due to the expert’s prior distribution being
inaccurate, per se.

It is probably due to the large prior uncertainty about rock ages,
as shown in Figure 2.10.
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Example 2.7: Summary

density
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0.00 0.01

300 350 400 450
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Posterior distributions and sufficient statistics

We have already met the concept of sufficient statistics. Not
surprisingly they also play a role in Bayesian Inference.
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Posterior distributions and sufficient statistics

We have already met the concept of sufficient statistics. Not
surprisingly they also play a role in Bayesian Inference.

Suppose that we have data X = (X4, X,..., X,)" available and
we want to make inferences about the parameter 6 in the
statistical model f(x|0).
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Posterior distributions and sufficient statistics

We have already met the concept of sufficient statistics. Not
surprisingly they also play a role in Bayesian Inference.

Suppose that we have data X = (X4, X,..., X,)" available and
we want to make inferences about the parameter 6 in the
statistical model f(x|0).

If T is a sufficient statistic then by the Factorisation Theorem

f(x|0) = h(x) g(t, ).
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Posterior distributions and sufficient statistics

Therefore, using Bayes Theorem,

7(0]x) o () F(x]0)
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Posterior distributions and sufficient statistics

Therefore, using Bayes Theorem,

7(0]x) o () F(x]0)
o m(8) h(x) g(t,0)
o (8) g(t.9).

It can be shown that, up to a constant not depending on 6,
g(t,0) is equal to the probability (density) function of T;
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Posterior distributions and sufficient statistics

Therefore, using Bayes Theorem,

7(0]x) o () F(x]0)
o m(8) h(x) g(t,0)
o (8) g(t.9).

It can be shown that, up to a constant not depending on 6,
g(t,0) is equal to the probability (density) function of T; that is
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Posterior distributions and sufficient statistics

Therefore, using Bayes Theorem,

7(0]x) o () F(x]0)
o m(8) h(x) g(t,0)
o (8) g(t.9).

It can be shown that, up to a constant not depending on 6,
g(t,0) is equal to the probability (density) function of T; that is

g(t.0) o fr(tl0).
Hence

7(0]x) o (0) Fr(t]6).
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Posterior distributions and sufficient statistics

However, applying Bayes Theorem to the data ¢ gives
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Posterior distributions and sufficient statistics

However, applying Bayes Theorem to the data ¢ gives
m(0]t) o w(0) Fr(t0)
and so, since
m(0]x) o w(0|t)

and both are probability (density) functions, we have
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Posterior distributions and sufficient statistics

However, applying Bayes Theorem to the data ¢ gives
m(0]t) o w(0) Fr(t0)
and so, since
m(0]x) o w(0|t)
and both are probability (density) functions, we have

w(0]x) = =(0]f).
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Posterior distributions and sufficient statistics

Therefore, our (posterior) beliefs about # having observed the
full data x are the same as if we had observed only the
sufficient statistic T.
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Posterior distributions and sufficient statistics

Therefore, our (posterior) beliefs about # having observed the
full data x are the same as if we had observed only the
sufficient statistic T.

This is what we would expect if all the information about 6 in the
data were contained in the sufficient statistic.
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Example 2.8

Suppose we have a random sample from an exponential
distribution with a gamma prior distribution, that is,
Xil0 ~ Exp(9), i =1,2,...,n (independent) and 6 ~ Ga(g, h).

Determine a sufficient statistic T for 8 and verify that
7(0]x) = w(0|t).
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Solution to Example 2.8 (1/2)

The density of the data is

fx(x|0) Hae—exf
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Solution to Example 2.8 (1/2)

The density of the data is

n
fx(x|6) = J[oe
i=1

n
= 0"exp (—9 Z X,-)

i=1
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Solution to Example 2.8 (1/2)

The density of the data is

n
fx(x|6) = J[oe
i=1
n
= 0"exp (—HZX,->

i=1

n
= 1x60"exp <—9Zx,->

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 2.8 (1/2)

The density of the data is

n
fx(x|6) = J[oe
i=1

n
= 0"exp (—9 Z X,-)

i=1

n
= 1x60"exp <—9Zx,->

= h(x)9(xx;,0)
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Solution to Example 2.8 (1/2)

The density of the data is

n
fx(x|6) = J[oe
i=1

n
= 0"exp (—9 Z X,-)

i=1

n
= 1x60"exp (—92x,->

= h(x)9(xx;,0)

and therefore, by the Factorisation Theorem, T = >"7_, X; is
sufficient for 6.
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
Also
h9 0g—1e—h9
) = —————, 6>0.
“) (@)
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
Also
h9 0g—1e—h9
) = —————, 6>0.
©) 9)

Therefore, by Bayes Theorem,
w(0|t) o 7(0)f(t9)
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
Also
h9 0g—1e—h9
) = —————, 6>0.
©) 9)

Therefore, by Bayes Theorem,
w(0|t) o 7(0)f(t9)
h9 99—-1g—ho  gngn—1o—06t

S ¥ 7-) B () B

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
Also
h9 0g—1e—h9
() = ——, 6>0.
©) (9)

Therefore, by Bayes Theorem,
w(0|t) o 7(0)f(t9)

h9 99—-1g—ho  gngn—1o—06t
x X , 0>0
rg) r(n)

x g9t (D0 g5 0

and so the posterior distribution is 0|t ~ Ga(g + n, h+ t).
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Solution to Example 2.8 (2/2)

Now T|0 ~ Ga(n,#) and so

9”1‘”_1 e—et
Also
h9 0g—1e—h9
() = ——, 6>0.
©) (9)

Therefore, by Bayes Theorem,
w(0|t) o 7(0)f(t9)
h9 9g—1 e—he Hntn—1 e—et
x X , 0>0
r(g) r(n)
x g9t (D0 g5 0

and so the posterior distribution is 6|t ~ Ga(g + n, h+ t). This
is the same as the result we obtained previously for 6| x.
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Example 2.9

Suppose we have a random sample from a normal distribution
with known variance and a normal prior distribution for the
mean parameter, thatis, Xjju ~ N(u,1/7),i=1,2,...,n
(independent) and . ~ N(b,1/d).

Determine a sufficient statistic T for u and verify that
m(p|x) = m(plt).
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Solution to Example 2.9 (1/3)

Recall from Equation (2.20) that

o) = ()" e [#a-0)
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Solution to Example 2.9 (1/3)

Recall from Equation (2.20) that

o) = ()" e [#a-0)

= (%)n/z exp {_HTTSZ} X exp {—%()_(— u)2}
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Solution to Example 2.9 (1/3)

Recall from Equation (2.20) that

o) = ()" e [#a-0)

- ) oo {7 e )
= h(x)g(x, 1)

and therefore, by the Factorisation Theorem, T = X is sufficient
for pu.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 2.9 (2/3)

Now T|u ~ N(u,1/(n7)) (by the Central Limit Theorem) and so

i) = ()" e {2t ).
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Solution to Example 2.9 (2/3)

Now T|u ~ N(u,1/(n7)) (by the Central Limit Theorem) and so

i) = ()" e {2t ).

Also
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Solution to Example 2.9 (3/3)

Therefore, by Bayes’ Theorem,
m(ult) o w(p)f(t|w)
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Solution to Example 2.9 (3/3)

Therefore, by Bayes’ Theorem,
m(ult) o w(p)f(t|w)

(£)"er{ 207
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Solution to Example 2.9 (3/3)

Therefore, by Bayes’ Theorem,
m(ult) o w(p)f(t|w)

(£)"er{ 207
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Solution to Example 2.9 (3/3)

Therefore, by Bayes’ Theorem,
m(ult) o w(p)f(t|w)

(£)"er{ 207
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Solution to Example 2.9 (3/3)

Therefore, by Bayes’ Theorem,
m(ult) o w(p)f(t|w)

(£)"er{ 207

where B and D are as in Equation (2.21), with t replacing X;
that is, u|t ~ N(B,1/D), the same distribution as p|x.
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Chapter 3

Prior elicitation

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Introduction

In this chapter we will think about how to construct a suitable
prior distribution 7(6) for our parameter of interest 6.

For example:
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Introduction

In this chapter we will think about how to construct a suitable
prior distribution 7(6) for our parameter of interest 6.

For example:

m Why did we use a Be(77,5) distribution for 6 in the music
expert example?
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Introduction

In this chapter we will think about how to construct a suitable
prior distribution 7(6) for our parameter of interest 6.

For example:

m Why did we use a Be(77,5) distribution for 6 in the music
expert example?

m Why did we use a Be(2.5, 12) distribution for ¢ in the video
game pirate example?
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Introduction

In this chapter we will think about how to construct a suitable
prior distribution 7(6) for our parameter of interest 6.

For example:

m Why did we use a Be(77,5) distribution for 6 in the music
expert example?

m Why did we use a Be(2.5, 12) distribution for ¢ in the video
game pirate example?

m Why did we assume a Ga(10,4000) distribution for 6 in the
earthquake example?
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Introduction

Prior elicitation — the process by which we attempt to
construct the most suitable prior distribution for 6§ — is a huge
area of research in Bayesian Statistics.

The aim in this course is to give a brief (and relatively simple)
overview.
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Introduction

We will
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Introduction

We will

m have another case study lecture (before Easter)

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Introduction

We will

m have another case study lecture (before Easter)

m have an interactive music session (using the
TURNINGPOINT voting system, after Easter)
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Introduction

We will

m have another case study lecture (before Easter)

m have an interactive music session (using the
TURNINGPOINT voting system, after Easter)

to demonstrate the techniques.
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Introduction

We will consider the cases of:
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Introduction

We will consider the cases of:
m Substantial prior knowledge
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Introduction

We will consider the cases of:

m Substantial prior knowledge
— turning expert opinion into a probability distribution for 6
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge
— No expert available
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge

— No expert available
— Choose a prior which “makes sense” and keeps the maths
simple!
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge

— No expert available
— Choose a prior which “makes sense” and keeps the maths
simple!

m Prior ignorance
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge

— No expert available
— Choose a prior which “makes sense” and keeps the maths
simple!

m Prior ignorance
— Assume all values of 6 are equally likely
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Introduction

We will consider the cases of:

m Substantial prior knowledge

— turning expert opinion into a probability distribution for 6
— re-visit the examples about the music expert, the video
game pirate and earthquakes in Chapter 2.

m Vague prior knowledge

— No expert available
— Choose a prior which “makes sense” and keeps the maths
simple!

m Prior ignorance
— Assume all values of 6 are equally likely
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Substantial prior knowledge

We will consider various methods for constructing prior
distributions when we have substantial prior knowledge:
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Substantial prior knowledge

We will consider various methods for constructing prior
distributions when we have substantial prior knowledge:

m Use of suggested prior summaries
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Substantial prior knowledge

We will consider various methods for constructing prior
distributions when we have substantial prior knowledge:

m Use of suggested prior summaries

m The trial roulette method
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Substantial prior knowledge

We will consider various methods for constructing prior
distributions when we have substantial prior knowledge:

m Use of suggested prior summaries
m The trial roulette method

m The bisection method
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Substantial prior knowledge

We will consider various methods for constructing prior
distributions when we have substantial prior knowledge:

m Use of suggested prior summaries
m The trial roulette method

m The bisection method

We will make use of an online elicitation tool called MATCH,
courtesy of Professor Tony O’Hagan and Dr Jeremy Oakley
(Sheffield University).
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Example 3.1: Using suggested prior summaries

Let us return to Example 2.4 of Chapter 2.

Recall that we were given some data on the “waiting times”, in
days, between 21 earthquakes, and we discussed why an
exponenetial distribution Exp(#) might be appropriate to model
the waiting times.

Further, we were told that an expert on earthquakes has prior
beliefs about the rate 6, described by a Ga(10,4000)
distribution.
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Example 3.1: Using suggested prior summaries
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6

How did we get from the expert’s beliefs to a Ga(10,4000)?
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Example 3.1: Using suggested prior summaries

Suppose the expert tells us that earthquakes in the region we
are interested in usually occur less than once per year.
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Example 3.1: Using suggested prior summaries

Suppose the expert tells us that earthquakes in the region we
are interested in usually occur less than once per year.

In fact, they occur on average once every 400 days.
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Example 3.1: Using suggested prior summaries

Suppose the expert tells us that earthquakes in the region we
are interested in usually occur less than once per year.

In fact, they occur on average once every 400 days.

This gives us a rate of occurrence of about 1/400 = 0.0025 per
day.
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Example 3.1: Using suggested prior summaries

Suppose the expert tells us that earthquakes in the region we
are interested in usually occur less than once per year.

In fact, they occur on average once every 400 days.

This gives us a rate of occurrence of about 1/400 = 0.0025 per
day.

Further, he is fairly certain about this and specifies a very
small variance of 6.25 x 1077,

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.1: Using suggested prior summaries

A Ga(a, b) distribution seems sensible, since we can’t observe
a negative daily earthquake rate and the Gamma distribution is
specified over positive values only.
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Example 3.1: Using suggested prior summaries

A Ga(a, b) distribution seems sensible, since we can’t observe
a negative daily earthquake rate and the Gamma distribution is
specified over positive values only.

Using the information provided by the expert, verify our use of
a=10and b = 4000.
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Solution to Example 3.1 (1/1)

We know that, if § ~ Ga(a, b), then E(#) = a/b and
Var(0) = a/b?. Thus
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Solution to Example 3.1 (1/1)

We know that, if § ~ Ga(a, b), then E(#) = a/b and
Var(0) = a/b?. Thus

g —0.0025 — a = 0.0025b.

Substituting into a/b? = 0.000000625 gives
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Solution to Example 3.1 (1/1)

We know that, if § ~ Ga(a, b), then E(#) = a/b and
Var(0) = a/b?. Thus

g —0.0025 — a = 0.0025b.

Substituting into a/b? = 0.000000625 gives

0.0025b

02 = 0.000000625, giving

b = 4000.

Thus a = 0.0025 x 4000 = 10.
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Example 3.2: Using suggested prior summaries

Now let us return to Example 2.2 of Chapter 2.

We considered an experiment to determine how good a music
expert is at distinguishing between pages from Haydn and
Mozart scores.

When presented with a score from each composer, the expert
makes the correct choice with probability 6.
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Example 3.2: Using suggested prior summaries

Before conducting the experiment, we were told that the expert
is very competent.
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Example 3.2: Using suggested prior summaries

Before conducting the experiment, we were told that the expert
is very competent. In fact, we were told that

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.2: Using suggested prior summaries

Before conducting the experiment, we were told that the expert
is very competent. In fact, we were told that

m ¢ should have a prior distribution peaking at around 0.95
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Example 3.2: Using suggested prior summaries

Before conducting the experiment, we were told that the expert
is very competent. In fact, we were told that

m ¢ should have a prior distribution peaking at around 0.95

m Pr(f < 0.8) should be very small
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Example 3.2: Using suggested prior summaries

Before conducting the experiment, we were told that the expert
is very competent. In fact, we were told that

m ¢ should have a prior distribution peaking at around 0.95

m Pr(f < 0.8) should be very small

To achieve this, we assumed that 6 ~ Be(77,5), with density
given in Figure 2.4.
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Example 3.2: Using suggested prior summaries
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How did we know a Be(77,5) would work?
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95.
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write

a—1

——— = 095
a+b-2
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write

a—1

——— = 095
a+b-2

=a—1 = 095(a+b-2)
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write

a—1

——— = 095
a+b-2

=a—1 = 095(a+b-2)
=a—-09a = 095b—-19+1
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write

a—1

——— = 095
a+b-2

=a—1 = 095(a+b-2)

=a—09a = 095b—-19+1
= 0.05a = 0.95b-0.9
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Example 3.2: Using suggested prior summaries

We are told that the mode of the distribution should be around
0.95. Using the formulae on page 25, we can write

a—1

——— = 095
a+b-2

=a—1 = 095(a+b-2)
=a—-09a = 095b—-19+1
= 0.05a = 0.95b—-0.9
=a = 19b-18.
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Example 3.2: Using suggested prior summaries

We are also told that Pr(6 < 0.8) must be small.
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Example 3.2: Using suggested prior summaries

We are also told that Pr(6 < 0.8) must be small.

In fact, suppose we are told that ¢ < 0.8 might occur with
probability 0.0001.
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Example 3.2: Using suggested prior summaries

We are also told that Pr(6 < 0.8) must be small.

In fact, suppose we are told that ¢ < 0.8 might occur with
probability 0.0001.

This means that if we integrate the probability density function
for our beta distribution between 0 and 0.8, we would get
0.0001; from Equation (2.1) on page 25, we can write this as
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Example 3.2: Using suggested prior summaries

We are also told that Pr(6 < 0.8) must be small.

In fact, suppose we are told that ¢ < 0.8 might occur with
probability 0.0001.

This means that if we integrate the probability density function
for our beta distribution between 0 and 0.8, we would get
0.0001; from Equation (2.1) on page 25, we can write this as

0.8 9a—1(1 _ 0)b—1 .
_ = 0. 1 .e.
/o B(a.b) ao 0.0001, i.e
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Example 3.2: Using suggested prior summaries

We are also told that Pr(6 < 0.8) must be small.

In fact, suppose we are told that ¢ < 0.8 might occur with
probability 0.0001.

This means that if we integrate the probability density function
for our beta distribution between 0 and 0.8, we would get
0.0001; from Equation (2.1) on page 25, we can write this as

0.8 9a—1(1 _ 0)b—1 .
_ = 0. 1 .e.
/o B(a.b) ao 0.0001, i.e
0.8 0(19b—18)—1(1 _ 0)b—1
= 0. 1.
/0 B(19b—18,b) dé 0-000
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for
b.
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for
b.

Although this would be tricky to do by hand, we can do this
quite easily in R.
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for

b.

Although this would be tricky to do by hand, we can do this
quite easily in R.

Recall that the R command:
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for

b.

Although this would be tricky to do by hand, we can do this
quite easily in R.

Recall that the R command:

m dbeta (x, a,b) evaluates the density of the Be(a, b)
distribution at the point x
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for

b.

Although this would be tricky to do by hand, we can do this
quite easily in R.
Recall that the R command:

m dbeta (x, a,b) evaluates the density of the Be(a, b)
distribution at the point x

B pbeta (x, a,b) evaluates the cumulative distribution
function at x
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Example 3.2: Using suggested prior summaries

In other words, we set the cumulative distribution function for a
Be(19b — 18, b), evaluated at 0.8, equal to 0.0001 and solve for

b.

Although this would be tricky to do by hand, we can do this
quite easily in R.
Recall that the R command:

m dbeta (x, a,b) evaluates the density of the Be(a, b)
distribution at the point x

B pbeta (x, a,b) evaluates the cumulative distribution
function at x
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Example 3.2: Using suggested prior summaries

First of all, we re—write (3.3) to set it equal to zero:
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Example 3.2: Using suggested prior summaries

First of all, we re—write (3.3) to set it equal to zero:

0.8 n(196—18)—1(1 _ p\b—1
/ 0 U =" 49— 0.0001 = 0. (3.4)
0

B(19b — 18, b)
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Example 3.2: Using suggested prior summaries

First of all, we re—write (3.3) to set it equal to zero:

0.8 n(196—18)—1(1 _ p\b—1
/ 0 U =" 49— 0.0001 = 0. (3.4)
0

B(19b — 18, b)

We then write a function in R which computes the
left-hand—side of Equation (3.4):
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Example 3.2: Using suggested prior summaries

First of all, we re—write (3.3) to set it equal to zero:

0.8 n(196—18)—1(1 _ p\b—1
/ 0 U =" 49— 0.0001 = 0. (3.4)
0

B(19b — 18, b)

We then write a function in R which computes the
left-hand—side of Equation (3.4):

f=function (b){
answer=pbeta (0.8, ((19+xb)-18),b)-0.0001
return (answer) }
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.

The R function uniroot (£, lower=, upper=)
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
The R function uniroot (£, lower=, upper=)

m uses a numerical search algorithm to find the root of the
expression provided by the function £
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
The R function uniroot (£, lower=, upper=)

m uses a numerical search algorithm to find the root of the
expression provided by the function £

m requires the user to provide a 1ower and upper bound to
search within
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
The R function uniroot (£, lower=, upper=)

m uses a numerical search algorithm to find the root of the
expression provided by the function £

m requires the user to provide a 1ower and upper bound to
search within

We know from the formulae on page 25 that a, b > 1 when
using expression (3.1) for the mode
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
The R function uniroot (£, lower=, upper=)

m uses a numerical search algorithm to find the root of the
expression provided by the function £

m requires the user to provide a 1ower and upper bound to
search within

We know from the formulae on page 25 that a, b > 1 when
using expression (3.1) for the mode — so we search for a root
over some specified domain > 1.
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Example 3.2: Using suggested prior summaries

The trick now is to use a numerical procedure to find the root
of answer in our R function.

In other words, find the value b which equates answer to zero.
The R function uniroot (£, lower=, upper=)

m uses a numerical search algorithm to find the root of the
expression provided by the function £

m requires the user to provide a 1ower and upper bound to
search within

We know from the formulae on page 25 that a, b > 1 when
using expression (3.1) for the mode — so we search for a root
over some specified domain > 1.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.2: Using suggested prior summaries

For example, we might use lower=1 and upper=100, giving:
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Example 3.2: Using suggested prior summaries

For example, we might use lower=1 and upper=100, giving:

> uniroot (f, lower=1, upper=100)
$root
[1] 5.06513

$f.root
[1] 6.008134e-09

$iter
[1] 14

Pestim.prec
[1] 6.103516e-05
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Example 3.2: Using suggested prior summaries

Thus, the solution to Equation (3.3) is b = 5.06513.
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Example 3.2: Using suggested prior summaries

Thus, the solution to Equation (3.3) is b = 5.06513.

For simplicity, rounding down to b = 5 and then substituting into
(3.2) gives
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Example 3.2: Using suggested prior summaries

Thus, the solution to Equation (3.3) is b = 5.06513.

For simplicity, rounding down to b = 5 and then substituting into
(3.2) gives
a=19x5-18=77,
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Example 3.2: Using suggested prior summaries

Thus, the solution to Equation (3.3) is b = 5.06513.

For simplicity, rounding down to b = 5 and then substituting into
(3.2) gives
a=19x5-18=77,

hence the use of § ~ Be(77,5) in Example 2.2 in Chapter 2.
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Example 3.3: Trial roulette method

We now return to Example 2.3 in Chapter 2.

Recall that Max is a video game pirate, and he is trying to
identify the proportion 6 of potential customers who might be
interested in buying Call of Duty: Elite next month.

Why did we use 6 ~ Be(2.5,12)?
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Example 3.3: Trial roulette method

For each month over the last two years Max knows the
proportion of his customers who have bought similar games;
these proportions are shown below in Table 3.1.
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Example 3.3: Trial roulette method

For each month over the last two years Max knows the
proportion of his customers who have bought similar games;
these proportions are shown below in Table 3.1.

032 025 028 0.15 033 0.12 0.14 0.18 012 0.05 025 0.08
0.07 0.16 024 038 0.18 015 022 005 0.01 019 0.08 0.15

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:
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Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:

m Divide the sample space for 6 into m “bins”
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Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:

m Divide the sample space for 6 into m “bins”

m Ask the expert/person “in the know” to distribute n “chips”
amongst the bins
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Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:

m Divide the sample space for 6 into m “bins”

m Ask the expert/person “in the know” to distribute n “chips”
amongst the bins

m The proportion of chips in a particular bin represents the
probability that 6 lies in that bin
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Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:

m Divide the sample space for 6 into m “bins”

m Ask the expert/person “in the know” to distribute n “chips”
amongst the bins

m The proportion of chips in a particular bin represents the
probability that 6 lies in that bin

m Done graphically, we can see the shape of the distribution
forming as the expert allocates the chips
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Example 3.3: Trial roulette method

The trial roulette method of elicitation works in the following
way:

m Divide the sample space for 6 into m “bins”

m Ask the expert/person “in the know” to distribute n “chips”
amongst the bins

m The proportion of chips in a particular bin represents the
probability that 6 lies in that bin

m Done graphically, we can see the shape of the distribution
forming as the expert allocates the chips

m We then find a model that closely matches the distribution
of chips
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Example 3.3: Trial roulette method

We will implement the trial roulette method using the MATCH
Uncertainty Elicitation Tool.
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Example 3.3: Trial roulette method

We will implement the trial roulette method using the MATCH
Uncertainty Elicitation Tool.

This was developed by Dr. Jeremy Oakley and Professor
Tony O’Hagan at Sheffield University.
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Example 3.3: Trial roulette method

We will implement the trial roulette method using the MATCH
Uncertainty Elicitation Tool.

This was developed by Dr. Jeremy Oakley and Professor
Tony O’Hagan at Sheffield University.

This can be accessed via any web browser:
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Example 3.3: Trial roulette method

We will implement the trial roulette method using the MATCH
Uncertainty Elicitation Tool.

This was developed by Dr. Jeremy Oakley and Professor
Tony O’Hagan at Sheffield University.

This can be accessed via any web browser:

http://optics.eee.nottingham.ac.uk/match/uncertainty.php
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Example 3.4: Bisection Method

Over the past 15 years there has been considerable scientific
interest in the rate of retreat, 0 (feet per year), of glaciers in
Greenland (as discussed in the recent Frozen Planet series
shown on the BBC).

Indeed, this has often been used as an indicator of global
warming.

We are interested in eliciting a suitable prior distribution for 6 for
the Zachariae Isstrom glacier in Greenland.
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Example 3.4: Bisection Method

Records from an expert glaciologist show that glaciers in
Greenland have been retreating at a rate of between 0 and 70
feet per year since 1995.

We will use these values as the lower and upper limits for 0,
respectively. We now attempt to elicit the median and
quartiles for 6 from the glaciologist.
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Example 3.4: Bisection Method

Step 1: Eliciting the median

Ask the expert to provide a value m (in the range of
permissable values for 6), such that

Pr(minimum < 6 < m) = Pr(m < § < maximum) = 5
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Example 3.4: Bisection Method

Step 1: Eliciting the median

Ask the expert to provide a value m (in the range of
permissable values for 6), such that

Pr(minimum < 6 < m) = Pr(m < § < maximum) = 5

m The value m bisects the range for 4 into two halves of
equal probability

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.4: Bisection Method

Step 1: Eliciting the median

Ask the expert to provide a value m (in the range of
permissable values for 6), such that

Pr(minimum < 6 < m) = Pr(m < § < maximum) = 5

m The value m bisects the range for 4 into two halves of
equal probability

m [f the expert is “statistically aware”, it might be possible to
ask them for their median for 0
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Example 3.4: Bisection Method

Step 1: Eliciting the median

Ask the expert to provide a value m (in the range of
permissable values for 6), such that

Pr(minimum < 6 < m) = Pr(m < § < maximum) = 5

m The value m bisects the range for 4 into two halves of
equal probability

m [f the expert is “statistically aware”, it might be possible to
ask them for their median for 0

m Otherwise, m might be the value that the expert believes 6
is most likely to take.
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Example 3.4: Bisection Method

Step 1: Eliciting the median from the glaciologist

m Glaciers in Greenland have been retreating at a rate of
between 0 and 70 feet per year since 1995, depending on
how far north the glacier is.
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Example 3.4: Bisection Method

Step 1: Eliciting the median from the glaciologist

m Glaciers in Greenland have been retreating at a rate of
between 0 and 70 feet per year since 1995, depending on
how far north the glacier is. Thus, we will say that
6 € (0,70).
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Example 3.4: Bisection Method

Step 1: Eliciting the median from the glaciologist

m Glaciers in Greenland have been retreating at a rate of
between 0 and 70 feet per year since 1995, depending on
how far north the glacier is. Thus, we will say that
6 € (0,70).

m The Zachariae Isstrom glacier lies in quite a northerly
location, so is not quite so prone to rapid retreat.
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Example 3.4: Bisection Method

Step 1: Eliciting the median from the glaciologist

m Glaciers in Greenland have been retreating at a rate of
between 0 and 70 feet per year since 1995, depending on
how far north the glacier is. Thus, we will say that
6 € (0,70).

m The Zachariae Isstrom glacier lies in quite a northerly
location, so is not quite so prone to rapid retreat.

m The glaciologist specifies that m = 24 might be suitable for
bisecting the range for # — notice how m is closer to the
lower bound than the upper.
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),

i.e. ¢ bisects the lower half of the range for 6.
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),
i.e. ¢ bisects the lower half of the range for 6.

m This can be more tricky for the expert to do — it's not quite
so intuitive a task.
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),
i.e. ¢ bisects the lower half of the range for 6.

m This can be more tricky for the expert to do — it's not quite
so intuitive a task.

m If the expert struggles, help him/her a bit:
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),
i.e. ¢ bisects the lower half of the range for 6.

m This can be more tricky for the expert to do — it's not quite
so intuitive a task.
m If the expert struggles, help him/her a bit:

— Split the lower half into two, and ask them in which part 6 is
most likely to occur
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),
i.e. ¢ bisects the lower half of the range for 6.
m This can be more tricky for the expert to do — it's not quite
so intuitive a task.

m If the expert struggles, help him/her a bit:

— Split the lower half into two, and ask them in which part 6 is
most likely to occur

— Then ¢ should probably lie in the part which is more likely to
occur
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile
Ask the expert to provide a value ¢ such that

Pr(minimum < 6 < ¢) = Pr({ < 6 < m),
i.e. ¢ bisects the lower half of the range for 6.
m This can be more tricky for the expert to do — it's not quite
so intuitive a task.

m If the expert struggles, help him/her a bit:

— Split the lower half into two, and ask them in which part 6 is
most likely to occur

— Then ¢ should probably lie in the part which is more likely to
occur

m Note that the more certain the expert is, the closer ¢ will be
tom
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...

m We ask the expert whether [0, 12] or [12,24] is more likely
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...

m We ask the expert whether [0, 12] or [12,24] is more likely

m The expert is fairly sure about m = 24, so says [12,24] is
more likely for 6 than [0, 12]
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...

m We ask the expert whether [0, 12] or [12,24] is more likely

m The expert is fairly sure about m = 24, so says [12,24] is
more likely for 6 than [0, 12]

— Areas further north than the Zachariae Isstrom glacier have
much slower rates of retreat
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...

m We ask the expert whether [0, 12] or [12,24] is more likely

m The expert is fairly sure about m = 24, so says [12,24] is
more likely for 6 than [0, 12]

— Areas further north than the Zachariae Isstrom glacier have
much slower rates of retreat
— Only the most northerly glaciers have zero retreat
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Example 3.4: Bisection Method

Step 2: Eliciting the lower quartile from the glaciologist
The glaciologist found this task a bit more difficult...

m We ask the expert whether [0, 12] or [12,24] is more likely

m The expert is fairly sure about m = 24, so says [12,24] is
more likely for 6 than [0, 12]

— Areas further north than the Zachariae Isstrom glacier have
much slower rates of retreat
— Only the most northerly glaciers have zero retreat

m Focussing on [12,24], the glaciologist settles on ¢ = 19.
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Example 3.4: Bisection Method

Step 3: Eliciting the upper quartile
Same sort of process for u as for /.
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Example 3.4: Bisection Method

Step 3: Eliciting the upper quartile
Same sort of process for u as for /.

Step 3: Eliciting the lower quartile from the glaciologist

Using the same process as for ¢, the glaciologist settles on
u = 30.
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Example 3.4: Bisection Method

Step 4: Reflection

Based on the elicited values for ¢, m and u, the expert should
be asked to reflect, i.e., does the following seem plausible:
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Example 3.4: Bisection Method

Step 4: Reflection

Based on the elicited values for ¢, m and u, the expert should
be asked to reflect, i.e., does the following seem plausible:

Pr(min <8 < £)=Pr(¢ <8 <m)=Pr(m<6 < u)=Pr(u <6 <max)?

Step 4: Let the glaciologist reflect
The glaciologist seems fine with this!
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Example 3.4: Bisection Method

Step 5: Fit a parametric distribution to these judgements
We can use the MATCH software for this.

Step 5: Fitting a parametric distribution to the glaciologist’s
judgements

Doing this in MATCH gives 6 ~ Ga(9,0.36).
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Example 3.4: Bisection Method

Step 6: Feedback and refinement

m From the fitted parametric distribution, provide the expert
with some summaries: for example, tail probabilities.
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Example 3.4: Bisection Method

Step 6: Feedback and refinement

m From the fitted parametric distribution, provide the expert
with some summaries: for example, tail probabilities.

m See if these tail probabilities correspond closely to the
expert’s intuition!
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Example 3.4: Bisection Method

Step 6: Feedback and refinement

m From the fitted parametric distribution, provide the expert
with some summaries: for example, tail probabilities.

m See if these tail probabilities correspond closely to the
expert’s intuition!

m f not, perhaps ask the expert to refine their choices of ¢ or
m or u, or perhaps all three!
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Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!
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Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!

m Now feedback some specific properties:
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Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!
m Now feedback some specific properties:

— The 1%—ile and 99%-—iles are about 10 feet and 48 feet,
respectively. This means that
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Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!

m Now feedback some specific properties:

— The 1%—ile and 99%-—iles are about 10 feet and 48 feet,
respectively. This means that

Pr(6 < 10) = Pr(6 > 48) = 0.01, or once in a hundred years.

— Does this seem OK?
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Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!

m Now feedback some specific properties:

— The 1%—ile and 99%-—iles are about 10 feet and 48 feet,
respectively. This means that

Pr(6 < 10) = Pr(6 > 48) = 0.01, or once in a hundred years.

— Does this seem OK?
— The glaciologist thinks this is “imaginable”...

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.4: Bisection Method

Step 6: Feedback to the glaciologist, and possible refinement

m We show the glaciologist the plot of the Ga(9,0.36)
density. Does this look OK? Yes!

m Now feedback some specific properties:

— The 1%—ile and 99%-—iles are about 10 feet and 48 feet,
respectively. This means that

Pr(6 < 10) = Pr(6 > 48) = 0.01, or once in a hundred years.

— Does this seem OK?
— The glaciologist thinks this is “imaginable”...

m No refinement needed here!
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Example 3.5

Let Y be the retreat, in feet, of the Zachariae Isstrom glacier. A
Pareto distribution with rate 6 is often used to model such
geophysical activity, with probability density function

f(y|r,0) = 0%y~ 9 x> 0and y > k.

(a) Obtain the likelihood function for 6 given the parameter «
and some observed data y1, y», . .., ¥n (independent).

(b) Suppose we observe a retreat of 20 feet at the Zachariae
Isstrom glacier in 2012. Write down the likelihood function
for 6.

(c) Using the elicted prior for the rate of retreat we obtained
from the expert glaciologist in Example 3.4, and assuming
 is known to be 12, obtain the posterior distribution
(0lyr = 20).
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Solution to Example 3.5(a) (1/1)

We have
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Solution to Example 3.5(a) (1/1)

We have

f(y16, k) = 0%y, T o gy, O

n
= g™ Ty V. (3.5)
i=1
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Solution to Example 3.5(b) (1/1)

We simply substitute n = 1 and y; = 20 into Equation (3.5),
giving
f(yy = 20|, k) = 0£720~ 1),
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Solution to Example 3.5(c) (1/3)

Using Bayes’ Theorem, and following the examples in Chapter
2, we know that
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Solution to Example 3.5(c) (1/3)

Using Bayes’ Theorem, and following the examples in Chapter
2, we know that

m(0|lyy = 20) x w(0) x f(y1 = 2010, k).
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Solution to Example 3.5(c) (1/3)

Using Bayes’ Theorem, and following the examples in Chapter
2, we know that

m(0|lyy = 20) x w(0) x f(y1 = 2010, k).

Recall from Example 3.4 that our elicited prior for 6 is
Ga(9,0.36), which has density
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Solution to Example 3.5(c) (1/3)

Using Bayes’ Theorem, and following the examples in Chapter
2, we know that

m(0|lyy = 20) x w(0) x f(y1 = 2010, k).

Recall from Example 3.4 that our elicited prior for 6 is
Ga(9,0.36), which has density

0.369989_0'360

") = ")
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Solution to Example 3.5(c) (1/3)

Using Bayes’ Theorem, and following the examples in Chapter
2, we know that

m(0|lyy = 20) x w(0) x f(y1 = 2010, k).

Recall from Example 3.4 that our elicited prior for 6 is
Ga(9,0.36), which has density

0.369989_0'360

") = ")
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Solution to Example 3.5(c) (2/3)

Combining this with the likelihood above (and using x = 12)
gives

0.369988_0'360

1 292 —(6+1)
10) x 0 0

m(0]yr = 20) =
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Solution to Example 3.5(c) (2/3)

Combining this with the likelihood above (and using x = 12)
gives

0.369988_0'360

1 292 —(6+1)
10) x 0 0

m(0]yr = 20) =

o 996—0.366‘1 2020—(9+1)

x 97036012020 (3.6)
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Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get

6In12 — 6In20 = (In12 — In20)6;
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Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get
6In12 — 6In20 = (In12 — In20)6;

exponentiating to ‘re-balance’, you should see that

12920—6‘ — e(ln12—|n20)0'
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Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get
6In12 — 6In20 = (In12 — In20)6;

exponentiating to ‘re-balance’, you should see that

12920—6‘ — e(ln12—|n20)0'

Substituting back into (3.6) gives
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Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get
6In12 — In20 = (In12 — In20)6;
exponentiating to ‘re-balance’, you should see that
12020—6' — e(ln12—|n20)0'
Substituting back into (3.6) gives

m(Oly; =20) o« 2 0380g(n12-20)0 o
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Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get
6In12 — In20 = (In12 — In20)6;
exponentiating to ‘re-balance’, you should see that
12020—6' — e(ln12—|n20)0'
Substituting back into (3.6) gives

m(Oly; =20) o« 2 0380g(n12-20)0 o

x  §9e—0:360+(In12-In20)0

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 3.5(c) (3/3)

Now consider the term 12920, Taking logs, we get
6In12 — In20 = (In12 — In20)6;
exponentiating to ‘re-balance’, you should see that
12020—6' — e(ln12—|n20)0'
Substituting back into (3.6) gives

m(Oly; =20) o« 2 0380g(n12-20)0 o

x  §9e—0:360+(In12-In20)0

o 996_0'879,

i.e. O]y =20 ~ Ga(10,0.87).
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Taking stock

m Posterior < Prior x Likelihood
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!

— Notation: E[f] = prior mean, E[0|x] = posterior mean
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!

— Notation: E[f] = prior mean, E[0|x] = posterior mean

— Notation: f(x|6) is just our likelihood — form the product
over the PDF for each observation, if you have multiple
observations (careful with the Binomial!)

— Intepretation: Compare prior/posterior means and
variances; is the posterior closer to the data, or the prior?
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!

— Notation: E[f] = prior mean, E[0|x] = posterior mean

— Notation: f(x|6) is just our likelihood — form the product
over the PDF for each observation, if you have multiple
observations (careful with the Binomial!)

— Intepretation: Compare prior/posterior means and
variances; is the posterior closer to the data, or the prior?
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Taking stock

m Constructing priors
— For a gamma or a beta prior: two parameters, so two bits of
information needed (e.g. mean/variance?
mode/probability ?)
— Reference data: linear regression for the prior mean?
— Historical records: Trial roulette method?
— Bisection method (today)
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Taking stock

m Constructing priors

For a gamma or a beta prior: two parameters, so two bits of
information needed (e.g. mean/variance?
mode/probability ?)

Reference data: linear regression for the prior mean?
Historical records: Trial roulette method?

Bisection method (today)

m Sufficiency
— Posterior using the likelihood for ¢ is identical to that using
the full dataset x
— Much more efficient for “Bayesian updating" — e.g.
T=%X
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Substantial prior information

Definition (Substantial prior information)

We have substantial prior information for # when the prior
distribution dominates the posterior distribution, that is
w(0|x) ~ 7(6).
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Substantial prior information

An example of substantial prior knowledge was given in
Example 2.2 where a music expert was trying to distinguish
between pages from Mozart and Haydn scores.

Figure 3.9 shows the prior and posterior distributions for 6, the
probability that the expert makes the correct choice.

Notice the similarity between the prior and posterior
distributions. Observing the data has not altered our beliefs
about 6 very much.
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Substantial prior information

10
|

density

Lee Fawcett MAS2903: Introduction to Bayesian Methods



Substantial prior information

When we have substantial prior information there can be some
difficulties:
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Substantial prior information

When we have substantial prior information there can be some
difficulties:

Kl the intractability of the mathematics in deriving the
posterior distribution — though with modern computing
facilities this is less of a problem,

H the practical formulation of the prior distribution —
coherently specifying prior beliefs in the form of a
probability distribution is far from straightforward although,
as we have seen, this can be attempted using computer
software.
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Parameter Constraints

[We will come back to this soon... For now, turn to page 73!]
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Vague Prior Knowledge/Prior Ignorance

If we have very little or no prior information about the model
parameter 6, we must still choose a prior distribution in order to
operate Bayes Theorem.
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Vague Prior Knowledge/Prior Ignorance

If we have very little or no prior information about the model
parameter 6, we must still choose a prior distribution in order to

operate Bayes Theorem.

Obviously, it would be sensible to choose a prior distribution
which is not concentrated about any particular value, that is,
one with a very large variance.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Vague Prior Knowledge/Prior Ignorance

If we have very little or no prior information about the model
parameter 6, we must still choose a prior distribution in order to
operate Bayes Theorem.

Obviously, it would be sensible to choose a prior distribution
which is not concentrated about any particular value, that is,
one with a very large variance.

In particular, most of the information about 6 will be passed
through to the posterior distribution via the data, and so we
have m(6|x) ~ f(x|0).
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Vague Prior Knowledge/Prior Ignorance

An example of vague prior knowledge was given in Example
2.1 where a possibly biased coin was assessed.
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Vague Prior Knowledge/Prior Ignorance

An example of vague prior knowledge was given in Example
2.1 where a possibly biased coin was assessed.

Figure 3.13 shows the prior and posterior distributions for
6 = Pr(Head).
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Vague Prior Knowledge/Prior Ignorance

An example of vague prior knowledge was given in Example
2.1 where a possibly biased coin was assessed.

Figure 3.13 shows the prior and posterior distributions for
6 = Pr(Head).

Notice that the prior and posterior distributions look very
different.
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Vague Prior Knowledge/Prior Ignorance

An example of vague prior knowledge was given in Example
2.1 where a possibly biased coin was assessed.

Figure 3.13 shows the prior and posterior distributions for
6 = Pr(Head).

Notice that the prior and posterior distributions look very
different.

In fact, in this example, the posterior distribution is simply a
scaled version of the likelihood function — likelihood functions
are not usually proper probability (density) functions and so
scaling is required to ensure that it integrates to one.
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Vague Prior Knowledge/Prior Ignorance

An example of vague prior knowledge was given in Example
2.1 where a possibly biased coin was assessed.

Figure 3.13 shows the prior and posterior distributions for
6 = Pr(Head).

Notice that the prior and posterior distributions look very
different.

In fact, in this example, the posterior distribution is simply a
scaled version of the likelihood function — likelihood functions
are not usually proper probability (density) functions and so
scaling is required to ensure that it integrates to one.

Most of our beliefs about ¢ have come from observing the data.
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Vague Prior Knowledge/Prior Ignorance
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density
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0.5

0.0

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Vague prior knowledge

We represent vague prior knowledge by using a prior
distribution which is conjugate to the model for x and which has
“infinite” variance.
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Example 3.9

Suppose we have a random sample from a N(u,1/7)
distribution (with 7 known).

Determine the posterior distribution assuming a vague prior for
M.
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution.
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution. From Example 2.6, if
w~ N(b,1/d) then u|x ~ N(B,1/D) where
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution. From Example 2.6, if
w~ N(b,1/d) then u|x ~ N(B,1/D) where

_db+ntx

R and D=d+nr.
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution. From Example 2.6, if
w~ N(b,1/d) then u|x ~ N(B,1/D) where

_db+ntx

and D=d+nr.
d+nr

If we now make our prior knowledge vague about p by letting
the prior variance tend to infinity (d — 0), we obtain

B—Xx and D — nr.
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution. From Example 2.6, if
w~ N(b,1/d) then u|x ~ N(B,1/D) where

_db+ntx

and D=d+nr.
d+nr

If we now make our prior knowledge vague about p by letting
the prior variance tend to infinity (d — 0), we obtain

B—Xx and D — nr.

giving u|x ~ N(x,1/(nt)) posterior distribution.
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Solution to Example 3.9 (1/1)

Conjugate prior: Normal distribution. From Example 2.6, if
w~ N(b,1/d) then u|x ~ N(B,1/D) where

_db+ntx

and D=d+nr.
d+nr

If we now make our prior knowledge vague about p by letting
the prior variance tend to infinity (d — 0), we obtain

B—Xx and D — nr.

giving u|x ~ N(x,1/(nt)) posterior distribution. Notice that the
posterior mean is the sample mean (the likelihood mode) and
that the posterior variance 1/D — 0 as n — oc.
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Example 3.10

Suppose we have a random sample from an exponential
distribution, that is, Xi|0 ~ Exp(f), i =1,2,...,n (independent).

Determine the posterior distribution assuming a vague prior for
6.
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.

Rearranging these formulae we obtain

m
g:7 and hZV'
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.

Rearranging these formulae we obtain

m2
9=, and h=

<I3

o

Clearly g — 0and h — 0 as v — oo (for fixe

m).
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.

Rearranging these formulae we obtain

m? m
g_7 and hZV'

Clearly g — 0and h — 0 as v — oo (for fixed m).

We have seen how taking a Ga(g, h) prior distribution results in
a Ga(g + n, h + nXx) posterior distribution (Example 2.5).
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.

Rearranging these formulae we obtain

m? m
g_7 and hZV'

Clearly g — 0and h — 0 as v — oo (for fixed m).

We have seen how taking a Ga(g, h) prior distribution results in
a Ga(g + n, h + nXx) posterior distribution (Example 2.5).

Therefore, taking a vague prior distribution will give a Ga(n, nx)
posterior distribution.
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Solution to Example 3.10 (1/1)

Conjugate prior: Gamma distribution. Recall that a Ga(g, h)
distribution has mean m = g/h and variance v = g/h.

Rearranging these formulae we obtain

m? m
g_7 and hZV'

Clearly g — 0and h — 0 as v — oo (for fixed m).

We have seen how taking a Ga(g, h) prior distribution results in
a Ga(g + n, h + nXx) posterior distribution (Example 2.5).

Therefore, taking a vague prior distribution will give a Ga(n, nx)
posterior distribution.

Note that the posterior mean is 1/x (the likelihood mode) and
that the posterior variance 1/(nx?) — 0 and n — oc.
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Taking stock

Preface
m Setting the scene
m Real applications of Bayesian statistics
m Bayesian versus classical
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Taking stock

Preface
m Setting the scene
m Real applications of Bayesian statistics
m Bayesian versus classical
Chapter 1
m Review/preparation
m Different ways of finding probabilities
m Conditional probability, LTT and Bayes Theorem
m Likelihood: A review and a look at sufficient statistics
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Taking stock

Preface
m Setting the scene
m Real applications of Bayesian statistics
m Bayesian versus classical
Chapter 1
m Review/preparation
m Different ways of finding probabilities
m Conditional probability, LTT and Bayes Theorem
m Likelihood: A review and a look at sufficient statistics
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Taking stock

Chapter 2
m “Posterior is proportional to prior times likelihood”

m Loads of examples, where the prior is given to us — some
numerical, some algebraic

m The role of sufficiency in Bayesian statistics
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Taking stock

Chapter 2
m “Posterior is proportional to prior times likelihood”

m Loads of examples, where the prior is given to us — some
numerical, some algebraic

m The role of sufficiency in Bayesian statistics
Chapter 3

m Constructing priors: Substantial prior knowledge, vague
prior knowledge and prior ignorance

m Section-3-3:Parameterconstraints
m Asymptotic posterior distribution (proef)
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Taking stock

m Posterior « Prior x Likelihood
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!

— Notation: E[¢] = prior mean, E[#|x] = posterior mean
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Taking stock

m Posterior o< Prior x Likelihood
— Always look for a gamma or a beta distribution first

— Notation: () is just notation to represent our PDF for 6;
we usually use f(x) to represent the PDF of the data

— Prior distribution should not have x’s in it — the random
variable is the parameter!

— Notation: E[f] = prior mean, E[0|x] = posterior mean

— Notation: f(x|6) is just our likelihood — form the product
over the PDF for each observation, if you have multiple
observations (careful with the Binomial!)

— Intepretation: Compare prior/posterior means and
variances; is the posterior closer to the data, or the prior?
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Prior ignorance

We could represent ignorance by the concept “all values of ¢
are equally likely”.
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Prior ignorance

We could represent ignorance by the concept “all values of ¢
are equally likely”.

If & were discrete with m possible values then we could assign
each value the same probability 1/m.
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Prior ignorance

We could represent ignorance by the concept “all values of ¢
are equally likely”.

If & were discrete with m possible values then we could assign
each value the same probability 1/m.

However, if 6 is continuous, we need some limiting argument
(from the discrete case).
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Prior ignorance

Suppose that § can take values between a and b, where
—x<a<b<oo.
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Prior ignorance

Suppose that § can take values between a and b, where
—x<a<b<oo.

Letting all (permitted) values of 6 be equally likely results in
taking a uniform U(a, b) distribution as our prior distribution
for 6.
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Prior ignorance

Suppose that § can take values between a and b, where
—x<a<b<oo.

Letting all (permitted) values of 6 be equally likely results in
taking a uniform U(a, b) distribution as our prior distribution
for 6.

However, if the parameter space is not finite then we cannot do
this:
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Prior ignorance

Suppose that § can take values between a and b, where
—x<a<b<oo.

Letting all (permitted) values of 6 be equally likely results in
taking a uniform U(a, b) distribution as our prior distribution
for 6.

However, if the parameter space is not finite then we cannot do
this: there is no such thing as a U(—oo, co) distribution.
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Prior ignorance

Convention suggests that we should use the “improper”
uniform prior distribution
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Prior ignorance

Convention suggests that we should use the “improper”
uniform prior distribution

m(0) = constant.
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Prior ignorance

Convention suggests that we should use the “improper”
uniform prior distribution

m(0) = constant.

This distribution is improper because

/  x(0)do

—00

is not a convergent integral, let alone equal to one.
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Prior ignorance

We have a similar problem if 6 takes positive values — we
cannot use a U(0, oco) prior distribution.
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Prior ignorance

We have a similar problem if 6 takes positive values — we
cannot use a U(0, oco) prior distribution.

Now if # € (0, 00) then ¢ = logf € (—o0, o), and so we could
use an “improper” uniform prior for ¢: w(¢$) = constant.
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Prior ignorance

We have a similar problem if 6 takes positive values — we
cannot use a U(0, oco) prior distribution.

Now if # € (0, 00) then ¢ = logf € (—o0, o), and so we could
use an “improper” uniform prior for ¢: w(¢$) = constant.

In turn, this induces a distribution on 4. Recall the result from
Distribution Theory:

Fact (Distribution of a transformation)

Suppose that X is a random variable with probability density
function fx(x). If g is a bijective (1—1) function then the random
variable Y = g(X) has probability density function

) =t (97 0) | 5970, 37)

4
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Prior ignorance

Applying this result to § = e? gives

d
7r9(9):7r¢(log9)‘@ log |, >0
= constant x % ) 0>0
1 0>0
X ik .

This too is an improper distribution.
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Prior ignorance

There is a drawback of using uniform or improper priors to
represent prior ignorance: if we are “ignorant” about 6 then we
are also “ignorant” about any function of 6, for example, about
p1 =63 =€ p3=1/0,....
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Prior ignorance

There is a drawback of using uniform or improper priors to
represent prior ignorance: if we are “ignorant” about 6 then we
are also “ignorant” about any function of 6, for example, about
p1 =63 =€ p3=1/0,....

Is it possible to choose a distribution where we are ignorant
about all these functions of 67
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Prior ignorance

There is a drawback of using uniform or improper priors to
represent prior ignorance: if we are “ignorant” about 6 then we
are also “ignorant” about any function of 6, for example, about

p1=0% =€ 3 =1/0,....

Is it possible to choose a distribution where we are ignorant
about all these functions of 67

If not, on which function of # should we place the
uniform/improper prior distribution?
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Prior ignorance

m There is no distribution which can represent ignorance for
all functions of ¢
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Prior ignorance

m There is no distribution which can represent ignorance for
all functions of ¢

m Assigning an ignorance prior to ¢ means we do not have
an ignorance prior for ?

A solution to problems of this type was suggested by Sir
Harold Jeffreys.
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Sir Harold Jeffreys, FRS

m April 1891 — March 1989
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Sir Harold Jeffreys, FRS

m April 1891 — March 1989
m Mathematician, Statistician, Geophysicist, Astronomer
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Sir Harold Jeffreys, FRS

m April 1891 — March 1989

m Mathematician, Statistician, Geophysicist, Astronomer

m Studied at Armstrong College, Durham, now Newcastle
University (see plaque)
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Sir Harold Jeffreys, FRS

m April 1891 — March 1989

m Mathematician, Statistician, Geophysicist, Astronomer

m Studied at Armstrong College, Durham, now Newcastle
University (see plaque)

m Seminal book — Theory of Probability — revived the
Bayesian view of probability
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Sir Harold Jeffreys, FRS

m April 1891 — March 1989

m Mathematician, Statistician, Geophysicist, Astronomer

m Studied at Armstrong College, Durham, now Newcastle
University (see plaque)

m Seminal book — Theory of Probability — revived the
Bayesian view of probability

m Married a Physicist — Bertha Swirles — together they wrote
Methods of Mathematical Physics
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Jeffrey’s prior

Jeffreys’ suggestion was specified in terms of Fisher’s
Information
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Jeffrey’s prior

Jeffreys’ suggestion was specified in terms of Fisher’s
Information

2

& log f(X\ﬁ)] . (3.8)

1(0) = Exyo 502
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Jeffrey’s prior

Jeffreys’ suggestion was specified in terms of Fisher’s
Information
2

o
1(0) = Exyo 502

log f(X\ﬁ)] . (3.8)

He recommended that we represent prior ignorance by the

prior distribution
w(0) < \/1(6). (3.9)

Such a prior distribution is known as a Jeffreys prior
distribution.
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Jeffrey’s prior

Advantages of using a Jeffrey’s prior

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Jeffrey’s prior

Advantages of using a Jeffrey’s prior

m satisfies the local uniformity property: it does not change
much in the region over which the likelihood is significant
= represents ignornace
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Jeffrey’s prior

Advantages of using a Jeffrey’s prior

m satisfies the local uniformity property: it does not change
much in the region over which the likelihood is significant
= represents ignornace

m |t is invariant with respect to one—to—one transformations
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Jeffrey’s prior

Advantages of using a Jeffrey’s prior

m satisfies the local uniformity property: it does not change
much in the region over which the likelihood is significant
= represents ignornace

m |t is invariant with respect to one—to—one transformations

Disadvantages
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Jeffrey’s prior

Advantages of using a Jeffrey’s prior

m satisfies the local uniformity property: it does not change
much in the region over which the likelihood is significant
= represents ignornace

m |t is invariant with respect to one—to—one transformations

Disadvantages

m Often improper, and can lead to improper posteriors
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Jeffrey’s prior

Advantages of using a Jeffrey’s prior

m satisfies the local uniformity property: it does not change
much in the region over which the likelihood is significant
= represents ignornace

m |t is invariant with respect to one—to—one transformations
Disadvantages

m Often improper, and can lead to improper posteriors

m Can be cumbersome to use in high dimensions
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Example 3.11

Suppose we have a random sample from a distribution with
probability density function

2x g~ *2/9

0, 6>0.
5 , x>0, 0>

f(x|0) =

Determine the Jeffreys prior for this model.
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Solution to Example 3.11 (1/5)

The likelihood function is

n 2
2x; e % /0
f(x|0) = H IT

i=1
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Solution to Example 3.11 (1/5)

The likelihood function is

n 2
2x; e % /0
f(x|0) = H IT

i=1

on [N 1
= % (HX,‘) exp{—EZX,z}
i=1 i=1
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Solution to Example 3.11 (2/5)

Therefore

n n
1
log f(x]0) = nIog2—n|og9+Z|ogX;—§Zx,-2
i=1 i=1
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Solution to Example 3.11 (2/5)

Therefore
n 1 n
log f(x]0) = nIog2—n|og9+Z|ogX;—§Zx,-2
i—1 i—1
= Dgr(xle) = ”+1zn:x2
99 & AP
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Solution to Example 3.11 (2/5)

Therefore
n 1 n
log f(x]0) = nIog2—n|og9+Z|ogX;—§Zx,-2
i—1 i—1
= Dgr(xle) = ”+1zn:x2
99 & AP

02 no 2,
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Solution to Example 3.11 (3/5)

2

~ (o) = Exw[ ;92 Iogf(X|0)}
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Solution to Example 3.11 (3/5)

2

~ (o) = Exw[ ;92 Iogf(X|0)}

n 2
= g Tt

> ]

i=1
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Solution to Example 3.11 (3/5)

~ (o) = Exw[ ;92 Iogf(X|0)}

n 2
= g Tt

n
> X

i=1

n 2

- e B (B ] - 1)
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Solution to Example 3.11 (3/5)

0?
= I(0) = EX|9[ 902 Iogf(X|9)}
n 2
= g2t gakxe

n
> X

i=1

n 2

BBl o)

- Bl

since the X; are identically distributed.
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Solution to Example 3.11 (4/5)

Now
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Solution to Example 3.11 (4/5)

Now
i 2x e~ X/0
2 _ 2
Expo [x] - /0 X2 x <70 dx.
2
Ifwelety = % then
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Solution to Example 3.11 (4/5)

Now
0 zxe—X2/0
2] 2
Exw[x] - /0 X ><< ; >dx.
2

If we Iety:%,then

dy _ 2x

dx 0
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Solution to Example 3.11 (4/5)

Now
Expo [x2] - /Ooox2 x (”%ﬂ) dx.
Ifwelety = %2 then
% = %X = dx = %dy.
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Solution to Example 3.11 (4/5)

Now
Expo [x2] - /Ooox2 x (”%ﬂ) dx.
Ifwelety = %2 then
% = %X = dx = %dy.

Substituting into the integral above gives
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Solution to Example 3.11 (4/5)

Now
Expo [x2] - /Ooox2 x (”%ﬂ) dx.
Ifwelety = %2 then
% = %X = dx = %dy.

Substituting into the integral above gives

|y
0
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Solution to Example 3.11 (4/5)

Now
Expo [x2] - /Ooox2 x (”%ﬂ) dx.
Ifwelety = %2 then
% = %X = dx = %dy.

Substituting into the integral above gives

o0 9 (ee]
-y 2 — -y
/0 y 2xe 5% dy 0 /0 ye Vdy
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Solution to Example 3.11 (4/5)

00 2 —x2/0
Exo [XZ] = / x2x [ X8 ) ax.
0 0

2

Ifwelety = % then

Now

o _2x
dx 0

Substituting into the integral above gives

0
= dx = Zdy.

o0 9 (ee]
-y 2 — -y
/0 y 2xe 5% dy 0 /0 ye Vdy

= Ox1=40,
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Solution to Example 3.11 (4/5)

Now
Expo [x2] - /Ooox2 x (”%ﬂ) dx.
Ifwelety = %2 then
% = %X = dx = %dy.

Substituting into the integral above gives
o0 9 (ee]
-y 2 — -y
/0 y 2xe 2Xdy 0/0 ye Vdy

= Ox1=40,

since the remaining integral is the mean of a unit exponential.
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Solution to Example 3.11 (5/5)

Therefore 5
n n n
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Solution to Example 3.11 (5/5)

Therefore 5
n n n

Hence, the Jeffreys prior for this model is

r(0) o 1(0)'/?
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Solution to Example 3.11 (5/5)

Therefore 5
n n n

Hence, the Jeffreys prior for this model is

r(0) o 1(0)'/?
o g 6>0

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 3.11 (5/5)

Therefore

n 2n n

Hence, the Jeffreys prior for this model is

r(0) o 1(0)'/?
o g 6>0
1
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Example 3.11

Notice that this distribution is improper since f0°° do/fis a
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.
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Example 3.12

Suppose we have a random sample from an exponential
distribution, that is, Xi|0 ~ Exp(6), i =1,2,...,n (independent).

Determine the Jeffreys prior for this model.
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Solution to Example 3.12 (1/2)

Recall that .
fx(x|0) = §"e= "™

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 3.12 (1/2)

Recall that .
fx(x|0) = §"e= "™

and therefore

logf(x|0) = nlog & — nx6
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Solution to Example 3.12 (1/2)

Recall that .
fx(x|0) = §"e= "™

and therefore

logf(x|0) = nlog & — nx6

0 n -
= 3 log f(x]6) = g~ X

02 n
0? n
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Solution to Example 3.12 (2/2)

Hence, the Jeffreys prior for this model is
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Solution to Example 3.12 (2/2)

Hence, the Jeffreys prior for this model is

a@, 0>0
0

! 0>0
o<9, .

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.12

Notice that this distribution is improper since fo°° do/fis a
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.
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Example 3.12

Notice that this distribution is improper since fo°° do/fis a
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Notice also that this density is, in fact, a limiting form of a
Ga(g, h) density (ignoring the integration constant) since
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Example 3.12

Notice that this distribution is improper since fo°° do/fis a
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Notice also that this density is, in fact, a limiting form of a
Ga(g, h) density (ignoring the integration constant) since

h9 9g—1 e—h0

r(g)

x09 e _  asg—0, h—O0.

| =
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Example 3.12

Notice that this distribution is improper since fo°° do/fis a
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Notice also that this density is, in fact, a limiting form of a
Ga(g, h) density (ignoring the integration constant) since

h9 9g—1 e—h0
r9)

Therefore, we obtain the same posterior distribution whether
we adopt the Jeffreys prior or vague prior knowledge.

x09 e _  asg—0, h—O0.

S
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Example 3.13

Suppose we have a random sample from a N(u,1/7)
distribution (with 7 known).

Determine the Jeffreys prior for this model.
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Solution to Example 3.13 (1/2)

Recall from Example 2.6 that

&um>:(gg”@ap{—g (m—uf},
1

and therefore

log f(x|1) = 5 log(r) — 5 log(2m) = 7 >_(x — )?
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Solution to Example 3.13 (1/2)

Recall from Example 2.6 that
T \N"/2 T >
e(xln) = (5-) ap{—ég;m—u)},
and therefore

log f(x| ) = mA)—;%mm—g (m—mz

= glogfx\,u ———XZ —2(x,
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Solution to Example 3.13 (1/2)

Recall from Example 2.6 that

T \N"/2 T
e(xln) = (5-) ap{—EEXM—MF},
i=1
and therefore

log f(x| ) = mA)—;%mm—g (m—mz

= iIogfx\,u ———XZ —2(x,

o
=T Z(X, -
i=1
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Solution to Example 3.13 (1/2)

Recall from Example 2.6 that

T \N/2 T
fe(xln) = (5=) exp {—5 > - M)Z},
i=1
and therefore
n T 2
log f(X|u) = Iog( ) — 5 log(2m) — 5 (Xf — W)
= iIo f(x| ___XZ —2(x,
N g M
= TZ(X, —
i1

= 7(nX — nu)
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Solution to Example 3.13 (1/2)

Recall from Example 2.6 that
T \N"/2 T >
e(xln) = (5-) ap{—ég;m—u)},
and therefore

log f(x| ) = mA)—;%mm—g (m—mz

= glogfx\,u ———XZ —2(x,
:TZ(X,—
i=1
= 7(nX — nu)
= N7(X — 1)
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Solution to Example 3.13 (2/2)

Also
2

N aa—ﬂz log f(x|1) = —nr
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Solution to Example 3.13 (2/2)

Also
62
= a—ﬂzlogf(xm):—m‘
82
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Solution to Example 3.13 (2/2)

Also
62
= a—ﬂzlogf(xm):—m‘
82

Hence, the Jeffreys prior for this model is
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Solution to Example 3.13 (2/2)

Also
62
= a—ﬂzlogf(xm):—m‘
82

Hence, the Jeffreys prior for this model is

() oc ()"

x Vnr, —00 < pt < 00

= constant, —00 < p < 0.
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Example 3.13

Notice that this distribution is improper since ff"oo duisa
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.
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Example 3.13

Notice that this distribution is improper since ff"oo duisa
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Also it is a limiting form of a N(b, 1/d) density (ignoring the
integration constant) since

(g)‘“exp{-gw - 0P f e { -G bf} 1.
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Example 3.13

Notice that this distribution is improper since ff"oo duisa
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Also it is a limiting form of a N(b, 1/d) density (ignoring the
integration constant) since

(g)‘“exp{-gw - 0P f e { -G bf} 1.

asd — 0.
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Example 3.13

Notice that this distribution is improper since ffzo duisa
divergent integral, and so we cannot find a constant which
ensures that the density function integrates to one.

Also it is a limiting form of a N(b, 1/d) density (ignoring the
integration constant) since

(g)‘“exp{-gw - 0P f e { -G bf} 1.

asd — 0.

Therefore, we obtain the same posterior distribution whether
we adopt the Jeffreys prior or vague prior knowledge.
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Welcome back!

m Assignment 1: Marks now available. Well done, marks are
generally really good! Feedback in due course
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m Canvas update — Exam Preparation
— Cribsheet — what’s examinable, what’s not; what to
memorise; what you should be able to do in the exam
— Specimen exam paper
— Solutions to all non-assessed questions from Chapter 5
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Welcome back!

m Assignment 1: Marks now available. Well done, marks are
generally really good! Feedback in due course

m Canvas update — Exam Preparation
— Cribsheet — what’s examinable, what’s not; what to
memorise; what you should be able to do in the exam
— Specimen exam paper
— Solutions to all non-assessed questions from Chapter 5
m Where are we up to? Chapter 3 — Priors
— Substantial prior knowledge: w(6|x) ~ w(6#). Using prior
summaries, MATCH — trial roulette and bisection methods
— Vague prior knowledge: 7(6|x) ~ f(x|0). Use a conjugate
prior with infinite variance
— Prior ignorance: Could use a Jeffreys prior

m Have loads of data? Don'’t bother with a prior and work out
the Asymptotic Posterior!
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Don’t forget...

m Next Monday — Bank Holiday — replacement lecture on
Wednesday 4th May, 11-1 in the Curtis Auditorium

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Don’t forget...

m Next Monday — Bank Holiday — replacement lecture on
Wednesday 4th May, 11-1 in the Curtis Auditorium

m We have a Zoom session this coming Friday, 1—2pm
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Asymptotic posterior distribution

There are many limiting results in Statistics.
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Asymptotic posterior distribution

There are many limiting results in Statistics.

The one you will probably remember is the Central Limit
Theorem.
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Asymptotic posterior distribution

There are many limiting results in Statistics.

The one you will probably remember is the Central Limit
Theorem.

This concerns the distribution of X,,, the mean of n independent
and identically distributed random variables (each with known
mean . and known variance ¢2), as the sample size n — oc.
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Asymptotic posterior distribution

There are many limiting results in Statistics.

The one you will probably remember is the Central Limit
Theorem.

This concerns the distribution of X,,, the mean of n independent
and identically distributed random variables (each with known
mean . and known variance ¢2), as the sample size n — oc.

It is easy to show that E(X,) = . and Var(X,) = ¢2/n, and so if

we define _ _
i Xn—p _ Vn(Xn — )
a/\v/n o ’

then we know that

Mi>N(O,1) as n — oco.
g
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Asymptotic posterior distribution

There are many limiting results in Statistics.

The one you will probably remember is the Central Limit
Theorem.

This concerns the distribution of X,,, the mean of n independent
and identically distributed random variables (each with known
mean . and known variance ¢2), as the sample size n — oc.

It is easy to show that E(X,) = . and Var(X,) = ¢2/n, and so if

we define _ _
Xn—p _ Vn(Xn — 1)

Z:a/\/ﬁ: L

then we know that

Mi>N(O,1) as n — oco.

g
The following theorem gives a similar result for the posterior
distribution.
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Asymptotic posterior distribution

Theorem (Asymptotic posterior distribution)

Suppose we have a statistical model f(x|0) for data

X = (Xy,%,...,Xn)", together with a prior distribution w(6) for @.
Then

J6) (0 — )|x = N(0,1)  asn— o,
where 0 is the likelihood mode and J(6) is the observed
information

82
002

J(9) = log f(x|6).
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Outline proof (1/7)

Using Bayes Theorem, the posterior distribution for 6 is

m(0|x) o< 7(6) f(x|6).
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Outline proof (1/7)

Using Bayes Theorem, the posterior distribution for 6 is
m(0]x) o< w(6) f(x|6).

Let ¢ = /n(0 — 0) and
£(0) = 1 tog f(x]0)

be the average log—likelihood per observation, in which case,

f(x|0) = "n(®).
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Outline proof (2/7)

Recall Equation (3.7), which tells us about the distribution of a
random variable Y = g(X):
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Outline proof (2/7)

Recall Equation (3.7), which tells us about the distribution of a
random variable Y = g(X):

W) =t (970)) [ 97 0)]-

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Outline proof (2/7)

Recall Equation (3.7), which tells us about the distribution of a
random variable Y = g(X):

W) =t (970)) [ 97 0)]-

We want to know the distribution of ¢ = g(#), where
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Outline proof (2/7)

Recall Equation (3.7), which tells us about the distribution of a
random variable Y = g(X):

W) =t (970)) [ 97 0)]-

We want to know the distribution of ¢ = g(#), where

Now
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Outline proof (2/7)

Recall Equation (3.7), which tells us about the distribution of a
random variable Y = g(X):

W) =t (970)) [ 97 0)]-

We want to know the distribution of ¢ = g(#), where

Now

g () =0+ \% a0
giving
() = mg (9—1——‘ >
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Outline proof (3/7)

Thus
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Outline proof (3/7)

Thus
) 1
ﬁ X) . ﬁ

x Ty <§+%> exp{nﬂn <9+%>}

Taking Taylor series expansions about ¢ = 0 gives

() = mp <9 -
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Outline proof (3/7)

Thus

ro(l) = ﬂ9<9+%‘x>x%

x Ty <§+%> exp{nﬂn <9+%>}

Taking Taylor series expansions about ¢ = 0 gives

U <9A+\/iﬁ> = 7T6(9)+7T9(9)://}— 21, 0(@[\%]2
o]

~ 7'(',9(9).
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Outline proof (4/7)

Similarly,
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Outline proof (4/7)

Similarly,

nt, <9“ + %) = {12,,(0) + 2 (9)% + Ez;;(e) {

K2
/n
—z'"(e) [%] i }
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Outline proof (4/7)

Similarly,

A P
Mt <9+%>

n {zn(é) +0f) S+ 2 0h(0) {%
1 " (A 1/} 3
P

~ P 1 ~
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Outline proof (4/7)

Similarly,

A P
Mt <9+%>

n {zn(é) +0f) S+ 2 0h(0) {%
1 " (A 1/} 3
P

~ P 1 ~

N 1 N
nen() + 5Ua(0)0°.

Q
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Outline proof (5/7)

This gives
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Outline proof (5/7)

This gives

mol) o (7425 o {ntn (04 72 |
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Outline proof (5/7)

This gives

mol) o (7425 o {ntn (04 72 |

~ mg(f)exp {nfn(é) + %f%(é)ﬂ)z}
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Outline proof (5/7)

This gives

mol) o (7425 o {ntn (04 72 |

oB)oxp { nta(d) + 1500002

Q

x exp {%E’A(é)zb"’}
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Outline proof (5/7)

This gives

mol) o (7425 o {ntn (04 72 |

~ mg(f)exp {nfn(é) + %f%(é)ﬂ)z}

x  exp {%E’A(é)zb"’}

x exp { [—62(9)} (¥ — 0)2} ,
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Outline proof (5/7)

This gives

mol) o (7425 o {ntn (04 72 |

oB)oxp { nta(d) + 1500002

Q

o exp {%E’A(é)zb"’}

x exp { [—62(9)} (¢ — 0)2} ;

showing that

V)X ~ N (O, [—E%(é)]”) as n— oc.
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Outline proof (6/7)

The result on the last slide gives

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Outline proof (6/7)

The result on the last slide gives
A a1
Var{\/ﬁ(e - 0)} - [—12;;(0)} .

Multiplying the term inside {} by /—¢4(9) gives
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Outline proof (6/7)

The result on the last slide gives
N a1
Var{\/ﬁ(e - 0)} - [—12;;(0)} .
Multiplying the term inside {} by /—¢4(9) gives

Var 3 \/—04(0) x Vn(@ — )y = —£(0) x Var{v/n(6 —0) ¢, ie.
& | (o0
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Outline proof (6/7)

The result on the last slide gives
var { V(o - )} = [~e30)]
Multiplying the term inside {} by \/% gives
Var{\/% SN —é)} = 0 % Var {VA(o - D)} . ie.
Var{ —ned)(o - é)} = by [uo)] . e

Var{mw—é)} _—
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Outline proof (7/7)

Thus, we have the equivalent result
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Outline proof (7/7)

Thus, we have the equivalent result

\/J(0) (9—9)‘x2>N(0,1) as n — oo.
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Outline proof (7/7)

Thus, we have the equivalent result
\/J(0) (9—9)‘xﬂ>N(0,1) as n— oo.

Dividing by \/J(f) and adding @ also gives
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Outline proof (7/7)

Thus, we have the equivalent result
M(ﬁ—é)‘ng(OJ) as n— .
Dividing by 4/J(0) and adding 4 also gives
o|x ~ N (é, J(é)—1) .

MEMORISE!
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Example 3.14

Suppose we have a random sample from a distribution with
probability density function

—x2/0
F(x|6) = ”GT x>0,0>0.

Determine the asymptotic posterior distribution for 6. Note that
from Example 3.11 we have

%Iogf(xw Z ,
J(9) = 69 log f(x|6) = QSZX ——< 0+ = Zx)
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Solution to Example 3.14 (1/2)

The asymptotic posterior distribution is given by

o)x ~ N (é, J(é)—1) .
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Solution to Example 3.14 (1/2)

The asymptotic posterior distribution is given by
o)x ~ N (é, J(é)—1) .
First, let's find 6. Now

d
2 log f(x|0) = ZX

Setting equal to zero and solving for 6 = 4 gives
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Solution to Example 3.14 (1/2)

The asymptotic posterior distribution is given by
o)x ~ N (é, J(é)—1) .
First, let's find 6. Now

d
2 log f(x|0) = ZX

Setting equal to zero and solving for 6 = 4 gives
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Solution to Example 3.14 (2/2)

Also,
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Solution to Example 3.14 (2/2)

Also,
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Solution to Example 3.14 (2/2)

Also,

~ n . 2 2
JO) = §<—9—|—EZX/>
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Solution to Example 3.14 (2/2)

Also,

~ n . 2 2
JO) = §<—9—|—EZX/>

n JR— R
= — (—x2+2x2)
()
_ N e
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Solution to Example 3.14 (2/2)

Also,

~ n . 2 2
JO) = §<—9—|—EZX/>
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Solution to Example 3.14 (2/2)

Also,

A n . 2 5
JO) = §<—9+E;x,>

n .

= — (—x2+2x2)
(2

_ n_Z__n

=) ()

Therefore, for large n, the (approximate) posterior distribution

for 0 is
olx ~ N <F % (Ff) .
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Example 3.15

Suppose we have a random sample from an exponential
distribution, that is, Xi|0 ~ Exp(6), i =1,2,...,n (independent).

Determine the asymptotic posterior distribution for 6.
Note that from Example 3.12 we have

0 n -
20 log f(x]6) = 5~ %

2

0 n
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Solution to Example 3.15 (1/1)

We have
0 A~
%Iogf(x|0)—0 = 9—;
—  J) = % = nx®
()
1
-1 o
— JO) ' = P2l
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Solution to Example 3.15 (1/1)

We have
0 ~o 1
%Iogf(x|0)—0 - 9—;
(%)
~ 1
-1 -
— JO) ' = P2l

Therefore, for large n, the (approximate) posterior distribution

for 6 is .
9|X ~ N (:, T2> .
X nx
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Example 3.15

Recall that, assuming a vague prior distribution, the posterior
distribution is a Ga(n, nx) distribution, with mean 1/x and
variance 1/(nx?).

The Central Limit Theorem tells us that, for large n, the gamma
distribution tends to a normal distribution, matched, of course,
for mean and variance.

Therefore, we have shown that, for large n, the asymptotic
posterior distribution is the same as the posterior distribution
under vague prior knowledge. Not a surprising result!
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Example 3.16

Suppose we have a random sample from a N(u,1/7)
distribution (with 7 known). Determine the asymptotic posterior
distribution for 1. Note that from Example 3.13 we have

0 _
o log f(X|p) = n(X — p),
2

0
J(p) = T2 log f(X|p) = nr.
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Solution to Example 3.16 (1/1)

We have
O logfxly) =0 — =%
= J(ii) = nr
1
Ay—1 _
= J(i) =

Therefore, for large n, the (approximate) posterior distribution

for uis
_ 1
~N — .
nlx <X’ n7'>

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 3.16

Again, we have shown that the asymptotic posterior distribution
is the same as the posterior distribution under vague prior
knowledge.
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Chapter 5: Question 29

Using a random sample from a Bin(k, #) (with k known),
determine the posterior distribution for  assuming

[0 vague prior knowledge;
M the Jeffreys prior distribution;
@M a very large sample.
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The conjugate prior distribution is a Beta(g, h) distribution.
Using this prior distribution, the posterior density is

7(0]x) o 7(0) £(x]9)

x 9971 (1 — )"~ xHaX' — g)k=xi, 0<6<A1
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The conjugate prior distribution is a Beta(g, h) distribution.
Using this prior distribution, the posterior density is

7(0]x) o 7(0) F(x|6)
x 9971 (1 — )"~ x[p& — g)k=xi, 0<6<A1

awwxw1—mM“”Xt 0<6<1
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The conjugate prior distribution is a Beta(g, h) distribution.
Using this prior distribution, the posterior density is

7(0]x) o 7(0) F(x|6)
x 9971 (1 — )"~ xHaX' — g)k=xi, 0<6<A1

O(9g+nx 1(1 _0)h+nk nx— 1’ 0<6<1

i.e. 0|x ~ Beta(G = g + nx, H = h+ nk — nXx).
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We represent vague prior information by taking a conjugate
prior distribution with large variance.
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We represent vague prior information by taking a conjugate
prior distribution with large variance.

As the beta distribution restricts values to the range (0,1), there
is a finite upper limit to the variance.
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We represent vague prior information by taking a conjugate
prior distribution with large variance.

As the beta distribution restricts values to the range (0,1), there
is a finite upper limit to the variance.

Intuitively, the maximum variance is achieved when the
probability density is pushed to the extremes of the range, that
is, equal mass at § = 0 and 6 = 1 — this distribution is obtained
in the limit g — 0 and h — 0.
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We represent vague prior information by taking a conjugate
prior distribution with large variance.

As the beta distribution restricts values to the range (0,1), there
is a finite upper limit to the variance.

Intuitively, the maximum variance is achieved when the
probability density is pushed to the extremes of the range, that
is, equal mass at § = 0 and 6 = 1 — this distribution is obtained
in the limit g — 0 and h — 0.

Thus we will take this limit to represent vague prior
information.
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We represent vague prior information by taking a conjugate
prior distribution with large variance.

As the beta distribution restricts values to the range (0,1), there
is a finite upper limit to the variance.

Intuitively, the maximum variance is achieved when the
probability density is pushed to the extremes of the range, that
is, equal mass at § = 0 and 6 = 1 — this distribution is obtained
in the limit g — 0 and h — 0.

Thus we will take this limit to represent vague prior
information.Hence the posterior distribution under vague prior
information is

0|x ~ Beta(nx, nk — nXx).
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The Jeffreys prior distribution is

7(0) < \/1(0).
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The Jeffreys prior distribution is

7(0) < \/1(0).

Now

n
f(x]0) oc [T 0%(1 — 0)*
i=1

o 0”)_((1 - e)kn—n)_('
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Therefore

log f(x|0) = constant + nx log 6 + n(k — X)log(1 — 6)

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Therefore
log f(x|0) = constant + nxlog® + n(k — X)log(1 — 0)
0 _nx  n(k—X)
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Therefore
log f(x|0) = constant + nxlog® + n(k — X)log(1 — 0)
= % log f(x|0) = %—( - %
= 86—922 log f(x|0) = —Z—f — %
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Therefore
log f(x|0) = constant + nxlog® + n(k — X)log(1 — 0)
= % log f(x|0) = nx %
= 86—922 log f(x|0) = —Z—f — %
= 1(0) = Exp 8802 log f(X\H)]
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Therefore
log f(x|0) = constant + nxlog® + n(k — X)log(1 — 0)

0 nx  n(k—X)

= %Iogf(x\ﬁ) T
02 B n)? n(k —X)

92
= /((9) = EX\G 602 log f(X‘H):|
_ nEx(X)  nlk — Exp(X)]

N 02 (1—6)?
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Now Ex|s(X) = Exjs(X) = k6. Therefore
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Now Ex|s(X) = Exjs(X) = k6. Therefore

nk+ nk B nk
0 1—9_9(1—9)'

1(6) =
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Now Ex|s(X) = Exjs(X) = k6. Therefore

nk+ nk B nk
0 1—9_9(1—9)'

1(6) =

Hence the Jeffreys prior for this model is
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Now Ex|s(X) = Exjs(X) = k6. Therefore

nk nk nk
) =g+ 5900

Hence the Jeffreys prior for this model is

7(0) o« /I0)
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Now Ex|s(X) = Exjs(X) = k6. Therefore

nk nk nk
) =g+ 5900

Hence the Jeffreys prior for this model is

w(0) o VI(0)

nk

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Now Ex|s(X) = Exjs(X) = k6. Therefore

nk nk nk
) =g+ 5900

Hence the Jeffreys prior for this model is

\/_9

1/ 0<6<1

o 91/ 9)~1/2, 0<6<1.
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This is a Beta(1/2,1/2) prior distribution and so the resulting
posterior distribution is

0|x ~ Beta(1/2 + nx,1/2 + nk — nXx).
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The asymptotic posterior distribution (as n — oo) is
o|x ~ N (é, J(é)—1) ,

where ) (k )
0 nx nlk—-Xx
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Now
0 nx n(k—Xx)
— f = > ~ o — 0
o '8 f(x10) =0 1.9

I
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Now
0 nx n(k—Xx)
—I f == Q= — ~ :O
50 ogf(x]0) =0 = 3 T3
~X
N nk3
= J(6) = k=)
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Now
0 B nx n(k—-Xx)
%Iogf(x|0)—0 = 5 oy =0
A X
A nk3
== J(0) = Xk —%)
A1 X(k—X)
= JO) ' = P
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Therefore, for large n, the posterior distribution for 4 is

X X(k—X) .
O|x ~N (E’ T) approximately.
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Chapter 4

Bayesian Inference
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.

For example,
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.

For example,

m the mean;
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.

For example,
m the mean;

m the mode;
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.

For example,
m the mean;
m the mode;

m the median.
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Estimation: Point estimates

There are many useful summaries for a typical value of a
random variable with a particular distribution.

For example,
m the mean;
m the mode;

m the median.

The mode is used more often as a summary than is the case in
frequentist statistics.
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Estimation: Interval estimates

A more useful summary of the posterior distribution is one
which also reflects its variation.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Estimation: Interval estimates

A more useful summary of the posterior distribution is one
which also reflects its variation.

For example, a 100(1 — «)% Bayesian confidence interval for
¢ is any region C, that satisfies Pr(6 € C,|x) =1 — a.
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Estimation: Interval estimates

A more useful summary of the posterior distribution is one
which also reflects its variation.

For example, a 100(1 — «)% Bayesian confidence interval for
¢ is any region C, that satisfies Pr(6 € C,|x) =1 — a.

If 6 is a continuous quantity with posterior probability density
function 7(0|x) then
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Estimation: Interval estimates

A more useful summary of the posterior distribution is one
which also reflects its variation.

For example, a 100(1 — «)% Bayesian confidence interval for
¢ is any region C, that satisfies Pr(6 € C,|x) =1 — a.

If 6 is a continuous quantity with posterior probability density
function 7(0|x) then

/ ~(6]x)d0 =1 —a.
Ca
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Estimation: Interval estimates

The usual correction is made for discrete 6, that is, we take the
largest region C,, such that Pr(6 € C,|x) <1 — a.
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Estimation: Interval estimates

The usual correction is made for discrete 6, that is, we take the
largest region C,, such that Pr(6 € C,|x) <1 — a.

Bayesian confidence intervals are sometimes called credible
regions or plausible regions.
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Estimation: Interval estimates

The usual correction is made for discrete 6, that is, we take the
largest region C,, such that Pr(6 € C,|x) <1 — a.

Bayesian confidence intervals are sometimes called credible
regions or plausible regions.

Clearly these intervals are not unique, since there will be many
intervals with the correct probability coverage for a given
posterior distribution.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3:
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Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert,
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Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert, the geologist,

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert, the geologist, the hydrologist,
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Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert, the geologist, the hydrologist, the glaciologist...
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Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert, the geologist, the hydrologist, the glaciologist...

In each example, we used Bayes’ Theorem for distributions
to combine the beliefs of the expert, with our data, to form the
posterior distribution.
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Mozart, Earthquakes, speed cameras, glaciers

Think back to the examples in Chapters 2 and 3: the music
expert, the geologist, the hydrologist, the glaciologist...

In each example, we used Bayes’ Theorem for distributions
to combine the beliefs of the expert, with our data, to form the
posterior distribution.

How should we feedback our findings to the experts?
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Mozart, Earthquakes, speed cameras, glaciers

We often used a single posterior summary — usually the mean
(often in the form of the Bayes Linear rule), or the mode.
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Mozart, Earthquakes, speed cameras, glaciers

We often used a single posterior summary — usually the mean
(often in the form of the Bayes Linear rule), or the mode.

But we really need more than this!
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Mozart, Earthquakes, speed cameras, glaciers

We often used a single posterior summary — usually the mean
(often in the form of the Bayes Linear rule), or the mode.

But we really need more than this!

We could supply the expert with the full posterior.
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Mozart, Earthquakes, speed cameras, glaciers

We often used a single posterior summary — usually the mean
(often in the form of the Bayes Linear rule), or the mode.

But we really need more than this!
We could supply the expert with the full posterior.

Often, we use Bayesian confidence intervals.
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Example: Flood defence in New Orleans

We will think about this in more detail in Case Study 2.

Hurricane Katrina destroyed centuries—old sea walls (levees) in
New Orleans in August 2005.
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Example: Flood defence in New Orleans

A Bayesian analysis of sea—surge in the Gulf of Mexico could
be used to help design the new sea walls. This would:

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example: Flood defence in New Orleans

A Bayesian analysis of sea—surge in the Gulf of Mexico could
be used to help design the new sea walls. This would:

m Use data on the height of the sea (notably sea—surge)
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Example: Flood defence in New Orleans

A Bayesian analysis of sea—surge in the Gulf of Mexico could
be used to help design the new sea walls. This would:
m Use data on the height of the sea (notably sea—surge)

m Supplement the analysis with the knowledge of an expert —
perhaps an oceanographer — through a suitable prior
distribution for the parameter of interest
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Example: Flood defence in New Orleans

A recent Bayesian analysis by researchers at Tulane University,
New Orleans (JRSS, 2012), found that
H|x ~ Ga(49,3.5),

where H is the height (in feet) of the new sea wall, estimated to
protect New Orleans against the once in a hundred year
storm surge:

posterior density
015  0.20
L

0.05
I

0.00
I

0 10 20 30 40 50
H
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Example: Flood defence in New Orleans

What do we tell the engineers?
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Example: Flood defence in New Orleans

What do we tell the engineers?

The gamma distribution for #|x covers the entire positive real
line...
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Example: Flood defence in New Orleans

What do we tell the engineers?

The gamma distribution for #|x covers the entire positive real
line...

m “Your sea wall needs to be be anywhere between 0 feet
and o feet tall”?
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Example: Flood defence in New Orleans

What do we tell the engineers?

The gamma distribution for #|x covers the entire positive real
line...

m “Your sea wall needs to be be anywhere between 0 feet
and o feet tall”?

m “Your sea wall needs to be

4
E(H|x) = % — 14 feet tall’?
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Example: Flood defence in New Orleans

What do we tell the engineers?
The gamma distribution for #|x covers the entire positive real
line...

m “Your sea wall needs to be be anywhere between 0 feet
and o feet tall”?

m “Your sea wall needs to be

4
E(H|x) = % = 14 feet tall”?

m “Your sea wall needs to be
Mode(H|x) = % — 13.7 feet tall”?
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Example: Flood defence in New Orleans

What do we tell the engineers?
The gamma distribution for #|x covers the entire positive real
line...

m “Your sea wall needs to be be anywhere between 0 feet
and o feet tall”?

m “Your sea wall needs to be

4
E(H|x) = % = 14 feet tall”?

m “Your sea wall needs to be
Mode(H|x) = % — 13.7 feet tall”?

m SD(H|x) = \/% = 2 feet
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Example: Flood defence in New Orleans

posterior density
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Example: Flood defence in New Orleans

posterior density
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| |
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Estimation: Interval estimates

A 100(1 — @)% highest density interval (HDI) for 4 is the
region C, = {6 : w(0|x) > ~} where v is chosen so that
Pr(0 € Culx) =1 —a.
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Estimation: Interval estimates

A 100(1 — @)% highest density interval (HDI) for 4 is the
region C, = {6 : w(0|x) > ~} where v is chosen so that
Pr(0 € Culx) =1 —a.

This region is sometimes called a most plausible Bayesian
confidence interval.
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Estimation: Interval estimates

A 100(1 — @)% highest density interval (HDI) for 4 is the
region C, = {6 : w(0|x) > ~} where v is chosen so that
Pr(0 € Culx) =1 —a.

This region is sometimes called a most plausible Bayesian
confidence interval.

If the posterior distribution has many modes then it is possible
that the HDI will be the union of several disjoint regions.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Estimation: Interval estimates

A 100(1 — @)% highest density interval (HDI) for 4 is the
region C, = {6 : w(0|x) > ~} where v is chosen so that
Pr(0 € Culx) =1 —a.

This region is sometimes called a most plausible Bayesian
confidence interval.

If the posterior distribution has many modes then it is possible
that the HDI will be the union of several disjoint regions.

For example, the HDI could take the form
C.=(ab)u(c,d)U(e,f),wherea<b<c<d<e<f.
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Interpretation of confidence intervals

Suppose Cp is a 95% Bayesian confidence interval for 6 and
Cr is a 95% frequentist confidence interval for 6.
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Interpretation of confidence intervals

Suppose Cp is a 95% Bayesian confidence interval for 6 and
Cr is a 95% frequentist confidence interval for 6.

These intervals do not have the same interpretation:
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Interpretation of confidence intervals

Suppose Cp is a 95% Bayesian confidence interval for 6 and
Cr is a 95% frequentist confidence interval for 6.

These intervals do not have the same interpretation:

m the probability that Cg contains 6 is 0.95;
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Interpretation of confidence intervals

Suppose Cp is a 95% Bayesian confidence interval for 6 and
Cr is a 95% frequentist confidence interval for 6.

These intervals do not have the same interpretation:
m the probability that Cg contains 6 is 0.95;

m the probability that Cr contains 6 is either 0 or 1 — since 6
does not have a (non-degenerate) probability distribution;
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Interpretation of confidence intervals

Suppose Cp is a 95% Bayesian confidence interval for 6 and
Cr is a 95% frequentist confidence interval for 6.

These intervals do not have the same interpretation:
m the probability that Cg contains 6 is 0.95;

m the probability that Cr contains 6 is either 0 or 1 — since 6
does not have a (non-degenerate) probability distribution;

m the interval Cr covers the true value 6 on 95% of
occasions — in repeated applications of the formula.
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Example 4.1

Suppose that the posterior distribution for 6 is a Beta(1,24)
distribution, with probability density function

m(0)x) =24(1 -6, 0<6<1.

15 20
1

density
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Example 4.1

Suppose that the posterior distribution for 6 is a Beta(1,24)
distribution, with probability density function

m(0)x) =24(1 -6, 0<6<1.

A plot of this distribution is given in Figure 4.1 (See also the
gravestones question in Chapter 5):

15 20
1

density
10
|

0.0 0.2 0.4 0.6 0.8 1.0

[:]

Determine the 100(1 — «)% HDI for 6.
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Solution to Example 4.1 (1/2)

The HDI must include those values of 6 with highest posterior
density and so must take the form C, = (0, b).
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Solution to Example 4.1 (1/2)

The HDI must include those values of 6 with highest posterior
density and so must take the form C, = (0, b).

The end—point b must satisfy

b
/ 24(1-0)2do=1-q.
0
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Solution to Example 4.1 (1/2)

The HDI must include those values of 6 with highest posterior
density and so must take the form C, = (0, b).

The end—point b must satisfy
b
/ 24(1-0)2do=1-q.
0
Now

b b
/24(1—0)230!0:[—(1—0)24] —1—(1-b)*.
0 0
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Solution to Example 4.1 (2/2)

Hence

1—(1-b)*=1-a = 1-b=a"/* — b=1-0a'?*
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Solution to Example 4.1 (2/2)

Hence
1—(1-b)*=1-a = 1-b=a"/* — b=1-0a'?*

Therefore, a 100(1 — )% HDI for f is (0,1 — o'/?4).

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.1 (2/2)

Hence

1—(1-b)*=1-a = 1-b=a"/* — b=1-0a'?*
Therefore, a 100(1 — a)% HDI for @ is (0,1 — a'/24).

For example, the 95% HDI for 6 is
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Solution to Example 4.1 (2/2)

Hence

1—(1-b)*=1-a = 1-b=a"/* — b=1-0a'?*
Therefore, a 100(1 — a)% HDI for @ is (0,1 — a'/24).

For example, the 95% HDI for 6 is

(0,1 —(0.05"/2%)) — (0,0.117).
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Example 4.2

Suppose we have a random sample x = (X4, Xz, ..., X,)" from
a N(u,1/7) distribution (where 7 is known).

We have seen that, assuming vague prior knowledge, the
posterior distribution is u|x ~ N(x,1/(nT)).

Determine the 100(1 — «)% HDI for .
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

a=x- 222 and  p=x4 22
N NI
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

- Za/2

z
a=x-— and b=x4 22

VT v’

where z, is the upper a-quantile of the N(0, 1) distribution.
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

- Za/2

z
a=x-— and b=x4 22

VT v’

where z, is the upper a-quantile of the N(0, 1) distribution.

Therefore, the 95% HDI for p is
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

- Za/2

z
a=x-— and b=x4 22

VT v’

where z, is the upper a-quantile of the N(0, 1) distribution.

Therefore, the 95% HDI for p is

()_(_1.96 )_(+1.96)
NG
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

_ 22
a=x_ -

ZOl
and b=Xx+ /2

Jnr vt
where z, is the upper a-quantile of the N(0, 1) distribution.

Therefore, the 95% HDI for p is

()_(_1.96 )_(+1.96)
NG

Note that this interval is numerically identical to the 95%
frequentist confidence interval for the (population) mean of a
normal random sample with known variance.
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Solution to Example 4.2 (1/1)

This distribution has a symmetric bell shape and so the HDI
takes the form C, = (a, b) with end—points

_ 22
a=x_ -

ZOl
and b=Xx+ /2

Jnr vt
where z, is the upper a-quantile of the N(0, 1) distribution.

Therefore, the 95% HDI for p is

()_(_1.96 )_(+1.96)
NG

Note that this interval is numerically identical to the 95%
frequentist confidence interval for the (population) mean of a
normal random sample with known variance. However, the
interpretation is very different.
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Example 4.3

Suppose that the posterior distribution for 6 is a Beta(2,23)
distribution, with probability density function

m(0)x) =5520(1 — )2, 0< 6 <1.
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Example 4.3

Suppose that the posterior distribution for 6 is a Beta(2,23)
distribution, with probability density function

m(0)x) =5520(1 — )2, 0< 6 <1.

A plot of this distribution is given in Figure 4.2.
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Example 4.3

Suppose that the posterior distribution for 6 is a Beta(2,23)
distribution, with probability density function

m(0)x) =5520(1 — )2, 0< 6 <1.

A plot of this distribution is given in Figure 4.2.

[:]

Determine the 100(1 — «)% HDI for 6.
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Solution to Example 4.3

The HDI must take the form C, = (a, b) if it is to include the
values of 6 with the highest probability density.
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Solution to Example 4.3

The HDI must take the form C, = (a, b) if it is to include the
values of 6 with the highest probability density.

Therefore, the end—points a and b must satisfy
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Solution to Example 4.3

The HDI must take the form C, = (a, b) if it is to include the
values of 6 with the highest probability density.

Therefore, the end—points a and b must satisfy

b
/ 5520(1—-0)>2dd =1—a and  552a(1—a)?? = 552b(1—b)?2
a
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Solution to Example 4.3

The HDI must take the form C, = (a, b) if it is to include the
values of 6 with the highest probability density.

Therefore, the end—points a and b must satisfy
b
/ 5520(1—-0)>2dd =1—a and  552a(1—a)?? = 552b(1—b)?2
a

Unfortunately, there is no simple analytical solution to these
equations and so numerical methods have to be employed to
determine a and b.
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Computation of HDIs for unimodal distributions

Suppose that we require the HDI (a, b) for a unimodal
distribution with density f(-) and distribution function F{(-).
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Computation of HDIs for unimodal distributions

Suppose that we require the HDI (a, b) for a unimodal
distribution with density f(-) and distribution function F{(-).

We have seen that if one of the end—points is known (because
of the shape of the distribution) or the distribution is symmetric
then the solution is in terms of the distribution’s percentage
points.
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-« and f(a) = f(b).
Thus,
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.

Any numerical solver, such as optimin R, will search through
different a and b until the above conditions are met.
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.

Any numerical solver, such as optimin R, will search through
different a and b until the above conditions are met.

We can help the computer by squaring both (ensuring both
differences will always be positive);
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.

Any numerical solver, such as optimin R, will search through
different a and b until the above conditions are met.

We can help the computer by squaring both (ensuring both
differences will always be positive); we can also combine both
squares:
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.

Any numerical solver, such as optimin R, will search through
different a and b until the above conditions are met.

We can help the computer by squaring both (ensuring both
differences will always be positive); we can also combine both
squares:

{F(b) = F(a) — (1 = a)}* + {f(b) — f(a)}?,
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Computation of HDIs for unimodal distributions

When this is not the case, the problem requires a numerical
scheme to find a and b satisfying

F(b)—F(a)=1—-«a and f(a) = f(b).
Thus,
Fb)—F(a)—(1—a)=0 and f(b) — f(a) = 0.

Any numerical solver, such as optimin R, will search through
different a and b until the above conditions are met.

We can help the computer by squaring both (ensuring both
differences will always be positive); we can also combine both
squares:

{F(b) = F(a) — (1 = a)}* + {f(b) — f(a)}?,

and then ask R to find a and b such that this sum is minimsed.
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Computation of HDIs for unimodal distributions

In fact, in order to use optimin R we also need to introduce a
‘tuning parameter’ k, and hence minimise:
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Computation of HDIs for unimodal distributions

In fact, in order to use optimin R we also need to introduce a
‘tuning parameter’ k, and hence minimise:

g(a,b) = {F(b) — F(a) — (1 — a)}* + k{f(b) — f(a)}?,

where k > 0 tries to ensure that both terms are zeroed.
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Computation of HDIs for unimodal distributions
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Computation of HDIs for unimodal distributions

In R:

g=function (x)
{
a=x[1]
b=x[2]
(pbeta (b, 2,23) —pbeta(a,2,23)-0.95) xx2
+0.0001* (dbeta (b, 2,23)-dbeta(a,2,23)) *x2
}
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Computation of HDIs for unimodal distributions

In R:

g=function (x)
{
a=x[1]
b=x[2]
(pbeta (b, 2,23) —pbeta(a,2,23)-0.95) xx2
+0.0001* (dbeta (b, 2,23)-dbeta(a,2,23)) *x2
}

Then:
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Computation of HDIs for unimodal distributions

In R:

g=function (x)
{
a=x[1]
b=x[2]
(pbeta (b, 2,23) —pbeta(a,2,23)-0.95) xx2
+0.0001* (dbeta (b, 2,23)-dbeta(a,2,23)) *x2
}

Then:

initiala=qgbeta (0.025,2,23)
initialb=gbeta (0.975,2,23)
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Computation of HDIs for unimodal distributions

In R:

g=function (x)
{
a=x[1]
b=x[2]
(pbeta (b, 2,23) —pbeta(a,2,23)-0.95) xx2
+0.0001* (dbeta (b, 2,23)-dbeta(a,2,23)) *x2
}

Then:

initiala=qgbeta (0.025,2,23)

initialb=gbeta (0.975,2,23)

res=optim(c(initiala,initialb), g,
method="L-BFGS-B", lower=0, upper=1)
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Computation of HDIs for unimodal distributions

In R:

g=function (x)
{
a=x[1]
b=x[2]
(pbeta (b, 2,23) —pbeta(a,2,23)-0.95) xx2
+0.0001* (dbeta (b, 2,23)-dbeta(a,2,23)) *x2
}

Then:

initiala=qgbeta (0.025,2,23)

initialb=gbeta (0.975,2,23)

res=optim(c(initiala,initialb), g,
method="L-BFGS-B", lower=0, upper=1)

a=resSpar[1]

b=resSpar[2]
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Computation of HDIs for unimodal distributions

This gives
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Computation of HDIs for unimodal distributions

This gives
m a=0.002211733

m b=0.1840109
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Computation of HDIs for unimodal distributions

This gives
m a=0.002211733

m b=0.1840109
m F(b) — F(a) = 0.9500041
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Computation of HDIs for unimodal distributions

This gives
m a=0.002211733

m b=0.1840109
m F(b) — F(a) = 0.9500041
m f(b) — f(a) = —0.004484121.
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Computation of HDIs for unimodal distributions

This gives
m a=0.002211733

m b=0.1840109
m F(b) — F(a) = 0.9500041
m f(b) — f(a) = —0.004484121.

Thus the 95% HDI is (0.002211733,0.1840109).
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Much of statistical inference (both Frequentist and Bayesian) is
aimed towards making statements about a parameter 6.

Often the inferences are used as a yardstick for similar future
experiments.

For example, we may want to predict the outcome when the
experiment is performed again.
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Clearly there will be uncertainty about the future outcome of an
experiment.

Suppose this future outcome Y is described by a probability
(density) function f(y|0).

There are several ways we could make inferences about what
values of Y are likely.
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For example, if we have an estimate 6 of # we might base our
inferences on f(y|0 = 0) (i.e. a frequentist approach).
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For example, if we have an estimate 6 of # we might base our
inferences on f(y|0 = 0) (i.e. a frequentist approach).

Obviously this is not the best we can do, as such inferences
ignore the fact that it is very unlikely that 6 = 6.
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Implicit in the Bayesian framework is the concept of the
predictive distribution.
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Implicit in the Bayesian framework is the concept of the
predictive distribution.

This distribution describes how likely are different outcomes of
a future experiment.
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Implicit in the Bayesian framework is the concept of the
predictive distribution.

This distribution describes how likely are different outcomes of
a future experiment.

The predictive probability (density) function is calculated as
fyix) = [ y10) (o)) o

when @ is a continuous quantity.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Implicit in the Bayesian framework is the concept of the
predictive distribution.

This distribution describes how likely are different outcomes of
a future experiment.

The predictive probability (density) function is calculated as

fy|x) = /e F(y16) (6]x) d9

when @ is a continuous quantity.

From this equation, we can see that the predictive distribution is
formed by weighting the possible values of 6 in the future
experiment f(y|0) by how likely we believe they are to occur
m(0]x).
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If the true value of  were known, say 6y, then any prediction
can do no better than one based on f(y|0 = 6y).

However, as (generally) 6 is unknown, the predictive distribution
is used as the next best alternative.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.

This prediction interval is similar to a HDI interval.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.

This prediction interval is similar to a HDI interval.

A 100(1 — «)% prediction interval for Y is the region
C. ={y: f(y|x) > v} where v is chosen so that
Pr(Y € Culx) =1 —a.
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Example 4.4

Suppose that X is the number of expensive goods sold in a
shop over 24 days.

If 0 is the expected number of sales per day then it may be
plausible that X |0 ~ Po(24 6).

Also, suppose our prior distribution for 4 is as given in Table 4.1.
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Example 4.4

Suppose that X is the number of expensive goods sold in a
shop over 24 days.

If 0 is the expected number of sales per day then it may be
plausible that X |0 ~ Po(24 6).

Also, suppose our prior distribution for 4 is as given in Table 4.1.

0 | m(0)
“great” | 1/2 | 0.2
“‘good” | 1/4 | 0.5
“poor” | 1/8 | 0.3
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Example 4.4

Clearly, we believe that the most likely value of 9 is 1/4,
indicating that we would expect around 6 expensive goods to
be sold in any 24 day period.
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Example 4.4

Clearly, we believe that the most likely value of 9 is 1/4,
indicating that we would expect around 6 expensive goods to
be sold in any 24 day period.

Suppose now that we observe that x = 10 expensive goods
were sold in the last 24 days.

This will impact our beliefs about 6.

We can calculate the posterior distribution for 6 as follows.
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Example 4.4

The likelihood term is

0.1048 ifo=1/2
(249)109—249 _ /

Pr(X = 10/6) = =
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Example 4.4

The likelihood term is

0.1048 ifg=1/2

24 10 o—240
(249) ¢ _ ) ooa13 ifo—1/4

Pr(X = 10/6) = =

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 4.4

The likelihood term is
0.1048 ifg=1/2

0.0413 if6=1/4
0.0008 iff=1/8

(249)109—249 _

Pr(X = 10/6) = =
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Example 4.4

The likelihood term is
0.1048 ifg=1/2

0.0413 if6=1/4
0.0008 iff=1/8

(249)109—249 _

Pr(X = 10/6) = =

and so, using Bayes Theorem,
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Example 4.4

The likelihood term is
0.1048 ifg=1/2

0.0413 if6=1/4
0.0008 iff=1/8

10 ,—2460
Pr(x = 10j0) = B0

and so, using Bayes Theorem,
_ PrX =10/ =1/2)n(6 = 1/2)
(0 =1/2|x =10) = [Pr(X = 100 = 1/2)7(0 = 1/2)
+Pr(X=1010 =1/4)7(6 = 1/4)
+Pr(X =100 = 1/8)x(6 = 1/8)]

B 0.1048 x 0.2
01048 x 0.2+ 0.0413 x 0.5 4 0.0008 x 0.3
= 0.501
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.

Thus, the posterior distribution for 8 is as shown in Table 4.2,
with the most likely value of  now being 1/2, and standard
deviation SD(#|x = 10) = 0.126.
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.

Thus, the posterior distribution for 8 is as shown in Table 4.2,
with the most likely value of  now being 1/2, and standard
deviation SD(#|x = 10) = 0.126.

0 | m(0|x =10)
“great” | 1/2 0.501
“good” | 1/4 0.493
“poor” | 1/8 0.006
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.

If there have been no changes in the sales process (no special
advertising campaigns etc) then we can take Y|0 ~ Po(246).
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.

If there have been no changes in the sales process (no special
advertising campaigns etc) then we can take Y|0 ~ Po(246).

Determine the predictive probability function for Y.
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)

0=

MBS
Bl
ool
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12
_ (12; ><o5o1>+
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12 Y A—6
_ (12 © ><o.5o1> n (6 ° ><O.493)
y! y!
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12 —6
_ (126 xo5o1>+<6e ><O493)
y! y!
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12 Y A—6
_ (12 © ><o.5o1> n (6 ° ><O.493)
y! y!

Y a3
n (3 e "« 0.006>
y!

0.501(1 2ye‘12) + 0.493(6ye‘6) + 0.006(3ye‘3)
y!

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.4 (2/2)

For example:

0.501(12'°e~12) + 0.493(6'0e~8) + 0.006(3'%¢~2)
10!

Pr(Y =10|x = 10) =
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Solution to Example 4.4 (2/2)

For example:

0.501(12'°e~12) + 0.493(6'0e~8) + 0.006(3'%¢~2)
10!

Pr(Y =10|x = 10) =

= 0.073.
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