MAS2906 Mini Project

Mini Project

This mini project is worth 15% of the MAS2906 module marks. Solutions should be submitted
to the assignment submission area in Canvas by 4pm on Friday 8th December.

Your work should be typed up and any necessary graphs or code included in your typed
document. Marks will be awarded for style and presentation.

Your typed report should clearly state your name at the top of each page, along with your
student number.

Question 1 [Total 25 marks]

1
In this question, you are required to use Monte Carlo Integration to approximate / f(x)dx,
0

where
f(x) = abx? (1 — x?)>1

for 0 < x <1 and where a > 0 and b > 0.

(a) Each student will need to generate their own unique values for a and b. To generate
your values for a and b, type the following code into R:

1 set.seed (STUDENT ID)
)| a = sample(3:14, 1); b = sample(3:14, 1)

where STUDENT ID is your student ID (excluding any letters that might appear at the
start). If you are working as a pair, just use the STUDENT ID for one student in the
pair. In your solutions, write down your values for a and b and the resulting integrand.
For example, if your generated values for a and b were 10 and 12 respectively, you would
write down:

a=10; b=12; f(x)=120x"(1—x)"  [1 mark]

(b) Use R to produce a plot of f(x). Use the abline command to indicate a suitable
simulation grid on your plot. Include this plot in your solutions, with appropriately
labelled axes and title. [7 marks]

(c) Using a for loop over N = 10° replications, estimate your integral using Monte Carlo
Integration. Include your R code in your solutions, which should be nicely formatted/in-
dented. Where necessary, include comments in your code so it is clear what you are
trying to do. In your solutions, make it obvious what your estimated integral is. [17
marks]

Turn over for questions 2 and 3
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Question 2 [Total 25 marks]

Suppose that X is a random variable with probability density function (PDF)

fx(x) = %e’x2/<2”2), for x > 0,

where o is a fixed constant.

(a) Find the cumulative distribution function (CDF) for X and write a function to generate
simulated values of X using the inverse CDF method. Include all necessary calculations
in your solutions; also include the R code for the function that you write. [12 marks]

(b) Let d be the last digit of your student ID. Let 0 =1 + (d/2.5). Write down your value
of d, and plot a density histogram of a sample of X of size 10,000 using your value of o.
Include this histogram in your solutions; again, make sure axes are appropriately labelled.
If you are working as a pair, just use the ID for one student in the pair. [5 marks]

(c) Check that your function has worked by superimposing a curve on your histogram showing
the PDF. [2 marks]

(d) The distribution you have simulated from is often used in the physical sciences to model
wind speeds and wave heights; it is also used to model noise variation in magnetic reso-
nance imaging (MRI). Can you find the name of this distribution? [2 marks]

(e) Use your simulated values of X to verify the expectation and variance of the distribution
you identified in part (d). [4 marks]

Question 3 [Total 25 marks]

(a) Write an R function to sample from the log-normal distribution LN(u, 0?) (see section
5.1 of the notes and example 5.3). Make sure your function takes three input arguments:
the number of realisations to generate (N), the mean (mu) and the standard deviation
(sigma). Include your R code in your solutions. Note: You must not use any of R's
built-in functions associated with the log-normal distribution! [5 marks]

(b) For 0 = 2 generate samples from the log-normal distribution for a number of different
values for u in the range u € (0,5). For each value of u compute the log of the sample
mean. Plot a graph of the log of the sample mean versus w, and include this plot in your
solutions.

[8 marks]

(c) Repeat part (b), plotting the log of the sample median versus w. [8 marks]

(d) What can you conclude about the mean and median of the L N(u, 02) distribution?
[4 marks]

Turn over for question 4
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Question 4 [Total 10 marks]

Suppose a random variable X follows a gamma distribution, that is, X ~ Ga(a, A); then the
probability density function (PDF) is
)\axa—le—kx

N (R

a, A >0,
and where I'(k) = (k — 1)! for positive integers k.

(a) Let your value for a be the value for a you generated in question 1 part (a), and let your
value for X be the value for b you generated in question 1 part (a). In your solutions write
down your PDF for X. [1 mark]

(b) Find the PDF for Y = X/o, where o is the value you generated in question 2 part (b).
Note: If your value for o = 1, then use the transformation Y = X/2. [6 marks]

(c) Use R to find P(Y < E[Y]). [3 marks]
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Solutions

Question 1

(a)
(b)

w N e

(c)

O g ~ o (&) e w N -

a=10; b=12; f(x) = 120x°(1 — x0)1 0 < x < 1. Just an example; [1 mark]

[7 marks] — no marks for code; [4] for plot; [2] for simulation grid; [1] for labels

x = seq(0, 1, 0.0001); y = 120%(x"9)*(1—(x"10))"11

plot(x, y, type="I1", main="Plot of my function", xlim=c(-1,2))

abline(h=5, lty=2, col="red"); abline(v=0, lty=2, col="red"); abline(v
=1, lty=2, col="red")

Plot of my function

[17 marks] — [2] for correct generation of points; [2] for evaluation of function; [4] for if
statement and counter; [2] for calculation of P; [1] for adjustment by area of simulation
grid (1.5 in this example, but look at their plot; [3] for correct overall structure of the
main function; [1] for inclusion of comments; [2] for correct implementation and answer
(everyone's answer should be close to 1)

MCintegrate = function (N){
no of hits =0
for(i in 1:N){

x = runif(l, 0, 1) #Generate the x co—ordinate
y = runif(1, 0, 5) #Generate the y co—ordinate
f = 120%(x"9)*(1—(x"~10)) 11 #Evaluate the function at x
if(y<f){ #ls the point under the curve?
no_of hits = no _of hits+1 #I1f so, increase the counter
Iy
I
P = no_of hits/N #Find P
area_under curve = Px(1x%5) #Find the area under the curve

return(area_under curve)}
MClntegrate (10000)
[1] 0.995
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Question 2

(a)

(b)

-~ w N -

o1

(c)

(d)

[4 marks] — deduct [2] marks if insufficient working shown

Fx(x) =1 — eX*/(2%") since differentiating this gives fx(x) and Fx(co0) = 1.

[8 marks] — [1] for generation of u; [4] for correct inverse function, with application to
u; [3] for correct overall structure of function, with return statement etc.

Fy'(x) = v/—202log(1 — x) so the function is:-

inv.cdf = function(N, sigma){
u = runif(N)
x = sqrt(—2x(sigma~2)xlog(l—u))
return(x)}

test = inv.cdf(10000, 3)

[5 marks] — full marks for histogram only, with appropriate labels on axes. Deduct [1]
mark if labels seem inappropriate, and a further [1] mark if the histogram has not been
produced on the density scale. No code needed for marks, and no marks at this stage
for overlaid PDF

Suppose student ID ends with 5, so o = 3.

Density histogram
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Sample mean should be approximately 1.25 x o. So, for d =5 get approximately 3.75.

[2 marks] — no code needed, check that their overlaid PDF matches the histogram (see
part (c))
To add the curve, try:
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x.plot = seq(0, 14, 0.0001)
y.plot = (x.plot/(372))*xexp(—(x.plot~2)/(2x(372)))
lines (x.plot, y.plot, type="I", col="red")

w N e

(e) Rayleigh distribution (one of my faves) [2 marks| for name of distribution

(f) Check mean(test) and var(test) against theoretical values (e.g. as found from
Wikipedia)
[4 marks] — check their theoretical expectation/variance match those obtained through
simulation

Question 3

(a) [5 marks] — for code; deduct [2] marks if the function does not have three arguments

Function:-

1| log.normal.sample = function(n,mu,sig) {
2 y = exp(rnorm(n,mu, sig))
o}

(b)-(c) [16 marks] — [8] for each plot. Usual story re: labels on axes etc. Deduct [2] marks for
each plot that doesn’t produce values on a fine-enough scale for u — they need more than
just {0,1,..., 5}

Plots:-

log mean
o
o
log median
o
o
o

mu mu

(d) [4 marks] — be firm here. Only award full marks if they refer to the points made below.
Partial marks for other (more general) comments, at your discretion

The plots show that the median of the log-normal distribution is approximately e*. The
mean is proportional to e* i.e. has the form constantxe*.
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Question 4

Generally, if X ~ Ga(a, A\) and Y = X/o, then

Fv(y)=P(Y <y)=P(X <aY)= Fx(aY).

Therefore, by the chain rule,

h(y) = (oY) -0
Aa(ay)a—le—kcﬂ’

M(a)
(Ag)ryete= (o)

M)

-0

and so Y ~ Ga(a, \o), regardless of the students’ values for o, A and o.

(a)

(b)

(c)

[1 mark] for students correctly writing down the PDF for X given their values for o and
A

[6 marks]| for correct mathematics leading to the PDF given above, with specific values
for the parameters in the Gamma PDF for Y. Award partial credit as you see fit (but
be strict)

Students should notice that, for Y ~ Ga(a, Ag), E(Y) = a/Ao. Then the correct R
code is something like:

alpha = 3

ol lambda = 4
3l sigma = 2.5
4/E = alpha/(lambda*sigma)

pgamma(E, alpha, lambdaxsigma)
[1] 0.5768099

[3 marks]; award marks strictly here, and do not give any marks for students’ answers
based on simulations/approximations




