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Assessments

m Numbas test 1 — feedback video now available in Canvas

m Mini Project
— You should now be well on the way with this
— Deadline: Next Friday, 9th December, 4pm

— Can work in pairs

m Practical this Friday cancelled — continue to work on your
project!
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We're nearly done!

m Today we'll finish Chapter 5 on Transformations

— You should have worked through examples 5.3 and 5.6 using
the videos last week

— We'll do two further examples today

m We'll then make a start on the sixth and final chapter!



Cauchy example (Example 5.7)

Example

Suppose X ~ U(—7%, %) and Y = tan(X).

Use simulation to study the distribution of Y and explicitly
compute the PDF.



Solution

y = tan(runif (100, —pi/2, pi/2))

-

ol hist(y, xlab = "y’', ylab = ’'frequency’', main = "’
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This distribution looks odd! Calculate the PDF:
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This distribution looks odd! Calculate the PDF:

h(x) = tan(x), h7(y)=tan"1(y).
fr(y) = = dy (tan‘l y)
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This distribution looks odd! Calculate the PDF:

h(x) = tan(x), h7(y)=tan"1(y).
fy(y) = < dy (tan"ly) —oco<y<oo,
1

_— —o0 <y < oo.
(1 +y?) Y
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This distribution looks odd! Calculate the PDF:

h(x) = tan(x), h7(y)=tan"1(y).

fy(y) = < dy (tan"ly) —oco<y<oo,
1

m(1+y?)

—o0o <y <.
This is the Cauchy distribution. It has very heavy tails.
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Bonus example

Hourly wind speed maxima (X miles per hour), observed on the
roof of Claremont Tower as part of the University's Urban
Observatory, are assumed exponentially distributed with rate 0.1.

Unfortunately, the data recorded are the logged wind speeds.

Use the transformation method to find the PDF of Y = log X.



Recall that if X ~ Exp()), then it has PDF

fX(X) = )\e—)\X’

x >0,
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Bonus example: Solution

Recall that if X ~ Exp(\), then it has PDF
fx(x)=Xe™ x>0, A>0.
Now here, we have

h(x) =logx, and h7i(y)=¢".
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Bonus example: Solution

Recall that if X ~ Exp(\), then it has PDF
fx(x)=Xe™ x>0, A>0.
Now here, we have
h(x) =logx, and h71(y)=¢".
Therefore

d(h(y))

fr(y) = fx(h™l(y)) x 3




Bonus example: Solution

Recall that if X ~ Exp(\), then it has PDF
fx(x)=Xe™ x>0, A>0.
Now here, we have
h(x) =logx, and h71(y)=¢".
Therefore

d(h(y))
dy

= Adexp{—-Aexp{y}} x exp{y}

fr(y) = fx(h™l(y)) x




Bonus example: Solution

Recall that if X ~ Exp(\), then it has PDF
fx(x)=Xe™ x>0, A>0.
Now here, we have
h(x) =logx, and h71(y)=¢".
Therefore

dy
= Adexp{—-Aexp{y}} x exp{y}
= Aexp{y — A"},

fr(y) = fx(h™l(y)) x

with A = 0.1.



Bonus example: Solution

We can check this in R:

1|X = rexp (1000, 0.1)

2lY = log (X)

3| hist (Y, prob=TRUE, main="Y=log (Wind Speeds)”, xlab="
Miles per hour™)

4/ lambda = 0.1

5| curve (lambdaxexp (x—lambdaxexp(x)), add=TRUE, col="red",

Ity =2, lwd=2)




Bonus example: Solution

Y=log(Wind Speeds)
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Bonus example: Solution
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Chapter 6

Bivariate distributions



6.1 Sampling from bivariate distributions

Suppose we have a pair of continuous random variables (X, Y)
with joint PDF fx v (x,y).

Recall that
fx,y(x,¥) = fx()fyix(y | X = x)

where fx(x) is the marginal PDF of X and fy|x(y | X = x) is the
conditional PDF of Y given X = x.

One way to simulate realizations of the pair (X, Y) is:
Simulate a realization x of X from the marginal distribution of

X.

Simulate a realization y of Y from the conditional distribution
of Y given X = x.



Example 6.1

Example
Suppose X ~ U(0.1,0.5) and

xe ™ when y >0,

fY|X(Y | X=x)= {0 otherwise.

Write an R function to generate a 2 x n matrix of samples from
this distribution, and produce a scatter plot.



Example 6.1: Solution

1| example6.1 = function(n) {

2 output = matrix(0, 2, n)
3 x = runif(n, 0.1, 0.5)
4 y = rexp(n, rate = x)

5 output[l, ] = x

6 output[2, | =y

7 return (output)

s }

Make some notes about the R function.



Example 6.1: Solution

N

To obtain a scatterplot:

test = example6.1(200)
plot(output[1l,], output[2,],

xlab =

y
0 10 20 30 40




Example 6.2: The trivariate case

Example

Suppose that X ~ U(—1,1) and Y ~ Exp()) independently of X
and that

1 ,l<ﬂ)2
fz|X,y(Z|X:X,Y:y):\/%ye 2\ vy .

Write an R function to sample realizations (X, Y, Z) in the case
A =5 and produce a scatterplot of (X, Z).
Note that, given that X = x, Y = y then Z has a normal

distribution:
Z|X=x,Y=y~N(x,y?).



Example 6.2: Solution

1| example6.2 = function(n) {
2 output = matrix(0, 3, n
3 x = runif(n, =1, 1)

4 y = rexp(n, rate = 5)
5 z = rnorm(n, mean = Xx,
6 output[l, ] = x

7 output[2, | =y

8 output[3, | = z

9 output

0| }

)

sd

y)

Make some notes about the R function.




Example 6.2: Solution

1| test = example6.2(2000)

ol plot(test[1, ], test[3, ], xlab = 'x', ylab ="




6.2 The multivariate Normal distribution

You may have met the bivariate Normal distribution in
MAS1608.

The bivariate Normal distribution is a generalization of the Normal
distribution to pairs of random variables, or equivalently, to a
distribution on vectors in R2.

The multivariate Normal distribution is the analagous distribution
to vectors in R".



6.2.1 The bivariate Normal distribution

Suppose fix, fty, 0x > 0, 0, >0 and —1 < p <1 are constants.
Define the 2 x 2 matrix ¥ by

s _ o2 pax2ay '
poxay o,
Then define a joint probability density function by

1 1
fx,y(x,y) = mexp <—2Q(X,)’)>

where
Q. y) = (x—p) T x — p)

=)o)

and



6.2.1 The bivariate Normal distribution

If random variables (X, Y') have joint probability density given by
fx y above, then we say that (X, Y) have a bivariate normal
distribution and write

(X, V)T ~ N(p, 5).

It can be proved that the function fx y(x,y) integrates to 1 and
therefore defines a valid joint pdf.

The notes contain expansions of Q(x,y) and det X.



Remarks

The vector p = (pix, 1) is called the mean vector and the
matrix X is called the covariance matrix (or sometimes the
variance-covariance matrix).

Functions of the form F(x) = x” ¥ ~!x are called quadratic
forms. Quadratic forms are functions R” — R which satisfy
certain properties. They crop up in several areas of
mathematics and statistics.

The matrix ¥ and its inverse ¥ 1 are positive definite. A
matrix A is positive definite if

xTAx >0

for all non-zero vectors x.

It follows that when p, = p1, =0, Q(x,y) is a positive
definite quadratic form.
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Comments

Q(x,y) > 0 with equality only when It follows that

X = [
the density function has its mode at x = p.
Changing the values of i, 1, does not change the shape of
the plots, but corresponds to a translation of the xy-plane
i.e. changing px, p, just shifts the contours / surface to a

new mode position.

The contours of equal density are circular when o, = o, and
p = 0 and elliptical when o, # o, or p # 0.

ox and o, control the extent to which the distribution is
dispersed.

The parameter p is the correlation of X, Y
i.e. Cor (X, Y) = p. Thus for non-zero p, the contours are at
an angle to the axes.



6.2.1 Marginals and conditionals

Suppose (X, Y)T ~ Np(u, ). Then:-
The marginal distributions are normal:
X ~ N(px,02) and
Y ~ N(py, 0;2/)-
The conditional distributions are normal:

Ox
X|Y =y ~ N+ p=(y = py),0%(1 = p%)) and
y

ag
YIX=x ~ Ny +p2(x = ) 05 (1 = p%)).

X

When p =0, X and Y are independent.
Linear combinations of X and Y are also normally distributed:

aX + bY ~ N(apx + by, a*02 + b20}2, + 2abpoyoy)

where a, b are constants.



