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Where we’re at...

Weeks 1-3: R Refresher

– The basics – including syntax, vectors and dataframes
– Data summaries – graphical and numerical
– Functions, for loops and if statements, with four case studies

Weeks 4-5: Computation from probability models

– Standard distributions: Binomial, Poisson, geometric; Normal,
exponential, uniform

– More complex models: An arrival times model; a Normal
mixture model

Week 6: Simulation using the Inverse CDF method

– Practical motivation for how it works
– Formal mathematical proof
– Lots of examples!
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Recap Quiz

1. Write down R code that simulates 100 observations from the
U(0, 1) distribution and stores the output in the vector U.

2. Suppose X has CDF

FX (x) = 1− 1

x
, x ≥ 1.

Find F−1
X (x).

3. Write an R function called inv.cdf to generate values from
X .

4. Produce a histogram of your realizations of X , coloured yellow
and with a suitable title.
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Example 4.5 (pages 34–35)

Patients arriving at a doctor’s surgery have appointment times
15 minutes apart.

The random variable L measures how late a patient is for
his/her appointment, with negative values denoting early
arrivals.

The PDF of L is

fL(`) =

{
0.0025(`+ 20), −20 ≤ ` ≤ 0,

0.05e−`/10, ` > 0.



Example 4.5: Questions

a. Sketch fL(`).

b. Show that the CDF of L is

FL(`) =


0, ` < −20,
0.00125(`+ 20)2, −20 ≤ ` ≤ 0,

1− e−`/10

2 , ` > 0.

c. Suppose that 0.205 and 0.713 are two realized values of
U ∼ U(0, 1). Show that the corresponding realized values of L
are −7.19 and 5.55 under the inverse CDF simulation method.



Example 4.5: Solution

First, the PDF:

l

0

fL(l)

0.05

− 20



Example 4.5: Solution

Now to find the CDF: L lies between −20 and +∞, so
FL(`) = 0 when ` < −20.

For −20 ≤ ` ≤ 0:

FL(`) =

∫ `

−20
fL(s)ds

=

∫ `

−20
0.0025(s + 20)ds

=

[
0.0025

2
(s + 20)2

]`
−20

= 0.00125(`+ 20)2 for −20 ≤ ` ≤ 0.

Also, FL(0) = 0.5.
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Example 4.5: Solution

Now

FL(`) =

∫ 0

−20
fL(s)ds +
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0
fL(s)ds for ` > 0

= 0.5 +
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= 1− e−`/10
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, as required.
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Example 4.5: Solution

Now for some realized values:

u = 0.205 < 0.5, so realized value ` lies between −20 and 0. Thus

FL(`) = 0.00125(`+ 20)2.

Find the inverse, and evaluate at u = 0.205:

y = 0.00125(`+ 20)2, so

` = ±
√

y

0.00125
− 20,

giving

` =

√
0.205

0.00125
− 20 = −7.2.
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Example 4.5: Solution

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.



Example 4.5: Solution

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.



Example 4.5: Solution

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.



Example 4.5: Solution

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.



Example 4.5: Solution

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.


