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There are TWO questions in Section A and TWO questions in Section B.

Information about standard distributions are given at the end of the paper.
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SECTION A

A1l. A random sample of n people are each given k scratch cards and the num-

ber of winning cards (for each person) is recorded as © = (1, 9, ..., 1,)7.

We can model these data as a random sample from a binomial Bin(k, )
distribution, where k is known.

(a) Show that the likelihood function is
f(x]0) o< 677 (1 — )"+

where T = ) x;/n is the sample mean number of winning cards per
person.

Answer:
The likelihood function is

f(af‘e) = ﬁ <k>91,(1 — Q)k—l, x 971?(1 . Q)n(k:—:i:)

x‘
i=1 t

where T = ) x;/n is the sample mean number of winning cards per
person.

[4 marks|

(b) Suppose that your prior beliefs about 6 are described by a Beta(g, h)
distribution. Determine and name your posterior distribution for 6
given the data .

Answer:
The posterior density is

m(0)z) o 7(0) f(x|0)
. 9g—1<1 - Q)h—l > Qn:i*(l _ Q)n(k_i)’ 0<f<1
~ eg+nj;71(1 o Q)hﬁrnkfni‘fl’ O < 0 < 1

i.e. Olx ~ Beta(G = g +nx, H = h+ nk — nZ).

[5 marks|

(c) Show that vague prior knowledge can be represented as g — 0
and h — 0. Hint: re-parameterise the distribution using its mean
m=g/(g+h)and s =g+ h+ 1.

Question A1 continued on next page Page 2 of 15



MAS3902

Answer:
We represent vague prior information by taking a conjugate prior
distribution with large variance. Here the conjugate prior is a beta
distribution. The prior variance is

gh m(1 —m)

N R R T

where m = ¢g/(g+h) and s = g+h+1. This is a 1-1 transformation
and so we have a free choice of values for m and s subject to the
restrictions 0 < m < 1 and s > 1. Clearly, Var(0) is maximised
when m(1 — m) is maximised (at m = 1/2) and 1/s is maximised
(in the limit as s — 1). In terms of g and h, these conditions are
g=hand g+h+1— 1, thatis, g=h — 0.

[6 marks]

(d) What is the posterior distribution for # when taking vague prior
knowledge? Show that the posterior mean is the sample proportion
of successful scratch cards.

Answer:
The posterior distribution under vague prior information is

O|x ~ Beta(nz,nk —nI).

The posterior mean is

nx
E(0 = =
(0]) nt + nk —nx

| 8

the sample proportion of successful scratch cards.

[5 marks]

[Total: 20 marks|
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A2. A random sample * = (z1,79,...,2,)7 is taken from a log-normal
LN (u,o?) distribution.

(a) Show that the likelihood function is

f(x|p, ) oo™ exp {—L (log 2; — M)Q} :

Answer:
The likelihood function is

1
(x|, exp{ ———(logz; — 1)?
1) =TT oo {pstion -

[2 marks]
(b) Show that
0? n
a—/ﬂlogf(wlu,a) T T2
0 2
500 1% flalp, o) = ——5 ) (logzi —p)

i=1
0* n 3w 5
wlogf(wlu,a) T2 gz (log z; — )"

Answer:

Question A2 continued on next page Page 4 of 15
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We have

n

1

log f(x|p,0) = —nlogo — — » (logx; — p)
202 —

2

n

0 1
= @log flalp, o) = — > (logx; — p)

1=1

0 no1 g )
55 108 f(zlp,0) = ——+ — ;(logazyz — 1)

2

0 n
— a—uglogf(wlu,a) -T2

n

o2 >
— _ 2N log z: —
Fude 108 @l 0) = = > (logz; — p)

1=1

0? no 3« 9
o3 108 f(zlp,0) = —5 — — > (logx; — ).
1=1
[6 marks]

(c¢) Hence show that, for large n, the (approximate) posterior distribu-

tion for (u, o)t is
; Slog
(,LL) x~ N <x10g> ) " 320 )
g ) o

where Tioy = Y1 log xi/n and si,, = Y1 (log & — Tig)* /0 are the
sample mean and variance of the log z;.

Q»
|

Answer:
Now
0 log f(x| ) 0 log f(x| )=0 — I =T
Y yO) = 7 yO0) = = Llog;
8,& g 2 oo g X 2 log
Therefore
n n
J A) 7) = o — 9
11(:u 0) &2 3120g
2 n
Jio(f1,6) = —= » (logx; — i) =0,
S
n 3 — n 3 2n
Joa(fi,0) = —— + = Y _(logw; — 4)* = ——5— + —nsipy = 5,
02 04 i—=1 Z 8120g Sflow * 120g

Question A2 continued on next page Page 5 of 15
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and so

o [+ 0 RPN & T
J(:ua J) - loog 2n = ‘](:uv J) - 8 5120g_ :
5120g o0

Therefore, for large n, the (approximate) posterior distribution for
(. 0) is
(,u) x~ N (iﬂlog>, 0 99 :
g s/ "\ 0
[8 marks]

Hence, write down a 100(1 — a)% posterior HDI for o in terms of
the upper percentage points of the standard normal distribution, z,.

Answer:

From (c), for large n, o|@ ~ N(sig, 51,,/(2n)). This distribution is
symmetric about its mean and so an HDI is an equi-tailed interval.
Therefore a 100(1 — a))% posterior HDI for o is

Za/28log Za/28log
Slog — Wa Slog + \/% .

[4 marks]

[Total: 20 marks]
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SECTION B

B3. A random sample = (z1,...,2,) is taken from a negative binomial
NegBin(k, ) distribution, with sample mean Z. Suppose the prior belief
about # follows a mixture beta distribution,

0 ~ p1Beta(gi, g1) + p2Beta(ga, g2).

(a) Show that the mean and variance of the prior distribution are

2
gitl  (pitp2)?
E0) = 2 and Var(0) = i — :
(6) = (p1 + p2)/2 and Var(9) ;p g 1) .
Answer:
For the prior component i, its mean and variance is
gi 1 g; 1
Ei(0) = = — and Var;(0) = : = :
9i+9 2 (9 +9:)*(gi +9i+1)  4(2g:+1)

Then for the mixture prior, its mean is

P1 + P2

E(0) = ZPzEz(Q) =5

Meanwhile, since

2

E(6?) = Z piEi(0%) =) pi [Vary(0) + Ei(6)’]

1=1

the variance of prior distribution is

Var(0) = B(6?) — B(0)? = ZpiQ(g;;:_ll) @ Zm) .

1=

[8 marks]

Question B3 continued on next page Page 7 of 15
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(b) Show that the posterior distribution is in the form of
piBeta(Gh, Hy) + pyBeta(Ga, Hy),

and show that G; = nk + ¢g; and H; =nx —nk +g;, i =1, 2.
Answer:

Since the prior distribution is a mixture, the posterior distribution
is in the form of pim (0 | ) + pima(0 | ) where m;(0 | x) is the
posterior distribution

mi(0)f(x | 0)
filx)

where 7;(0) is the density of Beta(g;,¢9;), i = 1,2. The likelihood
function is

w0 ] ) =

flx]0) = lj ( 529‘_—11 ) ok (1 — 0)"*.

j=1

Then for + =1, 2,
mi(0 | ) o mi(0) f(x | 0)

oc 07711 — 0)% Tt x gR(1 — )X R 0 < g < 1,

oc @rRTeiTl(p — gyrrrkrel g < g < 1,
and m;(0 | ) must be the density of Beta(G; = nk + g;, H; =
nt —nk + g;). Therefore the posterior distribution is in the form of
piBeta(G1, Hy) + p5Beta(Go, Hs).

[8 marks]

(¢) Show that pj 4+ p5 = 1. Not a good question.

Answer:
Because the integral of the posterior distribution needs to be 1, we

have
1
/ [pim1(0 | ©) + pyma(6 | )] dO =1
0 : 1
:>pT/ (6 | w)d9+p§/ mo(0 | ) df =1
0 0

— p; +py = L.

[4 marks]|

Question B3 continued on next page Page 8 of 15



MAS3902

(d) Find expressions for p; and p3.

Answer:
From the results of (b),

n x;—1
o (7)) B

m(0)f (x| 0)
L) = = ,
fil®) mi(0 | ) B(gi, gi)
where B(g, h) is the beta function. Then
P = pifitx)  piB(Gi, H;)/B(gi, 9i)

Stopifix) S piB(Gi Hi)/Blgi, i)

[4 marks]

[Total: 24 marks|

B4. Suppose you have a random sample & = (1, s, ..., z,)’ from an Exponential-
gamma EG(a, \) distribution, where o and A are unknown. Your prior
distribution has o ~ Ga(a,b) and A ~ Ga(e,d), independently, for
known values a, b, ¢ and d.

(a) Show that the likelihood function is
f(x|a, A) = N exp(an® — MZeyp) /T'(a)",

where Z = > " x;/n and Tex, = Y. exp(z;)/n are the sample
means of x and exp(z).

Answer:
The likelihood function is

n

A exp{ax; — Aexp(z;)}

f@la,0) =] o

i=1
A" exp(anT — AnZexp)
- ()™ '

[3 marks]

Question B4 continued on next page Page 9 of 15
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(b) Show that your posterior density is, for « > 0 and A > 0,

(o, A|x) o< a® A" L expla(nZ — b) — A(nTeyp + d)}/T ()™

Answer:
Using Bayes’ Theorem, the posterior density is, for « > 0 and A > 0,

(o, Mx) o< m(a, A) f(x]a, A)
A exp(an® — AnZeyxp)
[(a) ’
It expla(nz — b) — M(nTexp + d) }
INCOR |

a,—le—b()z % )\c—le—d/\

X

0.8

[4 marks]

(c¢) Suppose you want to construct a Metropolis-——Hastings algorithm
which samples this posterior distribution by using an independent
proposal for (a, A). Suppose the proposal is made using the prior
distribution, that is, (o, \*)|(a, A\) ~ 7(a*, \*). What is the accep-
tance probability for the proposed value (a*, A*)?

Answer:
If we use the prior distribution as the independent proposal, the pro-

posal (a*; A*) has acceptance probability min(1, A) where

m(a*, \*|x) y (o, \)
m(a, Mx)  m(a*f, A¥)
_ flala’, X
f(x|a, A)
Xm* F<&*)
o

A:

} exp{(a” — a)n® — (A" — A\)nZexp }-

[4 marks]

(d) Determine the posterior conditional densities for a|A and A|a up to
a multiplicative constant.
Answer:

Question B4 continued on next page Page 10 of 15
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The posterior conditional density for « is, for o > 0
(o, A|x)
m(A|x)
ox (e, M)
oc a® TN L expla(ng — b) — A(NTexp + d)} /T ()"
o o I\ exp{a(nz — b)}/T'(a)"
x a" texp{a(nz —b+nlog\)}/T(a)".

T(a\ z) =

The posterior conditional density for A is, for A > 0

_ m(a, M)
T(Aa, @) = “rlalx)
ox (e, M)
o Oza—l)\noﬁcfl exp{oz(n:?: o b) o )\(njexp 4+ d)}/F(Oz)n

oc AT expl — (nTexp + d)A},

Le. Mo,z ~ Ga(na + ¢, nTexp + d).

[8 marks]

You decide to develop an MCMC algorithm with separate steps for each
parameter to simulate realisations from the posterior distribution. You
have available a simulator which generates values from a gamma distri-
bution.

(e) Why might a Metropolis within Gibbs algorithm be appropriate for
simulating realisations from the posterior distribution?
Answer:
The distribution of A|a,x is standard but that for a|\, x is non-
standard. Therefore we can use a Metropolis within Gibbs algo-
rithm which uses a Gibbs step for A and a M—H step for a.

[3 marks]

(f) You decide to use a normal N(a,,) random walk proposal for «,
that is, make proposals using a*|a ~ N(a, %,). What is the accep-
tance probability for the proposed value a*?

Answer:
If we use a normal random walk proposal with ¢(a*|a) = N(a, X,),

Question B4 continued on next page Page 11 of 15
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the proposal a* has acceptance probability min(1, A) where

Tt x) glala’)
A= e " glaa)
: (¥, x)
(|, @)
_ a** Lexp{a*(nz — b+ nlog\)}/T'(a*)"
a®lexp{a(nz —b+nlog\)}/I'(a)”

[4 marks|

(g) Write down the steps in your MCMC algorithm for simulating real-
isations from the posterior distribution.

Answer:
The MCMC algorithm is

1.

Initialise the iteration counter to j = 1, and initialise the chain
to a', a realisations from its Ga(a,b) prior distribution or use
the prior mean a/b or moment/mle estimates.

. Obtain a new value

A0~ Ga(noz(j_l) + ¢, NTexp + d).

. Generate a proposed value a* ~ N(oz(j_l), Ya)

. Evaluate the acceptance probability min(1, A) at o, aU~Y and

o)

. Set al) = o* probability min(1, A), and set ) = a¥=1) other-

wise.

. Change the counter from j to 7 + 1 and return to step 2.

[10 marks]

[Total: 36 marks]

Page 12 of 15
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Distributions for data

Binomial distribution: If X ~ Bin(k,0) then it has probability function

k

X

fialo) = (

Also, E(X) = kf# and Var(X) = k0(1 — 0).

)996(1—9)’”, x=01,....k 0<6<1.

Negative binomial distribution: If X |0 ~ NegBin(k, ) then it has prob-
ability function

X

f(z]0) = (kj)eku—e)x—k, r=kk+1,...,

where k is a positive integer and 0 < 6 < 1. Also E(X) = k/6 and Var(X) =
k(1—0)/6°

Normal distribution: If X ~ N(u,1/7) then it has density

T\ /2 T 9
flalnm) = (5=) “ew{-S -}, —sc<w<oo
where —oo < 1 < o0 and 7 > 0. Also, F(X) = p and Var(X) = 1/7.

Exponential-gamma distribution: If X ~ EG(«, \) then it has proba-
bility density

f(z]a, A) = A" exp{ax — Aexp(z)}/T'(a),
where o« > 0 and \ > 0.

Log-normal distribution: If X ~ LN (u,0?) then and X has density

1 1
f($|,u,a):\/%Uxexp{—ﬁ(logx—uf}, x>0

where —oco < 1 < oo and o > 0. Also, E(X) = exp{u + 0%/2}, Var(X) =
{exp(c?) — 1} exp(2u + 0?). Further log X ~ N(u,0?) and so E(log X) = u
and Var(log X) = o>

Page 13 of 15
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Prior distributions

Exponential distribution: If § ~ Exp(h) then it has density
() =he ™™, 0 >0,

where h > 0. Also, E(0) = 1/h and Var(0) = 1/h%

Beta distribution: If § ~ Beta(g, h) then it has density

(1 -0t
- B(g,h)

Also, E(0) = g/(g+ h) and Var(0) = gh/{(g + h)*(g + h+1)}.

7(0) , 0<b<1, ¢g>0h>0.

Gamma distribution: If § ~ Ga(g, h) then it has density

hg@g—le—hﬁ
m(0) = W 5

Also, E(0) = g/h and Var(9) = g/h>.

>0, ¢g>0,h>0.

Normal distribution: If 4 ~ N(b,1/d) then it has density

() = <i) . {—gw - b)Q} | co<p<o

where —o0o < b < oo and ¢ > 0. Also, E(pu) =b and Var(u) = 1/d.

Normal-gamma distribution: If <'[TJJ ) ~ NGa(b,c, g, h) then it has density

m(p, T) o 7972 exp{—% [C(M—b)2+2h}}, —oco< p<oo, 7T>0

1
where —oo < b < oo and ¢,g,h > 0. Also, p|t ~ N <b, —), T ~ Ga(g,h)
cT

h
and p ~ to4 (b, %>

Page 14 of 15
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Multivariate normal distribution: If 8 ~ N, (b, c) then it has density
1
7(0) o (27) 7P| V2 exp {—5(9 — b)Yl (0 - b)} , OeRP

where b € R? and c is a symmetric positive-definite symmetric matrix. Also,
E(@)=0b,Var(@) =cand 0; ~ N(b;,c;;), i =1,...,p.

Multivariate normal-gamma distribution: If <’? > ~ N,Ga(b,c,g,h)

then it has density

T

m(B,7) o 797 Lexp {—5 (B - b)c(B—-0b)+ 2h]} , BeR, 7>0

where b € R? g, h > 0 and c is a symmetric positive-definite symmetric

h
matrix. Also, 8|7 ~ N, (b, (er)™'), 7 ~ Ga(g, h) and B ~ ty, (b, — c_1>.
g

Multivariate ¢t distribution: If 3 ~ t,(b, ¢) then it has density

L (“5) Je| 12 (B-b)"c(B-b)
(am)P/2T (%) {1 + a

a+p

m(B) = } BeR?

where a > 0, b € R? and ¢ is a symmetric positive semi-definite matrix. Also,

EB)=0b,Var(B) = aa_cz, if @ >2and 5; ~t,(b,cii), 1 =1,...,p.

THE END
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