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SECTION A

A1. A Markov chain Monte Carlo (MCMC) scheme was used to make infer-
ences on a model for which there was no conjugate prior specification.
The results in Table 1 below represent findings after an initial pilot run of
the associated random walk Metropolis-Hastings algorithm. Comment
briefly on the output in this table.

Model parameter Acceptance probability Lag 1 autocorrelation
α 0.245 0.102
λ 0.884 0.400

Table 1: Overall acceptance probabilities, and lag 1 autocorrelations, after an initial pilot run
of an MCMC scheme for a two-parameter model with scale and shape α and λ (respectively).

[5 marks]

A2. The survival times X months of n patients randomly allocated to receiv-
ing a new drug treatment follow a Ga(4, θ) distribution.

(a) Show that the likelihood function for θ given the lifetimes x =
(x1, x2, . . . , xn)

T of a random sample of patients given the treatment
is

f(x|θ) ∝ θ4ne−nx̄θ, θ > 0,

where x̄ is the mean lifetime in the sample.

(b) Suppose your prior beliefs about θ were described by a Ga(g, h)
distribution. Determine your posterior density for θ. Name this
distribution, including its parameters.

(c) Is the Gamma distribution a conjugate prior distribution? Explain
your answer.

(d) Determine an approximate 95% highest density interval (HDI) for θ
by approximating the posterior distribution by a normal distribution
with the same posterior mean and variance.

[15 marks]
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A3. The aerobic capacity of a sample of athletes is assumed to be a random
sample x = (x1, x2, . . . , xn)

T from a normal N(µ, 1/τ) distribution.

(a) Show that the likelihood function is

f(x|µ, τ) =
( τ

2π

)n/2
exp

{
−τ

2

n∑
i=1

(xi − µ)2

}
.

(b) Show that, for large n, the (approximate) posterior distribution for
(µ, τ)T is (

µ
τ

)∣∣∣∣x ∼ N

((
x̄
1
s2

)
,

(
s2

n 0
0 2

ns4

))
,

where x̄ and s2 =
∑n

i=1(xi−x̄)2/n are the sample mean and variance.

(c) Hence, write down an expression for the 95% posterior highest den-
sity interval (HDI) for µ.

[20 marks]
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SECTION B

B4. We now return to the scenario in Question A3, in which we are interested
in the aerobic capacity of a sample of athletes.

Suppose now we cannot assume a sample size large enough to trust the
asymptotic posterior derived in Question A3(b). Instead, we adopt a
normal-gamma NGa(b, c, g, h) distribution for our prior beliefs about
(µ, τ)T , leading to (

µ
τ

)∣∣∣∣x ∼ NGa (B,C,G,H) ,

where

B =
bc+ nx̄

c+ n
, C = c+ n, G = g +

n

2
, H = h+

cn(x̄− b)2

2(c+ n)
+
ns2

2
.

(a) Determine your marginal posterior density for µ. Name the posterior
distribution for µ.
Hint: ∫ ∞

0

θa−1e−bθ dθ =
Γ(a)

ba
.

(b) How will the 95% posterior highest density interval (HDI) for µ com-
pare to that obtained using the asymptotic posterior distribution in
Question A3(c)?

[10 marks]
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B5. Accidents at a point on a motorway follow a Poisson process with rate
θ.

(a) Suppose that the times between n + 1 accidents gives inter-event
times x = (x1, x2, . . . , xn)

T . Show that the likelihood function for θ
given these times is

f(x|θ) ∝ θne−nx̄θ, θ > 0,

where x̄ is the mean time between accidents.

[4 marks]

(b) After extensive discussions with a road safety engineer, you decide
on a Gamma distributuion as a model to represent your prior beliefs
about θ, that is, θ ∼ Ga(g, h). Given that the local authority is
interested in the time to the next event, that is, the time Y between
accidents n+ 1 and n+ 2, find the predictive density for Y .

[8 marks]

(c) Sketch this predictive density and hence determine the 95% predic-
tive interval for Y .

[10 marks]

[Total: 22 marks]

Page 5 of 12



MAS3902

B6. We now return to the scenario in Question A2, in which we are interested
in the survival times of patients receiving a new drug treatment.

Following further discussions with clinicians, it is decided our random
sample of lifetimes x = (x1, x2, . . . , xn)

T might be better represented by
a a Weibull Wei(β, λ) distribution, where β and λ are unknown. The
prior distribution has β ∼ Ga(a, b) and λ ∼ Ga(c, d), independently, for
known values a, b, c and d.

(a) Show that the likelihood function is

f(x|β, λ) = βnλnβx̄n(β−1)
g exp

{
−λβ

n∑
i=1

xβi

}
where x̄g = n

√∏
xi is the geometric mean of the data.

[3 marks]

(b) Show that your posterior density is, for β > 0, λ > 0

π(β, λ|x) ∝ βa+n−1 λc+nβ−1 x̄n(β−1)
g exp

{
−bβ − dλ− λβ

n∑
i=1

xβi

}
.

[3 marks]

(c) Determine the posterior conditional densities for β|λ and λ|β up to
a multiplicative constant.

[6 marks]

You decide to develop an MCMC algorithm with separate steps for each
parameter to simulate realisations from the posterior distribution.

(d) You decide to use a normal random walk proposal with variance
Σβ for β, that is, q(β∗|β) = N(β,Σβ). What is the acceptance
probability for the proposed value β∗?

[3 marks]

(e) You decide to use a normal random walk proposal with variance
Σλ for λ, that is, q(λ∗|λ) = N(λ,Σλ). What is the acceptance
probability for the proposed value λ∗? [3 marks]

(f) Explain how you would initialise your algorithm.

[2 marks]

(g) Write down the steps in your MCMC algorithm for simulating real-
isations from the posterior distribution. [8 marks]

[Total: 28 marks]
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Distributions for data

Binomial distribution

If X|θ ∼ Bin(k, θ) then it has probability function

f(x|θ) =

(
k
x

)
θx(1− θ)k−x , x = 0, 1, . . . , k,

where k is a positive integer and 0 < θ < 1. Also, E(X) = kθ and V ar(X) =
kθ(1− θ).

Exponential distribution

If X|λ ∼ Exp(λ) then it has density

f(x|λ) = λe−λx , x > 0

where λ > 0. Also, E(X) = 1/λ and V ar(X) = 1/λ2.

Gamma distribution

If X|α, λ ∼ Ga(α, λ) then it has density

f(x|α, λ) =
λαxα−1e−λx

Γ(α)
, x > 0,

where α > 0 and λ > 0. Also, E(X) = α/λ, V ar(X) = α/λ2 and (for α ≥ 1)
Mode(X) = (α− 1)/λ; and Γ(A) = (A− 1)! for integer A.

Inverse Gaussian distribution

If X|µ, λ ∼ IG(µ, λ) then it has density

f(x|µ, λ) =

√
λ√

2πx3
exp

{
−λ(x− µ)2

2µ2x

}
, x > 0,

where µ > 0 and λ > 0. Also, E(X) = µ and V ar(X) = µ3/λ.

Laplace distribution

If X|µ, σ ∼ La(µ, σ2) then it has density

f(x|µ, σ) =
1√
2σ

exp

{
−
√

2|x− µ|
σ

}
, x > 0,

where µ ∈ R and σ > 0. Also, E(X) = µ and V ar(X) = σ2.
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Log-normal distribution

If X|µ, σ ∼ LN(µ, σ2) then it has density

f(x|µ, σ) =
1

xσ
√

2π
exp

{
− 1

2σ2
(log x− µ)2

}
, x > 0

where µ ∈ R and σ > 0. Also, E(X) = eµ+σ2/2, V ar(X) = (eσ
2 − 1)e2µ+σ2

.
Further E(logX) = µ and V ar(logX) = σ2.

Negative binomial distribution

If X|θ ∼ NegBin(k, θ) then it has probability function

f(x|θ) =

(
x− 1

k − 1

)
θk(1− θ)x−k, x = k, k + 1, . . . ,

where k is a positive integer and 0 < θ < 1. Also E(X) = k/θ and V ar(X) =
k(1− θ)/θ2.

Normal distribution

If X|µ, τ ∼ N(µ, 1/τ) then it has density

f(x|µ, τ) =
( τ

2π

)1/2

exp
{
−τ

2
(x− µ)2

}
, x ∈ R

where µ ∈ R and τ > 0. Also, E(X) = µ and V ar(X) = 1/τ . The distribu-
tion has the following quantiles

x 1.2816 1.6449 1.9600 2.3263 2.5758

Pr(X < x) 0.9 0.95 0.975 0.99 0.995

Pareto distribution

If X|θ, α ∼ Pa(θ, α) then it has density

f(x|α, θ) =
αθα

xα+1
, x > θ

where α > 0 and θ > 0. Also E(X) = αθ/(α − 1), α > 1 and V ar(X) =
αθ2/{(α− 1)2(α− 2)}, α > 2.
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Poisson distribution

If X|θ ∼ Po(θ) then it has probability function

f(x|θ) =
θxe−θ

x!
, x = 0, 1, . . . ,

where θ > 0. Also, E(X) = θ and V ar(X) = θ.

Rayleigh distribution

If X|θ ∼ R(θ) then it has density

f(x|θ) = 2xθe−θx
2

, x > 0,

where θ > 0. Also E(X) =
√
π/(4θ) and V ar(X) = (4− π)/(4θ).

Uniform distribution

If X|φ, θ ∼ U(φ, θ) then it has density

f(x|φ, θ) =
1

θ − φ
, φ < x < θ,

where φ < θ. Also, E(X) = (φ+ θ)/2 and V ar(X) = (θ − φ)2/12.

von Mises distribution

If X|µ, λ ∼ vM(µ, λ) then it has density

f(x|µ, λ) =
1

2πI0(λ)
exp{λ cos (x− µ)}, 0 ≤ x < 2π

where 0 ≤ µ < 2π and λ > 0. Also I0(·) is the modified Bessel function of
order zero.

Weibull distribution

If X|β, λ ∼ Wei(β, λ) then it has density

f(x|β, λ) = βλβxβ−1e−λ
βxβ , x > 0,

where β > 0 and λ > 0. Also, E(X) = Γ(1 + 1/β)/λ and V ar(X) =
Γ(1 + 2/β)/λ2 − E(X)2.
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Distributions for prior beliefs

Beta distribution

If θ ∼ Beta(g, h) then it has density

π(θ) =
θg−1(1− θ)h−1

B(g, h)
, 0 < θ < 1,

where g > 0 and h > 0. Also, E(θ) = g/(g + h), V ar(θ) = gh/{(g +
h)2(g + h + 1)} and (when g, h > 1) Mode(θ) = (g − 1)/(g + h − 2); and
B(g, h) = {Γ(g)Γ(h)} /Γ(g + h), with Γ(G) = (G− 1)! for integer G.

Exponential distribution

If θ ∼ Exp(h) then it has density

π(θ) = he−hθ , θ > 0,

where h > 0. Also, E(θ) = 1/h and V ar(θ) = 1/h2.

Gamma distribution

If θ ∼ Ga(g, h) then it has density

π(θ) =
hgθg−1e−hθ

Γ(g)
, θ > 0,

where g > 0 and h > 0. Also, E(θ) = g/h, V ar(θ) = g/h2 and (when g ≥ 1)
Mode(θ) = (g − 1)/h; and Γ(G) = (G− 1)! for integer G.

Generalised t distribution

If µ ∼ ta(b, c) then it has density

π(µ) =
Γ
(
a+1

2

)
√
acπ Γ

(
a
2

) {1 +
(µ− b)2

ac

}−a+1
2

, µ ∈ R,

where b ∈ R, a > 0 and c > 0. Also, E(µ) = b and V ar(µ) = ac/(a − 2) if
a ≥ 2.
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Inverse Chi distribution

If σ ∼ Inv-Chi(a, b) then it has density

π(σ|a, b) =
2baσ−2a−1e−b/σ

2

Γ(a)
, σ > 0,

where a > 0, b > 0 and Γ(a) is the gamma function. Also E(σ) =
√
bΓ(a−

1/2)/Γ(a) and V ar(σ) = b/(a − 1) − E(σ)2 if a > 1. The name of the
distribution comes from the fact that 1/σ2 ∼ Ga(a, b) ≡ χ2

2a/(2b).

Log-normal distribution

If θ ∼ LN(b, c2) then it has density

π(θ) =
1√

2π c θ
exp

{
− 1

2c2
(log θ − b)2

}
, θ > 0

where b ∈ R and c > 0. Also, E(θ) = eb+c
2/2, V ar(θ) = (ec

2 − 1)e2b+c2.
Further log θ ∼ N(b, c2) and so E(log θ) = b and V ar(log θ) = c2.

Normal distribution

If µ ∼ N(b, 1/d) then it has density

π(µ) =

(
d

2π

)1/2

exp

{
−d

2
(µ− b)2

}
, µ ∈ R,

where b ∈ R and c > 0. Also, E(µ) = b and V ar(µ) = 1/d.

Normal-gamma distribution

If

(
µ
τ

)
∼ NGa(b, c, g, h) then it has density

π(µ, τ) ∝ τ g−
1
2 exp

{
−τ

2

[
c(µ− b)2 + 2h

]}
, µ ∈ R, τ > 0

where b ∈ R and c, g, h > 0. Also, µ|τ ∼ N

(
b,

1

cτ

)
, τ ∼ Ga(g, h) and has

marginal distribution µ ∼ t2g

(
b,
h

gc

)
.
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Uniform distribution

If θ ∼ U(a, b) then it has density

π(θ) =
1

b− a
, a < θ < b,

where a < b. Also, E(θ) = (a+ b)/2 and V ar(θ) = (b− a)2/12.

THE END
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