
Recap: Bayes Theorem for Distributions

Notation:
Data x , x , (x1, x2, . . . , xn)

T

PDF fX (x |θ), f (x |θ)
Likelihood f (x |θ)
Prior π(θ)
Posterior π(θ|x)

“Full” formula:

π(θ|x) = π(θ)f (x |θ)
f (x)

,

where

f (x) =

∫

Θ
π(θ)f (x |θ)dθ, θ continuous.

“Simplified” formula:

π(θ|x) ∝ π(θ)× f (x |θ)
Posterior ∝ Prior × Likelihood
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Recap: Bayes Theorem for Distributions

“Posterior is proportional to Prior times Likelihood”

Examples so far:

Example 2.1 (Possibly biased coin)

– Binomial likelihood with success probability θ
– U(0, 1) prior for θ
– Beta posterior for θ

Example 2.2 (Music expert)

– Binomial likelihood with success probability θ
– Beta prior for θ
– Beta posterior for θ

Example 2.3 (Max the video game pirate)

– Binomial likelihood with success probability θ
– Beta prior for θ
– Beta posterior for θ
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Example 2.4

Table 2.3 shows some data on the times between serious

earthquakes.

An earthquake is included if its magnitude is at least 7.5 on the

Richter scale or if over 1000 people were killed.

Recording starts on 16 December 1902 (4500 killed in

Turkistan).

The table includes data on 21 earthquakes, that is, 20 “waiting

times” between earthquakes.

840 157 145 44 33 121 150 280 434 736

584 887 263 1901 695 294 562 721 76 710

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.4

It is believed that earthquakes happen in a random haphazard

kind of way and that times between earthquakes can be

described by an exponential distribution.

Data over a much longer period suggest that this exponential

assumption is plausible.

Therefore, we will assume that these data are a random sample

from an exponential distribution with rate θ (and mean 1/θ). The

parameter θ describes the rate at which earthquakes occur.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.4

An expert on earthquakes has prior beliefs about the rate of

earthquakes, θ, described by a Ga(10,4000) distribution (see

Example 3.1, Chapter 3), which has density density

π(θ) =
400010 θ9e−4000θ

Γ(10)
, θ > 0, (2.13)

and mean E(θ) = 0.0025.
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Example 2.4

A plot of this prior distribution can be found in Figure 2.8. As

you might expect, the expert believes that only very small

values of θ are likely, though larger values are not ruled out!
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Solution to Example 2.4 (1/2)

The data are observations on Xi |θ ∼ Exp(θ), i = 1,2, . . . ,20

(independent).

Therefore, the likelihood function for θ is

f (x |θ) =
20
∏

i=1

θe−θxi , θ > 0

= θ20 exp

(

−θ
20
∑

i=1

xi

)

, θ > 0

= θ20e−9633θ, θ > 0. (2.14)
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Solution to Example 2.4 (2/2)

We now apply Bayes Theorem to combine the expert opinion

with the observed data. The posterior density function is

π(θ|x) ∝ π(θ)f (x |θ)

∝ 400010 θ9e−4000θ

Γ(10)
× θ20e−9633θ, θ > 0

= k θ30−1e−13633θ, θ > 0. (2.15)

The only continuous distribution which takes the form

kθg−1e−hθ, θ > 0 is the Ga(g,h) distribution.

Therefore, the posterior distribution must be

θ|x ∼ Ga(30,13633).
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Example 2.4: Summary

The data have updated our beliefs about θ from a Ga(10,4000)
distribution to a Ga(30,13633) distribution.

Plots of these distributions are given in Figure 2.9, and Table

2.4 gives a summary of the main changes induced by

incorporating the data.
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Example 2.4: Summary
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Example 2.4: Summary

Prior Likelihood Posterior

(2.13) (2.14) (2.15)

Mode(θ) 0.00225 0.00208 0.00213

E(θ) 0.00250 – 0.00220

SD(θ) 0.00079 – 0.00040

Notice that, as the mode of the likelihood function is close to

that of the prior distribution, the information in the data is

consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the

posterior distributions.

The similarity between the prior beliefs and the data has

reduced the uncertainty we have about the likely earthquake

rate θ.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.4: Summary

Prior Likelihood Posterior

(2.13) (2.14) (2.15)

Mode(θ) 0.00225 0.00208 0.00213

E(θ) 0.00250 – 0.00220

SD(θ) 0.00079 – 0.00040

Notice that, as the mode of the likelihood function is close to

that of the prior distribution, the information in the data is

consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the

posterior distributions.

The similarity between the prior beliefs and the data has

reduced the uncertainty we have about the likely earthquake

rate θ.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.4: Summary

Prior Likelihood Posterior

(2.13) (2.14) (2.15)

Mode(θ) 0.00225 0.00208 0.00213

E(θ) 0.00250 – 0.00220

SD(θ) 0.00079 – 0.00040

Notice that, as the mode of the likelihood function is close to

that of the prior distribution, the information in the data is

consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the

posterior distributions.

The similarity between the prior beliefs and the data has

reduced the uncertainty we have about the likely earthquake

rate θ.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.4: Summary

Prior Likelihood Posterior

(2.13) (2.14) (2.15)

Mode(θ) 0.00225 0.00208 0.00213

E(θ) 0.00250 – 0.00220

SD(θ) 0.00079 – 0.00040

Notice that, as the mode of the likelihood function is close to

that of the prior distribution, the information in the data is

consistent with that in the prior distribution.

This results in a reduction in variability from the prior to the

posterior distributions.

The similarity between the prior beliefs and the data has

reduced the uncertainty we have about the likely earthquake

rate θ.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.5

We now consider the general case of the problem discussed in

Example 2.4.

Suppose Xi |θ ∼ Exp(θ), i = 1,2, . . . ,n (independent) and our

prior beliefs about θ are summarised by a Ga(g,h) distribution

(with g and h known), with density

π(θ) =
hg θg−1e−hθ

Γ(g)
, θ > 0. (2.16)

Determine the posterior distribution for θ.
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Solution to Example 2.5 (1/2)

The likelihood function for θ is

f (x |θ) =
n
∏

i=1

θe−θxi , θ > 0

= θne−θx1−θx2−...−θxn

= θne−θ
∑

x

= θne−nx̄θ, θ > 0. (2.17)
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Solution to Example 2.5 (2/2)

We now apply Bayes Theorem. The posterior density function

is

π(θ|x) ∝ π(θ)f (x |θ)

∝ hg θg−1e−hθ

Γ(g)
× θne−nx̄θ, θ > 0.

π(θ|x) = kθg+n−1e−(h+nx̄)θ, θ > 0, (2.18)

where k is a constant that does not depend on θ.

Therefore, the posterior distribution takes the form kθg−1e−hθ,

θ > 0 and so must be a gamma distribution.

Thus we have θ|x ∼ Ga(g + n,h + nx̄).
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Example 2.5: Summary

If

Xi ∼ Exp(θ) and

θ ∼ Ga(g,h), then

θ|x ∼ Ga(g + n,h + nx̄)

The changes in our beliefs about θ are summarised in Table

2.5, taking g ≥ 1.

Prior Likelihood Posterior

(2.16) (2.17) (2.18)

Mode(θ) (g − 1)/h 1/x̄ (g + n − 1)/(h + nx̄)
E(θ) g/h – (g + n)/(h + nx̄)
SD(θ)

√
g/h –

√
g + n/(h + nx̄)
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Chapter 2 so far...

Model Prior Posterior

Binomial(k , θ) θ ∼ U(0,1) Beta

θ ∼ Beta(a,b) Beta

Exponential(θ) θ ∼ Ga(g,h) Gamma

θ ∼ exp(g) ??

Normal
(

µ, σ2
)

µ ∼ N(b,1/d) Normal
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Conjugacy

Definition (Conjugacy)

Suppose that data x are to be observed with distribution f (x |θ).

A family F of prior distributions for θ is said to be conjugate to

f (x |θ) if for every prior distribution π(θ) ∈ F, the posterior

distribution π(θ|x) is also in F.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal

distribution, the mathematics is more straightforward if we work

with the precision (= 1/variance) of the distribution rather than

the variance itself.

So we will assume that this population has unknown mean µ
but known precision τ : Xi |µ ∼ N(µ,1/τ), i = 1,2, . . . ,n
(independent), where τ is known.

Suppose our prior beliefs about µ can be summarised by a

N(b,1/d) distribution, with probability density function

π(µ) =

(

d

2π

)1/2

exp

{

−d

2
(µ − b)2

}

(2.19)

Determine the posterior distribution for µ.
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Solution to Example 2.6 (1/5)

The likelihood function for µ is

f (x |µ) =

n
∏

i=1

( τ

2π

)1/2
exp

{

−τ

2
(xi − µ)2

}

=
( τ

2π

)n/2
exp

{

−τ

2

n
∑

i=1

(xi − µ)2

}

=
( τ

2π

)n/2
exp

{

−τ

2

n
∑

i=1

(xi − x̄ + x̄ − µ)2

}

=
( τ

2π

)n/2
exp

{

−τ

2

n
∑

i=1

([xi − x̄ ] + [x̄ − µ])2

}
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Solution to Example 2.6 (2/5)

Giving

f (x |µ) =
( τ

2π

)n/2
exp

{

−τ

2

[

n
∑

i=1

(xi − x̄)2

+ 2(x̄ − µ)

n
∑

i=1

(xi − x̄) +

n
∑

i=1

(x̄ − µ)2

]}

=
( τ

2π

)n/2
exp

{

−τ

2

[

n
∑

i=1

(xi − x̄)2 + n(x̄ − µ)2

]}

,

Let

s2 =
1

n

n
∑

i=1

(xi − x̄)2;

Then

f (x |µ) =
( τ

2π

)n/2
exp

{

−nτ

2

[

s2 + (x̄ − µ)2
]}

. (2.20)
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

π(µ|x) ∝ π(µ)f (x |µ)

∝
(

d

2π

)1/2

exp

{

−d

2
(µ − b)2

}

×
( τ

2π

)n/2
exp

{

−nτ

2

[

s2 + (x̄ − µ)2
]}

= k1 exp

{

−d

2
(µ − b)2 − nτ

2

[

s2 + (x̄ − µ)2
]

}

= k1 exp

{

−1

2

[

d(µ− b)2 + nτ(x̄ − µ)2
]

}

where k1 is a constant that does not depend on µ.
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have

d(µ− b)2 + nτ(x̄ − µ)2

= d(µ2 − 2bµ+ b2) + nτ(x̄2 − 2x̄µ+ µ2)

= dµ2 + nτµ2 − 2dbµ− 2nτ x̄µ+ db2 + nτ x̄2

= (d + nτ)µ2 − 2(db + nτ x̄)µ+ db2 + nτ x̄2

= (d + nτ)

(

µ2 − 2(db + nτ x̄)

d + nτ
µ+ c

)

= (d + nτ)

{

µ−
(

db + nτ x̄

d + nτ

)}2

+ c

where c does not depend on µ.
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Solution to Example 2.6 (5/5)

Let

B =
db + nτ x̄

d + nτ
and D = d + nτ. (2.21)

Then

π(µ|x) = k1 exp

{

−D

2
(µ− B)2 − c

2

}

= k exp

{

−D

2
(µ− B)2

}

, (2.22)

where k is a constant that does not depend on µ.

Therefore, the posterior distribution takes the form

k exp{−D(µ− B)2/2}, −∞ < µ < ∞ and so must be a normal

distribution: we have µ|x ∼ N(B,1/D).
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Example 2.6: Summary

If we have a random sample from a N(µ,1/τ) distribution (with

τ known) and our prior beliefs about µ follow a N(b,1/d)
distribution then, after incorporating the data, our (posterior)

beliefs about µ follow a N(B,1/D) distribution.
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Example 2.6: Summary

The changes in our beliefs about µ are summarised in Table

2.6.

Prior Likelihood Posterior

(2.19) (2.20) (2.21)

Mode(µ) b x̄ (db + nτ x̄)/(d + nτ)
E(µ) b – (db + nτ x̄)/(d + nτ)
Precision(µ) d – d + nτ
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Example 2.6: Summary

Notice that the way prior information and observed data

combine is through the parameters of the normal distribution:

b → db + nτ x̄

d + nτ
and d → d + nτ.
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not

depend on the data, and the posterior mean is a convex

combination of the prior and sample means, that is,

B =
db + nτ x̄

d + nτ

=
db

d + nτ
+

nτ x̄

d + nτ

=
d

d + nτ
b +

nτ

d + nτ
x̄

=

(

d

d + nτ

)

b +

(

d + nτ − d

d + nτ

)

x̄

= αb + (1 − α)x̄ , α =
d

d + nτ
.
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Example 2.6: Summary

This equation for the posterior mean, which can be rewritten as

E(µ|x) = αE(µ) + (1 − α)x̄ ,

arises in other models and is known as the Bayes linear rule.
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Example 2.6: Summary

Notice that the posterior mean is greater than the prior mean if

and only if the likelihood mode (sample mean) is greater than

the prior mean, that is

E(µ|x) > E(µ) ⇐⇒ Mode[f (x|µ)] > E(µ).

Also, the standard deviation of the posterior distribution is

smaller than that of the prior distribution.
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Example 2.7

The ages of Ennerdale granophyre rocks can be determined

using the relative proportions of rubidium–87 and strontium–87

in the rock.

An expert in the field suggests that the ages of such rocks (in

millions of years) X |µ ∼ N(µ,82) and that a prior distribution

µ ∼ N(370,202) is appropriate.

A rock is found whose chemical analysis yields x = 421. What

is the posterior distribution for µ and what is the probability that

the rock will be older than 400 million years?
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Solution to Example 2.7 (1/2)

We have n = 1, x̄ = x = 421, τ = 1/64, b = 370 and

d = 1/400. Therefore, using the results in Example 2.6,

B =
db + nτ x̄

d + nτ

=
370/400 + 421/64

1/400 + 1/64
= 414.0 and

D = d + nτ

= 1/400 + 1/64 = 1/7.432.
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Solution to Example 2.7 (2/2)

Thus, the posterior distribution is µ|x = 421 ∼ N(414.0,7.432).

The (posterior) probability that the rock will be older than 400

million years is

Pr(µ > 400|x = 421) = 0.9702

calculated using the R commands 1-pnorm(400,414,7.43)

or 1-pnorm(-1.884) (or indeed by hand using tables).

Without the chemical analysis, the only basis for determining

the age of the rock is via the prior distribution.

The (prior) probability that the rock will be older than 400 million

years is Pr(µ > 400) = 0.0668 calculated using the R

command 1-pnorm(400,370,20).
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