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The story so far...

You should now have completed all of Chapter 3

You should also have completed Home Study 4:

– Introduction to the Inverse CDF method, including a proof
– Examples 4.1 and 4.2 completed
– You should have also attempted Example 4.3 – solutions to

be revealed today!

Don’t forget: Test 1 deadline tomorrow, 16:00!
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4. The Inverse CDF Method

Aim: To simulate from any probability distribution, given
just realisations from U ∼ U(0, 1)

How?

– Find the inverse of the cumulative distribution function for the
target probability distribution

– Apply this to the realisations from U
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Why does this work? See proof in the video Home Study 4

Why? Lots of real-life applications

– Weather forecasting
– Extreme events
– Small sample problems
– Uncertainty quantification
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4. The Inverse CDF Method

Below are the annual maximum sea-surge levels observed at New
Orleans over a 50 year period before Hurricane Katrina:

8.5 8.9 9.1 8.9 8.4 9.7 9.1 9.6 8.7 9.3
9.6 9.3 8.7 9.0 8.8 8.9 8.9 12.2 7.8 7.7
8.3 8.1 7.3 6.8 6.7 7.3 7.6 8.2 8.6 9.8
9.5 7.4 7.3 10.2 10.3 10.4 8.8 9.7 10.0 10.8

11.1 12.7 11.5 11.8 12.6 13.0 10.5 10.5 10.0 9.4
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4. The Inverse CDF Method

The fitted model is the Generalised Extreme Value distribution
(GEV), with CDF given by

FX (x ;µ, σ, ξ) = exp

{
−
[

1 + ξ

(
x − µ
σ

)]−1/ξ

+

}
,

where, for our dataset of extreme sea-surges, we can estimate that

µ̂ = 8.79, σ̂ = 1.34 and ξ̂ = −0.14.
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4. The Inverse CDF Method



Example 4.3

Example

The Pareto distribution, named after the Italian civil engineer,
economist, and sociologist Vilfredo Pareto, is a power-law
probability distribution that is used in the description of social,
scientific, geophysical, actuarial, and many other types of
observable phenomena.

It was originally used to describe the distribution of wealth in a
society, fitting the trend that a large portion of wealth is held by a
small fraction of the population.

If X ∼ Pareto(σ),then it has cumulative distribution function

FX (x ;σ) = 1− (σ/x)log4 5 , x ≥ σ, σ > 0.

Write a function in R to produce realisations from this distribution,
and test your function out for σ = {1, 2, 5}.
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Example 4.3: Solution

Find the inverse CDF.

If y = 1− (σ/x)log4 5, then(σ
x

)log4 5
= 1− y

σ

x
= (1− y)

1
log4 5

x =
σ

(1− y)
1

log4 5

,

and so
F−1
X (x) =

σ

(1− x)
1

log4 5

.

We’ll now try this out in R, for σ = {1, 2, 5}.
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Example 4.3: Solution

1 pa r e t o . s im = f u n c t i o n (n , s igma ) {
2 U = r u n i f ( n )
3 answer = sigma/((1−U) ˆ(1 / ( l o g (5 , base=4) ) ) )
4 r e t u r n ( answer ) }

We can then test this out:

1 t e s t s igma1 = pa r e t o . s im (100 , 1)
2 t e s t s igma2 = pa r e t o . s im (100 , 2)
3 t e s t s igma5 = pa r e t o . s im (100 , 5)
4

5 par (mfrow=c (1 , 3 ) )
6 h i s t ( t e s t sigma1 , main=”Sigma=1” , c o l=” da rkgo l d en rod1 ” )
7 h i s t ( t e s t sigma2 , main=”Sigma=2” , c o l=” deep skyb l u e2 ” )
8 h i s t ( t e s t sigma5 , main=”Sigma=5” , c o l=” y e l l owg r e e n ” )
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Example 4.4

Example

The Weibull distribution is often used in survival data analysis to
model lifetimes (e.g. the lifetimes of patients receiving a particular
drug).

If X ∼Weibull(λ, κ), then it has cumulative distribution function

FX (x ;λ, κ) = 1− e−(x/λ)κ , x ≥ 0, λ, κ > 0.

Write a function in R to produce realisations from this distribution,
and test your function out.

(A recent study suggested that, for a particular cancer drug, λ = 2
and κ = 1.5 for survival times in months after starting this drug).
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Example 4.4: Solution

First, find the inverse CDF.

If y = 1− e−(x/λ)κ , then

e−(x/λ)κ = 1− y

−(x/λ)κ = log(1− y)

x/λ = [− log(1− y)]1/κ

x = λ [− log(1− y)]1/κ

and so
F−1
X (x) = λ [− log(1− x)]1/κ
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Example 4.4: Solution

In R:

1 we i b u l l . s im = f u n c t i o n (n , lambda , kappa ) {
2 U = r u n i f ( n )
3 answer = lambda∗((− l o g (1−U) ) ˆ(1 /kappa ) )
4 r e t u r n ( answer ) }

Then, to test it out using the provided parameters:

1 t e s t = w e i b u l l . s im (1000 , 2 , 1 . 5 )
2 summary ( t e s t )
3 Min . 1 s t Qu . Median Mean 3 rd Qu . Max .
4 0.009993 0.879331 1.590474 1.779364 2.451390 6.215579
5

6 h i s t ( t e s t , main=’ We ibu l l s im u l a t i o n s ’ , f r e q=FALSE , c o l=
’ med iumv i o l e t r ed ’ )
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Example 4.4: Solution

We can check our work, as there is a built-in function in R to
simulate from a Weibull!

We must note that λ = 2 is the scale parameter and κ = 1.5 is
the shape parameter:

1 t e s t 2 = r w e i b u l l (1000 , s c a l e =2, shape =1.5)
2 summary ( t e s t 2 )
3 Min . 1 s t Qu . Median Mean 3 rd Qu . Max .
4 0.02692 0.86352 1.56831 1.78488 2.50828 6.57937

Note that these are similar to the summaries from our own
function. However, a more conclusive check might be to overlay
the PDF.
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Example 4.4: Solution

Recall that to get from the CDF to the PDF, we differentiate; thus,

fX (x) =
d

dx
FX (x)

=
d

dx

(
1− e−(x/λ)κ

)
.

After careful (and multiple!) use of the chain rule, you should find
that

fX (x) =
κ

λ

(x
λ

)κ−1
e−(x/λ)κ .
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Example 4.4: Solution

So, we can add this to our plot in R:

1 we i b u l l . pd f = f u n c t i o n ( x , lambda , kappa ) {
2 answer = ( kappa/ lambda ) ∗ ( ( x/ lambda ) ˆ( kappa−1) ) ∗ exp

(−(( x/ lambda ) ˆkappa ) )
3 r e t u r n ( answer ) }
4

5 x = seq (0 , 7 , 0 . 001 )
6 y = w e i b u l l . pd f ( x , 2 , 1 . 5 )
7 l i n e s ( x , y , t ype=’ l ’ , lwd=2, l t y =2)
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Example 4.5

Patients arriving at a doctor’s surgery have appointment times
15 minutes apart.

The random variable L measures how late a patient is for
his/her appointment, with negative values denoting early
arrivals.

The PDF of L is

fL(`) =

{
0.0025(`+ 20), −20 ≤ ` ≤ 0,

0.05e−`/10, ` > 0.



Example 4.5: Questions

a. Sketch fL(`).

b. Show that the CDF of L is

FL(`) =


0, ` < −20,

0.00125(`+ 20)2, −20 ≤ ` ≤ 0,

1− e−`/10

2 , ` > 0.

c. Suppose that 0.205 and 0.713 are two realized values of
U ∼ U(0, 1). Show that the corresponding realized values of L
are −7.19 and 5.55 under the inverse CDF simulation method.



Example 4.5: Solution (a)

First, the PDF:

l

0

fL(l)
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− 20



Example 4.5: Solution (b)

Now to find the CDF: L lies between −20 and +∞, so
FL(`) = 0 when ` < −20.

For −20 ≤ ` ≤ 0:

FL(`) =

∫ `

−20
fL(s)ds

=

∫ `

−20
0.0025(s + 20)ds

=

[
0.0025

2
(s + 20)2

]`
−20

= 0.00125(`+ 20)2 for −20 ≤ ` ≤ 0.

Also, FL(0) = 0.5.
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Example 4.5: Solution (c)

Now for some realized values:

u = 0.205 < 0.5, so realized value ` lies between −20 and 0. Thus

FL(`) = 0.00125(`+ 20)2.

Find the inverse, and evaluate at u = 0.205:

y = 0.00125(`+ 20)2, so

` = ±
√

y

0.00125
− 20,

giving

` =

√
0.205

0.00125
− 20 = −7.2.
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Example 4.5: Solution (c)

Similarly, u = 0.713 > 0.5 so realized value > 0. Thus

FL(`) = 1− e−`/10

2
.

Find the inverse, and evaluate at u = 0.713:

y = 1− e−`/10

2
so

` = −10 log(2− 2y),

giving
` = −10 log(2− 2× 0.713) = 5.55.
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