
Bayes’ Theorem

Before we state Bayes’ Theorem, we need a recap of

conditional probability.

Definition (Conditional Probability)

Consider two events E and F , where Pr(F ) > 0.

The conditional probability of E given that F has occurred is

Pr(E |F ) =
Pr(E ∩ F )

Pr(F )
.
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Bayes’ Theorem

Definition (Partition)

The events E1,E2, . . . ,En form a partition of the sample space

S if they are disjoint events (Ei ∩ Ej = ∅, i 6= j) with Pr(Ei) > 0,

i = 1,2, . . . ,n, and ∪n
i=1Ei = S.

Figure 1.1 gives a diagram of a typical partition with an

additional event F .
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Bayes’ Theorem

Theorem (Law of Total Probability)

If E1,E2, . . . ,En are a partition of S and F is any event then

Pr(F ) =

n∑

i=1

Pr(F |Ei)Pr(Ei).
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Law of Total Probability: Proof

As E1,E2, . . . ,En are a partition of S, we have

Pr(F ) = Pr(F ∩ E1) + Pr(F ∩ E2) + . . .+ Pr(F ∩ En)

= Pr(F |E1)Pr(E1) + Pr(F |E2)Pr(E2) + . . .+ Pr(F |En)Pr(En)

(by conditional probability)

=
n∑

i=1

Pr(F |Ei)Pr(Ei).
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Bayes’ Theorem

Theorem (Bayes’ Theorem)

If E1,E2, . . . ,En are a partition of S and F is any event with

Pr(F ) > 0 then

Pr(Ei |F ) =
Pr(F |Ei)Pr(Ei)

n∑

j=1

Pr(F |Ej)Pr(Ej)

, i = 1,2, . . . ,n.
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Bayes’ Theorem: Proof (slide 1/1)

Using the definition of conditional probability, for i = 1,2, . . . ,n,

Pr(Ei |F ) =
Pr(Ei ∩ F )

Pr(F )

=
Pr(F ∩ Ei)

Pr(F )

=
Pr(F |Ei)Pr(Ei)

Pr(F )
again using the definition

=
Pr(F |Ei)Pr(Ei)

n∑

j=1

Pr(F |Ej)Pr(Ej)

using the Law of Total Probability.
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Example 1.2

A laboratory blood test is 95% effective in detecting a certain

disease when it is present.

However, the test also yields a “false positive” result for 1% of

healthy people tested.

Also, 0.5% of the population actually have the disease.

(a) Calculate the probability that a person who tests positive

actually has the disease.

(b) Find the probability that a person who tests negative does

not have the disease.
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Solution to Example 1.2 (slide 1/3)

Let D = person has the disease, +ve = result is postive and

–ve = result is negative.

We require (a) Pr(D|+ve), and (b) Pr(Dc|–ve).

From the question we have

Pr(+ve|D) = 0.95

Pr(+ve|Dc) = 0.01

Pr(D) = 0.005 and

Pr(Dc) = 0.995
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Solution to Example 1.2 (slide 2/3)

Also, D and Dc form a partition of S. Therefore, by Bayes’

Theorem

Pr(D|+ve) =
Pr(+ve|D)Pr(D)

Pr(+ve|D)Pr(D) + Pr(+ve|Dc)Pr(Dc)

=
0.95 × 0.005

0.95 × 0.005 + 0.01 × 0.995

≃ 0.323.

Thus, only 32.3% of people who test positive actually have the

disease – 67.7% of people who test positive do not have the

disease!
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Solution to Example 1.2 (slide 3/3)

Now for part (b),

Pr(Dc |–ve) =
Pr(–ve|Dc)Pr(Dc)

Pr(–ve|Dc)Pr(Dc) + Pr(–ve|D)Pr(D)

=
0.99 × 0.995

0.99 × 0.995 + 0.05 × 0.005

≃ 0.9997.

Therefore, nearly everyone who tests negative does not have

the disease – very few people who test negative will have the

disease.
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Quick recap

General intro to Bayesian methods

Deciphering Enigma messages

Air France 447
Body Mass Index

Recap of probability

Frequency, classical and subjective interpretations

Limitations

Rules: conditional probability, total probability, Bayes
Examples: blood test, car diagnosis, multiple choice exam
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Example 1.3

Suppose that your car suffers from two intermittent problems,

one caused by a fault in the engine (θ1) and the other due to a

fault in the gearbox (θ2).

These occur with probabilities 0.4 and 0.6 respectively.

When examined your car exhibits one of the following

symptoms

x1 : overheating only,

x2 : irregular traction only,

x3 : both symptoms.
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Example 1.3

Suppose it is known in the garage trade that these symptoms

occur with probabilities that depend on the fault.

The probabilities Pr(X = x |θ) are given in Table 1.1.

O/H I/T Both

x1 x2 x3

θ1: fault in engine 0.1 0.4 0.5

θ2: fault in gearbox 0.5 0.3 0.2

Construct a diagnostic rule for these symptoms and determine

the probability of misdiagnosis.
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Solution to Example 1.3 (1/3)

First we must calculate the posterior probabilities Pr(θ1|x)
and Pr(θ2|x) for x = x1, x2, x3.

Since θ1 and θ2 form a partition, we can use Bayes’ Theorem

as follows.

We have

Pr(θ1|x1) =
Pr(X = x1|θ1)Pr(θ1)

Pr(X = x1|θ1)Pr(θ1) + Pr(X = x1|θ2)Pr(θ2)

=
0.1 × 0.4

0.1 × 0.4 + 0.5 × 0.6

=
4

34
= 0.118.
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Solution to Example 1.3 (2/3)

Also,

Pr(θ1|x2) =
Pr(X = x2|θ1)Pr(θ1)

Pr(X = x2|θ1)Pr(θ1) + Pr(X = x2|θ2)Pr(θ2)

=
0.4 × 0.4

0.4 × 0.4 + 0.3 × 0.6

=
16

34
= 0.471.
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Solution to Example 1.3 (2/3)
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Solution to Example 1.3 (3/3)

And

Pr(θ1|x3) =
Pr(X = x3|θ1)Pr(θ1)

Pr(X = x3|θ1)Pr(θ1) + Pr(X = x3|θ2)Pr(θ2)

=
0.5 × 0.4

0.5 × 0.4 + 0.2 × 0.6

=
20

32
= 0.625.

Also, Pr(θ2|xi) = 1 − Pr(θ1|xi ), i = 1,2,3, and so we obtain the

posterior distributions Pr(θ|x) given in Table 1.2.
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Example 1.3

O/H I/T Both

x1 x2 x3

θ1: fault in engine 0.118 0.471 0.625

θ2: fault in gearbox 0.882 0.529 0.375

This table is very informative. For example, it shows that if both

symptoms (x3) are observed, then the probability that the fault

is in the engine (θ1) changes from 0.4 to 0.625.

In terms of odds:

Prior odds :
Pr(θ1)

Pr(θ2)
=

0.4

0.6
=

2

3
or 3:2 in favour of θ2

Posterior odds :
Pr(θ1|x3)

Pr(θ2|x3)
=

0.625

0.375
=

5

3
or 5:3 in favour of θ1.
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