
Example 2.8

Suppose we have a random sample from an exponential

distribution with a gamma prior distribution, that is,

Xi |θ ∼ Exp(θ), i = 1,2, . . . ,n (independent) and θ ∼ Ga(g,h).

Determine a sufficient statistic T for θ and verify that

π(θ|x) = π(θ|t).
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Solution to Example 2.8 (1/2)

The density of the data is

fX (x |θ) =
n
∏

i=1

θe−θxi

= θn exp

(

−θ

n
∑

i=1

xi

)

= 1 × θn exp

(

−θ

n
∑

i=1

xi

)

= h(x)g(Σxi , θ)

and therefore, by the Factorisation Theorem, T =
∑n

i=1 Xi is

sufficient for θ.
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Solution to Example 2.8 (2/2)

Now T |θ ∼ Ga(n, θ) and so

fT (t |θ) =
θntn−1e−θt

Γ(n)
, θ > 0.

Also

π(θ) =
hg θg−1e−hθ

Γ(g)
, θ > 0.

Therefore, by Bayes Theorem,

π(θ|t) ∝ π(θ)f (t |θ)

∝
hg θg−1e−hθ

Γ(g)
×

θntn−1e−θt

Γ(n)
, θ > 0

∝ θg+n−1e−(h+t)θ, θ > 0

and so the posterior distribution is θ|t ∼ Ga(g + n,h + t). This

is the same as the result we obtained previously for θ|x.
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