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Chapter 2 so far...

Model Prior Posterior
Binomial(k,0) | 6~ U(0,1) Beta
6 ~ Beta(a, b) Beta
Exponential(9) | 6 ~ Ga(g,h) | Gamma
0 ~ exp(9) ??
Normal(u,0?) | w~ N(b,1/d) | Normal
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Conjugacy

Definition (Conjugacy)
Suppose that data x are to be observed with distribution f(x|0).

A family § of prior distributions for 6 is said to be conjugate to
f(x|0) if for every prior distribution 7(6) € §, the posterior
distribution 7(6|x) is also in F.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.
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In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.

So we will assume that this population has unknown mean p
but known precision 7: Xj|pu ~ N(u,1/7),i=1,2,...,n
(independent), where 7 is known.
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Example 2.6

Suppose we have a random sample from a Normal distribution.

In Bayesian statistics, when dealing with the Normal
distribution, the mathematics is more straightforward if we work
with the precision (= 1 /variance) of the distribution rather than
the variance itself.

So we will assume that this population has unknown mean p
but known precision 7: Xj|pu ~ N(u,1/7),i=1,2,...,n
(independent), where 7 is known.

Suppose our prior beliefs about i can be summarised by a
N(b,1/d) distribution, with probability density function

(1) = (%)1/2exp{—§(u—b)2} (2.19)

Determine the posterior distribution for .
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=
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Solution to Example 2.6 (1/5)

The likelihood function for p is

) = T1(5) oo {-500-7)

=

_ (%)”/Zexp{—gZ([x,-—ﬂ+[2—ul>2}

i=1
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S
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Solution to Example 2.6 (2/5)

Giving

) = (5) e[S

= (;)”/zexp{-g [i(xf—?)ern()?—u) ]}
i=1
Let ;
s? = %;(x,- — X)?;
Then
F(x|u) = (%)"/2 exp {—% [sz T (x— M)Z] } . (220
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )

(2)"en{ 2o
(

— Ky exp {—% [d(u — b)? + nr(X — ﬂ)z] }
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Solution to Example 2.6 (3/5)

Applying Bayes Theorem, the posterior density function is

m(p|x) oc () f(X| )
(@) 27
(

— o {~ S b7 - T [#+ -]}
= ki exp {—% (= b+ nr(x u)z]}

where ki is a constant that does not depend on (.
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(u—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2ntXp + db® + nTx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(p—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2nTXu + db® + nrx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?

_ (@4 <u2 _2Adb+nrE) C)

d+ nr
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Solution to Example 2.6 (4/5)

We can also simplify the exponent. We have
d(p—b)? + nr(x—p)?

= d(u? —2bu + b?) + nr(X® — 2xp + p?)
= dp?+ nrp® — 2dbu — 2nTXu + db® + nrx?

= (d+ nm)u? —2(db+ ntX)u + db® + nrx?

2(db + nrx)

_ 2

- (d“”)(“ d+nr ”+°>
ab+ nrx\ )2

= W””{/“(W)} +c

where ¢ does not depend on .
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

= = . 2.21
B dn and D=d+nr ( )
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

= = . 2.21
B dn and D=d+nr ( )

Then

m(p|X) = ki exp {_g(“ _ By - g}

:kexp{—g( —3)2}, (2.22)

where k is a constant that does not depend on p.
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Solution to Example 2.6 (5/5)

Let _
B db+ nrx

= = . 2.21
B dn and D=d+nr ( )

Then

m(p|X) = ki exp {_g(“ _ By - g}

:kexp{—g( —3)2}, (2.22)

where k is a constant that does not depend on p.

Therefore, the posterior distribution takes the form
k exp{—D(u — B)?/2}, —c0 < p < oo and so must be a normal
distribution: we have u|x ~ N(B,1/D).
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Example 2.6: Summary

If we have a random sample from a N(u, 1/7) distribution (with
7 known) and our prior beliefs about y follow a N(b,1/d)
distribution then, after incorporating the data, our (posterior)
beliefs about . follow a N(B, 1/D) distribution.
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Example 2.6: Summary

The changes in our beliefs about 1 are summarised in Table
2.6.
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Example 2.6: Summary

The changes in our beliefs about 1 are summarised in Table

2.6.
Prior | Likelihood Posterior
(2.19) (2.20) (2.21)
Mode( ) b X (db+ ntXx)/(d + nT)
E(un) b - (db+ n7Xx)/(d + nr)
Precision(u) d - d-+nr
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Example 2.6: Summary

Notice that the way prior information and observed data
combine is through the parameters of the normal distribution:
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Example 2.6: Summary

Notice that the way prior information and observed data
combine is through the parameters of the normal distribution:

baM and d— d+ nr.
d-+nr
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrtx

B = d-+nr
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Notice also that the posterior variance (and precision) does not
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combination of the prior and sample means, that is,

ab+ nrx
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adb N nrx
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Example 2.6: Summary

Notice also that the posterior variance (and precision) does not
depend on the data, and the posterior mean is a convex
combination of the prior and sample means, that is,

ab+ nrx
d+nr

adb N nrx
d+nr d+nr

B =

d b nr 5
d-+nr d+nr

B d bt d+nr—d 5
 \d+nr d+nr

d
d+nr’
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= ab+ (1 - a)x, o=




Example 2.6: Summary

This equation for the posterior mean, which can be rewritten as
E(ulx) = aE(p) + (1 — )X,

arises in other models and is known as the Bayes linear rule.
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Example 2.6: Summary

Notice that the posterior mean is greater than the prior mean if
and only if the likelihood mode (sample mean) is greater than
the prior mean, that is

E(ulx) > E(n) <= Mode[f(x|u)] > E(u).
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Example 2.6: Summary

Notice that the posterior mean is greater than the prior mean if
and only if the likelihood mode (sample mean) is greater than
the prior mean, that is

E(ulx) > E(n) <= Mode[f(x|u)] > E(u).

Also, the standard deviation of the posterior distribution is
smaller than that of the prior distribution.
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