Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).
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that all values of 6 are equally likely.
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.

This gives a prior distribution  ~ U(0, 1), and so

w(0) =1, 0<6<1. (2.4)
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Note that with this prior distribution E£(#) = 0.5.
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Example 2.1

Consider an experiment with a possibly biased coin. Let
0 = Pr(Head).

Suppose that, before conducting the experiment, we believe
that all values of 6 are equally likely.

This gives a prior distribution  ~ U(0, 1), and so

w(0) =1, 0<6<1. (2.4)

Note that with this prior distribution E£(#) = 0.5.

We now toss the coin 5 times and observe 1 head. Determine
the posterior distribution for 6 given this data.
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*
= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*

= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).

Therefore, we have a conflict of opinions: the prior distribution
(2.4) suggests that 6 is probably around 0.5 and the data (2.5)
suggest that it is around 0.2.
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“Full” solution to Example 2.1 (1/4)

The data is an observation on the random variable
X|6 ~ Bin(5,0). This gives a likelihood function

f(x =1|0) = °C40'(1 — 9)*

= 50(1 — 6)* (2.5)

which favours values of 6 near its maximum 6 = 0.2 (we
observed 1 head out of 5 tosses).

Therefore, we have a conflict of opinions: the prior distribution
(2.4) suggests that 6 is probably around 0.5 and the data (2.5)
suggest that it is around 0.2.

We can use Bayes’ Theorem to combine these two sources of
information in a coherent way.
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“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:
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“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:

w(ox) = ",
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“Full” solution to Example 2.1 (2/4)

Recall the “full” version of Bayes’ Theorem for distributions:

m(0)f(x]0)

(o) = Ty

where

F(x) = /@ (0)(x|0)do:

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

1
:/ 6 x5(1—6)*dg
0
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“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

1
:/ 6 x5(1—6)*dg
0

which, using integration by parts, gives
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“Full” solution to Example 2.1 (3/4)

First the denominator:

f(x=1)= /eﬂ(a)f(x = 1/6) do (2.6)

1
:/ 1% 50(1 —0)*db
0

’
:/ 6 x5(1—6)*dg
0
which, using integration by parts, gives

fix=1)=[-(1 —9)59};+/1(1 —6)°do
0

1]

6
_!
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

m(0)f(x = 1|0)
f(x=1)

1 x 50(1 — 0)*

s

m(f)x =1)

0<6d<1
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is
w(0)f(x = 1|0)
f(x=1)
1 x 50(1 — 0)*
I
= 300(1—-6)*, 0<6h<1

m(f)x =1)

0<6d<1
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1 — 6)*
EEARA A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
- 7 6 <1
Bz ~  0<0<Th
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1 — 6)*
EEARA A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
- 7 6 <1
Bz ~  0<0<Th

as
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1 x50(1—60)*
AR A 1
1/6 , 0<l<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
= W7 0<6<1,
as 2-NIGB-1) 24 A
B2,5) = B _ 24

(2+5—1)! 720~ 30’
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“Full” solution to Example 2.1 (4/4)

Therefore, the posterior density is

7(0)f(x = 1]9)

m(O|x =1) =)
1% 50(1 — 0)*
SR Y 1
1/6 , 0<b<
= 300(1—-6)*, 0<6h<1
92—1(1 _ 0)5—1
= W, 0<6<1,
as 2-1)(5-1)! 24 1

(2+5-1) 720 30

and so the posterior distribution is |x = 1 ~ Be(2,5) — see
Equation 2.1. This distribution has its mode at # = 0.2, and
mean at E[¢|x = 1] = 2/7 = 0.286.
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:

m Obtaining the f(x) term for the denominator in the “full”
version of Bayes’ Theorem
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Example 2.1

There were two “difficulties” in calculating the posterior
distribution:

m Obtaining the f(x) term for the denominator in the “full”
version of Bayes’ Theorem

m Manipulating the result to realise that we had a Be(2, 5)
distribution
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o m(0)f(x =1]9)
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as

m(0)x) = ko>~ (1 — 6)°>~1,
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Example 2.1: “Quick” solution

However, in many cases we can recognise the posterior
distribution without the need to calculate f(x).

In this example, we can calculate the posterior distribution as

7(0]x) o w(0)f(x =1|0)
x 1x50(1-60)* 0<6<1

= ko(1-60)*, 0<6<1.

You should be able to recognise this as a Be(2, 5) distribution —
we can re—write the above as

m(0)x) = ko>~ (1 — 6)°>~1,

i.e. 0lx =1~ Be(2,5).

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.1: Summary

It is possible that we have a biased coin.

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

a+b (b - a)?

E(Y)= 5 and Var(Y) =
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =
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Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =

a ab

Dr. Lee Fawcett MAS2905: Probability and Bayesian Methods with R



Example 2.1: Summary

It is possible that we have a biased coin.

Recall that if Y ~ U(a, b),

2
azb and  Var(v)= 2=3"

Also, if Y ~ Be(a, b),

E(Y) =

a ab
E(Y) a+b and var(Y) (a+b)2(a+b+1)
Thus:
Prior U(0,1) Observed § = 0.2 Posterior Be(2,5)
Mean 0.5 — 0.286
St. dev. 0.289 — 0.160
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Example 2.1: Summary

density
1.5 2.0 2.5
|

1.0

0.5

0.0
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