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Introduction

Consider the following three experiments.

Experiment 1: Fisher’s tea lady

The tea lady claims to know whether milk or tea is poured

in first: for 10 pairs of cups of tea she makes the correct

choice each time.

Experiment 2: Music expert

The expert claims he can distinguish between a page from

a Haydn score and a page from a Mozart score: he does

so correctly 10 times.

Experiment 3: The Drunk

A somewhat inebriated friend at a party claims they can

predict the outcome of the toss of a coin: they do so

correctly 10 times.
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Introduction

Let θ = Pr(correct choice).

Let’s suppose the tea lady, the music expert and the drunk

cannot do as they claim.

Then, just by guessing, we could expect each of them to ‘get it

right’ 5 times out of 10, i.e. θ = 1/2.
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Introduction

We could then test the null hypothesis

H0 : they were guessing, i.e.

H0 : θ = 1/2;

Graphically, assuming H0 is true, this gives:
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Introduction

This gives us:

p−value =

(

1

2

)10

= 0.00098 < 0.1%.

From this p−value, we would:

conclude that we had very strong evidence against H0

conclude that the choices were not just guesses

perhaps feel justified in validating each claim

But does this make sense?

Surely, we have some additional information about what values

of θ are plausible for each experiment?
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Introduction

Prior to each experiment, our beliefs about θ may be

Experiment 1: θ > 0.5 – folklore (and science!) suggests

this may be possible;

Experiment 2: 0.9 < θ < 1.0 – we expect an “expert” to be

correct;

Experiment 3: θ = 0.5 – no way of guessing correctly with

a “fair” coin.
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Introduction

The traditional approach to Statistics, sometimes called

Frequentist Statistics or Classical Statistics, may try to take

this prior information into account:

For example, in Experiment 2, the test may be of H0 : θ ≥ 0.9
against H1 : θ < 0.9.

However, in Bayesian Statistics, we attempt to calibrate our

prior information about unknown quantities.

We do this by constructing a probability distribution which

describes how likely we believe different values are to occur.
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Introduction

This prior information is then combined with that from

experimental data using Bayes Theorem.

The key ingredients of a Bayesian analysis are

a statistical model for the experimental data;

quantifiable prior information about any unknown

parameters.

Before we consider any detailed descriptions of Bayesian

analyses, we recap the various interpretations of probability

and highlight the subjective approach.
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Probability

The concept of probability (chance) has been around for a very

long time, particularly in the area of gambling.

Games of chance have been played since about 3500 B.C.

The Egyptians started using cubical dice around 2000 B.C.

The mathematical theory of probability was started around the

17th century by Galilei, Pascal and Fermat to solve (again)

gambling problems.

There are three main ways of understanding and thinking about

probability.
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Frequency interpretation

The probability of an outcome is the relative frequency with

which the outcome would be obtained if the experiment were

repeated a large number of times under similar conditions.

For example, if a coin is tossed 1,000,000 times and a head

appears n times then

Pr(Head) =
n

1,000,000
.

We would expect this probability to be about 0.5.
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Classical interpretation

This is based on the concept of equally likely outcomes

resulting from ideas of symmetry.

If the outcome of an experiment must be one of n different

outcomes and these n outcomes are equally likely, then the

probability of each outcome is 1/n.
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Subjective interpretation

Your subjective probability for an outcome A represents your

own judgement of the likelihood that the outcome will occur.

This judgement will be based on the beliefs and information H

you have at the time.

One way of determining (or quantifying) a subjective value for

PrH(A) is to consider a series of possible bets with outcome

win £c if A occurs and £0 if Ac occurs.

How much would you be prepared to pay (stake) for placing

such a bet?
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Subjective interpretation (1/1)

In terms of expected winnings, you should be prepared to stake

£cp if you believe that PrH(A) = p. Why?

Suppose you would win £10 if A occurs and £0 if it does not.

Suppose further that you believe A is likely to occur with

probability p = 0.3.

Then the expected monetary value of the bet is

£10 × 0.3 = £3;

that is, on average, we can expect to win £3 from this bet.

Thus, staking any more than £3 would not be wise!
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Subjective interpretation

One problem with this approach is that, in general, p will

depend on c.

A person who is willing to bet £1 on the spin of a coin to win £2

if it lands heads may refuse to bet if the stakes are raised to

£1000: most people are risk–averse.

Therefore, we shall restrict our attention to the c = 1 case: pay

£p for the bet

win £1 if A occurs and £0 if Ac occurs.
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Subjective interpretation

You can make sure that your bet is “honest” by randomising

between whether you “host” the bet or “place” the bet.

For example, suppose you believe that PrH(A) = 0.5.

An “honest” bet would mean that you would buy the bet for a

maximum stake of £0.50.

However, if you weren’t honest you might try to buy the bet for

any amount less than £0.50, say £0.20.

If you were hosting the bet, you would take the bet for any

amount more than £p, say for £0.80.

These conflicting interests can be offset if, when choosing p, it

is equally likely that you are hosting the bet or placing the bet.
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Frequency interpretation: drawbacks

1 It does not say how many times the experiment should be

repeated

2 “Similar conditions” is a vague concept

3 It is not appropriate for many probability calculations of

one-off events

4 Standard statistical methods using the frequentist

approach are not totally objective since they require

subjective judgements about the validity of probability

models, choice of hypotheses and interpretation of results

(for instance, see BMI example in the preface to these

lecture notes)
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Classical interpretation: drawbacks

1 Only applies to equally likely outcomes

2 Depends on a subjective assessment of whether symmetry

arguments apply

3 It is not appropriate for many probability calculations of

one–off events
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Subjective interpretation: drawbacks

1 It is not objective – but perhaps it is more obvious (honest)

about when subjective beliefs are used

2 It requires people to be coherent: they will not make any

wagers which they are certain to lose; also, they will not

prefer to suffer a given penalty when there is the option of

another penalty which is certainly smaller

Being coherent results in, inter alia, that

Pr(A1|H) > Pr(A2|H) and Pr(A2|H) > Pr(A3|H)

=⇒ Pr(A1|H) > Pr(A3|H).
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Probability

Each of these interpretations use quite different methods of

reasoning.

In this course – unlike any other course you have taken so far –

we will concentrate on the subjective interpretation and

describe how, if carefully used, it can be a more useful

approach than the other two methods.

Everything we do rests on Bayes’ Theorem, and we review

this now.
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