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Beta distribution: If X ~ Be(a, ) then it has density
CL‘O‘_I(l _ x)/ﬁ—l
B(a, B) ’

Also, E(X) = a/(a+ ), Var(X) = aB/{(a+ B)*(a+ B+ 1)} and
Mode(X) = (a—1)/(a+  — 2). Note also that B(a,b) = (a — 1)I(b—1)!/(a+b—1)!, a,b € Z.

O<z<1l, a>0,8>0.

f(z|a, B) =

Beta-Binomial distribution: If X ~ BetaBin(n,a,b) then it has density

([ n\BE+abt+n—x)
abnap = (1) PN

Also, E(X) = na/(a+b) and Var(X) = nab(a+b+n)/(a +b)*(a+b+1).

x=0,1,....n, n€Zy,a>0,b>0.

Binomial distribution If X |0 ~ Bin(k,0) then it has probability function

st = (;

x) 0°1 -0k x=0,1,....k, k€Z,,0<0<1.
Also, E(X) = k6 and Var(X) = k6(1 — 0).

Exponential distribution: If X ~ EFxp()\) then it has density
f@N) =Xxe ™, >0, A>0.
Also, E(X) =1/X and Var(X) = 1/)2.

Gamma distribution: If X ~ Ga(a, \) then it has density
)\axaflef)\m
Pla)

Also, E(X) = a/)\, Var(X) = a/A? and Mode(X) = (o — 1)/ when a > 1. Note also that
I'(a) =(a—1)!, a€Z.

x>0, a>0X>0.

fzla, X) =

Normal distribution: If X ~ N(u,1/7) then it has density

T\ 1/2 T 9
f(a:|,u,7'):(%> exp{—§(x—u)}, —00 <z <00, —00<pu<oo,T>0.

Also, E(X) =p and Var(X)=1/7.
Note: If X ~ N(0,1) then the following quantiles apply:

x 1.96 2326 2.366 2.409 2.457 2484 2.512 2543 2.576
Pr(X <z) | 0975 0.99 0.991 0.992 0.993 0.9935 0.994 0.9945 0.995

Poisson distribution: If X ~ Po()\) then it has probability function

A A
z!

fz|A) =
Also, E(X) =X and Var(X) = A.

, x=0,1,..., A>0.

Continuous Uniform distribution: If X ~ U(a,b), then it has density
1
f(x]a,b) = T a<r<b -—-o00<ab<oo.
—a

Also, E(X) = (a+b)/2 and Var(X) = (b —a)?/12.
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SECTION 1

I.1. Suppose X ~ Ga(4,1) (see page 2 of this paper).
(a) Find the probability density function (PDF) for Y = X/5.
(b) Find E(Y).

(c) Suppose Y = Z?:l Z;, where Z; are identically distributed. Find
E(Z5).

[10 marks]
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I.2. The random variable X has cumulative distribution function (CDF)

—e—(@=p)/o

F(x|p,0)=e , —oco<zr<o0o, —00<pu<oo,o>0.

Suppose we observe u; = 0.201 and uy = 0.993, both uniformly dis-
tributed on (0,1). Using u; and us, generate two realisations from X
with p = 25 and o = /2.

[5 marks|
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I.3. Suppose (X,Y)T ~ N, (H’ E). The figure below shows a plot of the joint
density function (left) and a contour plot (right). Look at these plots,
and then answer the questions underneath.

3 99%

2 90%

80%
95%

(a) Write down the values of the marginal means and standard devia-
tions.

(b) Given that p = Corr(X,Y) = —3/4, find P(X < 1.4575|Y = 2).

[5 marks]

Page 5 of 10



MAS2905 Specimen paper

SECTION 11

I1.4. The manufacturing process for producing Lego bricks can suffer from
two intermittent faults: plastic overheating (6;) and incorrect pressure
injection into the moulds (6;). Experience suggests that these occur with
probabilities 0.3 and 0.7 respectively.

During quality inspections, bricks occasionally exhibit one of the follow-

ing problems:

x1 : Incorrect dimensions (measured in thousandths of millimetres)

xo : Unsuitable rigidity (measured in Newtons per metre)

Discussions with a Lego employee suggest these problems occur with
probabilities that depend on the fault, according to the table below:

T X2
f:10.25 0.75
0, | 0.85 0.15

(a) Find the posterior probabilities Pr(6;|z;), ¢ = 1,2 and j = 1, 2.

(b) Suppose a Lego brick displays unsuitable rigidity during a quality
inspection. How have our beliefs about any likely faults changed in
light of this observation?

[10 marks]
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I1.5. (a) Consider a statistical model for data which depends on an unknown
parameter p. Describe the main difference in interpretation of Cp,
a 90% frequentist confidence interval for u, and Cp, a 90% Bayesian
confidence interval for p.

(b) There were 4 “significant” flooding events in the UK in 2020. The
posterior predictive distribution for Y, the number of significant
flooding events in 2021, is shown below:

Y 0 1 2 3 4 ) 6 7 8 9 10
f(ylx=4) | 0.00 | 0.01 | 0.04 | 0.10 | 0.13 | 0.45 | 0.17 | 0.05 | 0.03 | 0.01 | 0.01

Find the most plausible 90% prediction interval for Y.
[10 marks]
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I1.6. The aerobic capacity of 50 randomly chosen athletes was measured, giv-
ing a mean of z = 73.5 ml/kg/min. From a previous study, it is as-
sumed that these measurements are Normally distributed with mean pu
and known standard deviation 6.5 ml/kg/min.

(a) The log-likelihood is

n n T
log f(z|n) = Slog(r) — Slog(27) — 5 > (@i — p)*.
Hence, or otherwise, derive the asymptotic posterior distribution for
[
(b) A sports scientist suggests a prior mean of 65 ml/kg/min with a

standard deviation of 4 ml/kg/min. Find the posterior distribution
for p incorporating the sports scientist’s beliefs.

(¢) Most top athletes have an aerobic capacity exceeding 75.3ml/kg/min.
For each of your posterior distributions in parts (a) and (b), deter-
mine the probability that the mean aerobic capacity will exceed
75.3ml/kg/min, and comment.

[20 marks]|
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I1.7. Suppose that the lifetimes X years of patients receiving Tarceva, a bi-
ological therapy used to treat some types of cancer, follow a Gamma

Ga(3,0) distribution.

(a) Derive the likelihood function for €, given a random sample of life-
times © = (z1, 29, ...,7,)7.

(b) You have been working closely with an oncologist to specify a suit-
able prior distribution for 6. Suppose you use 6 ~ FEzp(g). De-
termine your posterior distribution for 6 using the likelihood you
obtained in part (a).

(¢) The oncologist provides you with some data on two patients who

have received Tarceva. Between them, they have an average lifetime
of 1.5 years from the time they started taking the drug.

(i) Assuming F(#) = 1, show that, for a 95% Bayesian confidence
interval (a,b) for 6,

/ goe-itgp - TL
. 4096

[Do not attempt to solve this integral]

(ii) Using the information in part (i), it can be shown that the 95%
highest density interval for 6 is (0.59, 3.07). Use this, and the
other information obtained throughout this question, to com-
ment on how your beliefs about 6 have been updated in light of
the data.

[20 marks|
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I1.8. Scientists are interested in the migratory path of the rare pink pelican.
At various locations the number of birds X, counted before the first pink
pelican is observed, is assumed geometric distributed; that is,

X;|0 ~ Geom(0), i=1,2,...,n (independent).
The probability mass function is
f(zl)=(1—-6)"0, x=0,1,...,
where 6 is the probability of observing the pink pelican.
(a) Use the Factorisation Theorem to show that 7' = >"" | X; is suffi-
cient for 0.

(b) Explain, very briefly, the role of sufficiency in Bayesian Statistics.

(¢) A U(0,1) prior for , the probability of observing a pink pelican, is
assumed.

(i) Show that w(f|x) = w(0|T = t), and fully specify this posterior
distribution.
Hint: You may use the fact that T = > . | X; follows a neg-
ative binomial NegBin(n,0) distribution, with probability mass
function
t+n—1

e = (0T a- o

(ii) The following birds were recorded at two locations, listed in order
of appearance:

Location Type of bird
A Egret Egret Heron Brown pelican Heron Pink pelican  Egret
B Bittern  Spoonbill  Pink pelican Egret Pink pelican

Use your answer to part (i) to write down the posterior distribu-
tion for #, and briefly describe how beliefs about 6 have changed
in light of these data.

[20 marks|

THE END
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