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Welcome back! Plan for the rest of term...

m This week:

Mon: Lecture (pages 93-96/7)

Tues: Drop-in? Or lecture (pages 96/7-100)7?
Thurs: Drop-in? Or lecture?

Fri: Assignment 2 due in by 4pm

m Next week:
— No Monday lecture as it’s Bank Holiday!
— Double lecture on Tuesday instead — half case study, half
lecture: 2—4pm, LT1
— Thurs: Last problems class — remaining questions from
Chapter 5
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Welcome back! Plan for the rest of term...

m Week after:

— Mon: Revision
— Tues: Revision
— Thurs: Revision, and assignment 2 feedback

m Week after that: Exam!
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Much of statistical inference (both Frequentist and Bayesian) is
aimed towards making statements about a parameter 6.

Often the inferences are used as a yardstick for similar future
experiments.

For example, we may want to predict the outcome when the
experiment is performed again.
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Clearly there will be uncertainty about the future outcome of an
experiment.

Suppose this future outcome Y is described by a probability
(density) function f(y|0).

There are several ways we could make inferences about what
values of Y are likely.
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For example, if we have an estimate 6 of # we might base our
inferences on f(y|0 = 0) (i.e. a frequentist approach).
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For example, if we have an estimate 6 of # we might base our
inferences on f(y|0 = 0) (i.e. a frequentist approach).

Obviously this is not the best we can do, as such inferences
ignore the fact that it is very unlikely that 6 = 6.
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Implicit in the Bayesian framework is the concept of the
predictive distribution.
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Implicit in the Bayesian framework is the concept of the
predictive distribution.

This distribution describes how likely are different outcomes of
a future experiment.

The predictive probability (density) function is calculated as

fy|x) = /e F(y16) (6]x) d9

when @ is a continuous quantity.

From this equation, we can see that the predictive distribution is
formed by weighting the possible values of 6 in the future
experiment f(y|0) by how likely we believe they are to occur
m(0]x).
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If the true value of  were known, say 6y, then any prediction
can do no better than one based on f(y|0 = 6y).

However, as (generally) 6 is unknown, the predictive distribution
is used as the next best alternative.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.

This prediction interval is similar to a HDI interval.
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We can use the predictive distribution to provide a useful range
of plausible values for the outcome of a future experiment.

This prediction interval is similar to a HDI interval.

A 100(1 — «)% prediction interval for Y is the region
C. ={y: f(y|x) > v} where v is chosen so that
Pr(Y € Culx) =1 —a.
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Example 4.4

Suppose that X is the number of expensive goods sold in a
shop over 24 days.

If 0 is the expected number of sales per day then it may be
plausible that X |0 ~ Po(24 6).

Also, suppose our prior distribution for 4 is as given in Table 4.1.
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Example 4.4

Suppose that X is the number of expensive goods sold in a
shop over 24 days.

If 0 is the expected number of sales per day then it may be
plausible that X |0 ~ Po(24 6).

Also, suppose our prior distribution for 4 is as given in Table 4.1.

0 | m(0)
“great” | 1/2 | 0.2
“‘good” | 1/4 | 0.5
“poor” | 1/8 | 0.3
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Example 4.4

Clearly, we believe that the most likely value of 9 is 1/4,
indicating that we would expect around 6 expensive goods to
be sold in any 24 day period.
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Example 4.4

Clearly, we believe that the most likely value of 9 is 1/4,
indicating that we would expect around 6 expensive goods to
be sold in any 24 day period.

Suppose now that we observe that x = 10 expensive goods
were sold in the last 24 days.

This will impact our beliefs about 6.

We can calculate the posterior distribution for 6 as follows.
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Example 4.4

The likelihood term is

(2agyop- 20 01048 ifo=1/2
Pr(X = 10]6) = “——r— =
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Example 4.4

The likelihood term is

0.1048 ifo=1/2
(249)109—249 /

Pr(X =10/0) = “——25—— = ¢ 0.0413 if§ = 1/4
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Example 4.4

The likelihood term is
(246)106-240 0.1048 ifo=1/2
' 0.0008 if6=1/8
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and so, using Bayes’ Theorem,
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Example 4.4

The likelihood term is
0.1048 ifo=1/2
10 o—240
Pr(X = 10/6) = % — 100413 ifo—1/4
' 0.0008 if6=1/8
and so, using Bayes’ Theorem,
B o Pr(X=10l0=1/2)1(0 = 1/2)
(0 =1/2x=10) = (5 — o =1 270 = 1/2)
+Pr(X =10|0 = 1/4)x(0 = 1/4)
+Pr(X =10|0 = 1/8)x(6 = 1/8)]

B 0.1048 x 0.2
~ 0.1048 x 0.2+ 0.0413 x 0.5 + 0.0008 x 0.3
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.

Thus, the posterior distribution for 8 is as shown in Table 4.2,
with the most likely value of  now being 1/2, and standard
deviation SD(#|x = 10) = 0.126.
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Example 4.4

Similarly,

70 =1/4x=10) = -.-=0493 and
7(0=1/8x=10) = --.=0.008.

Thus, the posterior distribution for 8 is as shown in Table 4.2,
with the most likely value of  now being 1/2, and standard
deviation SD(#|x = 10) = 0.126.

0 | m(0|x =10)
“great” | 1/2 0.501
“good” | 1/4 0.493
“poor” | 1/8 0.006
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.

If there have been no changes in the sales process (no special
advertising campaigns etc) then we can take Y|0 ~ Po(246).
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Example 4.4

Suppose now we want to predict the number of sales Y in the
next 24 days.

If there have been no changes in the sales process (no special
advertising campaigns etc) then we can take Y|0 ~ Po(246).

Determine the predictive probability function for Y.
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)

0=

MBS
Bl
ool
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12
_ (12; ><o5o1>+
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Solution to Example 4.4 (1/2)

As 0 is discrete, the predictive probability function for Y is

flylx =10) = Z f(y|0) =(6]x = 10)
0=3.7%
Y a—12 Y A—6
_ (12 © ><o.5o1> n (6 ° ><O.493)
y! y!

Y a3
n (3 e "« 0.006>
y!

0.501(1 2ye‘12) + 0.493(6ye‘6) + 0.006(3ye‘3)
y!
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Solution to Example 4.4 (2/2)

For example:

0.501(12'°e~12) + 0.493(6'0e~8) + 0.006(3'%¢~2)
10!

Pr(Y =10|x = 10) =
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Solution to Example 4.4 (2/2)

For example:

0.501(12'°e~12) + 0.493(6'0e~8) + 0.006(3'%¢~2)
10!

Pr(Y =10|x = 10) =

= 0.073.
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Example 4.4

This probability can be compared with a more naive predictive
probability calculated assuming that = 6, the likelihood mode.
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Example 4.4

This probability can be compared with a more naive predictive
probability calculated assuming that = 6, the likelihood mode.

Here, § = 1/2 and so Y| = § ~ Po(240) = Po(12), whence
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Example 4.4

This probability can be compared with a more naive predictive
probability calculated assuming that = 6, the likelihood mode.

Here, § = 1/2 and so Y| = § ~ Po(240) = Po(12), whence

10 4,—12
Pr(Y = 10[¢ = 6) = 1217; — 0.1048.
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Example 4.4

This probability can be compared with a more naive predictive
probability calculated assuming that = 6, the likelihood mode.

Here, § = 1/2 and so Y| = § ~ Po(240) = Po(12), whence

10 4,—12
Pr(Y = 10[¢ = 6) = 1217; — 0.1048.

In the same manner, we can calculate the entire predictive
distribution and entire naive predictive distribution; see
Table 4.3.
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Example 4.4

correct naive

y | flylx=10) | f(yl6 =0)
0 0.002 0.000
1 0.008 0.000
2 0.024 0.000
3 0.046 0.002
4 0.070 0.005
5 0.086 0.013
6 0.092 0.025
7 0.090 0.044
8 0.084 0.066
9 0.078 0.087
10 0.073 0.105
11 0.068 0.114
12 0.063 0.114
13 0.055 0.106
14 0.046 0.090
15 0.037 0.072
16 0.027 0.054
17 0.019 0.038
18 0.013 0.026
19 0.008 0.016
20 0.005 0.010
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Example 4.4

Notice that the correct predictive probability distribution has
more probability out in the tails of its distribution —
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Example 4.4

Notice that the correct predictive probability distribution has
more probability out in the tails of its distribution — that is, the
probabilities of 0, 1, 2, ... are larger than their “naive”
equivalents.
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Example 4.4

Notice that the correct predictive probability distribution has
more probability out in the tails of its distribution — that is, the
probabilities of 0, 1, 2, ... are larger than their “naive”
equivalents.

m Common occurrence
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Example 4.4

Notice that the correct predictive probability distribution has
more probability out in the tails of its distribution — that is, the
probabilities of 0, 1, 2, ... are larger than their “naive”
equivalents.

m Common occurrence

m Due to ignoring the uncertainty about the parameter
estimate
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Example 4.4

Notice that the correct predictive probability distribution has
more probability out in the tails of its distribution — that is, the
probabilities of 0, 1, 2, ... are larger than their “naive”
equivalents.

m Common occurrence

m Due to ignoring the uncertainty about the parameter
estimate
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Example 4.4

Essentially, the naive predictive distribution is a predictive
distribution which, instead of using the correct posterior
distribution, uses the degenerate posterior distribution
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Example 4.4

Essentially, the naive predictive distribution is a predictive
distribution which, instead of using the correct posterior
distribution, uses the degenerate posterior distribution

1 ife=1/2
0 otherwise,

T (0|x =10) = {
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Example 4.4

Essentially, the naive predictive distribution is a predictive
distribution which, instead of using the correct posterior
distribution, uses the degenerate posterior distribution

1 ife=1/2
0 otherwise,

T (0|x =10) = {

a distribution with standard deviation SD,«(0|x = 10) = 0.
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Example 4.4

Essentially, the naive predictive distribution is a predictive
distribution which, instead of using the correct posterior
distribution, uses the degenerate posterior distribution

1 ife=1/2
0 otherwise,

T (0|x =10) = {

a distribution with standard deviation SD,«(0|x = 10) = 0.

The correct posterior standard deviation of 8 is
SD,(6|x = 10) = 0.126.
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Example 4.4

Therefore, the predictive distribution using the naive posterior
7* is, loosely speaking, too confident that it “knows” the value
of # and so produces a predictive distribution with too small a
standard deviation:
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Example 4.4

Therefore, the predictive distribution using the naive posterior
7* is, loosely speaking, too confident that it “knows” the value
of # and so produces a predictive distribution with too small a
standard deviation:

4.26 using the correct 7(0|x = 10)

SD(Y|x =10) =
(¥ix ) {3.46 using the naive 7*(6|x = 10).
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Example 4.4

We can also use the above table of predictive probabilities to
determine a prediction interval for Y.
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Example 4.4

We can also use the above table of predictive probabilities to
determine a prediction interval for Y.

Using the correct predictive distribution, and recalling the
highest density feature of prediction intervals, we obtain

Pr(2 < Y < 17|x = 10) = 0.959.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 4.4

We can also use the above table of predictive probabilities to
determine a prediction interval for Y.

Using the correct predictive distribution, and recalling the
highest density feature of prediction intervals, we obtain

Pr(2 < Y < 17|x = 10) = 0.959.

The corresponding naive calculation is
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Example 4.4

We can also use the above table of predictive probabilities to
determine a prediction interval for Y.

Using the correct predictive distribution, and recalling the
highest density feature of prediction intervals, we obtain

Pr(2 <Y <17|x =10) = 0.959.
The corresponding naive calculation is

Pr(6 < Y < 19]0 = §) = 0.958.
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Example 4.4

We can also use the above table of predictive probabilities to
determine a prediction interval for Y.

Using the correct predictive distribution, and recalling the
highest density feature of prediction intervals, we obtain

Pr(2 <Y <17|x =10) = 0.959.
The corresponding naive calculation is
Pr(6 < Y < 19]0 = §) = 0.958.

Hence the correct (approximate) 96% prediction interval for Y
is {2,3,...,17}.

The naive version, and hence narrower interval, is
{6,7,...,19}.
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Prediction

Definition (Beta—binomial distribution)

The random variable Y follows a Beta—binomial BetaBin(n, a, b)
distribution (n positive integer, a > 0, b > 0) if it has probability

function

_(m\Bly+ab+n-y) -
f(YIn,a,b)—<y> B(ab) ,  y=01,...,n
where B(a, b) is the beta function defined earlier. It can be
shown that

ha nab(a+ b+ n)
= Var(Y) = ,
EM=25p 94 YW =Giorarot1)
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Example 4.5

Suppose that X is the number of defective items in a sample of
size 5.

If the items are defective independently of one another and they
each have the same probability 6 of being defective then
X|6 ~ Bin(5,0).

Suppose we believe that defective items are quite unlikely and
so take a Beta(1, 19) prior distribution with mean and standard
deviation

E(®) =005 and  SD(¢) = 0.048.
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Example 4.5

Suppose we take a sample of size 5 and observe x = 1
defective item.

In this case, the likelihood mode is § = 1/5 = 0.2, higher than
the prior mean.
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Example 4.5

Suppose we take a sample of size 5 and observe x = 1
defective item.

In this case, the likelihood mode is § = 1/5 = 0.2, higher than
the prior mean.

We can combine the prior with our data via Bayes’ Theorem, to
show that the posterior distribution is a Beta(2,23) distribution,
with mean and standard deviation

E@x=1)=0.08 and  SD(f]x =1) = 0.053.
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Example 4.5

Suppose we take a sample of size 5 and observe x = 1
defective item.

In this case, the likelihood mode is § = 1/5 = 0.2, higher than
the prior mean.

We can combine the prior with our data via Bayes’ Theorem, to
show that the posterior distribution is a Beta(2,23) distribution,
with mean and standard deviation

E@x=1)=0.08 and  SD(f]x =1) = 0.053.

The posterior mean is larger than the prior mean and the
standard deviation has also increased (slightly).
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Example 4.5

If we observe another sample of 5 items, what is the predictive
probability distribution of the number found to be defective?
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,

fyx=1) = /@f(y\@)w(9|x:1)d9

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,

fyx=1) = /@f(y\@)w(9|x:1)d9

[ /(5 gy, 1 —0)
= [ G)ra-or < ey o
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,

fyx=1) = /@f(y\@)w(9|x:1)d9

[ /(5 gy, 1 —0)
= [ G)ra-or < ey o

5 1 1
_ o y+1 _ p\27—y
- (y>3(2,23)/0 o0yl
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,

fyx=1) = /@f(y\@)w(9|x:1)d9

[ /(5 gy, 1 —0)
= [ G)ra-or < ey o

5 1 1
_ o y+1 _ p\27—y
- (y>3(2,23)/0 o0yl

- ()i
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Solution to Example 4.5

Suppose the number of defective items in this future sample is
Y, with Y |0 ~ Bin(5,0).

The predictive probability function of Y'is, for y = 0,1,2,...,5,

fyx=1) = /@f(y\@)w(9|x:1)d9

[ /(5 gy, 1 —0)
= [ G)ra-or < ey o

5 1 1
_ o y+1 _ p\27—y
- <y>8(2,23)/o o0yl

- ()

thatis, Y|x =1 ~ BetaBin(5, 2,23).




Example 4.5

We can compare this predictive distribution with a naive
predictive distribution based on an estimate of 6, for example,
the likelihood mode or the posterior mode.
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Example 4.5

We can compare this predictive distribution with a naive
predictive distribution based on an estimate of 6, for example,
the likelihood mode or the posterior mode.

Here we shall belse our naive predictive distribution on the
posterior mode 6 = 1/23, that is, use the distribution
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Example 4.5

We can compare this predictive distribution with a naive
predictive distribution based on an estimate of 6, for example,
the likelihood mode or the posterior mode.

Here we shall belse our naive predictive distribution on the
posterior mode 6 = 1/23, that is, use the distribution

Y|0 =6 ~ Bin(5,1/23).
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Example 4.5

We can compare this predictive distribution with a naive
predictive distribution based on an estimate of 6, for example,
the likelihood mode or the posterior mode.

Here we shall belse our naive predictive distribution on the
posterior mode 6 = 1/23, that is, use the distribution

Y|0 =6 ~ Bin(5,1/23).

Thus, the naive predictive probability function is, for
y=0,1,...,5,
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Example 4.5

We can compare this predictive distribution with a naive
predictive distribution based on an estimate of 6, for example,
the likelihood mode or the posterior mode.

Here we shall belse our naive predictive distribution on the
posterior mode 6 = 1/23, that is, use the distribution

Y|0 =6 ~ Bin(5,1/23).

Thus, the naive predictive probability function is, for
y=0,1,...,5,

A B\ . ~ 5\ 225~
fylo=8) = () —a)psr = ()=
(v16 = ) <y)9< f) <y) 2
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Example 4.5

Numerical values for the predictive and naive predictive
probability functions are given in Table 4.4:

correct naive
y | flylx=1) | f(ylo =0)
0 0.680 0.801
1 0.252 0.182
2 0.058 0.017
3 0.009 0.001
4 0.001 0.000
5 0.000 0.000
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Example 4.5

As before, the naive predictive distribution
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Example 4.5

As before, the naive predictive distribution

m allows only one value for 6: § = 1/23
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Example 4.5

As before, the naive predictive distribution
m allows only one value for 6: § = 1/23

m has a standard deviation of zero: SD(f|x =1) =0
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Example 4.5

As before, the naive predictive distribution
m allows only one value for 6: § = 1/23
m has a standard deviation of zero: SD(f|x =1) =0

The correct posterior standard deviation is
SD(0|x =1) = 0.058.
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Example 4.5

As before, the naive predictive distribution
m allows only one value for 6: § = 1/23
m has a standard deviation of zero: SD(f|x =1) =0

The correct posterior standard deviation is
SD(0|x =1) = 0.058.

This results in
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Example 4.5

As before, the naive predictive distribution
m allows only one value for 6: § = 1/23
m has a standard deviation of zero: SD(f|x =1) =0

The correct posterior standard deviation is
SD(0|x =1) = 0.058.

This results in

0.652 using the correct predictive dist.
0.456 using the naive predictive dist.,

smyvzn:{
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Example 4.5

As before, the naive predictive distribution
m allows only one value for 6: § = 1/23
m has a standard deviation of zero: SD(f|x =1) =0

The correct posterior standard deviation is
SD(0|x =1) = 0.058.

This results in

0.652 using the correct predictive dist.
0.456 using the naive predictive dist.,

smyvzn:{

these values being calculated from BetaBin(5, 2,23) and
binomial Bin(5, 1/23) distributions.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Example 4.5

Using the numerical table of predictive probabilities, we can see
that {0, 1} is a 93.2% prediction set/interval.
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Example 4.5

Using the numerical table of predictive probabilities, we can see
that {0, 1} is a 93.2% prediction set/interval.

This is to be contrasted with the more “optimistic” calculation
using the naive predictive distribution which shows that {0,1} is
a 98.3% prediction set/interval.
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Predictive distribution

In the previous example, a non—trivial integral had to be
evaluated.
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Predictive distribution

In the previous example, a non—trivial integral had to be
evaluated.

However, when the past data x and future data y are
independent (given ¢) and we use a conjugate prior distribution,
another (easier) method can be used to determine the
predictive distribution.
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Predictive distribution

Using Bayes’ Theorem, the posterior density for 6 given x and

yis
_ m(0)f(x,yl0)
m(0lx,y) = W
_ m(0)f(x]0)f(yl0)
f(x)f(y|x)
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Predictive distribution

Using Bayes’ Theorem, the posterior density for 6 given x and

yis
_ m(0)f(x,y]0)
m(0x.y) = Ty
_ w(0)f(x|9)f(y|0) . ,
= OFIN) since X and Y are independent
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Predictive distribution

Using Bayes’ Theorem, the posterior density for 6 given x and

yis

m(0)f(x,y|0)
f(x,y)

m(0)(x|0)f(y|6)
f(x)f(y|x)

w(6]x) £(y16)
f(y|x)

m(0lx.y) =

since X and Y are independent
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Predictive distribution

Rearranging, we obtain

F(y0)=(6]x)

fylx) = 0%.7)
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Predictive distribution

Rearranging, we obtain

F(y0)=(6]x)

fylx) = 0%.7)

The right—-hand-side of this equation looks as if it depends on
6, but, in fact, any terms in 6 will be cancelled between the
numerator and denominator.
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Example 4.5 revisited

We had
0 ~ Beta(1,19), X|6 ~ Bin(5,0), Y6 ~ Bin(5,0),
from which we obtain

f)x =1~ Beta(2,23), 60|x =1,y ~ Beta(y + 2,28 — y).
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5

f(y|0)m(0]x =1)
m(Olx =1,y)

flylx =1)
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5
f(y|0)m(0]x =1)
m(0lx =1,y)

<f/> 0Y(1 —0)° x

flylx =1)
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5
f(y|0)m(0]x =1)
m(0lx =1,y)

5 _, 6(1 —0)%?
<y> B/(1 -6 x B(2,23)

flylx =1)
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5

f(y|0)m(0]x = 1)
m(Olx =1,y)
5 _, 6(1 —0)%?
<y> 9y(1 _9)5 Y x 3(2’23) 9}/—1—1(1 _9)27—}/
B(y +2,28 —y)

flylx =1)
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5

f(y|0)m(0]x = 1)
m(Olx =1,y)
5 _, 6(1 —0)%?
<y> 9y(1 _9)5 Y x 3(2’23) 9}/—1—1(1 _9)27—}/
B(y +2,28 —y)

flylx =1)

B\ V(1 —0)57Yo(1 — 0)22B(y +2,28 — y)
N <y> 0y+1(1 — 9)27-yB(2,23)
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Example 4.5 revisited

Therefore, fory =0,1,2,...,5

f(y|0)m(0]x = 1)
m(Olx =1,y)
5 _, 6(1 —0)%?
<y> 9y(1 _9)5 Y x 3(2’23) 9}/—1—1(1 _9)27—}/
B(y +2,28 —y)

flylx =1)

B\ V(1 —0)57Yo(1 — 0)22B(y +2,28 — y)
N <y> 0y+1(1 — 9)27-yB(2,23)

() ™ e
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Prediction

Definition (Inverse—Beta distribution)

The random variable Y follows a Inverse-Beta InBe(a, b, ¢)
distribution (a > 0, b > 0, ¢ > 0) if it has probability density
function

bea—1
f(yla,b,c) = B(a,b)(y+C)3+b y>0,

where B(a, b) is the beta function defined earlier. It can be
shown that

2 _
E(Y)= b‘% and  Var(Y) = (abc_(?;g(lz_;))'

The distribution gets its name because Y/(Y + ¢) ~ Beta(a, b).
Also note that if Y ~ InBe(a, b, 1) then cY ~ InBe(a, b, ¢).

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods




Example 4.6

Suppose we have a random sample X = (X{, Xz, ..., X;) from
a Ga(k,0) distribution, where k is known, and our prior beliefs
are described by a Ga(g, h) distribution.

The likelihood function is
N gk k=1 ,—0x;
_rr ek —nxe
Therefore, using Bayes Theorem, the posterior density is
w(0]x) o< 7(0) f(x|6)

o 0g—1 e—h9
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Example 4.6

Suppose we have a random sample X = (X{, Xz, ..., X;) from
a Ga(k,0) distribution, where k is known, and our prior beliefs
are described by a Ga(g, h) distribution.

The likelihood function is

9k -1 e—0xi . %0
n —nx
f(x|0) = l!_T@T_ o §kg=mx0.
Therefore, using Bayes Theorem, the posterior density is
w(0]x) o< 7(0) f(x|6)
x 09 1e M x g"ke="X0 9> 0
x 9g+nk—1 e—(h—i—n)’()e’ 0 >0.
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Example 4.6

Hence, the posterior distribution is a
Ga(G = g + nk, H = h+ nx) distribution.
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Example 4.6

Hence, the posterior distribution is a
Ga(G = g + nk, H = h+ nx) distribution.

Notice that this implies that the gamma distribution is the
conjugate prior distribution for the model “random sample from
a Ga(k, 0) distribution, with kK known”.
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Example 4.6

Hence, the posterior distribution is a
Ga(G = g + nk, H = h+ nx) distribution.

Notice that this implies that the gamma distribution is the
conjugate prior distribution for the model “random sample from
a Ga(k, 0) distribution, with kK known”.

Determine the predictive distribution for a future outcome Y.
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,

f(yl0)x(o}x)

Now
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,

f(yl0)x(o}x)

Now
m y|0 ~ Ga(0,k)
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,

f(yl0)x(o}x)

Now

m y|0 ~ Ga(0,k)
m 0|x ~ Ga(G, H)
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,

f(yl0)x(o}x)

Now
m y|0 ~ Ga(0,k)
m 0|x ~ Ga(G, H)

mox,y~?7
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Solution to Example 4.6 (1/4)

The predictive density function is, for y > 0,

f(yl0)x(o}x)

Now
m y|0 ~ Ga(0,k)
m 0|x ~ Ga(G, H)

mox,y~?7
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Solution to Example 4.6 (2/4)

m(0]x,y)
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Solution to Example 4.6 (2/4)

m(0]x,y) o w(0]x) x f(y|0)

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.6 (2/4)

m(0]x,y) o w(0]x) x f(y|0)

x 96—1 e—H9 X Hkyk_1 e—ey
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Solution to Example 4.6 (2/4)

m(0]x,y) o w(0]x) x f(y|6)
x 96—1 e—H9 X Hkyk_1 e—ey

o §OTk—1g—(H+y)0
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Solution to Example 4.6 (2/4)

m(0]x,y) oc m(b]x) < f(y|6)
x 96—1 e—H9 X Hkyk_1 e—ey
o G+k—1g—(H+y)0

giving d|x,y ~ Ga(G+ k,H + y).
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Solution to Example 4.6 (3/4)

Therefore, the predictive density function is, for y > 0,
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Solution to Example 4.6 (3/4)

Therefore, the predictive density function is, for y > 0,

f(yl0)m(01x)

flylx) = 0%.y)
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Solution to Example 4.6 (3/4)

Therefore, the predictive density function is, for y > 0,

f(y|0)=(0]x)
m(0]x,y)

Hkyk_1 e—@y HGQG_1 e—H6‘
k16
(H+y)G+kgG+k—1 e—(H+y)o

F(GTK)

flylx) =
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Solution to Example 4.6 (4/4)

Giving
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Solution to Example 4.6 (4/4)

Giving

pG+k—1 e—(H+y)0yk—1 HGr(G + k)
gG+k—1e—(H+y)0(H+y)G+kr(k)r(g)

f(y|x)
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Solution to Example 4.6 (4/4)

Giving
pG+k—1 e—(H+y)0yk—1 HGr(G + k)
05T HI(H + y) ST (k)T (9)

[(G+ k)HCyk
FK)T(G)(H + y)&tk

f(y|x)

flylx) =
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Solution to Example 4.6 (4/4)

Giving

pG+k—1 e—(H+y)0yk—1 HGr(G + k)

f(y|x) gG+k—1e—(H+y)0(H + y)G+k[ (k) (g)
_ T(G+ k)HCyk!
flylx) = [(K)T(G)(H + y)G+k
HGyk—1

B(k, G)(H + y)&+k’
thatis, Y|x ~ InBe(k, G, H).
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Example 4.6

Consider the case where the data follow an exponential
distribution, that is, where k = 1.
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Example 4.6

Consider the case where the data follow an exponential
distribution, that is, where k = 1.

Determine the predictive density function and the 100(1 — )%
prediction interval for Y.
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Solution to Example 4.6 (1/3)

Now
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Solution to Example 4.6 (1/3)

Now

r@r()

B(1.6) = fia 1) =
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Solution to Example 4.6 (1/3)

Now
(G)Ir(1) (G-1)x(G-2)x---

(G+1) Gx(G-N)x(G-2)x--

B(1.G) = ¢

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.6 (1/3)

Now
r(Gr()  (G-1)x(G-2)x-- 1

B(1,G) =

NG+1) Gx(G-1)x(G-2)x--- G
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Solution to Example 4.6 (1/3)

Now
(G)r() (G-1)x(G-2)x-- 1

-
B(1.G) = NG+1) Gx(G-1)x(G-2)x--- G

So the predictive density function is

GHC@
flylx) = (Hey)er y>0.

Dr. Lee Fawcett MAS2903: Introduction to Bayesian Methods



Solution to Example 4.6 (1/3)

Now
r(Gr()  (G-1)x(G-2)x-- 1

B(1,G) =

NG+1) Gx(G-1)x(G-2)x--- G

So the predictive density function is

GHC@
fylx) = (Hey)er y >0.
The prediction interval includes the most likely values of Y and
so, given the shape of the density, must take the form (0, b).
The end—point b must satisfy

/bGiHGd 1_q
o (H+y)G+ Y= .
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Solution to Example 4.6 (2/3)

Using the substitution z = H + y, we have
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Solution to Example 4.6 (2/3)

Using the substitution z = H + y, we have

b _GH® /b+H GHS
/0 (H+y)G+1 ‘y - H ZG+1

HG b+H

- [=],
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Solution to Example 4.6 (2/3)

Using the substitution z = H + y, we have

b_GHS . [PTMGHC
/0 (H+ y)G-H y = /H ZG-H z
b+H

- 14

HG

- 1_m.
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Solution to Example 4.6 (3/3)

Therefore, we require
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Solution to Example 4.6 (3/3)

Therefore, we require

HG

' b HE

1—-«
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Solution to Example 4.6 (3/3)

Therefore, we require

HE b+H 6

_ 1 L
1 (b+ H)C a = o

:>b:H{a_1/G—1}.
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Solution to Example 4.6 (3/3)

Therefore, we require

HE __ bt+tH _ _ve

1o 4
(b+ H)G “

:>b:H{a_1/G—1}.

Hence, a 100(1 — «)% prediction interval for Y is
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Solution to Example 4.6 (3/3)

Therefore, we require

HE __ bt+tH _ _ve

1o 4
(b+ H)G “

:>b:H{a_1/G—1}.

Hence, a 100(1 — «)% prediction interval for Y is

(o,H{a—1/G—1}).
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The End
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