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Beta distribution: If X ~ Be(a, ) then it has density

xa—l (1 _ x)ﬁ—l

B(a,p)

Also, BE(X) =a/(a+ B), Var(X) = af/{(a+ B)*(a+ B+ 1)} and
Mode(X) = (a—1)/(a+ —2).

0<z<l, a>0,6>0.

f(zla, B) =

Exponential distribution: If X ~ Ezp(\) then it has density
fxN)=Xxe ™, x>0, A>0.
Also, F(X) =1/X and Var(X) = 1/\%

Gamma distribution: If X ~ Ga(a, A) then it has density

)\axa—le—Az
[(e)

Also, E(X) = a/X and Var(X) = a/\2

f(@la, A) =

x>0, a>0,\>0.

Normal distribution: If X ~ N(u,1/7) then it has density

1/2
f(x\um)z(%) exp{—g(m—u)Q}, —co<x <00, —00<u<oo,T>0.
T

Also, E(X) = g and Var(X) = 1/7.

Poisson distribution: If X ~ Po()\) then it has probability function

Ae~A

, x=0,1,..., A>0.
z!

fx[A) =

Also, E(X) = X and Var(X) = \.
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SECTION A

A1l. Econase XT is an enzyme added to pig feed that has been specially designed to make
pigs gain weight more quickly. In a recent trial, it was noticed that some pigs may have
developed trotter rot as a result of consuming feed containing the enzyme. The company
developing the enzyme report that the probability of a pig developing trotter rot can
increase from 0.1 (for a pig given standard feed) to 0.45 (for a pig given feed containing

Econase XT). Of the 90 pigs in the trial, suppose n were given feed containing Econase
XT.

Let XT : Pig given the enzyme, and T'R : Pig has trotter rot.

(a) A vet examines a pig at random. Given that it has trotter rot, what is the proba-
bility it had been given special feed containing the enzyme?

[5 marks]

Answer:
Using Bayes” Theorem,

Pr(TR|XT)Pr(XT)
Pr(TR|XT)Pr(XT) + Pr(TR|XTe¢)Pr(XT¢)
0.45 X g5
0.45 x g5+ 0.1 x 9%6”
0.45n
0.45n +9 —0.1n

0.45n
94 0.35n
Very straightforward application of Bayes’” Theorem — I imagine most students

will manage this question. However, the fact that we have n rather than a number
might throw some.

Pr(XT|TR) =

(b) How many pigs should be given feed containing the enzyme if we require
Pr(XT|TR) < 0.57

[4 marks]
Answer:
We require

0.45n
_— 0.5
0.35n 4+ 9

0.275n < 4.5

n < 16.36,

i.e. no more than 16 pigs. FEasy, but completely unseen.

[Total Al: 9 marks|
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A2. As an employee of the American Federal Aviation Authority (FAA), you need to model
the arrival rate (A per minute) of passenger planes arriving at U.S. airports. Experience
suggests that a gamma distribution might be suitable for .

After a consultation with an air traffic controller at New York’s John F. Kennedy
airport, you are able to elicit that F(\) = 1.5 and SD()\) = v/6/4.

(a)

Show that
512
A) =N A>0.
() TS >
[5 marks]
Answer:
Let A ~ Ga(a,b). Then
%:L5+a:L%.
Substitution into the variance gives
1.5 6 .
b_2 = E, 1.c.
6b = 24
b = 4.
Therefore, a = 1.5 x 4 = 6, and so A ~ Ga(6,4), giving
45)\5e=* 4096 512
YO A L B L D )

I'(6) 120 15

as required.

Though this question is routine, the fact that the question does not say “(i) Find
a and b; (ii) use these values to construct the prior distribution for A” will throw
some students; I imagine some will not remember that I'(A) = (A — 1)!, and that
some will use Var(\) = v/6/4.

Assume that the number of passenger planes, X per minute, arriving at John F.
Kennedy airport is Poisson distributed with rate A (and planes arrive independently
of each other). In a one hour period, you observe an average of 2.2 planes arriving
per minute. Combine this information with the elicited prior distribution in part
(a) to show that

Ax ~ Ga(138,64).

[6 marks]

Answer:

We have
eANT e~ A\T60

ZE1! T60o-

Question A2 continued on next page Page 4 of 17
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[Some space is left here for your solution to the previous question]

6—60/\ )\6097:

- "0
i=1
where k is a constant that does not depend on A. Thus
7T(/\|ZB) x 7T(/\) % f(33|>\) — )\56—4>\ % )\1326—60)\ — )\138—16—64)\7

and so Alx ~ Ga(138,64).

o ]{'6_60/\)\132,

Again — routine, but some might struggle with the fact that they are not explicitly
told to find the likelihood, and then use this, and the prior, to get the posterior.

Find «, the weight in the Bayes linear rule for the posterior mean.
[4 marks]

EA|z] = 16%8 — BN + (1 - )z,

where E[\| = 1.5 and z = 2.2. Thus
0.7ac = 0.04375 = o = 0.0625

[ expect quite a few students to have forgotten/neglected the Bayes linear rule. It
was mentioned in class, with an example, but there have been few examples given
in problems sheets.

(e) Why would a Normal prior for A with mean 1.5 and standard deviation v/6/4 be

inappropriate here?
[2 marks]

Answer:
The rate parameter A is strictly positive; using a Normal distribution for A would
allow for negative values.

Should be straightforward, but I think some students will just leave this blank.

[Total A2: 17 marks]
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A3. Suppose we have data © = (z,7,...,7,)T available and we want to make inferences
about the parameter ¢ in the statistical model f(x|¢). Suppose also that T is a sufficient
statistic for (.

(a)

Give an intuitive explanation of the statement “I"is a sufficient statistic for ”.
(2 marks]

Answer:
All the information in the data about ( is contained in the sufficient statistic 7.

This should be OK — bookwork.

Show that our posterior beliefs about ¢ having observed all the data x are the same
as if we had only observed the sufficient statistic T. [Hint: You may use the fact

that, if f(x|C) = h(x)g(t, (), for some functions h and g, then g(t,¢) o< fr(t|C)]
[7 marks]

Answer:

m(Cle) o w(C)f(=[C)
o< m(Q)h(x)g(t, ()
o< m(¢)g(t,€),

due to the Factorisation Theorem. Now it can be shown that ¢(t,() o« fr(t[(),
giving

m(Cla) o< 7(C) fr(t]C)-
Applying Bayes’ Theorem to the data ¢ gives

m(¢[t) o< w(¢) fr(t]C)

and so, since m((|x) o< w((|t), and both are probability density functions, we have

m(¢le) = m(C[t).

Bookwork.

[Total A3: 9 marks]
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A4. Consider a statistical model for data which depends on an unknown parameter 6. De-
scribe the differences in interpretation of Cr, a 95% frequentist confidence interval for
0 and Cp, a 95% Bayesian confidence intervals for 6.

Answer:

Cp: Pr(6 € Cr) =0 or 1, whereas Cp: Pr(6 € Cp) = 0.95. In a frequentist confidence
interval, the level of ‘confidence’ refers to repeated sampling; that is, about 95% of
confidence intervals taken from samples of the same population will contain 6.

Bookwork, but probably overlooked.

[Total A4: 5 marks|
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SECTION B

B5. As part of a research project, geologists are interested in rock which degrades at a rate
of more than 0.12mm per year. Gravestones provide a useful means of measuring this
rate. Let 6 be the probability that, in a particular cemetery, a gravestone indicates an
annual rate of degradation of more than 0.12mm.

(a) Briefly explain why we might use the prior distribution 74(0) = 1 to reflect prior
ignorance about 6.
[2 marks]

Answer:

A Uniform U(0,1) distribution has a density of 1; thus, if § ~ U(0,1) then we
are assuming all values of 0, 6 € (0,1), are equally likely — hence prior ignorance.

[ expect that some students will not recognise this as a U(0, 1) prior.

(b) A statistician on the research team uses the trial roulette method to elicit a prior
distribution for 6. A consultation with one of the geologists results in the screenshot
shown overleaf, taken from the MATCH Uncertainty Elicitation Tool.

(i) Write down the elicited prior distribution for 6, rounding the parameters of this
distribution to the nearest integer. Also write down the corresponding density
function 75(#).

[2 marks]

Answer:

0 ~ Beta(10,2)

6°(1 —0)
0 _— 0<6<1.
Should be easy marks for most students.
(ii) Use the Feedback percentiles to phrase a question to the expert to check the
suitability of the fitted distribution.
[2 marks]
Answer:
We see that Pr(f > 0.988) = Pr(f < 0.537) = 0.01. Thus, we might ask:

““From our fitted model, it is very unlikely (less than a 1/100 chance) that
fewer than half of the gravestones will show an annual rate of degradation of
more than 0.12mm. Does this seem reasonable?”

Some students will find this difficult — they have struggled with such interpre-
tations in assignments.

Question B5 continued on next page Page 8 of 17
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(c) Of the twenty gravestones in a randomly chosen cemetery, twelve show an annual
rate of degradation of more than 0.12mm. Given this information, obtain the
posterior distribution for # assuming

(i) the ‘ignorance’ prior m4(0);

[3 marks]
Answer:
m(flr =12) =1 x 2C1p02(1 - 0)® < 621 (1 —0)° 1,
ie. Olz =12 ~ Be(13,9).
(ii) the elicited prior w5 (6).
[3 marks]

Answer:

0]z =12) o 67(1 — 0) x 2(1 — )% = 2>~ (1 — )"0,
ie. Olx =12 ~ Be(22,10).

Both (i) and (ii) are very straightforward, but I know some students will struggle
to recognise the binomial likelihood.

(iii) Is the ‘ignorance’ prior conjugate? Explain.
[2 marks]
Answer:
“Yes”: If § ~ U(0,1) then 6 ~ Be(1,1); the resulting posterior is also in the
Beta family, meaning we have a conjugate prior. Will also accept “No”: The

prior is Uniform but the posterior is not. Full marks for the explanation, rather
than “Yes/No”.

Question B5 continued on next page Page 10 of 17
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(d) The graph below shows the elicited prior 75(#) as provided by MATCH (dashed
line), as well as the corresponding posterior (as obtained in part (c)(ii) of this
question — solid line). On the same graph, sketch the ‘ignorance’ prior m4(f) and
the resulting posterior (as obtained in part (c)(i) of this question), and label the
axes of the graph.

(6 marks]

0.0 0.2 0.4 0.6 0.8 1.0

Using the ignorance prior, we have
0|z = 12 ~ Be(13,9),
which has mode at 12/20 = 0.6. Also,

13 x9

=0.011,

which is almost twice that of the posterior obtained from the elicited prior, giving
a more dispersed distribution.

Unseen — easy, but they’ve not done this before (other than in R!) and so this will
throw lots of students.

[Total B5: 20 marks]
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B6. In hydrology, the Pareto distribution, with probability density function
f(z|r,0) = Ok~ O, 0,k >0and z > &,

is often applied to extreme events, such as annual maximum one day rainfall accumula-
tions. For Eskdale, a location in the Lake District, suppose we are told that x = 30 mm
is a plausible lower bound for annual maximum daily rainfall totals.

(a) Obtain the likelihood function for €, given that we observe a sample of annual
maximum rainfall accumulations @ = (zy,%,...,7,)" at this location (and we

assume these observations are independent).
[2 marks]

Answer:
|0y = 07307 T [ ;Y.
i=1

Unseen distribution, but should be easy.

(b) Suppose our prior beliefs about € can be described by an exponential Ezp(g) distri-
bution. Show that the posterior distribution for 6 is

Ol ~ Ga <n+ 1,9 — nlog 30+Zlog :EZ> )
i=1
[5 marks]

Answer:
We have

m(0lx) oc w(6) x f(x|0)

= ge x 730" [ [ ;"

i=1
oc me™ 5 30" [ [, Y.
i=1
Now take 30" [T, z; 6+1), Taking logs gives

nflog30 — 0 z”: log z; — z”: log x;.

i=1 =1

Exponentiating, we get

30™ H x;(eﬂ) = exp {n010g30 -0 Z log z; — Z log xz}
i=1 i=1 i=1
= exp {n910g30 -0 Z log .2131} exp {— Z log xl} .
i=1

i=1

Question B6 continued on next page Page 12 of 17
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[Some space is left here for your solution to the previous question]

Substitution into the expression for 7(0|x) gives

m(0lx) o< O"exp{—gh} x exp {n910g30 -0 Z log xl}

i=1

- 9(n+1)—1exp {_ (g — nlog 30 + Zlog a:z> 0} .

=1

Thus,
Ol ~ Ga (n + 1,9 — nlog30 + Zlog xl> ,

=1

as required.

Will require confidence, as unseen distribution! But should be OK.

(c) Describe the term wvague prior knowledge and explain why, in this example, this is
represented as g — 0.
[3 marks]

Answer:

Vague prior knowledge — when we have very little prior information regarding
the parameter of interest 6, and so w(0|x) ~ f(x|f). In order to operate Bayes’
Theorem, we still need a prior; for convenience, we choose a conjugate prior, with
variance as large as possible. We have 6 ~ Exp(g), and so

1
Var(0) = 7

Thus, as g — 0, Var(d) — cc.

Description: Bookwork; application to Fxp(g) unseen, but easy.

(d) In 2010, 2011 and 2012, annual maximum daily rainfall accumulations at Eskdale
were 61mm, 55mm and 60mm (respectively). Assuming vague prior knowledge,

(i) find the posterior distribution for ¢, rounding all parameters in this posterior
to the nearest integer for convenience;
[2 marks]

Answer:
Assuming vague prior knowledge, g = 0. Thus

Olx ~ Ga(4,—3log30 + [logbl + loghb + log60]) , ie.
~ Ga(4,2).

Substitution: should be easy.

Question B6 continued on next page Page 13 of 17
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(ii) show that, for a 95% Bayesian confidence interval (a,b) for 0,

/ 03 —QGdQ_ 57
i 160’

[5 marks]
Answer:
We want
b o4p3 20
/ 207 g _ 95
" F(4) 100
16 3 _99 95
dd = —
6 “ 6 100
giving
/ 93 729d9 — — 5_7
100 160’

as required.

Completely unseen: will cause trouble.

(iii) write down an additional relationship between a and b that must hold for the
Bayesian confidence interval to be one of highest density.
[3 marks]

Answer:
We also require that 6|x has the same probability density at a and b, giving:

a36—2a — b3€_2b.

Many will find this a challenge.

[Total B6: 20 marks]
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B7. A random sample of size n is taken from a Normal N(u,1/7) distribution (where the
precision 7 is known) giving a sample mean .

(a) Obtain the log-likelihood function for p as a function of u, 7 and the data .
[3 marks]

Answer:

Therefore,

log f(u) = 5 log(r) — 5 log(2m) = 5 > (s — )"

Easy for most/all.

(b) Suppose we are ignorant about p prior to any data collection. Derive the Jeffreys

prior for p.
(7 marks]
Answer:
Now
= golosf(el) =~ x > 2w
= 7)) (vi—p)
i=1

= 7(nT —np)

= n7(7 —p)
Also

82
= a—/ﬂlogf(acm) = -—nT
2

0
= I(p) = Exy —Wlogf(Xlu) = nr.

Question B7 continued on next page Page 15 of 17
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[Some space is left here for your solution to the previous question]

Hence, the Jeffreys prior for this model is

w(u) o I(u)'/?
X \/nT, —o00 < <X
= constant, —00 < {1 < 00.

Bookwork.

(c¢) Explain why your Jeffreys prior in part (b) is improper.
(2 marks]

Answer:

This distribution is improper since ffooo dp is a divergent integral, and so we cannot
find a constant which ensures that the density function integrates to one.

Will cause trouble for some.

(d) What is the main drawback of using uniform or improper priors to represent prior

ignorance?
[3 marks]

Answer:
If we are ignorant about p, then we are ignorant about any function of p; assign-
ing an ignorance prior to p means we do not have an ignorance prior for, e.g., e*.

Will cause trouble for some.

Question B7 continued on next page Page 16 of 17



MAS2317

(e) In this example, why would using a Jeffreys prior result in the same posterior as if
we had used a prior based on vague prior knowledge?
[5 marks]

Answer:
Suppose we now have vague prior knowledge; we would then use a conjugate prior
for p with large variance, that is

m(p) = (%)1/2 exp {—g(u - b)Q} X exp {—g(u - b)2}

with prior mean and precision b and d. As Var(u) — oo, d — 0 and the above
expression tends to 1, which would give the same posterior for u as if we had used
the Jeffreys prior (constant).

Will cause trouble for most.

[Total B7: 20 marks]

THE END
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