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Beta distribution: If X ~ Be(a, ) then it has density
21 — )Pt
B(a, )

Also, BE(X) =a/(a+ B), Var(X) = af/{(a+ B)*(a+ B+ 1)} and
Mode(X) = (a—1)/(a+ —2).

f(zla, B) =

0<z<l, a>0,6>0.

Beta—Binomial distribution: If X ~ BetaBin(n,«, ) then it has density

Bx+a,f+n—x)
B(a, B) 7

Also, E(X) =na/(a+ ), Var(X) = naB(a+ B+ n)(a+ B)*(a+ B+ 1).

f(zn,a, p) = "C, xr=0,...,n, a>0,0>0.

Exponential distribution: If X ~ Exp()) then it has density
fA)=Xxe™, x>0, A>0.
Also, F(X) =1/X and Var(X) = 1/\%

Gamma distribution: If X ~ Ga(a, A) then it has density

)\axa—le—ka:
Pla)

Also, E(X) = a/X and Var(X) = a/\2

f(xla, A) =

x>0, a>0A>0.

Normal distribution: If X ~ N(u,1/7) then it has density
T\ /2 T 9
flzlp, 1) = (2—> exp{—g(x—,u) }, —00 < <00, —00<p<oo,T>0.
7r

Also, E(X) = g and Var(X) = 1/7.

Note: If X ~ N(0,1) then the following quantiles apply:

x 1.2816 1.6449 1.9600 2.3263 2.5758
Pr(X<z)| 09 095 0975 099 0.995

Poisson distribution: If X ~ Po(\) then it has probability function

Ae A

z!

f(@[A) =

Also, E(X) = X and Var(X) = A

, x=0,1,..., A>0.
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SECTION A

A1. A sports scientist measures the rate of oxygen consumption of some randomly chosen
athletes immediately after exercise. She finds the following 95% frequentist confidence
interval C'r for the population mean rate of oxygen consumption p:

(1.997,2.503) litres per minute.

In her report, she makes the following statement:

“My study revealed that the population mean rate of oxygen consumption for athletes lies
in the range (1.997, 2.503) with probability 0.95”

(a) Briefly explain why the sports scientist’s interpretation of C is incorrect.

Answer:

In a classical /frequentist analysis, we assume the parameter of interest is a fixed
(but unknown) constant. Since it is not a random variable, we either ‘capture’ it or
we don’t — giving a probability of 0, or 1 (respectively). Such confidence intervals
have a repeated sampling interpretation: if we were to compute 100 such intervals,
around 95 of these would capture the true population mean.

Bookwork — but I expect this could be overlooked by some.

(b) After formulating an appropriate prior distribution for u, a Bayesian statistician
updates his beliefs about p using the data in the sports scientist’s study, giving

pil@ ~ N (2.39,0.01).

(i) Find Cp, a 95% Bayesian confidence interval for p.

Answer:

We have
2.39+1.96 x v0.01 — (2.194,2.586)

Easy — but again, I expect this to be overlooked by some.

(ii) Briefly explain how Cp differs to Cr in interpretation.

Answer:

Now we do have a probability interpretation, as we treat i as a random variable
which, after observing the data, follows the specified distribution.
Bookwork.

[Total A1l: 9 marks|

Question A2 continued on next page Page 3 of 20
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A2. Sapelo Island is a barrier island off the southeast coast of the USA, and is on the
migratory path of the rare black pelican. The random variable X represents the number
of birds that are seen, per day, over the course of a week at an observation spot on the
island.

(a) In the first week of April 2014, the following observations were made on X:
21 3 0 1 2 3
(i) Why might the Poisson distribution be a suitable model for X7

Answer:

Poisson - often used to model count data.

(ii) Assuming that X ~ Po(#), obtain the likelihood function f(x|¢) assuming your
observations are independent.

Answer:

926_9 936_9 9126_76 9
or TN TEr T Tima > 0.

f(x]0) =

Very easy — all students should manage this without difficulty.

(b) After a consultation with an ornithologist (a zoologist with an expertise in birds),
we are able to elicit a prior distribution for §. Combining this prior distribution
with the likelihood in part (a) results in the following posterior:

0|z ~ Ga(18,9).

Obtain the ornithologist’s prior distribution for #. How do the ornithologist’s beliefs
compare to our observations?

Answer:

We have

Posterior o Prior x Likelihood

0'7¢= % o Prior x 0277,

Therefore, we must have Prior oc §°e=2?, that is

0 ~ Ga(6,2).

Question A2 continued on next page Page 4 of 20
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[Part of this page has been left blank for your solutions to the last question]

According to the ornithologist’s prior beliefs, we would expect to see around 3 black
pelicans per day (this is our prior mean).

We observed z = 1.71, a bit lower than might be expected!

Should be very easy — although I expect some to be caught our because the question
isn’t the standard “Find the posterior”...

Find «, the weight in the Bayes’ linear rule for the posterior mean. Does this give
more weight to the prior or the data?

Answer:

According to the BLR, we have
18
Eflz] =aEf]+ (1 —a)z = ' 2.
Thus,
3a+1.71 — 1.7la = 2 — a =~ 0.225,

giving more weight to the data.

Should be easy, as they’ve seen this sort of thing before...

In a new analysis of the same data, a statistician attempts to use § ~ N(3,1.5).
Briefly explain the similarities between this prior and the prior you obtained in part
(b). What is the main problem with this new prior?

Answer:

Same prior mean and variance — however, 6 is a rate and so must be strictly positive;
this Normal prior can take negative values.
Will catch some out.

[Total A4: 14 marks|
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A3. Suppose we have a random sample from an exponential distribution, that is,
X;|0 ~ Ezp(0),i=1,...,n.

(a) Use the Factorisation Theorem to show that 7" = Z X; is sufficient for 6.
i=1

Answer:

We have

flo) = JJoe . 6>0
i=1
= 1x0"xp {—92@}
i=1
= h(x)xyg (9,Zx> :
i=1

where h(z) =1 and g(0,t) = 0"e ™ and t = Y | z;.

n

Hence, by the Factorisation Theorem, T" = Z X is sufficient for 6.
i=1

Should be easy for most — seen in class.

(b) Suppose we determine that a unit exponential distribution adequately represents
our prior beliefs about the parameter 6, that is, we have

@) =e’ 0>0.
It can be shown that, after observing data x, the posterior distribution for 6 is
n
Ol ~ Ga <n+1,2xi+1) :
i=1

Use the fact that 70 ~ Ga(n,0) to show that the same posterior is obtained
knowing just the sufficient statistic 7.

Answer:

We need to use
m(0)t) o< w(0) x fr(t]|0).

Question A8 continued on next page Page 6 of 20
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[This page has been left blank for your solutions to the last question]

Now

entn—l e—&t

fr(t]0) = Ty

Therefore
m(0)t) oc e7? x fre = gre D),

This is proportional to the PDF of a Ga(n + 1, + 1), which — on noting that
T =75%",X;—is exactly the same as that for 6.

Not difficult, but some will struggle with this — and it is unseen.

[Total A3: 11 marks|
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A4. In the space below, briefly explain the terms substantial prior knowledge and vague
prior knowledge. You may use diagrams to aid your descriptions.

SUBSTANTIAL PRIOR KNOWLEDGE

Answer:

We have substantial prior information for & when the prior distribution dominates the
posterior distribution, that is m(f|x) ~ 7(0). Observing the data does not alter our
beliefs about ¢ very much.

VAGUE PRIOR KNOWLEDGE

Answer:

If we have vague prior information, most of the information about # will be passed
through to the posterior distribution via the data, and so we have 7 (0|x) ~ f(x|0).

Should be OK — bookwork.

[Total A4: 6 marks]
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SECTION B

B5. You work as a statistician for the Canadian spreadbetting company ZenTrader. You
are interested in @, the probability that the Montreal Canadiens ice hockey team win
their next match against the Boston Bruins.

(a) A discussion with a fan of the Montreal Canadiens results in the screenshot overleaf,
taken from the MATCH Uncertainty Elicitation Tool. Briefly explain the benefits
of the elicitation procedure used over the bisection (quartile) method, and write
down the prior distribution for § as suggested by MATCH (round your parameters
to the nearest integer).

Answer:

Trial roulette method:

— Expert can see the distribution “take shape” dynamically
— No need for the expert to think about quartiles/other summaries, as in the
bisection method

We have 6 ~ Be(3,13).

Should be easy for most — bookwork.

(b) The Montreal Canadiens have won two of their last six matches against the Boston
Bruins. Given this information, find the posterior distribution for 6 using the
elicited prior from part (a).

Answer:
Using the elicited prior, we have

T(0lz =2) o< 2(1 — 0)2 x 6%(1 — 0)* = 0*(1 — 6)"S,
and so we have 0|z = 2 ~ Be(5,17).

Question B5 continued on next page Page 9 of 20
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(c) In the absence of any expert prior information, a Haldane prior for 6, with density

can be used.

(i) Find the posterior distribution for # using the Haldane prior.

Answer:

This prior results in:
70z =2) x 071 —0)" x (1 — ) = 6> (1 —0)* 1,
ie. Olx =2~ Be(2,4).

(0) o ——

01— 0)’

(ii) Why might a Haldane prior be attractive in the absence of substantial prior

information?
Answer:

The resulting posterior has the same mean as the data (1/3). Thus, using such
a prior allows the data to “speak”.

(d) Compare and contrast the posterior distributions for § obtained in parts (b) and
(¢). You should use numerical summaries, as well as sketches of the posteriors using
the graph paper overleaf, in your answer.
[Hint: the posterior resulting from the elicited prior has been drawn for you.]

Answer:

We can summarise these two posteriors numerically:

Posterior using

Haldane prior

Elicited prior

Mean
Mode
SD

0.333
0.25
0.178

0.227
0.2
0.095

At the posterior mode, we have

(0 =0.25|z =2) =

when using the Haldane prior, and

when using the elicited prior.

Question B5 continued on next page

(0 =02z =2)=

~0.25 x 0.75%
B(2,4)

0.2%0.8'6
B(5,17)

= 2.1094

= 4.582

Page 11 of 20
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Comments
e The posterior resulting from the ignorance prior peaks at the likelihood mode —
that is, 2/6 = 1/3
e Using the elicited prior gives something a bit more “informative” - that is, the prior
beliefs of the fan have been taken into account to give a higher posterior mean/mode

e The posterior resulting from the elicited prior is much less variable — showing that
we are more certain about our beliefs about 6 after having observed the data

e Either way, it still seems unlikely that the Canadiens will beat the Bruins!

Density

0.0 0.2 0.4 0.6 0.8 1.0

0

This question isn’t difficult, but we haven’t focussed on plotting/sketching the distri-
butions by hand and so I imagine some might struggle. Some will also struggle with
the comments. Students wouldn’t need to give all of the answers shown here to get full
marks — means/standard deviations, plus a reasonable plot with some comments, will

be enough.

Question B5 continued on next page Page 12 of 20
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(d) Look at he following R code:
> g=function(a,b){

+ f=function(x){

+ 1=x[1]

+ u=x[2]

+ (pbeta(u,a,b)-pbeta(l,a,b)-0.95)"2
+ +0.0001*(dbeta(u,a,b)-dbeta(l,a,b)) "2
+ }

+ initial.l=gbeta(0.025,a,b)

+ initial.u=gbeta(0.975,a,b)

+ A=optim(c(initial.l,initial.u),f)

+ return(A$par)

+ +

> g(2,4)

[1] 0.02602514 0.67014432

> g(5,17)

[1] 0.06921317 0.39948449

Very briefly, explain what the function g does, and interpret the output for g(2,4)
and g(5,17). What does this tell us about the likely outcome of the next hockey
match between the Canadiens and the Bruins?

Answer:

The function g finds a 95% Bayesian confidence interval (in fact, a highest den-
sity interval) for a probability # when the posterior is a beta distribution with
parameters a and b. It does this using the optim numerical solver, attempting to

minimise
Flu) = {f(1) = fu) = 0.95}* + k{f(u) — f(1)}*,
where [ and u are the lower and upper bounds of the confidence interval respectively.

For the posterior using the Haldane prior, we have (0.026,0.670); for the psoterior
which has used the elicited prior, we have (0.069,0.399). We are much more certain
that the Canadiens will lose their next match having incorporated the fan’s beliefs!

Not difficult, but completely unseen.

[Total B5: 20 marks]
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B6. A random sample of size n is taken from a Normal N(u,1/7) distribution (where the
precision 7 is known) giving a sample mean z. It can be shown that the likelihood
function for p is

fl@|p) = (%)W exp {—E [ + (7 — p)?] } :

where

(a) Suppose our prior beliefs about p can be summarised by a Normal N (b, 1/d) distri-
bution. Show that the posterior distribution is p|e ~ N(B,1/D), where

B:CM# and D =d+nr.

Answer:

Applying Bayes Theorem, the posterior density function is
m(ple) o m(p)f(x|p)

o (2) {0} (1) e {1
— exp {_g(u 02— 24 (2 - u)ﬂ}

1
= kiexp {—5 [d(p = b)* + n7(z — p)°] }
where k; is a constant that does not depend on pu.

We can also simplify the exponent:

d(p—b)* + n7(z—p)®
= (d+n7)p® —2(db + nt3)p + db* + n7z?

= (d+nt){p— bt nre 2+c
N A d+nrt

where ¢ does not depend on .

Let
B db+ nrx

B = and D=d-+nr.
d-+nt

Then

r(ulz) = klexp{—g( _3)2_2}

where k is a constant that does not depend on . Therefore, the posterior distribu-
tion takes the form kexp{—D(u — B)?/2}, —oo < pu < oo and so must be a normal
distribution: we have py|x ~ N(B,1/D).

Bookwork.

Question B6 continued on next page Page 14 of 20
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[Part of this page has been left blank for your solution to the last question]

(b) A sports scientist measures the rate of oxygen consumption of 10 randomly chosen
athletes immediately after exercise. The sample mean is z = 2.25 litres per minute.
She assumes a Normal distribution for these measurements with a standard devia-
tion of 1/v/6 litres per minute.

A prior study suggests that p ~ N(2.6,0.025).

Using this information, confirm the posterior distribution used in question A1(b),
that is
ple ~ N(2.39,0.01).

Answer:

We have 7 = 6, n = 10 and & = 2.25. We are also told that b = 2.6 and d = 1,/0.025,

giving
1
D=d = 110 x 6 =100
T =002 T ’
and
26 +10x 6 x 225
B = 0.025 — =239

100
giving ulx ~ N(2.39,1/100), as required.

Question B6 continued on next page Page 15 of 20
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(c¢) Obtain the posterior distribution for p under the assumption of vague prior
knowledge, and explain why the resulting 95% Bayesian confidence interval would
be the same (numerically) as the sports scientist’s frequentist confidence interval
in question A1l.

Answer:

If we have vague prior knowledge, then we want the prior variance— oco. Thus,
d — 0, and so we have

B=x and D =nr,
giving plx ~ N(z,1/n7). In our example, this gives

plz ~ N(2.25,1/60),

This gives
1.96
225+ — — (1.997,2.503).

V60

The central limit theorem would give (numerically) the same confidence interval in
a frequentist analysis.

This will cause some problems, I would imagine.

(d) Given that

0

—log f(x|u) = nt(x — u),

ope ] (@|p) (T — p)

show that, no matter what prior distribution is used for u, the posterior is the same
as that you obtained in part (¢) when n is large.

Answer:

This requires the result for the asymptotic posterior distribution: for large n,
Olz ~ N (é, J(é)—l) ,

where 1 is the maximum likelihood estimator for u, and
2

7(0) = —slog [ (al6).

We have )

0
J(p1) = —a—ﬂglog f(@|0) = nt.

Question B6 continued on next page Page 16 of 20
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[Part of this page has been left blank for your solutions to the last question]
Also, maximising the log-likelihood, gives i = Z, and so
J(p)~t=1/n7.

Thus,
ple ~ N(z,1/nT) — N(2.25,1/60);

exactly as before.

This will cause problems for many.

[Total B6: 20 marks]

Page 17 of 20



MAS2317

B7. Suppose that X is the number of tropical storms occurring over the Atlantic Ocean in
July 2014, and let # be the daily rate of occurrence of such storms. A meteorologist
assumes that X |0 ~ Po(310), with the following prior distribution for 6:

Level of activity | 6 | 7(0)
Busy 0.25 | 0.2
Normal 0.1 | 0.8

(a) Suppose that six tropical storms are observed over the Atlantic Ocean in July 2014.
Determine the posterior distribution for 6.

Answer:

The likelihood term is

3166310 0.12963 if 0 =0.25
F(X =60) = % _
: 0.05553 if # =0.1

Then
Pr(X = 6]0 = 0.25)Pr(0 = 0.25)
Pr(X = 6|0 = 0.25)Pr(0 = 0.25) + Pr(X = 6/¢ = 0.1)Pr(f = 0.1)
0.12963 x 0.2
0.12963 x 0.2 + 0.05553 x 0.8

70 =025[X =6) =

= 0.3685288

Thus,
Pr(60 =0.1]X =6) =1 — 0.3685288 = 0.6314712.

Question B7 continued on next page Page 18 of 20
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(b) Suppose now that we want to predict the number of tropical storms Y over the
Atlantic Ocean during August 2014. Determine the predictive probability function
for Y, f(y|z = 6), clearly stating any assumptions that you make.

Answer:

Assuming tropical storms occur at the same rate in August as they do in July, we

have
flyle=6) = > fylo)r(6]z = 6)
0=0.25,0.1
775Y —7.75 3.1 —3.1
_ (____j}——— x(13685288)-+ (———5}—— x(l6314712>

(c) Complete the table below showing the posterior predictive distribution for Y, and
use this table to find an approximate 90% prediction interval for Y.

Answer:

y 0 1 2 3 4 5 6

f(ylz =6) | 0.0286 | 0.0894 | 0.1415 | 0.1536 | 0.1333 | 0.1049 | 0.0828

y 7 8 9 10 11 12 13

f(ylz =6) | 0.0684 | 0.0573 | 0.0462 | 0.0348 | 0.0243 | 0.0156 | 0.0093

Using the values giving rise to highest density, we see that (1,10) gives close to a
90% coverage.

Question B7 continued on next page Page 19 of 20
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(d) Let v be the probability that a tropical storm develops into a hurricane. After a dis-
cussion with the meteorologist, we are able to elicit the following prior distribution
for ¢

Y~ Be(2,23), 0<y <1.

One of the last five tropical storms over the Atlantic Ocean developed into a hur-
ricane. For the next five tropical storms observed in the future, show that the
predictive probability distribution for the number that will develop into a hurri-
cane is Beta-Binomial BetaBin(5,3,27).

Answer:
The posterior is
m(0lz = 1) o< (1 — 0)*20(1 — 6)* = 6*(1 — )%,
and so Oz =1 ~ Be(3,27).
The predictive probability function for Y is, for Y =0,1, ...,

fylr=1) = / £ (10 (0] = 1)do

1 02(1 o 0)26
_ 5 Y(1 — P\
/0 Gl =) B(3,27)

_ 5Cy /1 9y+2(1 o 0)317y
B(3,27) J,
_ 5C B(y+3a32_y)
Y

B(3,27) ’
that is, Y|z = 1 ~ BetaBin(5, 3,27), as required.

Many students will find all of this question a challenge

[Total B7: 20 marks]

THE END
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