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Monte Carlo Methods

6.1 Introduction

The term “Monte Carlo” is used to describe any simulation study which

involves random numbers. The name is a reference to the famous

Monte Carlo Casino in Monaco, where repetition of random events is

the order of the day! The work in this chapter gives some insight into

the practical use of random number generation in modern Mathematics

and Statistics.

6.2 What is a simulation study?

For our purposes, a simulation study is any study where we examine the

properties of a system using random numbers. The Monopoly exercise

in your group project is therefore an example of a simulation study.

Often simulation studies involve estimating the probability of an event

(e.g. the probability of landing on a particular square in the Monopoly

board game). In general, suppose we do an experiment which has

the event A as one possible outcome. We would like to estimate the

probability of A, denoted by Pr[A]. Then, by repeatedly simulating

the experiment, it is simple to estimate Pr[A], the probability of the

event A, using PF(A), where:

PF(A) =
No. of times A occurs

Number of times experiment simulated
.

Here PF(A) is the frequency estimate of Pr[A]. Why does this work?

Well, suppose we denote the number of times we simulate the experiment

by n; then PF(A) has the following important property:

as n→ ∞, then PF(A)→ Pr[A].

This means that the more simulations we do, the more accurate our

estimate of Pr[A].

6.3 Approximation of integrals

Suppose we have a complicated function f (x) defined on the interval

(0, 1), and also suppose that f (x) ∈ (0, 1) (see Figure 6.1 overleaf).

We would like to evaluate
∫ 1

0 f (x) dx, but the function may be too
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complicated to integrate. We can find an approximate answer by noting

that the integral is equal to the area under the curve, and using Monte

Carlo methods to approximate this area. We design an experiment

which would work in general, even if the function was defined on a

general range (a, b), and if f (x) ∈ (0, c), for any positive value c. We

generate a random data point from a simulation grid. Let
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Figure 6.1: (a) An example function.

(b) Twenty points randomly placed on
a simulation grid.

A = {the data point lies below the curve}.

Then

Pr[A] =
area under curve

area of simulation grid
,

so that ∫ b

a
f (x) dx = [area under curve]

= Pr[A]× [area of simulation grid].

6.3.1 Example

Consider the function we saw earlier in Figure 6.1, defined on (0, 1), and

with f (x) ∈ (0, 1). Estimate
∫ 1

0 f (x)dx using Monte Carlo methods.

Solution:

1. We simulate n data points from the simulation grid; here

this is the unit square (0, 1)× (0, 1).

2. Each of the coordinates x and y are generated using a

U(0, 1) random variable. Note the fact that

A = {data point (x, y) lies below the curve} = {y < f (x)}.

3. If r points lie below the curve, then Pr[A] ' PF(a) = r/n,

and thus∫ 1

0
f (x) dx = Pr[A]× [area of simulation grid]

= Pr[A]× 1

= Pr[A]

' PF(A)

= r/n.

4. In our case, from the figure above we estimate:∫ 1

0
f (x) dx ' r

n
=

14
20

= 0.7 .
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6.3.2 Example using R
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Figure 6.2: A plot of

| sin{sin[sin(x4)]}| with the sam-

pling region.

We can easily implement the above algorithm in R. As an extreme

example, consider the function

f (x) = | sin{sin[sin(x4)]}| .

We wish to calculate∫ 2

0
f (x) dx =

∫ 2

0
| sin{sin[sin(x4)]}| dx

(which evaluates to approximately 0.71875). First plot the function to

determine the necessary simulation grid:

> x = seq(0, 2, by=0.001)

> plot(x, abs(sin(sin(sin(x^4)))),

+ xlab="x", ylab="f(x)", type="l",

+ xlim=c(-1,3), ylim=c(0,1))

> abline(h=0, col=2, lty=2)

> abline(h=1, col=2, lty=2)

> abline(v=0, col=2, lty=2)

> abline(v=2, col=2, lty=2)

The plot generated in the code above is shown in figure 6.2. Then we

use a for loop to simulate lots of random numbers:

> set.seed(1)

> N = 100000

> no_of_hits = 0

> for(i in 1:N) {

+ x = runif(1, 0, 2); y = runif(1)

+ if(abs(sin(sin(sin(x^4)))) > y) {

+ no_of_hits = no_of_hits + 1

+ }

+ }

> area_under_curve = no_of_hits/N*2

> area_under_curve

[1] 0.71524
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6.4 Other examples of simulation studies

6.4.1 Simulating the number of sixes on three rolls of a die

Suppose you roll a fair, six–sided die three times. What is the distribu-

tion of the number of sixes that can be rolled?

� Each roll of the dice is an experiment or trial which gives a “six”

(success, or s) or “not a six” (failure, or f )

� The probability of a success is

p = Pr(six) = 1/6.

� We have n = 3 independent experiments or trials (rolls of the dice)

� Let X be the number of sixes obtained

So, for example, the probabibility of getting 2 sixes

Pr(ss f ) =

(
1
6

)2 (5
6

)
;

or perhaps

Pr(s f s) =

(
1
6

)(
5
6

)(
1
6

)
=

(
1
6

)2 (5
6

)
;

or even

Pr( f ss) =

(
5
6

)(
1
6

)2
,

giving

Pr(X = 2) = 3×
(

1
6

)2
×
(

5
6

)
= 0.069.

Clearly X ∼ Bin(3, 1/6), and so, more generally,

Pr(X = r) = nCr × pr × (1− p)n−r

= 3Cr ×
(

1
6

)r
×
(

5
6

)3−r
,

giving

Pr(X = 2) = 3C2 ×
(

1
6

)2
×
(

5
6

)
= 0.069.
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Similarly,

Pr(X = 0) = 3C0 ×
(

1
6

)3
×
(

5
6

)3
= 0.579

Pr(X = 1) = 3C1 ×
(

1
6

)1
×
(

5
6

)2
= 0.347

Pr(X = 3) = 3C3 ×
(

1
6

)3
×
(

5
6

)0
= 0.005

Giving

x 0 1 2 3

Pr(X = x) 0.579 0.347 0.069 0.005

Now let’s use R to simulate this die-rolling experiment to see what we

observe!

> set.seed(1)

> N = 100000

> sixes = vector("numeric",N)

> for(i in 1:N) {

+ game = sample(1:6, 3, replace=TRUE)

+ sixes[i] = length(game[game==6])

+ }

> table(sixes)

sixes

0 1 2 3

57846 34767 6952 435

We can then estimate Pr(X = r), r = 0, 1, 2, 3 in the following way:

PF(X = r) =
No. of times r sixes occurs

No. of times experiment simulated
,

giving, for example,

PF(X = 2) = 6952/10000 = 0.06952.

The full estimated probability distribution is then:

x 0 1 2 3

PF(X = x) 0.57846 0.34767 0.06952 0.00435

Look how close these are to the true values!
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6.4.2 Investigating the distribution of the sample mean

In Stage 2 Statistics courses you will think about point estimates for

population parameters. For example, the sample mean x̄ is a point

estimate of the population mean µ: x̄ is an estimate of µ and, when

you calculate it, it gives you a single ‘point’ on the real line.

Is the sample mean x̄ a “good” estimator of µ? In other words, will it

lie close to the value of the population mean? Since x̄ is just a point on

the real line, it is unlikely that x̄ = µ. However, it would be good if we

could figure out just how close our estimate is to the “true” value, and it

would be good if we could get a handle on the variability of our estimate. More details of what makes a“good”es-

timator will be provided in later Statis-
tics courses

For example, the sample mean is bound to vary from sample to sample.

Can we capture this variability by using just our single sample of size n?

The answer is “Yes”! We can do this through the Central Limit The-

orem (CLT) . Informally, the CLT tells us that, no matter what the You will be introduced to this idea for-

mally in second yeardistribution of the parent population, as n → ∞ the sample mean x̄
follows a Normal distribution with mean µ and variance σ2/n, where

µ and σ2 are the population mean and variance, respectively, and n is

the sample size. In other words,

x̄ ∼ N
(

µ,
σ2

n

)
for large n.

We will now use Monte Carlo methods in R to test out this theorem.

Suppose we have a population of 10,000 values from a U(100, 500)

distribution:

> set.seed(1)

> population = runif(10000,100,500)
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Figure 6.3: A plot of the U(100, 500)
population.

A plot of these values is shown in Figure 6.3. You can clearly see the

Uniform distribution here, over the range (100, 500).

We can work out the ‘true’ values of the mean and variance in the

population by typing:

> (mu = mean(population))

[1] 300.0672

> (sigma = var(population))

[1] 13553.12

Thus, according to the central limit theorem, we have

x̄ ∼ N
(

300,
13553

n

)
.

Let’s test this out for different n.
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Sample size n = 5

Let’s now take 1000 samples of size n = 5 from the population; calculate

the sample mean in each; and then look at some summaries of our

sample means. Note that – according to the central limit theorem – we

should have (approximately):

x̄ ∼ N (300, 2710.6) .

A histogram of these sample means is shown in Figure 6.4.
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Figure 6.4: Sampling distribution for

x̄ with n = 5.

> xbar5 = vector("numeric",1000)

> for(i in 1:1000){

+ S = sample(population, size=5, replace=FALSE)

+ xbar5[i] = mean(S)

+ }

> (mean(xbar5))

[1] 300.1127

> (var(xbar5))

[1] 2479.201

Sample size n = 50

Now let’s take 1000 samples of size n = 50 and repeat the whole

procedure. As before, according to the central limit theorem, we should

have

x̄ ∼ N(300, 271.06).

See the output below and the graph in Figure 6.5, plotted over the

same range as that in Figure 6.4.
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Figure 6.5: Sampling distribution for
x̄ with n = 50.

> xbar50 = vector("numeric",1000)

> for(i in 1:1000){

+ S = sample(population, size=50, replace=FALSE)

+ xbar50[i] = mean(S)

+ }

> (mean(xbar50))

[1] 300.2136

> (var(xbar50))

[1] 278.2053

Sample size n = 500

Now let’s take 1000 samples of size n = 500 and repeat the whole

procedure again. According to the central limit theorem, we should

have

x̄ ∼ N(300, 27.106).

See the output below and the graph in Figure 6.6, ploted over the same

range as that in Figures 6.4 and 6.5.
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Figure 6.6: Sampling distribution for

x̄ with n = 500.
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> xbar500 = vector("numeric",1000)

> for(i in 1:1000){

+ S = sample(population, size=500, replace=FALSE)

+ xbar500[i] = mean(S)

+ }

> (mean(xbar500))

[1] 300.0444

> (var(xbar500))

[1] 25.36247

Comments

� The Central Limit Theorem seems to hold! In each case, the mean

of x̄, and the variance of x̄, are close to what we’d expect

� In each of the plots, we see that normalilty seems to hold – even

though the population distribution was non-normal

� As the size of the samples increases, the sampling distribution of the

mean becomes less variable

� In all cases, the sampling distributions are centred around the true

mean µ
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