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Structure of this talk



Carrington solar storm, 1859

• Powerful geomagnetic solar storm during solar cycle 10
(1855-1867)

• Solar coronal mass ejection (CME) hit Earth’s
magnetosphere inducing one of the largest geomagnetic
storms on record

• Observed and recorded by Richard Carrington

• Aurorae visible in the northern hemisphere as far south as
Monterrey, Cuba and southern Japan

• Telegraph systems failed across Europe and North America

• Peak fluxes classified as A, B, C, M, X: each letter indicates a
flare an order of magnitude larger than the one preceding

– A1 flare has a peak X-ray flux of 1× 10−8 Wm−2

– X1 flare has a peak X-ray flux of 1× 10−4 Wm−2

– Carrington event: estimated as X45, i.e. 45× 10−4 Wm−2
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Carrington solar storm, 1859



Halloween solar storms, 2003

• Series of solar flares and CMEs occurring in
October/November 2003 during solar cycle 23 (1996-2008)

• Generated the largest solar flare ever recorded by the GOES

system, estimated at X28

• Satellite systems and communications affected, numerous
spacecaft damaged, power outages in Sweden and Finland

• Aurorae observed in Texas and southeast Mediterranean



Near miss: Carrington-like solar storm, 2012



What’s at stake?

• Disruption to global positioning systems. GPS industry
estimated to be a $1 trillion business

• Satellite communications at high risk

• Huge disruption to the electrical grid: areas such as the
eastern US particularly vulnerable as power infrastructure
highly interconnected, large cities without power for weeks

• Key questions: When might we see the next Carrington-like
solar storm? What is the return period of a Carrington-like
event? What is the strength of solar flare we might expect to
see once per century?



Current methodology

Power law stuff - see (for eg) Riley (2012) Space Weather: On the
probability of occurrence of extreme space weather events



Data

• Extracted from the Space Weather Prediction Center

(SWPC) online portal

• Recorded by the Geostationary Operational Environmental

Satellite (GOES) system, operated by the US National
Oceanic and Atmospheric Administration

• Data represent solar flares normalised from Hα spectral
observations and X-ray fluxes spanning a period of 43 years:
November 1975-October 2017

• Data exhibit substantial short-term temporal dependence and
cyclic variability
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Modelling extremes: Starting point

Let {Xn} denote a stationary sequence of random variables with
common distribution function F , and let Mn = max{X1, . . . , Xn}.

It is typically the case that, as n → ∞,

Pr(Mn ≤ x) ≈ Fnθ(x), (1)

where θ ∈ (0, 1) is known as the extremal index; see, for e.g.,
Leadbetter & Rootzén (1988).

As θ → 0 there is increasing dependence in the extremes of the
process; for an independent process, θ = 1.



Modelling extremes: Block maxima

The Generalised Extreme Value (GEV) distribution is the
limiting model for Fn, with distribution function (d.f.)

G(y;µ, ς, ξ) =

{

exp
[

− (1 + ξ(y − µ)/ς)−1/ξ
]

, ξ 6= 0

exp [−exp (−(y − µ)/ς)] ξ = 0,

defined on {y : 1 + ξ(y − µ)/ς > 0}, where −∞ < µ < ∞, ς > 0
and −∞ < ξ < ∞ are parameters of location, scale and shape.

• It can be shown that Fnθ is also GEV with d.f. G(y;µ∗, ς∗, ξ),
provided long-range dependence is negligible1

• In practice, the GEV is used to model maxima over some
convenient calendar unit – usually years

1Technically, this requires Leadbetter’s D(un) condition to hold; see
Leadbetter et al. (1983).



Modelling extremes: Threshold excesses

Pickands (1975) showed that for θ = 1 and u large, (X−u|X > u)
follows a Generalised Pareto (GP) distribution with d.f.

H(y) =

{

1− (1 + ξy/σ)−1/ξ , ξ 6= 0
1− exp [−y/σ] ξ = 0,

defined on {y : y > 0 and (1 + ξy/σ) > 0}, where
σ = ς + ξ(u− µ) > 0 and ξ are the scale and shape.

• Simple graphical diagnostics (not discussed here) available for
selection of threshold u

• Extremal index θ can’t be absorbed into the parameters of the
GPD; careful consideration of extremal dependence required



Modelling extremes: Return level estimation

The r-year return level zr can then be obtained by inversion of
G(zr) or H

θ(zr).

For threshold excesses, on equating to 1− r−1 this gives

zr =

{

u+ σξ−1
[

(

λ−1
u wr

)

−ξ
− 1

]

ξ 6= 0

u− σ log
(

λ−1
u wr

)

ξ = 0,

where wr = 1−
[

1− (rny)
−1

]1/θ
, λu is the rate of threshold

excess and ny is the (average) number of observations per year.

For seasonally varying extremes, solve

M
∏

m=1

Hθm
m (zr) = 1− r−1, (2)

where Hm is the GP distribution function in season m with
parameter set (λum

, σm, ξm), and θm is the extremal index in
season m.
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Cyclic variation

• Close inspection of the time series suggests non-stationarity
inherited from the solar cycle, affecting both the frequency
and the severity of extreme flares

• After trial-and-improvement, fit sinusoidal waves of the form

3
∑

i=1

Ai sinωit+Bi cosωit+ C

to the series of moving averages, subtracting the estimated
function before performing extreme value analyses
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Typical POT analysis

• Identify sets of independent clusters of solar flare extremes
over some suitably high threshold u

• Runs declustering, with cluster termination interval κ, most
commonly used

• Fit the GP distribution to the set of independent cluster
peak excesses

• Substitute (λ̂u, σ̂, ξ̂, θ = 1) into Eq. (2) to obtain ẑr/r̂:

(u, κ) ẑ50 r̂ years
Post. mean 95% CI Halloween Carrington

u = 90% κ = 10 X34.5 (X30.5, X44.5) 38 110
quantile κ = 15 X35 (X31.5, X47) 37.5 100

κ = 30 X35.5 (X32, X65) 33 96.5
u = 95% κ = 10 X35 (X30, X46) 38 100
quantile κ = 15 X36 (X31, X47.5) 37 97

κ = 30 X37.5 (X30, X66.5) 30 79


