MAS 1403 Quantitative Methods for Business Management

7 Discrete probability models

7.1 Probability distributions

The probability distribution of a discrete random variable X is the list of all possible values
X can take and the probabilities associated with them.

Example 1

If the random variable X is the outcome of a roll of a fair six-sided die then the probability
distribution for X is:

r 1 2 3 4 5 6 |Sum
P(X=r)|1/6 1/6 1/6 1/6 1/6 1/6| 1

Key point: For a discrete random variable the probabilities of each possible value sum up to 1.

7.2 The binomial distribution
Suppose the following statements hold:

e There are a fixed number of trials or experiments (n).
e There are only two possible outcomes for each trial (‘success’ or ‘failure’).
e There is a constant probability of ‘success’, p.

e The outcome of each trial is independent of any other trial.

Then the number of successes, X, follows a binomial distribution.
Example 2

Which of the following scenarios could be adequately modelled by a binomial distribution?

e The number of sixes on 3 rolls of a fair six-sided die.

e The number of students who pass MAS1403 this year.

7.2.1 Calculating probabilities

If X follows a binomial distribution we write X ~ Bin(n, p), and
PX=r) = "C,xp' x(1—=p)", r=0,1,...,n.
Here, "C, is the number of ways of getting r successes out of n trials, and is given by

n!
nCr _

rl(n—r)l’

where 7! = 1x2x3x -+ x (r—1) x ris known as “r factorial”. Important: most scientific
calculators have an "C, button!
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Example 3
What is the probability of getting 2 sixes from three rolls of a fair six-sided die?

Solution

Example 4
If X ~ Bin(10,0.2) calculate:

(a) P(X =2) (c) P(X <3)
b) P(X <2) d) P(X >1)

Solution
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7.2.2 Mean and variance
If X ~ Bin(n, p), then its mean (or “expected value”) and variance are
EX] = nxp and
Var(X) = nxpx(l—p).
Example 5
If X ~ Bin(10,0.2) calculate:
(@) E[X]
(b) Var(X)
(c) SD(X)

Solution

Example 6

A salesperson has a 50% chance of making a sale on a customer visit and she arranges 6 visits
in a day.

(a) Assuming sales at each visit are independent, suggest an appropriate distribution for the
number of sales she makes in a day.

(b) Calculate her expected number of sales.

Solution
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7.3 Exercises

1. Consider the following probability distribution for the discrete random variable X. One of
the values is missing.

r 2 1 0 1 2
P(X=r)|01 02 ? 03 02

What is the missing value, P(X = 0)?
2. Let X be the number of sixes rolled on four rolls of a fair six-sided die.

(a) Calculate the probability distribution of X, i.e. the values P(X = r) forr =0,1,2,3,4.
(b) Calculate P(X < 2).

(c) Calculate P(X > 2).

(d) Calculate the mean and variance of X.

(e) What is the most likely number of sixes from four rolls of the die?
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8 More discrete probability models

8.1 The Poisson distribution

Suppose the following hold:

e Events occur independently, at a constant rate (\);

e There is no natural upper limit to the number of events.

Then the number of events, X, occurring in a given interval, has a Poisson distribution with
parameter \.

Example 1

Which of the following random variables could be modelled by a Poisson distribution? Sug-
gest an alternative if the Poisson distribution is not appropriate, and state the values of any
parameters.

(a) Calls are received at a call centre at a constant rate of 3 per minute on average. Let X be
the number of calls received in a 1 minute period.

(b) An operator at a tele-sales marketing firm has 20 calls to make in an hour. History suggests
that calls will be answered 55% of the time. Let Y be the number of answered calls in an
hour.

(c) Newcastle United score goals at a constant rate of 2.4 in 90 minutes, on average. Let Z be

the number of goals scored in 45 minutes.

Solution
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8.1.1 Probabilities, means and variances

If X follows a Poisson distribution we write X ~ Po(\), and

" -
PX=r) = 6' , r=20,1,...
d

If X ~ Po(\), then its mean and variance are
EX] = A and
Var(X) = A

[Approximation to binomial: If X ~ Bin(n, p) with n large, p small and both np and n(1 —
p) > 5 then X is approximately Po(np).]

Example 2

If X ~ Po(5) calculate:

(@) P(X =4) (d) EX]
(b) P(X <1) (e) SD(X)
(©) P(X >0)

Solution

40



MAS 1403 Quantitative Methods for Business Management

Example 3

A new Mercedes—Benz car franchise forecasts that it will sell around three of its most expensive
models each day.

(a) What probability distribution might be reasonable to use to model the number of cars sold
each day?

(b) What is the expected number and standard deviation of the number of cars sold each day?
(c) What is the probability that 3 cars are sold on a particular day?

(d) What is the probability that no cars are sold on a particular day?

(e) What is the probability that at least one car is sold on a particular day?

(f) Sales will be monitored over the next seven days and the sales team at the franchise will
receive a warning if they make no sales on at least 1 of the 7 days. What is the probability
that they receive a warning?

Solution
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8.2 [Exercises (on Chapters 7 & 8)

1. Which of the following random variables could be modelled with a binomial distribution and
which could be modelled with a Poisson distribution? In each case state the value(s) of the
parameter(s) of the distribution.

(a) A salesperson has a 30% chance of making a sale on a customer visit. She arranges 10
visits in a day. Let X be the number of sales she makes in a day.

(b) Calls to the British Passport Office in Durham occur at a rate of 7 per hour on average.
Let Y be the number of calls at the passport office in a 1 hour period.

(c) History suggests that 10% of eggs from a family-run farm are bad. Let Z be the number
of bad eggs in a box of a dozen (i.e. 12) eggs.

2. An operator at a call centre has 8 calls to make in an hour. History suggests that they will be
answered 40% of the time. Let X be the number of answered calls in an hour.
(a) What probability distribution does X have?
(b) What is the mean and standard deviation of X ?
(c) Calculate the probability of getting a response exactly 7 times.
(d) Calculate the probability of getting fewer than 2 responses.
3. Calls are received at a telephone exchange at an average rate of 4 per minute. Let Y be the
number of calls received in one minute.
(a) What probability distribution does Y have?
(b) What is the mean and standard deviation of Y ?
(c) Calculate the probability that there are 6 calls in one minute.
(d) Calculate the probability that there are no more than 2 calls in a minute.

(e) Calculate the probability that there are more than 2 calls in a minute.
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9 Continuous probability models

9.1 The Normal distribution

The Normal distribution is possibly the best—-known and most—used continuous probability
distribution: you will use it a lot in Semester 2 of MAS1403. Its probability density function
(pdf) has a symmetrical “bell shaped” profile:

pw—40  p—20 iz w+20 p+do

We can think of the pdf as a smoothed percentage relative frequency histogram: the area under
the curve is 1.

The Normal distribution has two parameters: the mean, p, and the standard deviation, o.

Normal pdf with mean 30 and sd 10 Normal pdfs with means 10, 30, 50 and sd 10 Normal pdfs with mean 30 and sds 5, 10, 15

©
<
S

0.04
0.04

<
Q
)

0.02
0.02

Density
Density
Density

0.00
0.00
0.00

If a random variable X has a Normal distribution with mean y and variance o2, then we write

XNN(M,UQ).

9.1.1 The standard Normal distribution

The standard Normal distribution, usually denoted by
Z ~ N(0,1),

has a mean of zero and a variance of 1, and we have tables of probabilities for this particular
Normal distribution; see page 51.
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Example 1

Find the following probabilities when Z ~ N (0, 1).

(a) P(Z < —1.46) d) P(-1.2 < Z < 1.5)
(b) P(Z < 0.01) () P(Z < 1.5)

(c) P(Z > 1.5)

Solution
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9.1.2 Probabilities from any Normal distribution

Any Normally distributed random variable X ~ N (u, o) can be transformed into the standard
Normal distribution using the formula:

therefore

P(Xg:c):P(ng_M),
which can be looked up in tables.
Example 2
If X ~ N(10,2?%) calculate P(X < ).

Solution

Example 3

Suppose X is the IQ of a randomly selected 18—19 year old and that X follows a normal
distribution with mean p = 100 and standard deviation o = 15. Thus, we have:

X ~ N(100,15%).
Find the following probabilities.

(a) The probability that an 18—19 year old has an IQ less than 110.
(b) The probability that an 18—19 year old has an IQ greater than 110.
(c) The probability that an 18—19 year old has an IQ greater than 125.

(d) The probability that an 18—19 year old has an IQ between 95 and 115.

Solutions
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This page has been left blank for your solutions to the last example
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9.2 KExercises

1. A company promises delivery within 20 working days of receipt of order. However, in
reality, they deliver according to a normal distribution with a mean of 16 days and a standard
deviation of 2.5 days.

(a) What proportion of customers receive their order late?

(b) What proportion of customers receive their orders between 10 and 15 days of placing
their order?

(c) A new order processing system promises to reduce the standard deviation of delivery
times to 1.5 days. If this system is used, what proportion of customers will receive their
deliveries within 20 days?

2. A drinks machine is regulated by its manufacturer so that it dispenses an average of 200ml
per cup. However, the machine is not particularly accurate and actually dispenses an amount
that has a normal distribution with standard deviation 15ml.

(a) What percentage of cups contain below the minimum permissible volume of 170ml?
(b) What percentage of cups contain over 225ml?
(c) What percentage of cups contain between 175ml and 225ml?

(d) How many cups would you expect to overflow if 240ml cups are used for the next 10000
drinks?
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10 More continuous probability distributions

10.1 The normal distribution: using tables in reverse

Suppose we are told that P(Z < z) = 0.95. What is the value of 2?

From tables on page 51, we can see that

P(Z<164) = 09495  and
P(Z <1.65) = 0.9505.

Therefore, z = 1.645.

Now suppose that X ~ N (100, 15%), as in the IQ example from Chapter 9. Below what IQ are
95% of the population?

We know that P(Z < 1.645) = 0.95and z = (z — u) /o so

r—p x—100
1.645 = =
o 15 7

therefore
r =1.645 x 15+ 100 ~ 124.7.

In other words, 95% of 1Qs are less than about 125.

10.2 The uniform distribution

The uniform distribution is the most simple continuous distribution. As the name suggests, it
describes a variable for which all possible outcomes are equally likely.

If the random variable X follows a uniform distribution, we write
X ~ Ufla,b).

Probabilities can be calculated using the formula

0 forx <a
r—a
P(X <x)= ; fora <z <b
—a
1 for x > b,
and the mean and variance are given by
a+b (b—a)’
EX] = X) = :
[ ] 2 ) Val‘( ) 12
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10.3 The exponential distribution

The exponential distribution is another common distribution that is used to describe con-
tinuous random variables. It is often used to model lifetimes of products and times between
“random” events such as arrivals of customers in a queueing system or arrivals of orders. The
distribution has one parameter, \. If our random variable X follows an exponential distribution,
then we say

X ~ Exp(A).
Probabilities can be calculated using

1—e™™ forx>0
0 for z < 0,

10.3.1 Poisson process

The exponential distribution and the Poisson distribution are related through the notion of events
occurring randomly in time (at a constant average rate, \). This is known as a Poisson process.

Consider a series of randomly occurring events such as calls at a call centre. The times of calls
might look like

There are two ways of viewing these data. One is as the number of calls in each minute (here 2,
0, 2, 1 and 1) and the other is as the times between successive calls. For the Poisson process,

e the number of calls in each one minute interval has a Poisson distribution with parame-
ter \, and

e the time between successive calls has an exponential distribution with parameter \.
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10.4 Exercises

1. An express coach is due to arrive in Newcastle from London at 11pm. However, in practice,
itis equally likely to arrive anywhere between 15 minutes early to 45 minutes late, depending
on traffic conditions. Let the random variable X denote the amount of time (in minutes) that
the coach is delayed.

(a) Calculate the mean of the delay time.

(b) What is the probability that the coach is less than 5 minutes late?

(c) What is the probability that the coach is more than 20 minutes late?

(d) What is the probability that the coach arrives between 10.55 and 11.20pm?
(e) What is the probability that the coach arrives before 11pm?

2. The time (in minutes) between requests to a network server can be modelled by an exponen-
tial distribution with rate parameter A = 2.5.

(a) What is the expected time between requests?

(b) What is the probability that the time between requests is less than 1 minute and 30
seconds?

(c) What is the probability that the time between requests is greater than 1 minute?

(d) What is the probability that the time between requests is between 1 minute and 1 minute
and 30 seconds?

(e) What is the probability that the time between requests is between 30 seconds and 50
seconds?
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Probability Tables for the Standard Normal Distribution

The table contains values of P(Z < z), where Z ~ N(0,1).

z -0.09 -0.08 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0.00

-2.9 | 0.0014 0.0014 0.0015 0.0015 0.0016 0.0016 0.0017 0.0018 0.0018 0.0019
-2.8 | 0.0019  0.0020 0.0021  0.0021  0.0022 0.0023 0.0023  0.0024 0.0025  0.0026
-2.7 | 0.0026  0.0027  0.0028  0.0029 0.0030  0.0031 0.0032 0.0033 0.0034  0.0035
-2.6 | 0.0036  0.0037  0.0038  0.0039 0.0040 0.0041 0.0043 0.0044 0.0045 0.0047
-2.5 | 0.0048 0.0049 0.0051 0.0052 0.0054 0.0055 0.0057 0.0059 0.0060 0.0062
-2.4 | 0.0064 0.0066 0.0068 0.0069 0.0071 0.0073 0.0075 0.0078  0.0080  0.0082
-2.3 | 0.0084  0.0087 0.0089 0.0091 0.0094 0.0096 0.0099 0.0102 0.0104 0.0107
-2.2 | 0.0110 0.0113 0.0116 0.0119 0.0122 0.0125 0.0129 0.0132 0.0136  0.0139
-2.1 | 0.0143  0.0146  0.0150 0.0154 0.0158 0.0162 0.0166 0.0170  0.0174  0.0179
-2.0 | 0.0183 0.0188 0.0192 0.0197 0.0202 0.0207 0.0212 0.0217 0.0222  0.0228
-1.9 | 0.0233  0.0239  0.0244  0.0250 0.0256  0.0262  0.0268  0.0274  0.0281  0.0287
-1.8 | 0.0294 0.0301 0.0307 0.0314 0.0322 0.0329 0.0336 0.0344 0.0351  0.0359
-1.7 | 0.0367 0.0375 0.0384 0.0392 0.0401 0.0409 0.0418 0.0427 0.0436  0.0446
-1.6 | 0.0455 0.0465 0.0475 0.0485 0.0495 0.0505 0.0516 0.0526 0.0537  0.0548
-1.5 | 0.0559 0.0571  0.0582 0.0594 0.0606 0.0618 0.0630 0.0643 0.0655 0.0668
-1.4 | 0.0681 0.0694 0.0708 0.0721  0.0735 0.0749 0.0764 0.0778  0.0793  0.0808
-1.3 | 0.0823 0.0838 0.0853 0.0869 0.0885 0.0901 0.0918 0.0934 0.0951  0.0968
-1.2 | 0.0985 0.1003 0.1020 0.1038 0.1056 0.1075  0.1093  0.1112  0.1131  0.1151
-1.1 | 0.1170  0.1190  0.1210  0.1230  0.1251 0.1271  0.1292  0.1314  0.1335  0.1357
-1.0 | 0.1379  0.1401  0.1423  0.1446  0.1469 0.1492  0.1515 0.1539  0.1562  0.1587
-0.9 | 0.1611 0.1635 0.1660 0.1685 0.1711 0.1736  0.1762  0.1788  0.1814  0.1841
-0.8 | 0.1867  0.1894  0.1922  0.1949 0.1977 0.2005 0.2033  0.2061  0.2090  0.2119
-0.7 | 0.2148 0.2177 0.2206  0.2236  0.2266  0.2296  0.2327 0.2358  0.2389  0.2420
-0.6 | 0.2451 0.2483  0.2514 0.2546 0.2578 0.2611 0.2643  0.2676  0.2709  0.2743
-0.5 | 02776  0.2810 0.2843  0.2877 0.2912  0.2946  0.2981  0.3015  0.3050  0.3085
-04 | 03121 03156 03192 03228 0.3264 0.3300 03336 0.3372  0.3409 0.3446
-0.3 | 0.3483  0.3520 0.3557 03594 0.3632 0.3669 0.3707 0.3745 03783  0.3821
-0.2 | 0.3859 03897 0.3936 03974 0.4013  0.4052 0.4090 0.4129 04168  0.4207
-0.1 | 0.4247 0.4286 0.4325 0.4364 0.4404 0.4443 04483 0.4522 0.4562  0.4602
0.0 | 04641 04681 04721 04761 04801 0.4840 0.4880 0.4920 0.4960  0.5000

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319  0.5359
0.1 | 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636  0.5675 0.5714  0.5753
0.2 | 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103  0.6141
0.3 | 0.6179 0.6217 0.6255 0.6293  0.6331  0.6368 0.6406 0.6443  0.6480  0.6517
0.4 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736  0.6772  0.6808  0.6844  0.6879
0.5 | 0.6915 0.6950 0.6985 0.7019  0.7054 0.7088 0.7123  0.7157 0.7190  0.7224
0.6 | 0.7257 0.7291 0.7324  0.7357 0.7389  0.7422  0.7454 0.7486  0.7517  0.7549
0.7 | 0.7580 0.7611 0.7642 0.7673  0.7704 0.7734  0.7764 0.7794  0.7823  0.7852
0.8 | 0.7881 0.7910 0.7939  0.7967  0.7995 0.8023 0.8051 0.8078 0.8106  0.8133
09 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289  0.8315 0.8340 0.8365  0.8389
1.0 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599  0.8621
1.1 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790  0.8810  0.8830
1.2 | 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997  0.9015
1.3 | 09032 0.9049 09066 0.9082 09099 09115 09131 09147 09162 09177
1.4 | 09192 09207 09222 09236 09251 09265 09279 0.9292 0.9306 0.9319
1.5 | 09332 09345 09357 09370 09382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 | 09452 0.9463 09474 09484 09495 09505 0.9515 0.9525 0.9535 0.9545
1.7 | 09554 0.9564 09573 0.9582 09591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 | 09641 0.9649 09656 0.9664 0.9671 0.9678 0.9686  0.9693  0.9699  0.9706
1.9 | 09713 09719 09726 09732 09738 09744 09750 09756 0.9761 0.9767
2.0 | 09772 09778 09783 09788 09793 09798 0.9803 0.9808 0.9812 0.9817
2.1 | 09821 0.9826 09830 09834 09838 09842 0.9846 0.9850 0.9854  0.9857
22 | 09861 0.9864 09868 09871 09875 0.9878 0.9881 0.9884  0.9887  0.9890
2.3 | 09893 0.9896 09898 0.9901 0.9904 0.9906 0.9909 09911 0.9913 0.9916
24 1 09918 0.9920 0.9922  0.9925 0.9927 09929 0.9931 0.9932 09934  0.9936
2.5 | 09938 0.9940 09941 09943 09945 09946 0.9948 0.9949 0.9951  0.9952
2.6 | 09953 0.9955 0.9956  0.9957 0.9959 0.9960 0.9961 0.9962 0.9963  0.9964
2.7 | 0995 0.9966 09967 0.9968 0.9969 0.9970 0.9971 0.9972  0.9973  0.9974
2.8 | 09974 0.9975 09976 09977 0.9977 09978 0.9979  0.9979  0.9980  0.9981
29 | 09981 0.9982 09982 0.9983 0.9984 09984 0.9985 0.9985 0.9986 0.9986

51



