Newcastle
Q) Lniversity

Summer Project

SCHOOL OF MATHEMATICS, STATISTICS & PHYSICS

Summer 2019

Workbook 1

©Dr. Lee Fawcett, George Loughlin, Inbbavathie Ravi, June 2019.



CONTENTS CONTENTS

Contents
1 Some revision 4
1.1 Quadratic equations . . . . . . . ... 4
1.2 Plane geometry . . . . . . ..o 4
1.3 Binomial expansion . . . . . . . ... 5)
1.4 Logarithms and exponentials . . . . . . . .. .. ... ... ... ...... 5
1.5 Trigonometric functions . . . . . . . . ... oL 5)
1.6 Differentiation and integration . . . . . . . . ... ... 6
1.6.1 Differentiation rules . . . . . . . ... oL 7
1.6.2 Integrationrules . . . . . .. ... ..o 7
2 New topic 1: Partial differentiation 8
2.1 Multivariate functions . . . . . .. ..o 8
2.2 Partial differentiation . . . . . . . .. .. 8
2.3 Stationary points . . . . . . ... 11
3 New topic 2: Double integration 13
4 Written assignment 16
5 Research question 18
Introduction

This project is intended to give current A-Level students (or equivalent) an opportunity
to demonstrate their mathematical knowledge and experience, and to give such students
a taste of some new material which most will not have seen before. A brief recap of some
concepts encountered in the A-level syllabus is provided, with a more detailed description
of new concepts to provide assistance when preparing solutions to questions posed in the
project. This project consists of three components:

e A written assignment sheet
e Some computer based questions using our NUMBAS online testing system

e A more open ended, research-style question

The questions are designed to be of varying difficulty to challenge students at different
skill levels and we would expect a good student to take up to five days to complete
all components. Any questions marked with a “ * 7 will involve concepts beyond the
standard A-level syllabus and we strongly recommend reading through the information
in this booklet carefully before attempting the questions. Completed assignments will
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be graded and successful students will be awarded with a certificate and general feed-
back. More details about this summer project can be found on our dedicated webpage:
http://www.mas.ncl.ac.uk/"nlf8/summer-project/.

Written assignment

There are nine questions to work through here. Most of these questions will be based on
material covered in this booklet. However, there may be one or two surprises! Solutions to
these questions can be hand-written or typed. Hand-written solutions should be scanned
and emailed to maths.physics@ncl.ac.uk. Solutions prepared in a word-processing pack-
age (eg. Microsoft Word) can be emailed directly, although we recommend exporting to
portable document format (PDF) first, to help prevent loss of formatting. Students must
submit their solutions by 4pm, Monday 9th September GMT.

Computer based test

This uses Newcastle University’s NUMBAS online testing system. The test will be available
in two “modes”; PRACTICE and ASSESSED. Students can access the practice test as
many times as they like. Each time they open a test, the format of the questions within that
particular test will remain the same, but the numbers might change. The assessed mode will
be active for two weeks only, from Monday 26th August—Monday 9th September.
Students must login and complete the test by 4pm, Monday 9th September GMT.
Only one attempt will be allowed, but students can pause the test as often as they wish —
there are no time constraints. The practice mode will be available throughout August and
September. Students are strongly advised to work through our Introduction to NUMBAS
first — available at
https://numbas.mathcentre.ac.uk/test-yourself/getting-started/. A link to the
actual test, and further instructions about submission of the test will be available on our
webpage soon.

Research-style question

This is the final part of the project. Students will be given a choice of three questions,
from which they are required to attempt only one. We expect solutions to any of these
questions to be one or two pages long. Students can pick from a range of topics for this
question, including options from statistics or number theory. Most questions do not have
strict guidelines and we encourage students to be creative with their answers. As with
the written assignment, solutions to the open-ended questions can be either hand-written
or electronically produced with a word processing package. Answers should be emailed to
maths.physics@ncl.ac.uk no later than 4pm, Monday 9th September GMT.
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1 SOME REVISION

1 Some revision

1.1 Quadratic equations

A root of the function f(z) is any value of x which solves f(z) = 0. For a quadratic
polynomial where f(x) = ax?® 4+ bx + ¢ , there is a maximum of two roots. These can be
found via three different methods:

1. Factorisation:

The quadratic equation az?® + bz + ¢ = 0 can sometimes be expressed in the
form (dx + e)(jx + k) = 0.

e
This implies that the roots are x = —J and r = ——.
J

2. Quadratic formula:

Substitute the respective values of a,b and c¢ into the quadratic formula:

_ —b= Vb2 — 4dac

2a

T

3. Completing the square (only when a = 1):
?+br+ce=(x+b/2)?—(b/2)>+c=0= (x+b/2)* = (b/2)* — c.

1.2 Plane geometry

The equation of a straight line in gradient form is
Y = mx + c,

where m is the gradient and c is the y-intercept. The equation of the straight line between
points (x1,41) and (z2,ys) in the xy-plane can be found using the formulae:

Y1 — Y2
$1—$2'

y—y =m(x —x), where m =

Points of intersection between two functions can be identified by equating them and find-
ing values of x which satisfy the relationship. Some pairs of functions may have many
intersection points and others may not have any.
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1 SOME REVISION 1.3 Binomial expansion

1.3 Binomial expansion

An expression of the form (a + b)™ can be written out as the complete sum of all the
individual terms using the binomial formula given below:

(a+0b)" = Xn: (Z) a" Mok,

k=0

where (Z) is the binomial coefficient which can be obtained using a calculator or by writing
out Pascal’s triangle. The binomial coefficient can also be calculated as a quotient of
factorials given in the formula below:

(1) =

1.4 Logarithms and exponentials

Index form: y = a* Logarithmic form: log,(y) = x

Here is a list of useful logarithmic identities:

e log,(z) + log,(y) = log,(zy)

)
e log,(7) —log,(y) = log,()

o log,(2") = klog,(x)

d
The exponential function f(z) = e” is a special function because d—f = f(z). The natural
x
logarithm is log, and is often denoted In. If at any point in the exercises you encounter

a log without a subscript then it can be assumed it means log,, not log,, as is sometimes
the convention.

1.5 Trigonometric functions

You should all be familiar with sin(#), cos(d) and tan(f) and how they link to the ratio of
lengths in a right-angled triangle. Radians are a measure of angle where 27 radians = 360°.
One can assume that the angle is given in radians unless explicitly expressed otherwise.
Some important trigonometric identities are:

o tan(d) = (Sjg;((g))

e sin?(#) + cos?(0) = 1
e sin(f)=a = 60=sin""(a)

e cos(f)=b = 0=cos(b)
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1.6 Differentiation and integration

d,
For a polynomial function f(z) = ax”, the first-order derivative d_f = f'(z) = ana™ "

x
The inverse of this operation is integration, where for f(x) = az™ then

a
z) de = ——a" +¢,
/ /() n+1
where c is the constant of integration.

Differentiation can be used to find the gradient at any point of a particular function.
Substituting any given x value in to the derivative function will give the gradient of f(x)
at that point. Points where the gradient equals zero are called turning points and can be
important when trying to find values of # which maximize or minimize a function.

Integration can be used to calculate the area between a function and the x axis. If we
want to calculate the area under the curve between two values of x we select the lowest
value of = as our lower limit of integration, [, and the higher value as our upper limit of
integration, u. Mathematically this can be written as:
- [ #a) da
r=u

/luf(x) iz — [/f(x) dx]j:/f(x) da

where the notation |,—,, for example, means “evaluated at x = u”. One important thing
to consider is that the area below the x-axis will have a negative contribution to the overall
integral so it may be necessary to calculate the area above and below the x-axis separately
and then add them together.

)

=l

Here is a table of useful known derivatives and integrals:

Integral ~ Function Derivative

—%cos(k:@) sin(kf)  kcos(k0)

1
Esin(k&) cos(kf)  —ksin(k0)
1
Eekx ekx kekx
In(z) In(z) !
zln(x) — x n(z -
x
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1.6.1 Differentiation rules

The chain rule: The chain rule is used when differentiating a function of a function. So
for a function y(z) = f(g(x)), we have:

dy _dy  dg
de  dg = dx’

The product rule: The product rule is used when differentiating a product of two functions.
For a function of the form y(z) = f(x)g(z), then:

dy _ df
dv  dx

where the ' denotes the derivative with respect to x.

dy
e flg+4d'f,

d
g+ f —g, alternatively written as
dz d

The quotient rule: The quotient rule is used when differentiating a function divided by a

u
function. For a function in the form y(z) = —, then
v

dy u'v —v'u
= =

dx v

again where the ' denotes a derivative with respect to x.

1.6.2 Integration rules

Integration by substitution: When integrating a function of the form

[ fa@)g @) ds,

we substitute g(x) = u and du = ¢'(x)dx, which gives us

/ F(u)du.

Integration is then carried out normally with respect to u, before reverting back to x, as
in the original function.

Integration by parts: Integration by parts is used when integrating a product of two func-
tions. For f(z) = u(x)v(z), the formula is:

/uvd:v:u/vd:c—/u’</vdx)dx.
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2 New topic 1: Partial differentiation

We expect most students not to have seen this topic before. Calculus of multivariate
functions is an extremely broad subject, filled with complicated proofs and mathemati-
cal techniques with huge applications in the real world. We aim to introduce the basic
concepts followed by some simple examples. The purpose of including this new sec-
tion is to give students a chance to familiarize themselves with certain mathematical

computations which will be required of them should they pursue mathematics beyond
A-level.

2.1 Multivariate functions

We are all familiar with functions of one variable, often described as “y as a function of
x”. What if we consider a function of more than one variable? Frequently in the real
world there may be more than one variable affecting the overall change of an output. For
example, both age and height could contribute to a change in weight (amongst many other
factors). We could choose to model this relationship using a function of both age and
height, eg:

weight = ¢; X age + ¢o X height,

where ¢; and ¢, are coefficients for age and height respectively. This principle can be
applied more generally. Here are examples of functions of more than one variable, so-
called multivariate functions:

o f(z,y) = ar® +sin(y)
o f(x1,29,....2T,) = apxp + ... + a1x1 + Qo

In these examples, y is not a function of x and this will remain the case for the remainder
of the following sections. Functions of two variables can be plotted in 3D to produce all
kinds of weird and wonderful shapes. For example, f(x,y) = ++/12 — 22 — y? is a function
for the surface of a sphere of radius 1 centered at the origin. Plotting functions of two
variables in three dimensions has a huge number of real world applications. However,
for this project we will only be introducing you to the algebra/calculus of multivariate
functions and we will not go into any more depth about their geometry.

2.2 Partial differentiation

You may be asking the question “how do we calculate the rate of change of any one
variable in a multivariate function?”. You will be pleased to hear this is a surprisingly
simple procedure!
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Important result: to calculate the derivative with respect to one variable in a multi-
variate function we simply differentiate the function with respect to our chosen variable
and treat all other variables as constants. This is known as partial differentiation.

Because we only partially differentiate the function when we differentiate with respect to
one variable, the resulting derivative is called the partial derivative. The partial derivative
is denoted slightly differently. For a function f = f(x,y) the partial derivative of f with

respect to z is denoted I Notice here we use “0” rather than “d”.
x

Let us consider some examples.

Example 1: Find g—f of f(z,y) = x> + 2wy.
x

Solution:
[z, y) = 2* + 2xy,
0
%(‘%2) = 2.’13‘,
0 0
%(%y) = %([QQ]@,
= 2y.

Because here we treat y as if it were a constant and therefore, 2y as the coefficient of x.

= g:2m—|—2y,
ox

Now let us find the rate of change of the same function with respect to y.

f(z,y) = 2* + 2y,

d 2

The 22 term has no y dependence and so it differentiates to 0.

0 0
—(2 = — (]2
ay( zy) ay([ zly)
= 2z,
of B
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Example 2: Find the derivatives with respect to z and y of f(z,y) = xsin(y).

Solution: of 5
o = %(i sin(y)),

0
= = (fsin(y)a),
= sin(y).
Here we treat sin(y) as the coefficient of x. Similarly for the derivative with respect to
y we get:
0 0
o = 5 (asiny),
= I ([a)sin(y))
- ay y )

= x cos(y).

Example 3: Find the derivatives with respect to z and y of f(z,y) = 4x3y? + €3V,

Solution: 5 5
G_ij — %(41;33/2 + e3Y),
= ({4l + ),
T

= 12952y2 + 3ye3xy.

Similarly for the derivative with respect to y:

of 0
a—i = a—y(4x3y2 + 3,
= (4l + ),

= 823y + 3xe3™.

(Note: all the usual rules of differentiation, such as the product rule etc, can be applied in

the normal way.)

The partial derivative represents the rate of change of one variable, at any given point, if
it is increased by an infinitesimally small amount and all other variables are kept constant.
This is the same definition as a standard derivative in one variable just here we are ignoring
the change brought about by any other variables by assuming they are constant.

10
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2.3 Stationary points

You should all be familiar with turning points for functions of one variable. Turning points
can be found when the gradient is equal to zero. Stationary points are the equivalent of
turning points for functions of two variables drawn in three dimensions. A stationary point
is a point where the rate of change of both x and y are zero simultaneously. In other words
a stationary point is any point (z,y) where both

of _
or

0 and Z—ZJC:O.

0
To find a stationary point we find the x and y coordinates by solving Frel 0 and a—f =
Z Y

simultaneously. Here are some examples.

Example 4: Considering the same function as from Example 1: f(z,y) = 2% + 2xy.
Find all stationary points.

Solution:
of
SO V)
I T+ 2y
of
9
oy o
So for,
8—f:0 = 2r=0 = =0
dy
g:o = 2y=0 = y=0
ox

So the point (0,0) is the only stationary point.

11
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Example 5: Considering the same function as from Example 2: f(z,y) = xsin(y).
Find all stationary points.

Solution:

of _ .
o —in(y)
%—xcos()
oy Y
So for,
8—f—0:>s'()—()é =0,m,2
ax_ IY) = y=um,sm,
of B
%—O = xcos(y) =0

cos(y) # 0 for y = 0,7, 27, -+ so this implies that

=0

So the stationary points are (0, nm) where n =0,1,2,---.

12
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3 New topic 2: Double integration

Following on from section 2, how do we integrate a function of more than one variable?
We do so in a similar way to partial differentiation, that is we integrate over one variable
and treat the other as a constant. For a function of two variables between two limits we
integrate twice, first with respect to one variable and substitute in the limits and then
we integrate with respect to the other variable. This is called double integration and has
all manner of applications, one being involved in calculating the area of a surface. Let us
consider some examples.

1 el
Example 6: Calculate I = / / 322 + 2y dady.
y=0 J =0

Solution:
Let f(x) = 32% + 2y,

/Sm2 dr = 23,
/Zy dx = 2zy.

This is because here we treat y as if it were a constant.

= /f(x) dr = 2° + 2xy.

The lower and upper limits for z are 0 and 1 respectively. Substituting this result into
our integral I gives,

1
I = / [x?’ + ny} izo dy.
Y

=0

Substituting the limits in for all occurrences of x gives,

[—/1 (142y) — (0+0) dy,

=0

=0

:/y1 (14 2y) dy.

Now we must integrate the resulting function with respect to y and substitute in the
limits.
= I=[y+ yQ}(l),
=2-0,

13
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1 s
Example 7: Calculate I :/ / zsin(y) dydx.
y=0

Solution:
Let f(y) = xsin(y),

/f ) dy = —x cos(y).

This is because here we treat x as if it were a constant. The lower and upper limits
for y are 0 and 7 respectively. Substituting this result into our integral I gives,

1

I= / [~z cos(y)],_, d.

=0
Substituting the limits in for all occurrences of y gives,
1
I= / (—z x cos(m)) — (—x x cos(0)) dx,
xTO
:/ (—x x —=1) — (—z x 1) dux,

=0

1
:/ 2x dx.
x=0

Now we must integrate the resulting function with respect to  and substitute in the
limits.

I = [xﬂi:o’
~1-0,
= 1.

In these situations, where both the limits are numbers, the order of integration makes no
difference, that is integrating over x or y first will arrive at the same answer. The reader
is encouraged to do so to verify this result for themselves.

To make things more complicated the limits could contain one of the variables and then

the order of integration does make a difference. The following is an example of a situation
where the order of integration does make a difference.

14
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Example 8: Calculate I = / / 6z + cos(y) dydz.
=0 Jy=0

Solution: It is important here that we perform the y integral first because the y limit
has x dependence.

Let f(y) = 6z + cos(y)
/ fly) dy = 6zy + sin(y)

= I:/ 62y + sin(y)],_, dz
=0

Because the upper limit of y is equal to x we have to replace all occurrences of y with
x and then subtract 0 substituted in for y. This gives,

I= /7r (62 +sin(z)) — (0+0) dx

= /r w (62® 4 sin(z)) dz

= [2:1::3 — cos(z)]

= (27 — cos(7))
=2+ 1) - (-1)
=27% +2

T
0

(0 — cos(0))

15
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4 Written assignment
Questions marked with a “ * ” will involve concepts beyond the standard A-level syllabus

and we strongly recommend reading through the attached notes carefully before attempting
these questions.

Question 1

20 +1 r—3
Find the poi fi i = = :
ind the points of intersection between f(x) P and g(x) -
[4 marks]
Question 2
Find a value of # which satisfies the following expression:
0052<20—£)—1:O, 0<6 <o
[4 marks]
Question 3
Given that z = a", show that log,(z"*) = klog,(x).
[4 marks]
Question 4*
Find the co-ordinates of the stationary point of f(z,y) = 422 — 2xy + 2y.
[5 marks]

Question 5*

The number, in thousands, of reactions in one second of a particular chemical reaction
(denoted n), could be explained as a relationship of both temperature (t) and percentage
concentration of chemical (¢). This relationship could be written as the following function.

n = —t*+ 50t + 10 + 50ln(c) — ¢

(a) Write a function for the rate of change in number of reactions if we change only
temperature.

(b) Write a function for the rate of change in number of reactions if we change only
chemical concentration.

16
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(¢) Find the values of temperature and chemical concentration that maximise the number
of reactions.

[6 marks]
Question 6*
Perform double integration on f(x,y) between the limits given below:
flr,y)=2"+9* O0<x<l, O<y<l.
[5 marks]
Question 7*
Evaluate:
2 T 1
/ / 3y? + —e® dydz.
z=0 Jy=0 x
[6 marks]

Question 8

Archimedes lived one quarter of his life as a boy, one fifth as a youth, one third as a man
and lived thirteen years in his old age. How old was Archimedes?

[5 marks]

Question 9

Figure 1 shows an equilateral triangle with sides of length 24cm. Find the shaded area.

Figure 1

[5 marks]

17
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5 Research question

The final part of the project is a more open ended research based question. We expect a
one to two page report presenting all the information related to the research question.

Choose one of the following research topics,

[20 marks]

Maclaurin series

One surprising result is that useful functions such as sin(z) and e can be written as
a polynomial up to an infinite power of x. These are known as Taylor or Maclaurin
series. Find the Maclaurin series for some important functions and show how they can be
calculated. Also verify the series representations with some basic examples and plots.

Chicken egg hatching probability

A farmer is investigating the success probability of his chickens at hatching healthy chicks.
He has 1001 eggs and 644 hatch. What would be an appropriate probability distribution
to use to model the data. Calculate some important data summaries (eg expectation,
standard deviation).

He sells each chicken for £3. What is the probability that in the next hatching season
he can make £2000 (assuming that the same number of eggs are laid and all other condi-
tions are the same)?

A different breed of chicken lays eggs with a hatching success probability of 0.692. Is
there a statistically significant difference between the hatching probabilities of the two
breeds? Justify all your conclusions. You are given that the standard error for the hatch-
ing probability is 0.01514.

Divergent infinite series

Some infinte series have caused heated debate between mathematicians for centuries. One
famous example is Grandi’s series 1 —1+1—14+1—141—--- it can be shown mathematically
that this sums to 3 different values: 0,1 and most importantly for this research question
1/2. Show how Grandi’s series can sum to 1/2 and then use this result to prove a frankly
unbelievable result, that 1 +2+3 +4+ .- = —1/12. Comment on the validity of the
proof.
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